Czechoslovak Mathematical Journal

Suying Liu; Minghua Yang

The weighted Hardy spaces associated to self-adjoint operators and their duality on
product spaces

Czechoslovak Mathematical Journal, Vol. 68 (2018), No. 2, 415-431

Persistent URL: http://dml.cz/dmlcz/147226

Terms of use:

© Institute of Mathematics AS CR, 2018

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147226
http://dml.cz

Czechoslovak Mathematical Journal, 68 (143) (2018), 415—431

THE WEIGHTED HARDY SPACES ASSOCIATED TO
SELF-ADJOINT OPERATORS AND THEIR DUALITY
ON PRODUCT SPACES

SuYvING Liu, Xian, MINGHUA YANG, Nanchang

Received September 7, 2016. First published February 7, 2018.

Abstract. Let L be a non-negative self-adjoint operator acting on L?(R™) satisfying
a pointwise Gaussian estimate for its heat kernel. Let w be an A, weight on R"™ x R",
1 < r < co. In this article we obtain a weighted atomic decomposition for the weighted
Hardy space HZW(R" xR™), 0 < p < 1 associated to L. Based on the atomic decomposition,

we show the dual relationship between Hiw([R" x R™) and BMOy, ,,(R™ x R™).
Keywords: weighted Hardy space; operator; Gaussian estimate; duality; product space
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1. INTRODUCTION

The theory of Hardy spaces has been a central part of modern harmonic analysis.
The theory of Hardy spaces on product domains was initiated by Gundy and Stein
in [23]. The atomic decompositions for Hardy spaces on product domains were
obtained by Chang and Fefferman in [11], [13]. Later, Fefferman in [21], Krug in [29],
Sato in [36] and others established the weighted theory of the classical Hardy spaces
on product domains. See [42], [12], [8] for more results on product domain.

The classical Hardy spaces on R™ can be characterized by certain estimates via the
Laplacian, but there are some important situations in which the theory of classical
Hardy spaces is not applicable. Some interesting operators were found to be out of
the Calderén-Zygmund class. See [17], [2], [25], [4], [5], [6]. In order to handle such
beyond Calderén-Zygmund operators, many researchers study Hardy spaces that
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are adapted to a linear operator L. For some results on the one-parameter Hardy
spaces adapted to an operator, we refer the reader to [3], [20], [7], [25], [19], [26],
[24], [9], [16], [38], [28] and their references. For the theory of weighted Hardy spaces
associated with an operator, we refer the reader to a series of papers [1], [39], [31],
[33], [34].

In [32], the authors studied the atomic decomposition of weighted Hardy spaces
Hiw([R" x R™) associated to self-adjoint operators on product spaces. Inspired by
the work [32], it is natural to study the weighted Hardy space Hf}w([R" x R™),
0 < p < 1. Let L be a non-negative self-adjoint operator acting on L?(R™) satisfying
a pointwise Gaussian estimate for its heat kernel. Let w be an A, weight on R™ x R"™
(see Section 2 for its definition), where 1 < r < oo. The main purpose of this
paper is to introduce a weighted Hardy space H Zw([R" x R™) and prove a weighted
atomic decomposition for H7 , (R" x R™). See Theorem 4.1. And then, we introduce
weighted BMO spaces BMOZw([R” x R™) on product spaces. Using the atomic
decomposition for Hf}w([R" x R™), we show that the dual space of the weighted
Hardy space Hj ,,(R™ x R™) is BMOp ,(R™ x R"). See Theorem 5.2. When L is
the Laplacian of R™, the weighted atomic decompositions in product spaces were
obtained in [29], [30]. Here, we generalize the results of [29], [30].

Since there is no Whitney decomposition in product domains, the situation be-
comes considerably complicated. As pointed out by [10], the product atoms should
be supported in open sets rather than rectangles, which leads to many difficulties.
The important tool is a weighted version of Journé’s covering lemma, which is a good
substitute in product domains for Whitney decomposition. It will be used to prove
(i) of Theorem 4.1.

The layout of the article is as follows. In Section 2, we introduce some basic as-
sumptions and state some preliminary results. In Section 3, we define the weighted
Hardy space HY (R™ x R™), 0 < p < 1 associated to a non-negative self-adjoint
operator with Gaussian upper bounds on its heat kernel. We give an atomic char-
acterization of the weighted Hardy spaces on the product domain associated to the
operator. In Section 4, we state and prove the relationship between Hi}w([R" x R™)
and BMOp ,(R™ x R™), which is the main result of this paper.

