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EXISTENCE AND GLOBAL ATTRACTIVITY
OF PERIODIC SOLUTIONS
IN A HIGHER ORDER DIFFERENCE EQUATION

CHUANXI QIAN AND JUSTIN SMITH

ABSTRACT. Consider the following higher order difference equation
z(n+1) = f(n,a:(n)) +g(n,a:(n— k)) , n=0,1,...

where f(n,z) and g(n,z): {0,1,...}X[0,00) — [0, 00) are continuous functions
in z and periodic functions in n with period p, and k is a nonnegative integer.
We show the existence of a periodic solution {Z(n)} under certain conditions,
and then establish a sufficient condition for {Z(n)} to be a global attractor of
all nonnegative solutions of the equation. Applications to Riccati difference
equation and some other difference equations derived from mathematical
biology are also given.

1. INTRODUCTION

Our aim in this paper is to study the existence and global attractivity of periodic
solutions of the following higher order nonlinear difference equation

(1.1) z(n+1)= f(n,z(n)) +g(n,z(n—k)), n=0,1,...

where f(n,z) and g(n,z): {0,1,...} x [0,00) — [0, 00) are continuous functions in
x and periodic functions with period p in n, and k is a nonnegative integer.

A solution {z(n)},>_y is said to be eventually periodic with period p € {1,2,...}
if there is an ng > —k such that z(n) = x(n + p) for every n > ng. For the case
that p = 1, such kind solutions are eventually constant, see for example, [6] and
the references therein. If ng = —k, it is said that the solution is periodic. However,
as usual, both type of solutions will be simply called periodic [7]. The existence of
periodic solutions of difference equations has been studied by numerous authors
and many interesting results have been obtained, see, for example, [1], [2], [5]-[10],
[I7]-[22], [24], [25] and the references cited therein. However, to the best of our
knowledge, no much work has been done for the equations of form on this
topic. In addition, the study of global attractivity of periodic solutions of difference
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equations is also relatively scarce. Recently, the global attractivity of periodic
solutions of the following difference equation
(1.2) z(n+1) =a(n)z(n) + g(n,z(n—k)), n=0,1,...

which is a special case of Eq. with f(n,z) = a(n)z, has been studied in [I5].
Applications to some difference equations derived from mathematical biology have
been shown in [I5] also. However, the results obtained there can not be applied to
the cases when f(n,z) is a nonlinear function in z such as the equation

a(n)x2 (n) er(n)fq(n)z(nfk)
b(n) + z(n) VT erm—ama(n—k)
where {a(n)}, {b(n)}, {c(n)}, {g(n)} and {r(n)} are nonnegative periodic sequences
with period p, and k is a nonnegative integer. When a(n) = a, b(n) = b, c(n) = ¢,
g(n) = q and r(n) = r are all positive constants and k = 0, Eq. (1.3 reduces to

ij2 (’I’L) erqu(n)
1.4 1) =
( ) x(n + ) b+ m(n) + Cl + er—aqz(n)”’

(1.3) z(n+1)= , n=01,...

n=0,1,....

Eq. is a biological model derived from the evaluation of a perennial grass
[23]. The boundedness and the persistence of positive solutions, the existence, the
attractivity and the global asymptotic stability of the unique positive equilibrium
and the existence of periodic solutions of Eq. have been studied in [I0] and [T5].
For some other recent work on the attractivity of periodic solutions of difference
equations, one may see [21], [22] and the references cited therein.

In the next section, we first show that under certain conditions, Eq. has a
nonnegative periodic solution {Z(n)} with period p by employing Schauder Fixed
Point Theorem. Then we establish a sufficient condition for {Z(n)} to be a global
attractor of all nonnegative solutions of the equation. For the proof of the global
attractivity, we develop the method used in [I5]. The related methods have been
used in a recent paper [16] for the global attractivity of equilibrium of a nonlinear
difference equation. In addition, some related equations have been studied by the
first author of the present paper and collaborators for some time [3], 4, [IT], [14].

In Section [3] we apply the results obtained in Section [2| to Eq. to establish
some sufficient conditions for the existence of a periodic solution {Z(n)} and for
{Z(n)} to be a global attractor of all nonnegative solutions of the equation. Some
interesting special cases of Eq. are also discussed. In addition, we show that
our results can be applied to the following Riccati difference equation

a(n)z(n) + B(n)

v(n)z(n) +06(n) ’
where {a(n)}, {8(n)}, {v(n)} and {§(n)} are nonnegative periodic sequences with
period p. Riccati difference equations appear in mathematical biology. For instance,
the discrete logistic model without delay is a Riccati difference equation. See
[2], [12], [13] and [I§]. Various properties and applications of Riccati difference
equations have been studied by numerous authors, see for example, [7], [§] and the
references cited therein. However, it seems that there are no many results on the
existence and global attractivity of periodic solutions of these kinds of equations.

(1.5) z(n+1)= =0,1,...
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2. MAIN RESULTS

The following theorem provides a sufficient condition for the existence of nonne-
gative periodic solutions of Eq. (|1.1). For the sake of convenience, we adopt the
notation []}_, s(i) =1 and > . s(i) = 0 whenever {s(n)} is a real sequence and
m > n in the following discussion.

