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Abstract. The main purpose of this article is to give a generalization of the logarithmic-
type estimate in the Hardy-Sobolev spaces Hk’p(G); ke N*, 1< p<ooand G is the open
unit disk or the annulus of the complex space C.
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1. INTRODUCTION

The purpose of this paper is to establish a logarithmic estimate of optimal-type in
the Hardy-Sobolev space H*?(G); k € N*, 1 < p < oo and G is either the open unit
disk D or the annulus Gy of radii (s,1), 0 < s < 1 of the complex space C. More
precisely, we study the behavior on the boundary of G with respect to the LP-norm
of any function f in the unit ball of the Hardy-Sobolev H*P(G) starting from its
behavior on any open connected subset I C JG of the boundary of G with respect
to the L'-norm. Our result can be viewed as an extension of those established in [5],
7, 18], [12], [14], [13], [19], [20].

Control problems in Hardy spaces have been motivated by an interpolation scheme
for analytic functions in D from boundary values on the unit circle T. In this context
a log-log/log-type inequality with respect to L?>-norm has been proved in the Hardy-
Sobolev space H'2 of the unit disk D, see [5]. A similar estimate of 1/log“-type,
0 < a < 1, has been established in more general planar domain, see [1].
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The case of the annular domain G = G5, 0 < s < 1, was considered in [19].
Based on the Hilbertian properties of the Hardy-Sobolev space H'?(Gy), the authors
established a 1/log-type estimate of a function’s behavior on the inner boundary sT
from its behavior on the outer boundary T. They also showed that if the L?-norm
of a bounded H?(G;) function is known to be small on a strict subset I of 9Gs,
it remains also small on the whole boundary dGs. In the same context, an explicit
logarithmic inequality exhibiting the dependence with respect to the inner radius
s was proved in [20]. These estimates are interestingly used to prove logarithmic
stability results for an inverse Robin’s problem. The uniform case, p = oo, has
been considered in [12]. The author proved, by a quite different method, an optimal
logarithmic estimate of a function’s behavior on the whole boundary 0Gs from its
behavior on any open connected subset I C 0Gs. The proof is based on some
estimates established on the Poisson kernel of the annulus Gj.

For bounded analytic functions in the open unit disk D, a similar logarithmic es-
timate has been established in [7]. The authors proved a 1/log" inequality in the
Hardy-Sobolev spaces H*° (D), for any integer k, and have shown that their esti-
mate is of optimal type. Their results are interestingly used to establish logarithmic
stability estimates for the Cauchy problem of identifying the Robin coefficient with
a Laplace operator, and to prove an error estimate for the inverse problem of the iden-
tification of a Robin coefficient. Similar estimates of optimal type for the Hilbertian
spaces H*2(D) have been proved in [14], where the authors derive also logarithmic
stability results with respect to the L2-norm for the same inverse problem of identi-
fying Robin coefficients and for a recovering interpolation scheme in Hardy-Sobolev
space H!2(D) with interpolation points located on the boundary T of the unit disk.

The outline of this paper is as follows. We begin in Section 2 by establishing
the necessary notation and definitions, then we state our main result. Some basic
properties are given in Section 3. Section 4 is devoted to the proof of our main result
in both cases of the unit disk and of the annulus domain. Finally, some concluding
remarks and perspectives for future work are presented in Section 5.

2. NOTATION, DEFINITIONS AND MAIN RESULT

Let D be the open unit disk in C with boundary T and let G denote the annulus
of radii (s,1), 0 < s < 1,

Gs={z€C; s<|z| <1}
The boundary of the annular domain G consists of two pieces sT and T:
0Gs =sTUT.
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In the sequel, we denote by G the open unit disk D or the annulus Gs; 0 < s < 1 and
by I an open connected subset of the boundary dG. We also equip the boundary 0G5
with the usual Lebesgue measure p normalized so that the circles T and sT, each
have unit measure. Furthermore, we denote A = u(I)/2n, we assume that A € ]0,1]
and we define by

1 i
1) = g, [ 1] o

the L'-norm of f on I, where r =sif I C sT andr=1if I C T.

For 1 < p < o and for an analytic function f on G, the integral

2n 1/p
Myrn) = (g2 [ 150y as)

and

Moo(f,r) = sup [f(re')]
0<0<2n

provide one measure of growth and lead to a simple definition of Hardy spaces:
The Hardy space HP(G) is defined as the set of all analytic functions f in G such
that M, (f,r) remains bounded as r — 1 if G = D and M,(f,r) remains bounded as
r — 1 and r — s in the annulus case.
The Hardy space HP(G5) can be identified with the direct sum:

HP(G,) = HP(D) @ HP(C \ sD),

where the Hardy space HJ(C\ sD) is defined as the set of analytic functions in C\ sD,
with zero limit at infinity.

For p = oo, the Hardy space H*(Gy) is defined as the space of bounded analytic
functions on Gs. According to [10], Theorem 7.1, it can be identified with the closed
subspace H®(0Gy) of L= (9G).

For 1 < p < oo, the space HP(9G) is defined to be the closure in the complex
Banach space LP(0G;) of the set R(0G,) consisting of rational functions whose poles
lie in the complement of G;. We have a natural one-to-one isomorphic correspondence
between the spaces H?(G) and H? (0G) and this induces a Banach space structure
on HP(Gs). For more details concerning the definitions and properties of Hardy
spaces, we refer the reader to [9], [11], [16], [25], [23], [24].

For k € N and 1 < p < oo, we designate by H*?(G) the Hardy-Sobolev space

H""(G) = {f € H?(G): f¥) € HP(G);1<j <k}
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We endow the Banach space H*P(G) with the usual Sobolev norm

k
”f”l;.lk,p(g) = Z ||f(j)||[£p(ag)a
=0

where , . , .
”f”Lp(ag) = HfHLp(Tr) + ||f||Lp(51r) if G =G,

I fllerocy = IfllLecry if G =D.
Let By ,(G) = {f € H*?(G); | fllgrnrc) < 1} be the closed unit ball of H*?(G).
‘We now state our main result.