Throughout this article, the letter “C” or “c” will denote (possibly different)
constants that are independent of the essential variables.
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2. THE PRELIMINARIES

2.1. Assumption (H). Assume that L is a non-negative self-adjoint operator
on L?(R™) and that each of the semigroups e *, generated by —L on L?(R™), has
the kernel p;(x,y) which satisfies the Gaussian upper bound. That is, there exist
constants C, ¢ > 0 such that

C
(GE) Ipo(a )| < 55 exp(— 2

We note that such estimates are typical for elliptic or sub-elliptic differential op-
erators of second order (see for example, [14] and [18]).

Lemma 2.1. Let L be an operator satistying the assumption (H). For every
k=0,1,..., there exist two positive constants Cy, ¢, such that the kernel p; i (x,y)
of the operator (tQL)ke*ﬁL satisfies

Ch (_|$—y|2)

2.1 <
( ) |ptyk(x7y)| (41'Et)n exp thQ

for all t > 0 and almost every x,y € R".

Proof. For the proof, we refer the reader to [14] and [35], Theorem 6.17. O

2.2. Muckenhoupt weights. We review some needed background on Mucken-
houpt weights.

A weight w is a non-negative locally integrable function on R™. We say that
w € Ap, 1 < p < oo, if there exists a constant C' such that for every ball B C R",

(i )y ) <

For p = 1, we say that w € A; if there is a constant C' such that for every ball
B C R",

1
@/ w(y)dy < Cw(x) for a.e. x € B.
B
We denote the Hardy-Littlewood maximal function by

M) = sup | /B £l dy.

We sum up some of the properties of the above classes.
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Proposition 2.2. The following assertions hold:
Al CA, CA,for1<p<g<oo.

(i

(ii) If w e Ap, 1 < p < o0, then there exists 1 < g < p such that w € A,.

)
)
(i) A= U A4,
)
)

1<p<oo
(iv) If 1 < p < oo, w € A, if and only if w'~ ' €Ay.
(v) Let w € Ap, p > 1. Then for any ball B and A > 1, there exists a constant C
(independent ofB and \) such that

w(AB) < CA"™w(B).

(vi) If 1 < p < oo, w € Ay, then

(M(f)(@)Pw(z)dz < C [ |f(z)Pw(z)da.

R™ R™

Proof. Properties (i)—(vi) are standard, see for instance [22] and [40]. O

3. Muckenhoupt weights on product spaces. In this section, we recall
some basic facts on the product A,(R™ x R™).
A non-negative locally integrable function w(zx,y) on R™ x R™ is said to belong to
Ap(R™ x R™), 1 < p < 00, if there exists a constant C' such that

1

(o i) f i)

where R runs over all rectangles in R” xR™. When p = 1, we say that w € A1 (R"xR")
if there exists a constant C' such that

|R| // w(z,y)dedy < C essmf w(z,y) for all R.

(z,y)ER

We also define Ao (R™ x R™) := [J A,(R™ x R™). For any 1 < p < 0o, the weighted

r>1
Lebesgue spaces L2 (R™ x R™) can be defined by

{£ [ [ remputea sty < oo}
o= ([ [ soret )

with the norm

11
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We denote the strong maximal function by

M) i= swp (B[] [50)]dud,
(z,y)ER R
where R is any rectangle in R™ x R™.
The following properties of product A, weights are well known, see [36], [30].

Proposition 2.3. The following assertions hold:
(1) If w(z,y) € A.(R™ x R™), then w(x,-) satisfies A,.(R™) condition uniformly for
a.e. x; similarly for w(-,y).
(ii) Product weights satisfy Ay C A, C Ay C A for 1 <r <t < oo.
(iii) If w € A(R™ x R™), 1 < r < oo, there exists 1 < s < r such that w €
As(R™ x R™).
(iv) If 1 <r < o0, w € A.(R™ x R") if and onl if w'~"" € A,/(R™ x R™).
(v) If 1 <r <oo, we A (R" x R"), then

[(s o)

1/2

)

LT, L

3. WEIGHTED PRODUCT HARDY SPACES AND ATOMS ASSOCIATED TO OPERATORS

3.1. Weighted product Hardy spaces and weighted product atoms. Given
a function f on R™ x R, K = [n/2] + 1, let us use Q4, +, to denote the operator
(t%L)Ke’th ® (t%L)Ke’téL. The area function associated with operators L is defined
by

dydt \'/?
(31) a1,a2f (/~/| z1—y1|<aity |Qt1,t2f(y)|2W> )

2—y2|<asts

where o; > 0, ¢ = (z1,22), y = (y1,¥2), t = (t1,t2) and x;,y; € R™, t; € (0,00)
for ¢ = 1,2. Here, we replace (th)e_t?L by (th)Ke_t?L for technical reasons. For
simplicity, we write S(f) := S1,1(f). For the theory of unweighted Hardy spaces
associated to the operator L on product domains, we refer to [15], [37].