Theorem 1. Assume that there is a nonnegative periodic sequence {a(n)} with
period p such that

(2.1) d:Ha(i)<1, and f(n,z) <a(n)x for n=0,1,...,p—1 and x>0

and that f(n,z) — a(n)x is nonincreasing in x. Suppose also that g(n,x) is nonin-
creasing in x and that there is a positive constant B such that

n+p—1 n+p—1

22) Y ( 11 a(i))[f(j,B)—a(j)B—i—g(j,B)]20, n=01,....p—1

j=n i=7+1
and

n+p—1 n+p-—1

Z ( H ) )<B, n=0,1,...,p—1.

i=j+1

(2.3)

Then Eq. (1.1)) has a nonnegative periodic solution {Z(n)} with period p.
Proof. Let x = {z(n)}2 _, be a real sequence and let
X = {x:x satisfies (n + p) = z(n), n > —k}.

Then X is a normed vector space with the usual linear operations and the norm
x|l = supg<,<p—1 [2(n)|. Let A be a subset of X defined by

A={x:xe X with0<z(n) <B, n>—k}.

It is easy to see that A is a compact and convex subset of X.
Now, define a mapping T on A as the following: for each x = {x(n)} € A,

n+p—1 n+p—1

> ( I « ) ,2(7)) — ai)z(5) + g(j,x(j = k))] -

j=n =741

(2.4) Tx(n

Clearly T is continuous since f and g are periodic in the first variable and continuous
in the second one. We show that T: A — A. In fact, by noting f(n,z) — a(n)z and
g(n, ) are nonincreasing in z, and (2.2)) and (2.3]) hold, it is easy to see that

n+p—1 nt+p-—1

;2 (II o) 7G.B) ~ a)B + 96, B)] =0

i=j+1

Ta(
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and
n+p—1 n4p—1

Ta( 1—az (H ) 0)<B.

j=n i=j+1

Next, observe that
n+2p—1 n+4+2p—1

Tatm+p) = 17— > ( I a®)[f(i:2() - al)z(i) +9(i.a( — k)]

Jj=n+p 1=j+1

n+p—1 n+p-—1

7 2 ( II « ) (i +p2(+p))

Jj=n 1=j+1
—a('+p)x('+p)+g(j+p,w(j+p—k))]

n+p—1 n+p—1

Z (II «®)[fG2() - ati)aG) + 90 2 — K))]

i=j+1

=Tx(n).

Hence, {Tx(n)} is periodic with period p and so Tx € A. Then by Schauder Fixed
Point Theorem, T has a fixed pomt x ={Z(n)} € A. We claim that X is a solution

of Eq. (L.I). In fact, by noting Hl oy a(i) = f o a(i) = a, H?+7f+p+l (i) =1,
f(n+p,@(n+p) = f(n,2(n)), g(n +p,@(n+p—k)) = gn,i(n — k) and
Ti(n) = &(n), we see that

j=nt1  i=j+1
n+p—1 n+p
= > ( II «®)[7(:30)) - a(i)a() + 95, 2 — b)]
j=n i=j+1
1,
( I1 a(i)) [f (n,3(n)) — a(n)z(n) + g(n, &(n — k)]
1=n+1
1 n+p
H a(i)) [f(n+p,E(n+p)) —aln+p)E(n+p)
1=n-+p+1
+g(n+pan+p—k))]

1—-a

_|_

1—-a

n+p—1 n+p

=1 > (I a®)[£(G.30)) - ali)eG) +9(i.3G - )]

j=n i=j+1

a
1-a
1

1—-a

[f(n,2(n)) — a(n)@(n) + g(n, &(n — k))]
[f(n, i‘(n)) —a(n)z(n) + g(n, Z(n— k))]

+
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n+p 1 n+4+p-—1

_dntp) > (II o)[fG:26) = ali)a) + (.56 — )]

1—a
_J-l,-l

+ f(?%x(n)) —a(n)&(n) + g(n, Z(n — k))
a(n)TZ(n) + f(n,a?(n)) a(n)z(n) + g(n Z(n — k:))

= f(n,2(n)) +g(n, f(n — k) = f(n, TE(n)) + g(n, TE(n — k) .
)

Hence, {T%(n)} satisfies Eq. (T.1) and so {T'#(n)}, that is {Z(n)}, is a periodic
solution of Eq. . ) with perlod p. The proof is complete. (I

The following theorem provides a sufficient condition for a periodic solution of
Eq. to be a global attractor of all nonnegative solutions of Eq. (L.I). This
theorem is an extension and improvement of the corresponding result obtained in
[15] for Eq. (T.2)). We relax the condition

0<a(n)<1l and a(n)#1,n=0,1,...,p—1

assumed in [I5] to the more general condition

Ha <1 and a(n)>0,n=0,1,...,p—1

which has been assumed above in the hypotheses of Theorem [I| for the existence of
periodic solutions. This relaxation of the condition makes the result more applicable.