Theorem 2.1. Let k € N*, 1 < p < oo and let I be a subarc of OG of length 21)\;
A €]0,1[. There exist two non-negative constants « and T, depending only on k,p

r

and s, such that for every f € By ,(G) satistying || f| 1) < e™", we have

«

2.1 Hheo0) < g Tl
(2.1) I7lzx06) S Ricg T

Note that Theorem 2.1 can be extended to any bounded subset of functions in
H*P(@). Note also that this kind of results generalizes those established in [7], [12],
[14], [13], [19], [20] and also improves upon [5], Lemma 4.2, since the upper bound
in (2.1) has no log-log term in the numerator.

Actually, Theorem 2.1 is of optimal type as shown by the following proposition.

Proposition 2.2. Assume I = {e'?, /2 < 0 < 37/2} and for a > 1, consider the
sequence of normalized functions in By, ,(G),

In= un/Hun”HkaP(G)v un(2) = (2 —a)", neN.

Then

. 1+a\k (1+a)?
. , k> ( ) ’f(i) .
(22) i Il los | fullon P > (5 ) log" (- ) (1 + (1)
We deduce clearly from Proposition 2.2 that the estimate (2.1) is of optimal type:
it is impossible to find a function & which tends to zero at zero such that for all

[ € Bip(G), ,
PO S T € ).
||f||L (0G) |1Og(|‘f|‘L1(I))|k (”f”L (I))

Note that the estimate (2.1) of Theorem 2.1 is false in the general setting where
f € H? only (we can consider the H? normalized function of u,,).
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3. BASIC PROPERTIES

In this section, we give some basic properties which will be useful throughout the
paper. We start with the following Hardy’s convexity theorem (cf. [11], page 9). We
can also consult [16], [24] for more details.

Theorem 3.1. Let f be analytic in G and 0 < p < co. Let r > 0 be such that
s<r<1if G=Gsand0<r<1if G=D. Thenlog M,(f,r) is a convex function
of logr, which means that if

logr = alogry + (1 —a)logry withs<r; <re <1, 0<a<],

then
My (f,7) < [Mp(f,r0)]* [My(f,m2)]'

For p € [1,00] and n € N, denote by LP(T) the set of all 2rn-periodic functions f
such that £~ is locally absolutely continuous and f(") € LP(T). The next lemma,
stated in [6], [18] deals with a variant of Kolmogorov-type inequality involving the
LP means on T of a 2n-periodic function and its derivatives of higher-order. The
reader can consult [2], [3], [22] for further details concerning the Kolmogorov-type
inequality.

Lemma 3.2. Let 1 < k < n be two integers. There exists a non-negative constant
Cp(n, k) such that for all functions f in the space LE(T), we have

1—-k/n k/n
(3.1) 1P B 2oy < Coln IF N Loy 15

Note that for an analytic function f having an order n zero at the origin, Hardy,
Landau and Littlewood proved inequality (3.1) in the case p = 2 when the derivatives
are taken with respect to the complex variable z; (cf. [17]).

We recall also the following inequality, linked to [11], Theorem 5.6, and [13],
Lemma 3.4, which will be useful for the proof of Lemma 4.3 and Lemma 4.8.

Lemma 3.3. Let 1 < p < 0o and let f be an analytic function in G. Then for
s<r<lif G=G5and0<r<1if G=D, we have

(3.2) M(f,r) < My(f',r).
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4. PROOFS OF THEOREM 2.1 AND PROPOSITION 2.2

This section is devoted to the proof of Theorem 2.1 and Proposition 2.2. To avoid
ambiguity, we can divide the proof into two steps:

4.1. Proof of main result in the case of the unit disk.

In this section, we need to recall some preliminary results. We can start by the
lemma about the mean growth of the derivative of an analytic function of the unit
disk (cf. [11], page 80, or [14], Lemma 2.3).

Lemma 4.1. Let f be analytic in D and let 0 < r < o < 1. Then

Mp(f7 Q)

(4.1) My(f',7) < 2

Referring to [5], Lemma 4.1, and [14], Lemma 2.4, we get

Lemma 4.2. Let I be a subarc of T of length 2n\, 0 < A < 1 and let f be
a bounded analytic function in D such that ||f||p=p) < 1. Then, for every z € D,
we have

I < IFIS

We now prove the following lemma which will be the basis for the proof of Theo-
rem 2.1.

Lemma 4.3. Let k be a positive integer, 1 < p < oo, and let f € H*?(D) be
such that M,(f*),1) < 1. Then, for 0 < r < 1, we have

s logr k
M)+ [ )

k— 1
(4.2) 1fllr(ry <

s=0

Proof. We first consider a function g in H? such that M,(g’, 1) < 1; from (3.2)
we get

(4.3) M, (g,7) < My(g',7).

Applying Theorem 3.1 with r = ¢, r1 = r, ro = 1, alogr = logt and the fact that
M,(g’,1) < 1, we obtain

(4.4) My(g'1) < [My(g/,r)=°87, 0 <r<t<L.
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Since
(4.5) me—mmwz/me%

we derive that
[tlos My(g',r)/log s

4. M - M <
( 6) p(g,s) P(gvr) IOgMp(g/,T)/lOgT T 1

logr

<——2° log Mp(g,r)/logr
log M, (g',7) §

Now, by applying (4.6) to the function g = f*~1 ¢ H'?(D), and assuming 0 < r <
t <1, we get

logr (%)
4.7 M, (& #)y < M, (FF—D o’ logMp(f*,r)/logr
( ) P(f ) ) P(f 7T) + log Mp(f(k),’f")

Writing (4.5) for f(*~2) making use of (4.3), and integrating both sides of the in-
equalities (4.7) with respect to ¢, 0 < r <t < s < 1, we obtain
My(fE2,5) = My(f*,r) < (s =) M, (fO0, 1)

[ log r } 2810g My (f* ) /log r+1
10g Mp(f(k)a 7’) .