Definition 3.1. Let L be an operator satisfying the assumption (H) and
0 <p < 1. Suppose that w € Ax(R™ x R™). The weighted product Hardy space
HY ,(R™ x R") associated to L is defined as the completion of

{f € P(R" x R™): SOl 6nwin) < 0}
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with respect to the norm

HfHHf (R XR?) = ||S(f)||L{’U(Rann)~

Remark 3.2. An argument similar to Theorem 1 of Chapter IV in [41] implies
the following result. Suppose w € A,.(R™ x R™), 1 < r < co. Then for all a; > 1,
ap > 1, there exist positive constants cq; a,,p and Cahaz,p such that

Car,az,p IS (F)l Ly Rrxrr) < [1Sar,0: (F)llLy ®nxrr) < Caga,pllS()ILL (R xRR)-
We now introduce the product (p, r, M, w)-atom associated to operators.

Definition 3.3. Suppose that M e N, 0 < p<landw € A,, 1 < r < oo.
A function @ € L?(R?") is called a product (p,r, M, w)-atom associated to L, if it
satisfies

(1) suppa C €, where € is an open set with finite measure;

(2) @ can be further decomposed into a = ). apg, where for each R € m(Q)
Rem(Q)
there exists a function bp € D(LM @ LM) such that
(i) ar = (LM ® LM)bR;
(ii) supp(L¥* @ L*?)br C 10R, k1,ka =0,1,..., M;
(ili) llallLr (rexgrey < w(Q)Y"YP and for ki, ke =0,1,..., M,

ST D)) B DR @ () LY DRI iy < ()17,

Rem(Q2)

where m(Q2) denotes the set of maximal dyadic subrectangles of Q; LY := 1|
denotes the identity operator on R™; R = I x J denotes the dyadic rectangle of
R™ x R™, I, J denote the dyadic cube of R™; 10R denotes the 10-fold dilate of
R concentric with R.

Now we can define a weighted product Hardy space H f:uM by atoms.

Definition 3.4. Let M and w be the same as in Definition 3.3. The weighted
product Hardy space Hﬁ’rM([R" x R™) is defined as follows. We say that f =
Z Aja; is a product atomic (p, 7, M, w)-representation of f if {);}52, € (¥, each a;
is a product (p,r, M, w)-atom, and the sum converges in L?(R?"). Set

I]-I]’E;LM(R” x R™) = {f: f has a product atomic (p,r, M, w)-representation},
with the norm given by

11l WY M (R X R™)

oo 1/p
= inf{ (Z |)\j|p) : f=>")\ja; has a product atomic (p,r, M, w)—representation}.
=0 J

420



The space Hi::l’)M(R” x R™) is then defined as the completion of Hi’;LM(R” x R™)
with respect to this norm.

3.2. Some auxiliary lemmas. For any a > 0, let us introduce the product cone
[(z) := [(z1) x [(z2), where T'(z;) == {(yi,t;) € RT™ e |z —yi| < t;}, i = 1,2
Suppose 2 C R™ x R™ is an open set of finite measure. Denote by m(2) the maximal
dyadic subrectangles of 2. Let m1(f) denote those dyadic subrectangles R C Q,
R = I x J which are maximal in the z; direction. In other words, if S=1'xJ D R
is a dyadic subrectangle of , then I = I’. Define m2(?) similarly.

In order to prove our main result, we need some auxiliary results.

Lemma 3.5. Let w € Ay and let 2 be an open set of R™ x R™. For any
R=1xJem(), we set

y(R):= sup |I'|/|1],
cr
I'xJCQ*

where Q* = {x € R™ x R™: M;(xa)(z) > 1/2}. Then for any § > 0,

> w(R)y Y (R) < cow(€),
Rem2(Q)

where c; is a constant depending only on §, not on Q.
Similarly, for any R =1 x J € m1(Q), we set

72(R) = sup [J|/|J].

Then for any 6 > 0,

> w(R)y  (R) < csw(Q),
RemM1(Q2)

where c; is a constant depending only on §, not on €.

Proof. For the proof, we refer to [21], Lemma 2, and [27]. In fact, this is
a weighted version of Journé’s lemma. O

We also need the following results.

Lemma 3.6. Let L be an operator satisfying the assumption (H). Then for any
1<r<ooandwe A.(R" x R™), there exist constants Cy,Co such that

(3.2) Cullf]

holds for all f € L] (R™ x R™).