Theorem 2. Assume that f(n,x) is nondecreasing in x and there is a nonnega-
tive sequence {a(n)} with period p such that holds and f(n,x) — a(n)x is
nonincreasing in x. Suppose also that g(n,x) is nonincreasing in x and there is a
nonnegative periodic sequence {L(n)} with period p such that

and that either

n+k n+k
(2.6) a(n) <1 and Z( I1 a(i))L(j)<1, n=01,...p—1
j=n i=j+1

or

n+k+p—1 n+k+p—1
(2.7) 3 ( I1 a(i))L(j)<1, n=01,....,p—1.
j=n i=j+1
If Eq. has a nonnegative periodic solution {Z(n)} with period p, then {Z(n)}
is the only periodic solution of Eq. and {Z(n)} is a global attractor of all
nonnegative solutions of Eq. in the sense that every nonnegative solution

{z(n)} of Eq. satisfies
(2.8) lim (z(n) —&(n)) =0.

n—00
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Proof. Clearly, if we can show that every nonnegative solution of Eq. (.1
converges to {Z(n)}, then {Z(n)} is the unique periodic solution. Let y(n)
x(n) — &(n). Then {y(n)} satisfies

yn+1)+2(n+1) = f(n,y(n) + (n)) + g(n,y(n — k) + &(n — k)) .
Since {Z(n)} is a solution of Eq. (1.1)), Z(n+1) = f(n,Z(n))+g(n,Z(n—k)). Hence,
it follows that

y(n+1) = f(n,y(n) + (n)) - f(n,%(n))

(2.9) +g(n,y(n — k) +&(n—k)) — g(n,@(n —k)).
First, assume that {z(n)} does not oscillate about {Z(n)}. Then, {y(n)} is either
eventually positive or eventually negative. We assume that {y(n)} is eventually
positive. The proof for the case that {y(n)} is eventually negative is similar and

will be omitted. Hence there is a positive integer ng such that y(n) > 0, n > ny.
Then by noting that ¢ is nonincreasing in z, it follows from ([2.9]) that

(2.10) y(n+1) < f(n,y(n) +2(n)) — f(n,E(n)), n>no+k

Since f(n,x) — a(n)z is nonincreasing in x also,
(2.11) f(n y( )+Z(n)) —a(n)(y(n)+E(n)) < f(n,&(n)) —a(n)i(n), n>ne.
Hence, ) and (| - yield

(n +1) <a(n)(y(n) + Z(n)) — a(n)z(n) = a(n)y(n), n>no+k

and so it follows that
n—1
y) < (T o@)ytno+k), nzno+k.
i=ng+k

By noting a(n) > 0, a(n) is p-periodic and [T4_, Ya(i ) < 1, we see that HZ ok @(8) =
0 as n — oco. Hence y(n) — 0 as n — oo and so (2.8)) holds.

Next, assume that {z(n)} oscillates about {f(n)} and so {y(n)} oscillates about
zero. Then there is an increasing sequence {n;} of positive integers with n; > k
such that y(n1) <0 and for t =1,2,...

(2.12) y(n) >0 for mnoq1 <n<ng
and
(2.13) y(n) <0 for mno <n < mngpqq.

We claim that when n; < n < no,
n—1 n—1

214)  ym) < > (T a®)loG.vG— k) + 3G - k) =957 - k)]

j=n1 i=j+1
In fact, from (2.9)) we see that

y(n1+1) = f(ny,y(n1) + #(n)) — f(n1, #(ny))
(2.15) +g(n1,y(n1 — k) + 2(nq — k) — g(n1,&(n1 — k)) .
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Since y(n1) < 0and f(n, x) is nondecreasing in z, f(n1, y(n1)+z(n1)) < f(n1, Z(n1)).
Hence, it follows from (2.15)) that

y(ni +1) < g(n1,y(na — k) + &(n — k) — g(n, &(n1 — k),

that is, (2.14)) holds when n = ny 4+ 1. Next, assume that (2.14) holds when n = m
with n; < m < ng,

m—1 m—1

(2.16) y(m>sz_( a) (o yG = k) + 3G = k) = 93,3 = k)]

From we see that
y(m +1) — a(m)y(m) = f(m,y(m) +&(m)) — f(m,(m)) — a(m)y(m)

(2.17) + g(m,y(m — k) + 2(m — k)) — g(m,&(m — k)) .
Since f(n,x) — a(n)z is nonincreasing in x and y(m) > 0,

f(m,y(m) +&(m)) — a(m)(y(m) + (m)) < f(m, (m)) — a(m)(m)
which yields

f(m,y(m) +2(m)) = f(m, 2(m)) — a(m)y(m) < 0.