Hence, after one integration, and for 0 < r < ¢ < 1, (4.7) leads to

My (f572,8) < Myp(fE2r) + (¢ = r) My (F* Y, r)

[L} 2 log M, (/%) ,r) /log
IOg Mp(f(k) ) T)

Thus, by repeating these integration argument (k — 2) times and for t = 1 we
obtain (4.2), which proves the lemma. O

We need also the following lemma.

Lemma 4.4. Let g € By, »(D) and let us for r € |0, 1] define dilated functions h,
by
he(0) = g(rel?), 6 cR.

Then
k
(4.8) WP (0) =Y cjur?e?? g (re?),
j=1
where c1 1, = cp1 = 1 and c; i, satisfies the recurrent relation c; j = jcjr—1+Cj—1,k—1.
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Proof. The proof is obvious for kK = 1. Suppose now that equality (4.8) is true
for all integers s < k and let us derive the function A, (k + 1) times; then we get

k k
h$k+1)(9) — jkt1 (Z]’Cj,k?“jeijeg(j) (reie) + Z cj7kr”1ei(j+1)9g(”1)(rei"))
j=1 j=1
k+1

k“Zc k+1r] j)(ree),

and (4.8) is proved for s = k + 1. O
Next, we establish the following control lemma.
Lemma 4.5. Let k € N*, 1 < p < o0, f € By (D) and let g = f/m, where m is

a non-negative constant chosen such that g € By, (D) and ||g|| 1)y < 1. Then for
every r € |0, 1], we have

BN A=/ (k)

k — A/2
(4.9) My (g™,r) < (T — PR D) Ni=llgllzier

where [ is a non-negative constant depending only on k and p.

Proof. The proof is by induction on £ € N*. For kK =1and 0 < r < 1, we
consider as in the proof of [13], Theorem 2.1, the dilated function h,,

he(0) = g(rel?), 6 €R.
Then we have
(410)  h(0) =ire’g/(re”®) and  h(0) = ¥ (re’g (re”) + 17y (re")),
thus
(4.11) 157 [ Lery < 2(Mp(g's ) + My(g”,7))-

Applying Lemma 4.1 to the derivative ¢’ and ¢g” with o = 1, we obtain

Mp(gal)

Mp(g/71)
1—r2 '

/
(412) Mp(g ,’I") g 1— 7’2

and  M,(g",r)

N

From (4.11), (4.12) and the fact that M,(g,1) + Mp(¢’,1) < 1, we get

My(g.1) | Mp(gﬁl)) < 2

) 4. < ( .
(4 13) HhrHL (T) 2 1— 42 142 _r
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The Kolmogorov inequality (3.1) applied to the function h, yields
1/2 1/2
(4.14) R oy < G2 D)l oty IR -
Furthermore, since [|g||z 7y < 1, we deduce from Lemma 4.2 that
_ 1—r _ )\/2
(4.15) Voello = My(gor) < NP7, Np = lgl}f2, < 1.
In the sequel, inequalities (4.13), (4.14), (4.15) and the relation
(4.16) 1Pl peqry = rMp(g', 7)
give

BlNI(l—r)/Q

/
(4.17) My(g',7) < W;

where 81 = \/§C’p(2, 1).

For k > 2, we suppose that (4.9) is true for all integers s less than k — 1. Then, from
Lemma 4.4 and by using the convex inequality

(4.18) (f: ai>p <n? En: a;,
i=1

i=1
we get
. [P M,(g9,r)
(419)  My(g"tV,r) < (s+ 1)( S Z a1 =55 )
Furthermore, Lemma 3.2 applied to the function h, gives
s 1/(s+2) s s+1)/(s+2
(4.20) 15Dy < Cols + 2, 4+ Dl s 2 IR+ 55 2,

while Lemma 4.4, the convex inequality (4.18) and Lemma 4.1 give

542 s+1
] : S —|— 2
IR Loy < (s 42) D ¢jeraMy(gV),r) < = 72 ZCJH a2 M (g9, 7).
j=1
s+1 .
Since > M,(g"),1) < 1, we get
j=0
[ s+2
(4.21) |\h§5+2)||Lp(1r) < 1——57“’ where ps = (s+2) ch,”g.
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Plugging (4.15) and (4.21) into (4.20), we derive the following control of the first
term on the right hand side of (4.19):

(1-1)/(s+2)

s+1 s+1)/(s+2 I
(4'22) ||hv(" )”LP(IT) < N:(; ) )Cp(s + 2a s+ 1) (1 _ 7“)(3+1)/(S+2) .

For the second term on the right hand side of (4.19) we deduce from the recurrent
hypothesis that for s = 1,...,k — 1 and for every j = 1,...,s, there exists a non
negative constant 3; such that

My(gD,r) < ——Di____ Na=n/G+D

P =)/ » 0<r <l

Since j < k, we have
NI(l—T)/(JH) < N}l_r)/(k'“).

In the sequel, by using the monotonicity of the function t — 7t(1 — 7)Y/ (41 we get
forall j =1,...,s that

M, (g, r) Bi (1-7)/(k+1)
(4.23) ] < PR (L= )T N; , 0<r<l.
Plugging (4.22) and (4.18) into (4.20) we conclude the proof of the lemma. O

Proof of Theorem 2.1 in the case of the unit disk. The uniform case p = oo has
been proved by Chaabane and Feki in [7].