Ly, Rexrn) < |[S(f)]

w

L,,.(R.,LXRH) S CQHf'

w

L1, (Rm xRn)
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Proof. For the details of the proof, we refer the reader to [32]. g

Lemma 3.7. Fix M € N and w € A (R™ x R™), 0 < p < 1. Suppose that T is
a non-negative sublinear operator satisfying the weak-type (2,2) bound

wla € R <R [f@)] > n) < Con 2 flagonary, 1> 0,
and for every product (p,r, M, w)-atom a we have

ITal

nxen) < O
with constant C independent of a. Then T is bounded from HE’Z’]M([R” x R™) to
LP (R?"), and

T 1 Lp,(m2ny < C|\f||H£,:U,M(R,,XRn).

Proof. The proof is similar to that of Lemma 4.3 in [24] and so we skip it
here. (]

4. THE ATOMIC CHARACTERIZATIONS OF WEIGHTED PRODUCT HARDY SPACES

In this section we will state and prove the atomic characterizations of weighted
product Hardy spaces Hf’w([R" xR™),0<p<1.

Theorem 4.1. Suppose that w € A;(R™ x R"), 1 < s < oo and 0 <p < 1.
oo
(i) Suppose that M € N, M > (r/p—1)n/2 and r > s. Let f = > A\a;, where
i=0
{Ni}2, € 1P, the a; are product (p,r, M,w)-atoms, and the sum converges in
L*(R?"). Then f € H? (R" x R") 0 L2(R?") and

0 00 1/p
S Nas < c(z W) |
i=0 HY ., (R™xR™)

i=0
(i) Let M € N and 1 < r < co. If f € H] ,(R" x R") N L*(R*"), then there
exist a family of product (p,r, M, w)-atoms {a;}2, and a sequence of numbers

(o]

{A\i}2, such that f can be represented in the form f = 3 A\a;, and the sum
i=0

converges in the sense of L?(R?")-norm. Moreover,

o 1/p
(W) < Ol oo
=0

422



The proof of (ii) in Theorem 4.1 is very similar to the case p = 1 considered by [32]
(in fact, one just needs to set \; := cy2%w(€2;)'/? to get the result), we do not discuss
it here. In this paper, we give the details of the proof of (i).

Proof of (i) of Theorem 4.1. Let f(x) = > Aja;(x), where the a; are product
J

e 1/p

(p, 7, M, w)-atoms and (Z |)\i|”) < 00. By applying Lemma 3.7 and the fact that
i=0

a (p, s, M,w)-atom is also a (p, r, M, w)-atom for s > r > 1, it shall be enough to show

that for every product (p,r, M, w)-atom a there exists a constant C' (independent
of a) such that

1S(@)l] g, 8 xn) < C-

By the assumption on M, we can choose N such that n(r/p—1) < N < 2M. We

assume that a = > ag is supported in some open set ) with finite measure. For
Rem(Q)
any R=1 x J CQ, let I’ be the biggest dyadic cube containing I such that

I'x JCQ={zeR"xR": M,(xa)(z)>1/2}.
Then I’ x J is in m1(€) and let S be the biggest dyadic cube such that S D J
and I’ x S C Q, where Q = {z € R" x R": Mi(xg)(x) > 1/2}. Let R be the
10-fold dilate of I’ x S concentric with I’ x S. By (v) of Proposition 2.3, we have
w(lJR) < Cw().

Making use of Holder’s inequality and the definition of product atoms, we have

Sa)P(z)w(x)dz < [ S(a)(@)w?" (z)w' P/ (z) dz
UR UR

1-p/r
C(/ wda:) 1S ()%
UR b

Cw (@)~ all7,
Cw(Q) 1 /Pw(Q)/r=1/p)p
C

N

w(

V/AN/AN/AN

)

where in the third inequality we have used Lemma 3.6.

It remains to prove

(4.1) /( L S@ @ <C
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By the definition of product atoms, one can write

(4.2) /<ué>c S(a)? (z)w(z) dz < Rezm%m . S(ar)?(z)w(z)dz

<X [ Sl ds
Rem(q) Y (101")xRn

+ > / S(ag)? (z)w(z) dz
Rem(Q) R™ x (108)¢
=D+ E.

We only estimate the term D since the term E can be estimated similarly.

For the term D, we have

/ S(ar)?(z)w(x)dx = / S(ar)?(x1,x2)w(x1, x2) day dzg
(1017)e xR™ (1017)° X (10.1)°

+ / S(ar)?(x1,x2)w(x1, x2) day dzg
(101")° x10J

= D1 + DQ.