Hence, it follows from that

y(m+1) < a(m)y(m) + g(m,y(m — k) + &(m — k)) — g(m,&(m — k)) .
Then by noting (2.16), we see that

m—1 m—1

ym+1) <a(m) Y- ([T o)) l0GovG = k) +3G - k) = 903,36 - k)]

j=na =it
+ g(m yim —k)+x(m — k)) - g(m,i"(m — k))

Z( H ) Gy —k)+2(G—k) —9(,2( - k)],

j=n1 i=j+1

that is, (2.14]) holds when n = m + 1. Therefore, by mathematical induction, (|2.14])
holds when ny < n < ns.
Since g(n,x) is periodic in n with period p and ([2.5)) holds, we see that

‘g(nwx)_g(nay)'SL(n)‘x_ZAa n=0,1,....
Then it follows from ([2.14)) that when n; < n < ng

i ( H i))|9(j7y(j—k)+if(j—k))—g(j,i(j—k;))]

ni _]+1

(2.18) Z ( I « () LGy = k)]

ny  i=j+1
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First assume that (2.6) holds. By noting the periodic property of {a(n)} and
{L(n)}, we see that there is a positive constant ¢ < 1 such that

n+k n+k
(2.19) Z( 11 a(i))L(j)gq n=01,....
J=n i=jt1

Then by an argument similar to that used in the proof of Theorem 1 in [15], we may
show that there is a subsequence {n;,, } of {n;} with n;, ., >n;, +k, m=1,2,...
such that

(2.20) ly(n)| < ™ oy hax ly(s)| for n>mny, .

For the sake of completeness, we give detail of the proof in the following. First, we
claim that

2.91 < <ny.
(2.21) y(n) <e max ly(s)|, n1<n<ng

To this end, consider the two cases no < ni+k+1 and ny > ny +k+1, respectively.
When ne < nq + k+ 1, then for any n1 <n <mng, n—k —1 <n; and so (2.18)
yields

y) < 32 ((IT a@)LG), max Ju(s)
11 2%

(2.22) < Y (I e®)t) max ).

j=n—k—1 i=j+1 moksssm

Then by noting , we see that holds. Next, consider the case that
ng >n1+k+1. When ny <n <nj;+£k+1, as we have shown above, holds.
Hence, we only need to show that holds also when ny + k+ 1 <n < ns. To
this end, first we show that

(2.23) yn)<aln—1lyn—-1), m+k+1l<n<nsg.

In fact, by noting that when ny +k+1 <n <ng, y(n—1) > 0 and f(n,z) —a(n)z
is nonincreasing in x, we see that

fln=1Lyn-1)+2(n-1)) —a(n—1)(y(n— 1) + &(n — 1))
< f(n=1,n—1)) —a(n —1)&(n—1)
which yields
fln=1Lyn—-1)+&(n—-1)) - f(n—1,E(n—1)) <aln—1)y(n—1).

In addition, by noting that when n1 +k+1<n <ng, y(n —1—k) > 0 and g(-, x)
is nonincreasing in x, we see that

gln—=1yn—1-k)+En—-1-k)) —g(n—1,2(n—1-k)) <0.
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Then it follows from (2.9)) that

yin)=f(n—Lyn—-1)+2(n—-1)) — f(n—1,Z(n — 1))
+ gln—Tyln—1—-k)+in—-1-k))—gn—1,(n—1-k))
<a(n—1y(n—1)
and so ([2.23)) holds. Then by noting a(n) € [0, 1], it follows that y(na) < y(na—1) <
- <y(ny + 1+ k), which implies that (2.21) holds when ny +k+1 < n < no.

Hence for any n; < n < ng, (2.21) holds. Then by a similar argument, we may
show that

. > —
(2.24) y(n) 2 —c  max - y(s)

, ne<n<nsg.

To this end, we first claim that when ny < n < ngs,

n—1

(2.25)  y(n Z(H D)) 90,90 = k) + 3G = K) = 95, 2 — )] .

Jj=ngz i=j+1
From we see that
y(ng +1) = f(na,y(ng) + &(n2)) — f(n2, &(n2))
(2.26) + g(n2,y(n2 — k) + (nz — k)) — g(ng, &(ny — k)) .

Since y(n2) > 0 and f(n, ) is nondecreasing in z, f(ng, y(ng)+x(n2)) > f(ne, T(n2)).
Hence, it follows from (2.26]) that

y(na +1) > g(na, y(na — k) + &(ng — k)) — g(na, &(na — k)),

that is, ([2.25) holds when n = ng + 1. Next, assume that (2.25) holds when n = m
with ne < m < ng,

m—1 m—1

@27) y(m) = 3 (] a)) 9ol — k) +3G — k) 903G - k)]

Jj=ngz 1=j5+1

From (2.9) we see that

y(m +1) —a(m)y(m) = f(m,y(m) + (m)) — f(m,&(m)) — a(m)y(m)
(2.28) + g(m,y(m —k)+x(m— k)) — g(m,is(m - k)) )

Since f(n,x) — a(n)z is nonincreasing in  and y(m) <0,
f(m,y(m) + 2(m)) — a(m)(y(m) + 2(m)) > f(m,&(m)) — a(m)z(m)
which yields
f(m,y(m) +&(m)) = f(m, &(m)) — a(m)y(m) > 0.
Hence, it follows from that
y(m+1) > a(m)y(m) + g(m,y(m — k) + &(m — k)) — g(m,&(m — k)) .
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Then by noting (2.27]) we see that
m—1 m—1

ym+1) = a(m) > (T o)) [90:vG = k) + 50 - 0) = 97,30 — k)]

j=ng i=j+1

=3 (II a@)loG.uG — k) +2G — k) — 926~ b)]

Jj=n2 i=j+1

that is, (2.25)) holds when n = m + 1. Therefore, by mathematical induction, (2.25|)
holds when ny < n < ns.