Let 1 < p < 00, f € By (D) and let g = f/m, where m is a non-negative constant
chosen such that

(4.24) M,(g¥,1) <1 and lgll oo (m) < 1.

k
3=0
From Lemma 4.5 we obtain for every r € |0, 1] the inequality

6kNI(17r)/(k+1)

(k) PR
(4.25) M,(g"",r) < PR — )R

Let us choose r satisfying

_ 1 Bk
4.2 NI-7 = h B —
(4.26) 1= Mogmpyte s Vhere Gk = o

Then r is equal to
loglog(1/Ny)
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If we suppose that Cj > 2 and if we choose N; to be small enough in such a way
that
logI' 2

I e(k+1)C:’

(4.27) N;<e ', whereT > e and

then we obtain
2

(4.28) 1-2<r<1.
e

Using the concavity of the function log, we get for r € [1 — 2/e, 1| that

log(1 —2/e)

(4.29) A(r —1)<logr <r—1 where A= — 3e

=1.808...

From (4.25) and the fact that 1 —2/e < r, we obtain

CkNI(l—r)/(k-i-l)

(k) i S
(4.30) My(g™,7) < (1 — r)k/(E+D)

Also we have

(4.31) log M, (g™, r) N 1 logN;™" N logCr  k log(l —7“).
logr k+1 logr logr k+1 logr

For the first term on the right hand side of (4.31), we get from the first inequality
in (4.29) that

log N} " < (1 —r)log Ny _ log(1/Ny)

(4.32) logr = A(r—1) A

For the last two terms of (4.31), applying the second inequality of (4.29), we have

logCr  k log(l—r) < log(l —7) logCy
logr k41 logr ~ 1-—7 1—7r"

(4.33)

By substituting the value of r, we get

log(1/Ny)(log(k + 1) + loglog(l/NI))).

1
k (_bg(l/NI) * loglog(1/Ny)

(k+1)C
Since we assume N; < e~ T with T' > e, the second term in the parentheses is positive
and we finally get the inequality
log C, k log(l—r) S log(1/Ny)

4.34 — > .
(4.34) logr  k+1 logr (k+1)C
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Plugging (4.32) and (4.34) into (4.31), we obtain

(k)
(4.35) log My (g'"™, 1) > (1 B L) log(l/Nz),
logr A Cg k+1
where the constant in the parentheses is positive.
Furthermore, we know from Lemma 4.3 that
. gllLr(T) & par I pg" logMp(g(’f)J) .

Inequality (4.35) gives an upper bound for the above bracketed term. It remains to
control the means Mp(g(j)7 r) of the derivatives of orders j =0,...,k—1,0 <7 < 1.

The case k = 1 is reduced to the single term M, (g, r) for which inequalities (4.15),
(4.26) together with the condition N; < 1/e give

1

My(g,7) < W-

We assume now that k£ > 2. Then from Lemma 4.4 we get
) j—1
(4.37) My (g, r) < :—j <|h§~j)|m(v) + Zcz,jMp(g(l),T)), 0<j<k—1
=1

For the first term on the right hand side of (4.37) we obtain from the Kolmogorov
inequality, the fact that My (g,7) = ||hr||L»(7) and Lemma 4.4 that

i . . 1/(j+1 i i/(5+1
(4.38) [1h[|1ocry < Co(G + 1,5) [ [ 555D [RIHD 5D

) Jtl 3/ (G+1)
< Cp(] + 17j)(Mp(g7T))1/(]+1) ((.7 + 1) Z cl,j+1Mp(g(l)7T)) .
=1

Now, applying Theorem 3.1 to the function ¢V, with r; = r%/*, rp, =1, 0<a < 1
and since M,(g"",1) < 1, we get

(4.39) My(gW,7) < (Mp(gW,11))"
Furthermore, Lemma 4.1 applied to the derivatives ¢(Y) with r = r; and o = r gives

My (g"Y,r)
l o p ’
(4.40) (My(gY.r))" < 5 mva
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By repeating arguments (4.39) and (4.40) successively to the derivatives g() for
j=(1=1),...,1, we get

, !
r
(4.41) M,(g",r) < 35, Whereo; = Zas.
(7" _rl) ) s=1
Thus, we have
J+1 1 J+1
My (g,r)
(4.42) ch,jHMp(g(l),r) < Cj—L ,  where C; = ch,j+1~

(7 =17

=1 =1

Plugging inequality (4.42) into (4.38), we deduce that there exists a non-negative
constant «y; such that

(My(g, r))(1+jf¥j“)/(j+1)

(4) .
(4.43) R eV =

and choosing a = (1 — 1/k)Y/0U+D | we get

(My(g,m)' 7

(4.44) 1R Loy <5 (2 —r2yia

where we have used the inequalities
. , 1 . 1 .
o1 < (G + 1)a, 1+](1—E)>(j+1)<1—g), =0, k-1

For the last term of (4.37) , we obtain from Theorem 3.1 applied with 0 < r <
r<1,0< a<1and Lemma 4.1 the inequalities

Jj—1 Jj—1
(4.45) Do aiMylg,r) <Y e (My(gl,r))”
=1 =1
ji—1 j—1
(My(g, )" "~
(r2 —rf)i—De =

Plugging (4.44) and (4.45) into (4.37), we obtain

j—1

M 1-1/k J
M, where A; = j (fyj + clJ-).
=1

() (
(4.46) My(g",r) < A;j i (r2 —r2)i
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Next, from (4.26) and the inequalities

1 1
My(g,m) < Ny, Nl<g7 (k_'_l)(l_%)ck?k; k>2,

we deduce that 1
M,(g,r 1-1/k — .
(M3(g,7)) (o (1/N )"

Then
k— 1

(69, 7) 1 - r) 1
pg7r) < Z 12))7 (log(L/N1))*

j=
For the second fraction in the sum, we have

1—r 1 1—r
r(r2 —r?2)  p31 —p20/a -1

which is upper bounded by some constant B depending only on k£ and j since r
satisfies the inequalities in (4.28). Consequently,

k=1 (1 j AeC
_ () < — .
(4.47) jz:; (Y, r) < Toe (/N where A ogr}lgl?—l(AJ)'

Making use of (4.35) and (4.47) in (4.36), we get that there exists a non-negative
constant B depending only on k such that

Br
llgll Lr(ry < W.