By the same analysis as that of Theorem 4.1 in [32], we know that

R p
@3 o< o(lenl)

(I)PY ()P

|£C1 — x1|p(n+N) |£L‘2 — £L‘J|p(”+N) dx

X w(z

(101)¢ % (10.J)°

where cg = |ag| + 0(J)2M|ag| + 0(I)"*M|agr 2| + £(I)72Me(J)"2M|bR|, and we
write ag1 = (LM ® 1)bg and ap s = (1 @ LM)bg.
Noting that N > n(r/p — 1), one can compute

(1PN e(J)pPN
(4.4) / w(z (D) ~ () ~
(1017)¢ x (10.7)¢ |21 — 2 [POHN) [y — s [p(ntN)
oIy

oo oo
ey [ e
201 I/\211—111 2[2J\2l2—lj ’ |.T/'1 — l‘]|p(n+N)

l1=11=1

()P

|2y — @y [P+ N) dzz dy
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(1PN 0(J)PN
(2h g([/))p(n+N) (2124(J))p(n+N)

w21 I’ x 212.7)

/C/;
[M]8
[M]8

=
I
-
~
[V
I
—

1 1 (NN
(Pt N)=rm) Dz (p(nt N)—rm) g( [/t N w(R)[J|

/(/;
hE
NE

l

Il
-

12
< C(z(zf)) )pN“’<R>|R|_p

where in the third inequality above we have used (v) of Proposition 2.2.
Combining (4.3) and (4.4), we write

Il
i

~
—~
~

(4.5) D: <Cm (R)ipr(R)lip/r”CM ig‘ua

where v, (R) = £(I")/4(1).

We turn to estimating the term Dy. By Holder’s inequality, we have
o0
Dy < Z/ / [S(ar)(x1,z2)|Pw(xy, x2) deg day
s J2rtiIn2k 1 J1og

p/T
(/ / [S(ar)(z1,z2)| w(z1, x2) dag dxl)
ok+111\2k 12107

1—p/r
X (/ / w(xy, x2) das dxl) )
ok+110J100

Mg

We have

(4.6) / / [S(ar)(x1,z2)|"w(x1, x2) dae d2y
ok+11M\2k 7 J10J

dy; dt
s¢ /(// (L) aR(yl’x2)|2 i+11
2k+1/\2k ! (z1) £y

X w(z1, x2) drs dz;.

By an argument similar to that of Dy ;, 7 =1,...,4 we obtain
dy; diq
// (L)X e " ap(yy, x2) [ s
Il 1

)7’/2

< C%[(/|a3(zl,xg)|dzl>2+ (6(1)‘“”/IaR,z(zl,a:z)Idzl)T

since 2M > N.

425



Let M denote the Hardy-Littlewood maximal operator in the first variable.
Then we have
217
d =
/|CR(ZI,$2)| o |2FHLI] Jorsrp

<12 inf . MWep(zy, 29).
z1€2k+1]/

lcr(21,2)| d2y

Thus, one can write

(47) (/27€+1I’\2k1’ /IOJ |S(GR)(J")|TU)($) dx>1/r

C N2kn|I/ ; (1) r
(21@@ I'))n+N (/2k+1[// ZIGIQHHII/ 63(21,332)}

1/r
x w(z1, x2) das dxl)

1/r
<Cm(R No—kN (/ M(l cr(x1,x2)] w(xy, x2) doe dx1>

< Cn(R) N2~ "Nerlr .

where in the third inequality above we have used (vi) of Proposition 2.2 and (i) of
Proposition 2.3.
By virtue of (v) of Proposition 2.2 we have

1—p/r
(4.8) / / w(z) dx < CQ(kJrl)n(rfp)w(R)lfp/r.
2k+117 J107

Combining (4.7) and (4.8), we have

Dy < CZka(prn(rfp))Hcm

k=3
< Cllerll, v (R) "N w(R)' /",

Lo (R) N w(R)

since N > n(r/p —1).
Estimates of Dy and Ds, together with Holder’s inequality and weighted Journé’s
covering lemma (Lemma 3.5), imply that

<C Y llerll?

Lo n(@®) PN w(R)

Rem(Q2)
p/r Np(r—p)]/ 1—-p/r
<c( 3 |cR|zL) (Z w(Ryn (R) NP )
Rem(Q) Rem(Q)

< Cw(Q)P/"Tw(Q)P/m L C.
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The desired estimate of (4.1) follows readily. This completes the proof of (i) of
Theorem 4.1. g

5. BMOp ,,: DUALITY WITH H} , (R™ x R™) SPACES

In this section, we introduce and study the duality of the weighted Hardy spaces
H} ,(R™ x R™). Given a real-valued function f on R™ x R™ and a weight w €
As(R™ x R™), 1 < s < oo, we consider the following situation: if Q is a bounded
open set in R™ x R™, and R = I x J runs over the collection of the maximal dyadic
rectangles contained in €2, then we introduce the following definition.