As before, since g(n,x) is periodic in n with period p and (2.5) holds, we see
that

lg(n,z) —g(n,y)| < L(n)|lz—y|, n=0,1,....
It follows from (2.25) that when ng < n < ng, as y(n) <0,

n—1 n—1

) ==y < | 32 (T a®)loGulG — k) + 3G = k) = 95,3 - 1))

Jj=n2 i=j+1

: Z( IT ®)l9G. G~ k) + 20— ) = 9.3 — b))

(2.29) <3 (I @)@l - #).

j=nz i=j+1

To show ([2.24)) holds, we consider the two cases ng < ny+k+1and ng > na+k+1,
respectively. When ng < ng + k + 1, then for any no <n <ng,n—k—1 < ny and

so (2.29)) yields

1

>

j=n—k—1

(2.30)

IA

) < i ( _]1 ) (j)nzfrggw\y@)!
( na—k<s<na

[T «®)LG) max fy(s)].
i=j+1

By noting (Z:19),

—y(n) <c¢ max |y(s)

ne—k<s<ns ’

thus (2.24)) holds. Next, consider the case that nz > no + k 4+ 1. When no <n <
no + k + 1, as we have shown above, (2.24]) holds. Hence, we only need to show
that (2.24) holds also when ny + k + 1 < n < ng. To this end, we first show that

(2.31) yn) >an—1yn—-1), no+k+1<n<ng.
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By noting that when no +k+1 <n < ng, y(n —1) <0 and f(n,z) — a(n)x is
nonincreasing in x, we see that
fin=1Lyln=1)+&(n-1)) —a(n—1)(y(n— 1) + &(n— 1))
> f(n—1,&(n—1)) —a(n —1)E(n—1)
which yields
fln=1Lyln—=1)+&(n—-1)) = f(n—1,E(n—1)) > a(n—1y(n —1).
In addition, by noting that when no +k+1 <n <ns, y(n—1—k) <0 and g(-,z)
is nonincreasing in x, we see that
gln—1yn—1-k)+En—-1-k)) —g(n—1,2(n—1-k)) > 0.
Then it follows from that

y(n) = f(n—1Lyn—1)+I(n-1)) - f(n—1,3(n—1))
+g(n—1yln—1-k)+2(n—1-k)) —g(n—1,2(n—1—k))
>a(n—1)y(n—1)
and so (2.3I) holds. Then by noting a(n) € [0,1], as y(n) < 0, it follows that
y(ng) > y(ng —1) > -+ > y(ne + 1 + k), which implies that (2.24) holds when

ne + k+1 < n < ng. Hence, for any ny < n < ng, (2.24) holds.
If ng — k > nq, we see that when no — k < n < ng, (2.21)) holds and so

< < .
o max fy(s)l e max y(s)f < max - fy(s)

If no —k < mq, we see that (2.21) holds when n; < n < ng; while when no —k <n <
n1, by noting n1 — k < ng — k, we see that |y(n)| < max,, _r<s<n, |y(s)|. Hence,
from the above discussion, we see that max,, _k<s<n, [¥(s)| < max,, —g<s<n, |Y(s)|
and so it follows from that when ny < n < ng,

. > .
(2.32) y(n) = —e max_|y(s)|

By combining (2.21) and (2.32)), we see that

|y(n)’ < ¢, max |y(s)‘ for n; <n<ng.

Then by the method of steps, we may show that

ly(n)| < ¢ omax ly(s)| for n>mny.

Now, by choosing an n,, € {n,} with n,, > ny + k and then by using a similar

argument, we may show that

ly(n)| < ¢ , max_ ly(s)| for n>n,,.

Finally, by induction, we may show that for any positive integer m > 1, (2.20))
holds. Since 0 < ¢ < 1, we see that y(n) — 0 as n — oo and then it follows that

2-8) holds.
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Next, assume that (2.7) holds. By the periodic property of {a(n)} and {L(n)},
there is a positive constant d < 1 such that

n+k+p—1 n+k+p—1

(2.33) 3 ( 11 a(i))L(j)gd, n=01,....

j=n i=j+1
We claim that when ny <n < na,

2.34 < .
(2.34) y(n) < dm_kgrgggﬁp_lw(@!

To this end, consider the two cases ne < ni+k+p and ny > n; +k+p, respectively.
When ne < ny + k + p, then for any n; <n <mno, n—k —p < ny; and so (2.18)
yields

v < 3 (I a0)re),  max - [ulo)

n;—k<s<n;+p-—1

< > (T a@)re), o  w)]

Then by noting , we see that holds. Next, consider the case that
ng >ny1 + k+p. When ny < n <nj+k+p, as we have shown above, holds.
Hence, we only need to show that holds also when ny +k +p < n < na.
First, by the same argument used for the case above, we may have

(2.35) yn) <an—1yn—-1), ni+k+1<n<nsy.
Hence,

ymi+k+p+1) <alnmi+k+py(ni+k+p)

<alm +k+pani+k+p—Dylni+k+p-—1)
ni+k+p

< ( I1 a(i))y(n1+kz+1) <yni+k+1)
i=ni1+k+1

IN

and similarly,
Yy +k+p+2) <yl +k+2),...,y(n2) <ylnz —p).