From the relation g = f/m and the definition of N in (4.15), we derive that there
exists a non-negative constant «j depending only on k such that
ag

Il < Biogtm/ T

with oy, = 2"mpy. This concludes the proof of (2.1). O

Proof of Proposition 2.2 in the case of the unit disk. To prove (2.2), we consider
the sequence of functions

un(z) =(z—a)", a>1andneN".

Let I, := H“nHip(wr)v then by making use of the Laplace method [21], Chapter 3, we
derive the following asymptotic estimate:
1 by

I, = > (14 a? —2acos0)"/? A0 = (2ranp) ™21 + a)"P*1(1 + o(1)),
T —T
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Also we derive the estimate of the Sobolev norm:

ltnl ey = Tn+ 7P Tt + 40P (= 1) (n =k + 1)P L,y
= (2manp)~ V2P (1 + a)P" L1 4 0(1)).

In the sequel, let fn, = tn/||tn| grr(p) be the H*P(D) normalized function of up,.
Then

(4.48) fall oy =n (1 +a)**(1 4+ 0(1), asn — oo.

Moreover,
||Un||poo(1) = (]. + a2)np/2.

This implies that
(4.49) anng(I) = (Qnanp)1/2nfkp(1 + )] +a2)np/2(1 +o(1)),

as n tends to infinity.
Furthermore, we deduce from (4.37) and (4.38) that

) 1 1+ a\k (1+ a)?
k _ k
Jim fllercr og* (7 —) = (5= ) o (S ) 1+ 00,

from which the assertion (2.2) follows. O

4.2. Proof of main result in the case of the annulus.

As in the proof of the unit disk, we need to start with a preliminary lemma. First
of all, we recall a point-wise estimate based on a lower bound for the Poisson kernel
of the annulus G, (cf. [12], Lemma 3.3).

Lemma 4.6. Let I be a subarc of OG; of length 21\ and let f be a bounded
analytic function in G such that m > || f| L~ sc.). Then, for every z € G, we have

(2XCs/ log s)(log s—log |z|)

f‘ :

g - f g )
ret<m| 2], ifs < 2| < Vs
f ’ (2XCs/ log s) log || .

<m|L £/5 < 1.
|f(2)] mHm L if Vs < |2 <
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Referring to [11], page 80, and [14], Lemma 2.3, we have the following lemma.

Lemma 4.7. Let f be analytic in G5 and let 0 < s < 9 <1 < d < 1. Then

M,(f,8) M,(f,
my(rr) < GRS 20,

We now prove the following lemma which will be the basis for the proof of our
main result.

Lemma 4.8. Let k € N*, 1 < p < oo, and let f € H"P(G,) be such that
[ £® ooc.) < 1. Then, for 0 < s <r < 1, we have

logr + 2log(s/r)1*
log M,(f*),r)

(4.50) HfHLp(aG)\Z A=t =) 500+

Proof. First of all, we observe that

(4.51) [ fllzrac.) < Mp(f,1) + Mp(f,s).

So the proof can be divided into two steps:

For the first term on the left hand side of (4.51), let us consider a function g
in HYP such that M,(¢’,1) < 1; then, as in the proof of Lemma 4.3 we obtain for
0 < s <r <t<1 the inequality

(4.52) My(g' 1) < (My(g',r))'os /e,
Sincefor0 < s<r<u<l1
u
(4.53) My(g0) = My(ar) = [ Myo.0) e
T
we derive from (4.52) and Lemma 3.3 that

log r 1o My (o'
4.54 M — M 57 loeMy(g'r)/logr
( ) p(ga U) (ga ) log M (g T)

Now by applying (4.54) to the function g = f*~1) € H'P(G,), and for 0 < s <
r<t<1, we get

logr (k)
4.55 My(f*ED < M (FED pyp 25~ flog My(f™r)/logr
(4.55) PP 8) S Mp(f ) log M, (f®),r)’

402



Writing (4.53) for f(*~2), making use of Lemma 3.3 and integrating both sides of
the inequalities (4.55) with respect to ¢, 0 < s < r <t < u < 1, we obtain

(4.56) My (F*72 u) < My(F*2) r) + (u = r) M (f& 1, 7)
|: IOgT }Qulog Mp(f(k>,r)/log7"
10g Mp(f(k)a 7’) .

Thus by repeating the integration argument (k — 2) times and for ¢ = 1, we
conclude that

E

1—r)
J!

i
—~

logr k
10g Mp(f(k)v T)

<.
Il
o

For the second term onn the left hand side of (4.51), we obtain by using Theo-
rem 3.1 and the fact that M,(¢’, s) < 1, the inequality

(4.58) My(g',t) < My(g',r)lees—logt)/(logs—logr) = () < s <t < <1,

From (4.3) and the triangle inequality we get
T
(4.59) M,(g,u) < My(g,7) +/ M,y(g' t)dt, 0<s<u<t<r<l,
u

then, if we suppose that M,(¢’,r) < (s/r)?, we deduce from (4.58) and (4.59) that

(4.60)  My(g,u) < My(g,r) + (Mp(g',7))"8 >/ 195/ [210g(s/r) / log My(g', )]
¢ 14108 My (g' 1)/ (108(r/5)+1)

Now, by applying (4.60) to the function g = f*~Y ¢ H'P(G,) and for 0 < s <
t<r<1, we get

(4.61) My(fE0,8) < My(FED,7) + (Mp(F0), 7))los o/ to8(e/m)
21Og(5/’r) tlog M, () ,r)/(log r—log s)
10g Mp(f(k)a 7’) .