Definition 5.1. Let L be a non-negative self-adjoint operator such that the
corresponding heat kernel satisfies conditions (GE). For w € A, 1 < s < oo and
1 < p < oo, an element f € L? is said to belong to BMOY  if

1 fllmwor

1/p
=: sgp(ﬁ > //IXJ |(1 — (1 +£(1)?L @ £(J)*L)"HM fpat—P dx) < o0,

RCQ

where the supremum ranges over the whole open set € of R™ x R™ with finite measure,
and [ denotes the identity operator on R™ x R™. In particular, for p = 1 we denote
BMOj ,, =t BMOL .

We have the following theorem. In fact, it expresses the dual relationship of
BMOyp, ., and Hiw([R" x R™).
Theorem 5.2. HéZJM(R” x R™)* = BMO’Z’W(R” x R™), r > 1.

Proof. First, we show that each f € BMOE:U} induces a bounded linear func-
tional on Hi’L’]M(R” x R™). Suppose that a is a (1,7, M, w)-atom in Hi’L’}M(R"), and
let f € BMOY, ,,(R™). For simplicity, denote | — (1 +¢(1)?L @ £(J)*L) "1 )M =: Py,
then by the atomic definition we have

W ey y)ds dy‘ < gRj
<>

R

"

J[ antwsepaa dy‘

/ Pyragr(z,y) f(z,y) dz dy‘
10R

//1012(|] — Py)ag(z,y)f(x,y) dxdy' =:J1 + Jo.
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For the term J;, by Holder’s inequality and the definitions of atom and f €
BMOE/’M we obtain

1/r'
Jls(ZlaRm) (// Parf el oy
R

< CHfHBMoz’yl/ww(B)l/r lw(B)l/r

< CHfHBMO;’YI/w'

To analyse Jo, by the condition agr = (LM @ LM)bg and the fact that L is self-
adjoint, we write
(1 = Py)ag = (1 — Py ) (LM @ LM)bg = (LM @ LM)(1 — Pyy)bg
M M M M
(M k1)k1! (M — ko)ko!

(]
(]

(f([) 2k1 LMfkl ® E(J)fmchMsz)PMbR
k1

Il
-

k2

I
NE
Mzl

Chy Cr, (((I) L LM =R @ g()=2k2 [M=k2\ Py b
1

k1

G

N
Il
—

Thus, by the definitions of an atom and f € BMOY 1w and Holder’s inequality, we
have

) 2M£(J)—2M

HME

M
Z Jer Ckz

(f(I)QL)M"“ & (6(1)2L) b5 Py f (2, ) da dy\

X
§

<

X

M
Z Cey O,

Z 2rM£ 2TM|(£(I)2L)M7]€1 ® (K(J)2L)M ksz|

Py &Mi

)1/7“

R
X // |Parf (2, )" w'™"" dedy < Cw(@)V"Lw(@)V/" < C.
R IxJ

Therefore, for every h = 3 Aja,; € Hi’Z;M([R" x R™), where a; are weighted atoms,
- ;

we have
// f(z,y)h(z,y)dx dy‘ < f(z,y)a;(x,y)dzdy
R™ X R™ 7 nxR™

<0) il lgnoy < ClPlag N llpaoy -
N 1/ w ’ yw
J
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Conversely, suppose that [ € Hi:UM([R" x R™)* can be represented by f(z,y) in the
form

o) = ([ swwateg)deay.

Let €2 be a bounded open set in R” x R™, and suppose that Q = |J R, where the R’s
R

are the maximal dyadic rectangles contained in €2, and that

1/r
2;';,(R>> =1

<§Rj I

Set
1 -1
al@y) = ST ERJH — (1 +I)PL @ (I D)) )e.

Then it is not difficult to check that a is a (1,7, M, w)-atom (see Theorem 6.4 in [24]).
Consequently,

141 > JiGa)l
- e 2 [ (- O+ ADPLE (P ) el f(a.y) dady
R

= w(m%u > //R e(z,y)(1 = (1 +I)*L @ £(1)°L) M) f(z,y) dz dy.
R

Then by duality it readily follows that
<L > / / (0= L+ LIPL @ L)L)~ M f w! dx)l/rl <,
w(€) R JJIxJ
which is what we want to show. O

Acknowledgment. The authors would like to thank the referee for carefully
reading the manuscript and for her/his offering valuable suggestions to improve the
paper. The authors also thank Lixin Yan and Liang Song for helpful suggestions and

discussions.