Since y(n) satisfies when nqy <n < ny + k+ p, from the above inequalities
we see that y(n) satisfies (2.34) also when n; + k 4+ p < n < ns. Hence,
holds when n; < n < ny. Then by an argument similar to that used for the case
when holds, we may show that there is a subsequence {ny} of {n:} with
Ny, >ng +k, 1=1,2,... such that

ly(n)| < d' o dnax ly(s)| for n>mny, .

Since 0 < d < 1, we see that y(n) — 0 as n — oo and then it follows that (2.8
holds. The proof is complete. O
By combining Theorems [1] and [2] we have the following result immediately.
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Theorem 3. Assume that f(n,x) is nondecreasing in x and there is a nonnega-
tive sequence {a(n)} with period p such that holds and f(n,x) — a(n)x is
nonincreasing in x. Suppose also that g(n,x) is nonincreasing in x and there are a
positive constcmt B and a nonnegative pem’odic sequence {L(n)} with period p such
that , , ) and either or ) hold. Then Eq. . ) has a unique
nonnegatwe perwdzc solutwn {Z(n )} wzth perwd p and {Z(n)} is a global attractor
of all nonnegative solutions of Eq. .

When f(n,z) = a(n)z where {a(n)} is a nonnegative periodic sequence with

period p, Eq. (1.1)) reduces to Eq. (1.2). Clearly, (2.2]) holds for any positive B, and
(2.3) holds when B is large. Hence, the following conclusion is a direct consequence

of Theorem [3]

Corollary 1. Assume that [[%_, La(i) < 1, and that g(n,z) is nonincreasing in x
and there is a nonnegatwe periodic sequence {L(n)} with period p such that .
and either or - ) hold. Then Eq. . ) has a unique nonnegative periodic
solution {x( )} with period p and {Z(n)} is a global attractor of all nonnegative

solutions of Eq. (1.2]).
When g is free of z, that is, g(n, z) = b(n) where {b(n)} is a nonnegative periodic
sequence with period p, Eq. (1.1)) reduces to the first order equation
(2.36) z(n+1)= f(n z(n )) +b(n )
Clearly, (2.5) and (2.7) hold with L(n) = 0. and (2.3 become

n+p—1 n+4+p—1
(237) > ( 11 a(z‘))[f(j,B%a(j)BH(j)]zo, n=01...,p-1
j=n i=j+1
and
n+p—1 mn+p—1

Z ( H ) <B, n=0,1,....p—-1

i=j+1

(2.38)

respectively. Hence, thc following conclusion is a direct consequence of Theorem [3]

Corollary 2. Assume that f(n,x) is nondecreasing in x and there is a nonne-

gative sequence {a(n)} with period p such that (2.1) holds and f(n,z) —a(n)zx is

nonincreasing in x, and that there is a positive constant B such that (2.37) and

(2.38) hold. Then Eq. (2.36) has a unique nonnegative periodic solution {&(n)} with

period p and {Z(n)} is a global attractor of all nonnegative solutions of Eq. (2.36]).
In particular, when f(n,z) = a(n)z and g(n,x) = b(n) where {a(n)} and {b(n)}

are nonnegative periodic sequences with period p, Eq. ([L.1]) reduces to the following

first order linear equation

(2.39) z(n+1) =a(n)x(n) +b(n).

From the above we have the following conclusion immediately.

Corollary 3. Assume that [[%_, Va(i) < 1. Then Eq. (2.39) has a unique nonnega-

tive periodic solution {Z(n)} with period p and {Z(n)} is a global attractor of all
nonnegative solutions of Eq. (2.39).
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Remark 1. Recently, bounded and periodic solutions of the linear first order
difference equation have been studied extensively in [2T]. Several interesting results
are obtained, one of which is the following: if {a(n)} and {b(n)} are two periodic

sequences with period p and Hf;ol a(1) is different from zero and one, then Eq. (2.39)

has a unique p-periodic solution {Z(n)}. Furthermore, if |Hf;01 a(i)] < 1, then

every solution of Eq. converges geometrically to {Z(n)} as n — oo, and it is
getting away geometrically from {Z(n)} as n — —oo. Comparing this result with
Corollary [3| we see that {a(n)} and {b(n)} are not required to be nonnegative
and the conclusion is stronger in this result, but a(n) #0, n=10,1,2,... is not
required in Corollary [3]

3. APPLICATIONS

In this section, we apply the results obtained above to some equations derived
from applications. First consider the following equation mentioned in Section

a(n)z?(n) er(m)—aq(n)z(n—k)
o) +2(m) T

(3.1) r(n+1) = n=0,1,...