Writing (4.59) for f(*~2) and integrating both sides of the previous inequality with
respect to ¢, 0 < s <u <t <r <1, weobtain

My(FE2 ) < Mp(F572, 1) + (r = ) Mp(F070, ) + (M (F), ))to8 o/ Coels/m)

_ 2log(s/1) 12 1og My (4%),r) /105 7
log M, (f*),r) .
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Thus, by repeating this integration argument (k — 2) times and for u = s, we
obtain

k—

(r—s)i ; 2log(s/r) 1k
(4.62) Mp(f,s)gg) 5 My (f9,r) + [W} '

—

<

Combining inequalities (4.62) and (4.57), we obtain (4.50), which proves the lemma.
O

Next, we prove the following control lemma.

Lemma 4.9. Let k € N*, 1 < p < oo and f € By ,(Gs) and let g = f/m, where
m is a non-negative constant chosen such that g € By ,(Gs) and [|g||L~qa,) < 1.
Then for every r € |s, 1] we have

Br(1— s)l/(k""l) N}Ogr/((kJrl)log s)

(k) ;
(4.63) Mp(g'™,r) < sk(r — s)R/(R+1) (1 — p)k/(kt1)

AC
Nr = ||9Hil(j)

where [} is a non-negative constant depending only on k and p.

Proof. Let f € By,(Gs) and let g = f/m, where m is a non-negative constant
chosen such that g € By ,(Gs) and [|g||p~(sa,) < 1. For k = 1, let us for r € |s, 1]
set h,.(0) = g(rei?). Then, as was proved in (4.11), we get

(4.64) 157 [ Lery < 2(Mp(g's ) + My(g”, 7).

Applying Lemma 4.7 to the derivative ¢’ and ¢’ with § = 1 an ¢ = s, we obtain

Mp(g71) Mp(gvs)

(465) Mp(gla 7’) < 1— r2 r2 _ 52

and

(4 66) M. (g// 7") < Mp(glv 1) Mp(glv 8)
. p ’ =X

1—1r2 r2 — g2’

Hence, from (4.64), (4.65), (4.66), the facts that M,(g,1) + M,(¢’,1) < 1 and
My(g,s)+ My(g',s) <1 we get

1 1 1-s
4.67 P lanery < 2( ) < .
(4.67) 1P lzo ) 1—1r2 +7“2—52 s(1—r)(r—s)
Since ||hy.||Lr(ry = rMy(g',7), from (4.67) and the Kolmogorov-type inequality (3.1)
we obtain
1— 1/2
(@68) eyl r) < G2 DA )

Le() s1/2(1 — r)1/2(p — 5)1/2°
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On the other hand, using the second inequality of Lemma 4.6 and the fact that
llgllz(oc,) < 1, we obtain for every r € ]y/s, 1[ the inequality

logr/log s ;
(4.69) rll Loy = Myp(g,r) < NPET8° 0 Ny = [l G-

Hence, plugging (4.69) into (4.68) we derive

61(1 . 8)1/2 N}ogr/2logs

(4.70) My(g',7) < s(r—s)t/2 (1—r)t/2 "

where 81 = Cp(2,1).
For k > 2, we suppose that inequality (4.63) is true for all j = 1,...,k — 1. Then,
as was proved in (4.19), we get

||h(j+1)

| | PNy g, 1)
(4.71) Mp(g““),r)é(JJrl)(T ZCJ“ Jl+1 '

For the first term on the right hand side of (4.71), by applying the Kolmogorov-
type inequality (3.1) to the function h,, we obtain

. 1/(j+1 +1 +2
(4.72) R | ocry < ColG+ 2,5+ D[l 535 PRI | Z4 /0
Since
_ Jj+2
1B oy < (G +2) Y erjraMp(g®,r),
=1

by applying Lemma 4.7 to the derivative ¢() with § =1, o = s and the fact that

j+1

ZMP(Q(l)a 1) + Mp(g(l)v 8) < ]-a

=0
we obtain

2
; + 2 (1—-13s)
4. B9 e < 212
(4.73) 1A eqry < ch,]JrQ 307
Plugging (4.69) and (4.73) into (4.72), we deduce
;i (1— 8)1/(j+2) N}OgT/((j-i-Q)lOg s)

(G+1)
(4.74) 1™ e ery < sGHD/GHY) (p — 5)GHD/GH2) (1 — r)GHD/GH2)”

where
9 I12 >(j+1)/(j+2)

v =Cp(i+2,7+1) ( ZCZH?
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Since we have supposed by induction that (4.63) is true for all j = 1,...,k —1, then
we get from (4.74) and (4.71) the desired inequality

Br(1 — s)1/ (kD) N}OgT/((k-i-l)log 5)
sk (r — s)E/(HD) (1 — p)R/(41)

where G > 0.

Thus (4.63) is true for j = k and this concludes the proof of the lemma. O
We are now in a position to establish the main control theorem in the Hardy-
Sobolev spaces H*?(G) for every integer k and 1 < p < o©

Proof of Theorem 2.1 in the case of the annulus. The uniform case p = oo has
been proved by [12]. Let f € By ,(Gs) and let g = f/m, where m is a non-negative
constant chosen such that

k
(4.75) > Mg 1)+ My(g7),s) <1 and  gllze(ac.) < L.
j=0

From Lemma 4.9, we obtain for every r € ] /s, 1] the following inequality

Be(1 — )1/(k+1) N}Ogr/((kJrl)logS)

(k)
(4.76) My(g'™,r) < sk(r — s)k/(+1) (1 — )R/ (k+1)

Let us choose r satisfying

1
4.77 Nlog r/log s _
7 : (log(1/N )=
and consequently,
log log(1/N;)
4.78 1 =(k+1)B;logs—————"——=.
(4.78) ogr = (k+1)Blog s Tog(1/N1)