429



1]
2]

3]
[4]

[5]

[6]

(7]
8]
[9]
[10]
[11]
[12]
[13]
[14]

[15]

[16]

[17]
18]
[19]
[20]
[21]

[22]

430

References

B.T. Anh, X. T. Duong: Weighted Hardy spaces associated to operators and bounded-

ness of singular integrals. Available at https://arxiv.org/abs/1202.2063.

P. Auscher: On necessary and sufficient conditions for LP-estimates of Riesz transforms

associated to elliptic operators on R™ and related estimates. Mem. Am. Math. Soc. 186

(2007), 75 pages. IMRYdoi
P. Auscher, X. T. Duong, A.McIntosh: Boundedness of Banach space valued singular

integral operators and Hardy spaces. Unpublished preprint (2005).

P. Auscher, J. M. Martell: Weighted norm inequalities, off-diagonal estimates and elliptic

operators I: General operator theory and weights. Adv. Math. 212 (2007), 225-276. MR
P. Auscher, J. M. Martell: Weighted norm inequalities, off-diagonal estimates and elliptic

operators II: Off-diagonal estimates on spaces of homogeneous type. J. Evol. Equ. 7

(2007), 265-316. IMR]
P. Auscher, J. M. Martell: Weighted norm inequalities, off-diagonal estimates and ellip-

tic operators III: Harmonic analysis of elliptic operators. J. Funct. Anal. 241 (2006),

703-746. MR
P. Auscher, A. McIntosh, E. Russ: Hardy spaces of differential forms on Riemannian
manifolds. J. Geom. Anal. 18 (2008), 192-248. MR]
M. Bownik, B.Li, D. Yang, Y.Zhou: Weighted anisotropic product Hardy spaces and
boundedness of sublinear operators. Math. Nachr. 283 (2010), 392-442. IMR]
H.-Q. Bui, X. T. Duong, L. Yan: Calderén reproducing formulas and new Besov spaces
associated with operators. Adv. Math. 229 (2012), 2449-2502. MR

L. Carleson: A counterexample for measures bounded on HP for the bi-disc. Mittag
Leffler Report 7 (1974).
S.-Y. A. Chang, R. Fefferman: A continuous version of duality H' with BMO on the

bidisc. Ann. Math. (2) 112 (1980), 179-201. | zblJMR] doi
S.-Y. A. Chang, R. Fefferman: The Calderén-Zygmund decomposition on product do-
mains. Am. J. Math. 104 (1982), 445-468. MR
S.-Y. A. Chang, R. Fefferman: Some recent developments in Fourier analysis and
HP-theory on product domains. Bull. Am. Math. Soc., New Ser. 12 (1985), 1-43. IMR]
E. B. Davies: Heat Kernels and Spectral Theory. Cambridge Tracts in Mathematics 92,
Cambridge University Press, Cambridge, 1989. MR

D. Deng, L. Song, C.Tan, L. Yan: Duality of Hardy and BMO spaces associated with
operators with heat kernel bounds on product domains. J. Geom. Anal. 17 (2007),
455-483. IMR]
X. T. Duong, J. Li: Hardy spaces associated to operators satisfying Davies-Gaffney es-
timates and bounded holomorphic functional calculus. J. Funct. Anal. 264 (2013),

1409-1437. IMR]
X. T. Duong, A. MacIntosh: Singular integral operators with non-smooth kernels on ir-
regular domains. Rev. Mat. Iberoam. 15 (1999), 233-265. MR
X. T. Duong, E. M. Ouhabaz, A.Sikora: Plancherel-type estimates and sharp spectral
multipliers. J. Funct. Anal. 196 (2002), 443-485. IMR]
X. T. Duong, J. Xiao, L. Yan: Old and new Morrey spaces with heat kernel bounds.
J. Fourier Anal. Appl. 13 (2007), 87-111. MR]
X. T. Duong, L. Yan: Duality of Hardy and BMO spaces associated with operators with
heat kernel bounds. J. Am. Math. Soc. 18 (2005), 943-973. IMR]

R. Fefferman: Ap weights and singular integrals. Am. J. Math. 110 (1988), 975-987. IMR]
J. Garcia-Cuerva, J. Rubio de Francia: Weighted Norm Inequalities and Related Topics.
North-Holland Mathematics Studies 116, North-Holland, Amsterdam, 1985. MR