T erm—atmz(n—F) ’

where {a(n)}, {b(n)}, {c(n)}, {g(n)} and {r(n)} are nonnegative periodic sequences
with period p, and k is a nonnegative integer. Eq. (3.1)) is in the form of Eq. (1.1)
with

_a(n)a? B er(m—a(n)z
f(n,z) = bn) + = and  g(n,z) = C(n)m

Clearly, f is nondecreasing in « and f(n,z) < a(n)z. Noting

4
dxr

a(n)b?(n)

(f(n,2) —a(n)z) = _W

<0

we see that f(n,z) — a(n)z is nonincreasing in z. Observe that

d er(n)fq(n)z
dz (g(n’ 1')) = 7C(n)Q(n) (1 + er(n)—q(n)x)Q
and
d2 eT(n)*q(n)r(l _ er(n)*tI(n)f)

— (9(n,z)) = c(n)g*(n)

dax? (1 + er(m—a(m)z)3
Clearly, g(n,z) is nonincreasing in z, and for each n, |%\ takes maximum
when z = % and |d9g;’x) | pmrey = 6(")4&. Hence, g(n,x) is L-Lipschitz in z
= a0t

with L(n) = % for each n. Then by Theorems [1| and [2| we have the following
conclusion immediately.
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Theorem 4. Assume that [[0_, Y a(i) < 1, and that there is a positive number B
such that

nip—l ntp-l er(i)—a(i)B a(j)b(j)B
2 ( I « ){ I er=a)B _b(j)+B}ZO’
Jj=n i=j+1

(3.2) n=0,1,...,p—1
and
n+p—1 n+p—1 er()
. 7< = —
(3.3) Z ( Hrl ) Do SB. m=01..p-1
i=j

where 4 = Hp o a(i). Then Eq. (3.1)) has a nonnegative periodic solution {Z(n)}
with period p. Furthermore, if either

n+k n+k )
(3.4) a(n)<1 and Z(H ) <1, n=0,1,....p—1
=n 1=j5+1
or
n+k+p—1 n+k+p—1 C(])q(])
(3.5) 3 ( 11 a(i))T<1, n=01,...p—1,
Jj=n i=j+1

then Eq. (3.1) has a unique nonnegative periodic solution {Z(n)} with period p and
{Z(n)} is a global attractor of all nonnegative solutions of Eq. (3.1]).

Clearly, if
r(n)—q(n) (n)b(n)

e a(n)b(n
3.6 > =0,1,...,p—1
( ) c(n)1+er(n)_q(n) = b(n) + 1 I n bt ?p
and

r(n) 1—a

(3.7 c(n ¢ a4 n=0,1,...,p—1

) < ;
r(n) n+p—1 n+p—1
1+e Zj:g (H —jp+1 a(z))

then (3.2) and (3.3) hold with B = 1. Hence, the following corollary is a direct
consequence of the above theorem.

Corollary 4. Assume that [[}_, a(i) < 1, and that and (37) hold. Then
Eq. (3.1) has a nonnegative periodic solutzon {z(n)}. Furthermore if either
or holds also, then {Z(n)} is the only periodic solution of Eq. and z't z's
a global attractor of all nonnegative solutions of Eq. ,

Next, we consider some special cases of Eq. (3.1)). If a(n)b(n) = 0, then (3.2))
holds for any B and (3.3]) holds when B is large. Hence the following corollary is a
direct consequence of Theorem [4]



106 C. QIAN AND J. SMITH

Corollary 5. Assume that a(n)b(n) = 0 and Hf;ol a(i) < 1. Then Eq. (3.1)
has a nonnegative periodic solution {Z(n)}. Furthermore, if either (3.4) or (3.5)
holds, then {Z(n)} is the only periodic solution and it is a global attractor of all
nonnegative solutions of FEq. (3.1).

In particular, when a(n) = 0, Eq. (3.1) reduces to

() —a(n)z(n—k)

(3.8) z(n+1) =c(n) n=0,1,...

1 + er(m—a(n)z(n—Fk)’

and the following result is a direct consequence of Corollary [f]

Corollary 6. Eq. (3.8) has a unique nonnegative periodic solution {(n)} which
is also a global attractor of all nonnegative solutions of Eq. (3.8).

When b(n) =0, Eq. (1.1)) reduces to

r(m)—a(n)z(n—k)

(3.9) z(n+1) =a(n)x(n) + c(n) n=0,1,....

1 + er(n)—gq(n)z(n—k) ’
The following result comes from Corollary [5 immediately.

Corollary 7. Assume that Hf:_ol (i) < 1. Then Eq. (3.9) has a nonnegative

periodic solution {Z(n)}. If either (3.4) or (3.5) holds, then {Z(n)} is the only
periodic solution and it is a global attractor of all nonnegative solutions of Eq. (3.9)).

In addition, when ¢(n) = 0, Eq. (3.1) reduces to
a(n)z?(n) e
b(n) + z(n) +eln) 14erm’

In this case, (3.5) holds automatically. Hence, the following conclusion is a direct
consequence of Theorem [4] and Corollary [4]

(3.10) z(n+1) = ~0,1,....

Corollary 8. Assume that Hf;ol a(i) < 1. Suppose also either there is a positive

number B such that (3.2) and (3.3) hold with q(n) = 0, or in particular (3.6)
and (3.7) hold with q(n) = 0. Then Eq. (3.10) has a unique nonnegative periodic
solution {Z(n)} with period p and {Z(n)} is a global attractor of all nonnegative

solutions of Fq. (3.10)).