If we suppose that 8x > 2 and if we choose N; to be small enough in such a way

that
& logl' 1

I 2(k+1)8

Ni < e*F, where I' > e and

then we verify that

(4.79) Vs<r <1

Also, we have from the concavity of the function log that

log s

(4.80) /oD

(r—1)<logr<r—1 Vrel[/s1].
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Furthermore, from (4.76), we deduce that the quantity log M, (g\®), )/ logr is greater
than

Betl(1-s)
(4.81) log(1/N7) 1 [log iy log(l—n)*
' —(k+1)logs k+1 logr logr ’

By using the first inequality of (4.80) and the fact that r > /s, we prove that the
bracket term of (4.81) is greater than

2k(1 — /5)*log" P -
(log ( \/i) %8 log D (1-3s) )/—1ogr,
log” s sFFD (/5 — 5)k

which is equal to

(4.82) ! log A (2(k + 1))" log” r where A = (s — V)

= < 1.
—logr & ((k+ 1),8k)k10gks Br(1+V/s)
By substituting the value of logr, (4.82) becomes
—log(1/Ny) (—k‘ log A klog2(k+1) —l—k;logloglog(l/NI))
(k+1)Bxlog s loglog(1/Ny) loglog(1/Ny) '

Since, N; < e~ T'; T' > e, we observe that the last term in the parentheses is positive,
and then we deduce that

k+1 s
(4.83) log W(lrs))k ~ log(1 —n)* S = log(1/Ny) ( logA)
' log r logr = (k+1)Bklogs logT' /"
Plugging (4.83) into (4.81), we get
log M, (g™, ) -1 1 1ogA
4.84 > k log(1/N
(484) log r (k—l—l)logs{ 6k( 3 )} og(1/N1),

where the constant in the bracket term is positive when we choose B > k —
log A/ logT.
We recall that from Lemma 4.8 we have

1—r3+ (r —s) 4 logr + 2log(s/r)1k
. < M. (a9 )
lgllzs o) Z b0+ [

Inequality (4.84) gives an upper bound for the above bracketed term. It remains to
control the means Mp(g(j), r) of the derivatives of orders j =0,...,k — 1.
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The case k = 1 is reduced to the single term M, (g, r) for which inequalities (4.69),

(4.77), together with the condition N; < 1/e, give

1

Myl9:7) < (ogti/mmE

We assume now that k& > 2. Then from Lemma 4.4 we get

(4.85) Mg, ) < (nhmnmwzcu g<l>,r>).

=1

For the first term in the parentheses, we obtain from the Kolmogorov-type inequal-
ity (3.1), the fact that M,(g,7) = ||hs| »(7), Lemma 4.4, Theorem 3.1 for r = r'/<,

ro =1, 0 < a <1 and Lemma 4.7 that

1 “+1 +1
|| ocry < ColG+ 1) el 55D [R5

‘ J+l 3/(+1)
< CP(] + 17j)(MP(gvr))1/(]+1) ((] + 1) Z Cl,jJrlMp(g(l)a T)>
=1
‘ Jj+1
< Cp(f +1,4)(My(g, 7))/ Y ((j +1)) Cryn (My(g", 7‘1))a>
=1
~;(r — 8)%/GHD (M, (g, r))(A+3e? /(1)
i/ (j+1) (s(r — rl)(rl — s))jaj/(j'i‘l) ’

~

where
Jtl Jtl 3/G+1)
05 = Zal and 7 =Cp(j + 17.7')<(j +1) ch,j+1> :

Choosing a = (1 — 1/k) U+ we get

(4.86) 1R || 1oy < ~j(r — 8)3/ QG (M, (g, 7)) 1-1/F)
. v B2 S 5570GHD) (s(r — i) (1 — §))A—1/k)7GTD
(s(r —r1)(r1 = 5))

3/(@+1)

For the last term of (4.85), we obtain from Theorem 3.1 with 0 < s < r; = r1/® <

r<1,0<a<1and Lemma 4.7 that

Jj—1 j—1
(487) > e MgV, r) <> e (My(gY,r))”
=1 =1

(7“—8)1/2( ( ))(1 1/k)(J 1)/(+1) j—1

= 21/2(s(r — r1)(ry — 5))G—DA=1/K)1/GHD lz;clu
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Plugging (4.86) and (4.87) into (4.85), we get

Cyr = 5P/ CUHD) (1 (g.7)) 1/

(rs(r—r1)(r1 —s))J

)

(4.88) My(g9,7) <
where
j -«
Cj = S7egrm <7j + ;C“)'
Hence, from (4.77), the fact that M,(g,r) < N}Og /1085 4nd the inequalities

Nr < 1/e, (/f—i—l)(l—%)ﬂk?k for k > 2,

we deduce that

(Ml ) <
Hence,
A Gl YRR
7=0 7 ’ |
$ G (A= + (0= o)) =)/ 0D 1
< ]:Zo ! (rs(r —r1)(ry — s))7 (log(1/Nyp))k"

Furthermore, we observe that

(1 =7) + (r —s)7)(r — 5)7/C0G+)
(rs(r—r1)(r1 —s))J
(1 =7) 4 (r — s)7)(r — 5)7/ U+ 1
(TQS)j (r(k/(k_l))l/u+l) — S)j (1 — r((k/(k_l))l/(1+171>) ’

which is upper bounded by a constant C depending only on k, j and s, since r
satisfies the inequalities in (4.79).
Consequently

k—1 ; ; ol
(1=r) +(r—s) j Ce®
WP S g

(4.89)

where C' = max(C;) for j =0,...,k— 1.
Plugging (4.84) and (4.89) into (4.50) we get that there exists an explicit constant
0 depending only on k, s and p such that

5
§(0G.) S T A
lgllzr o) (log(1/Nyp))*
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Making use of the relation g = f/m and the definition of Ny in (4.69), we derive

that
md/(2Cs)* P o

Illr@c) S g/ Toa)F S g/ T Tz )F

where o = md/(2C5)*. We conclude the proof of Theorem 2.1 in the annular case.
O

Proof of Proposition 2.2 in the case of the annulus. For a > 1, we consider the
sequence of polynomials
un(z) =(z—a)*, nx=1.