Next, consider the difference equation

o) B
v(n)z(n) +6(n)  p(n)z(n — k) +n(n)

where {a(n)}, {B(n)}, {v(n)}, {6(n)}, {n(n)} and {n(n)} are nonnegative se-
quences. Eq. is in the form of Eq. with

a(n)zx
v(n)z +6(n)
Clearly f is nondecreasing in x. Noting

d a(n) a(n)y(n)z(y(n)x + 26(n))
o () = ) = - 2

(3.11)  a(n+1)= . n=0,1,...

f(n,x) = and g(n,z) =
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we see that f(n,z) — %x is nonincreasing in z. Since
d B(n)p(n)
—(g(n,x)) = ——————,
3z ) = Gy )2

we see that for each n,

max
x>0

’dg(n, x)‘ _ Bmp(n)
dx n?(n)

Hence, by Theorems [I] and 2] we have the following result immediately.

Theorem 5. Assume that

p—1 .
(i)
(3.12) 6(n) #0 and z11m<1,
and that there is a positive number B such that
n+p—1 n+p—1 . 2
i BG) a(j)v(i)B
3.13 - >0,
w3 (115 ) a8 )
n=01,....,p—1
and
n+p—1 ntp—1 i ﬁ]
(3.14) — Z ( H T)T B, n=0,1,....p—1

Jj=n

where & = Hf;ol ‘g((z)) Then Eq. (3.11) has a nonnegative periodic solution {Z(n)}
with period p. Furthermore, if either

a(n) n+k n+k ’L ()
3.15) 2 <1 and Z(H )7]<1, n=01,...,p—1,

(n) 2\ AL 56 7eG)
n+k+p—1 n+k+p—1 . . .
(3.16) 3 ( 11 58)%@ n=01,....p—1,

j=n i=j+1

then Eq. (3.11) has a unique periodic solution {Z(n)} with period p and {Z(n)} is
a global attractor of all nonnegative periodic solutions of Eq. (3.11)).

When pu(n) =v(n), n(n) =d(n) and k = 0, Eq. (3.11) reduces to the following
Riccati equation

(3.17) z(n+1) = n=0,1,....
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(3-13), (3.14), (3.15) and (3.16) reduce to
n+p—1 ntp—1

a(i)\ B7)5() — o)1) B _
(3.18) Z (,ﬂ 50) SoemEFagy 20 n=0bepl

a(i)\ B
(3.19) 1_&Z;<;Q£M$)8S<B,n:QL”wp—L
(3.20) ﬁg;gl and 6$2g0<1’ n=01,....p—1
and

n+p—1 n+p—1 a(l)

(N BUNG) | .
(3.21) ;: (lllﬂw) S <L 0,1,....p—1,

respectively. Hence, the following is a direct consequence of the above theorem.

Corollary 9. Assume that (3.12)) holds and there is a positive number B such
that (3.18)) and (3.19) hold. Then Eq. (3.17) has a periodic solution {Z(n)} with
period p. Furthermore, if either (3.20) or (3.21)) holds, then Eq. (3.17) has a unique

nonnegative periodic solution {Z(n)} with period p and {Z(n)} is a global attractor
of all nonnegative solutions of Eq. (3.17).

Clearly, if
(3.22) B(n)d(n) > a(n)y(n), n=0,1,...
and
(3.23) Bn) 1-a =0,1,...

<
5 — «—n+p—1 n+p—1 ai)) ’
() = s (17 59)

then (3.18) and (3.19) hold with B = 1. Hence, the following conclusion comes
from Corollary [9] directly.

Corollary 10. Assume that (3.12)), (3.22) and (3.23)) hold. Then Eq. (3.17) has a
nonnegative periodic solution {Z(n)} with period p. Furthermore, if either (3.20))

or (3.21) holds, then {Z(n)} is the only periodic solution and it is a global attractor
of all nonnegative solutions of Eq. (3.17).

If a(n)y(n) =0, then (3.18) holds for any B, and (3.19) holds when B is large.
Hence, the following corollary is a direct consequence of Theorem

Corollary 11. Assume that a(n)y(n) =0 and (3.12) holds. Then Eq. (3.17)) has
a nonnegative periodic solution {Z(n)}. Furthermore, if either (3.20) or (3.21)
holds, then {Z(n)} is the only periodic solution and it is a global attractor of all

nonnegative solutions of Eq. (3.17).
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In particular, when «a(n) = 0, Eq.(3.17) reduces to
B(n)

v(n)z(n) +0(n)

Clearly, (3.12)) holds when d(n) # 0. Hence, from Corollary [8| we have the following

conclusion immediately.

Corollary 12. Assume that §(n) # 0. Then, Eq. (3.24)) has a nonnegative periodic
solution {Z(n)} with period p. Furthermore, if either (3.20) or (3.21) holds, then
{Z(n)} is the only periodic solution of Eq. and {Z(n)} is a global attractor
of all nonnegative solutions of Eq. (3.24)).

(3.24) z(n+1)= =0,1,....
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