As have as in the proof of the open unit disk case we have that

1 e
Ln = ||y = 5= [ (1+a® = 2acos 0)"?/2 do

= (2ranp) "2 (1 + )" (1 4 0(1)),

—T

and L
Iy = Hun”iﬁ(sv) = 2—]_[/ (a® + s* — 2as cos0)"P/2 df

—T

= (2manps)~Y2(a + s)"PTL(1 + o(1)).
Then we deduce that

HunHI;Ikp(G;) =1I,+J, + np(In—l + Jn—l) + np(n - 1);0 . (n —k+ 1)p(In—k + Jn—k)
= (2ranp) ~Y2nkP (a + 1)FP=RP(1 4 0(1)),

and also
Hf””ioo([) = (Qmmp)l/Qn—kp(l + a)—np+kp—1(1 +a2)np/2(1 + 0(1))-

Hence,

. 1+ a\k (1+a)?
i | fullorylog (11 ulloe(y) = (=5 ) o8 (S ) (1 4+ 0(1),

which concludes the proof of (2.2). O

Note that Theorem 2.1 still holds when the subset I is the union of a finite number
of connected subsets. We get there the following corollary.

Corollary 4.10. Let k € N*, 1 < p < oo and let I be the union of a finite number
of connected subsets of 9G of length 2rA; A € |0, 1[. There exists two non-negative
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constants o and I', depending only on k5, p and s, such that for every f € By, ,(G)
satistying || f||r1(r) < e”", we have

«
") S TNog T F-
Ilzr00) S R TTmmT

Proof. Letn € N* and let for j =1,...,n; I; be an open connected subset of
the boundary of G of length 21A;; 0 < A\; < 1such that I =1, U...UL,.

By applying Theorem 2.1 to each I;, we prove that there exist two non-negative
constants «; and I';, depending only on k,p and s, such that for every f € By ,(G)
satisfying || f|| 1) < e/, we have

@y

A log ([ fllzr ()%

(4.90) I fllzroc) <

Since \
Il < THfHLl(I)a

j

hence, if we choose I' = sup T';, we derive from (4.90) and the monotonicity of the
1<jsn
mapping & — 1/log(1/x) that
Oéj < 2kaj/)\?

(Ailog || fllzrcryl® — Nlogllfll ek

Il fllzroc) <

where in the latter inequality we have assumed that || f| ;1) < (X;/A)?, which is
satisfied if we suppose further that e=* < (A\;/A)% j = 1,...,n. We conclude the

proof of the corollary by setting o = sup (Zkozj/)\f). O
1<isn

5. CONCLUDING REMARKS

We have established in the present paper an optimal estimate of 1/log-type in
the Hardy-Sobolev spaces H*?(G), 1 < p < oo, and k is a positive integer (G is the
unit disk D or the annulus Gg). More precisely, we have studied the behavior with
respect to the LP-norm of functions, elements of the unit ball of H*?(G), on the
whole boundary of G with respect to the L'-norm on an open connected subset I of
the boundary 0G.

(1) We have observed that our result still holds in more general situations of
a smooth connected domain g in R?:

(a) For simply-connected domain: Theorem 2.1 remains valid in a simply-

connected bounded Jordan domain g in R? with C*# boundary, 5 € 0, 1[.
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It is a well known result (cf. [15], Theorems 3.5 and 3.6) that there ex-
ists a conformal mapping ¢ from D onto g having a C! extension to D.
Moreover, the derivative 9/’ does not vanish on the unit circle T.

(b) For doubly-connected domain: Theorem 2.1 remains also valid in a doubly-
connected domain g in R? with C'# boundary, 0 < # < 1, made of two
non-intersecting closed C*# Jordan curves: By applying the extensions of
[15], Theorems 3.5 and 3.6, given in [4], Proposition 4.2, and also in [20],
we can deduce that there exists a conformal mapping ¢ from G, onto g
having a C! extension to G,.

(2) We have also observed in Corollary 4.10 that Theorem 2.1 still holds when the
subset [ is supposed to be a finite union of connected subsets.

(3) Questions concerning the behaviour of the constants o and I' mentioned in the
main result are of interest and will be undertaken in a subsequent work. Note
that in the particular case G = D, k = 1 and for the uniform norm where p = oo,
an upper bound for the constant o has been established in [7]. Let us mention
also that the question under investigation is to give the optimal constant « in
inequality (2.1):

a=_max |fllz2oc.)loglfllL "

f€BK,2(Gs)

(4) We finally mention [7], [14], where stability of Cauchy’s problem for the Laplace
operator in the bi-dimensional case and for the inverse problem of identifying
Robin’s coefficients by boundary measurements have been studied when G = D
and p = 2, 00. In this context, we consider the Cauchy problem

—Au=0 in D
(CP)¢ Opu=® onl;
u=yf onl,

where 0,,u stands for the partial derivative of u with respect to the outer normal,
® denotes the imposed current flux and f the potential measurement. Then,
we establish the following logarithmic stability result:

Let ® € CO(T), K >0and 1< p < oo. Wedenote by Wy the set

Wk = {U S W“’((‘)G), ||u||W1,p(ag) < K}

Let u; € Wi be the solution of (CP) when f = fi;i=1,2. If || f1 — faoll 1) < e T,
then
B

log(I[f1 = fallLr)l’
where I, 5 > 0 are constants depending only on ®, [ and K.

lur — ual|Lr (1) <
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