https://zbmath.org/?q=an:1221.42022
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2292385
http://dx.doi.org/10.1090/memo/0871
https://zbmath.org/?q=an:1213.42030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2319768
http://dx.doi.org/10.1016/j.aim.2006.10.002
https://zbmath.org/?q=an:1210.42023
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2316480
http://dx.doi.org/10.1007/s00028-007-0288-9
https://zbmath.org/?q=an:1213.42029
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2271934
http://dx.doi.org/10.1016/j.jfa.2006.07.008
https://zbmath.org/?q=an:1217.42043
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2365673
http://dx.doi.org/10.1007/s12220-007-9003-x
https://zbmath.org/?q=an:1205.42021
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2643020
http://dx.doi.org/10.1002/mana.200910078
https://zbmath.org/?q=an:1241.46020
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2880229
http://dx.doi.org/10.1016/j.aim.2012.01.005
https://zbmath.org/?q=an:0451.42014
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0584078
http://dx.doi.org/10.2307/1971324
https://zbmath.org/?q=an:0513.42019
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0658542
http://dx.doi.org/10.2307/2374150
https://zbmath.org/?q=an:0557.42007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0766959
http://dx.doi.org/10.1090/S0273-0979-1985-15291-7
https://zbmath.org/?q=an:0699.35006
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0990239
http://dx.doi.org/10.1017/CBO9780511566158
https://zbmath.org/?q=an:1146.42003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2359975
http://dx.doi.org/10.1007/BF02922092
https://zbmath.org/?q=an:1271.42033
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3017269
http://dx.doi.org/10.1016/j.jfa.2013.01.006
https://zbmath.org/?q=an:0980.42007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1715407
http://dx.doi.org/10.4171/RMI/255
https://zbmath.org/?q=an:1029.43006
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1943098
http://dx.doi.org/10.1016/S0022-1236(02)00009-5
https://zbmath.org/?q=an:1133.42017
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2296729
http://dx.doi.org/10.1007/s00041-006-6057-2
https://zbmath.org/?q=an:1078.42013
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2163867
http://dx.doi.org/10.1090/S0894-0347-05-00496-0
https://zbmath.org/?q=an:0665.42020
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0961502
http://dx.doi.org/10.2307/2374700
https://zbmath.org/?q=an:0578.46046
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0807149
http://dx.doi.org/10.1016/s0304-0208(08)x7154-3

23]

24]

[25]
[26]
27]
28]
[20]
30]
31)
32]

33]

34]

[35]

[36]
37]

[38]
39]

[40]

[41]

[42]

R. F. Gundy, E. M. Stein: HP theory for the poly-disc. Proc. Natl. Acad. Sci. USA 76
(1979), 1026-1029. | zblIMR] doi

S. Hofmann, G.Lu, D.Mitrea, M. Mitrea, L.Yan: Hardy spaces associated to
non-negative self-adjoint operators satisfying Davies-Gaffney estimates. Mem. Am.

Math. Soc. 214 (2011), 78 pages. | zblIMR] doi
S. Hofmann, S. Mayboroda: Hardy and BMO spaces associated to divergence form ellip-
tic operators. Math. Ann. 844 (2009), 37-116. | zblIMR] doi
R. Jiang, D. Yang: New Orlicz-Hardy spaces associated with divergence form elliptic
operators. J. Funct. Anal. 258 (2010), 1167-1224. MR]
J.-L. Journé: Calderén-Zygmund operators on product spaces. Rev. Mat. Iberoam. 1
(1985), 55-91. IMR]

G. Kerkyacharian, P. Petrushev: Heat kernel based decomposition of spaces of distribu-
tions in the framework of Dirichlet spaces. Trans. Am. Math. Soc. 367 (2015), 121-189. MR

D. Krug: A weighted version of the atomic decomposition for H? (bi-halfspace). Indian
Univ. Math. J. 87 (1988), 277-300. | zbl IMR] doi
D. Krug, A. Torchinsky: A weighted version of Journé’s lemma. Rev. Math. Iberoam. 10
(1994), 363-378. MR
S. Liu, L. Song: An atomic decomposition of weighted Hardy spaces associated to self-
adjoint operators. J. Funct. Anal. 265 (2013), 2709-2723. IMR]
S. Liu, L. Song: The atomic decomposition of weighted Hardy spaces associated to self-
adjoint operators on product spaces. J. Math. Anal. Appl. 443 (2016), 92-115. MR]
J. M. Martell, C. Prisuelos-Arribas: Weighted Hardy spaces associated with elliptic op-

erators I: Weighted norm inequalities for conical square functions. Trans. Am. Math.

Soc. 369 (2017), 4193-4233. MR
J. M. Martell, C. Prisuelos-Arribas: Weighted Hardy spaces associated with elliptic op-

erators. Part II: Characterizations of H} (w). Available at

https://arxiv.org/abs/1701.00920.

E. M. Ouhabaz: Analysis of Heat Equations on Domains. London Mathematical Society

Monographs Series 31, Princeton University Press, Princeton, 2005. MR
S. Sato: Weighted inequalities on product domains. Stud. Math. 92 (1989), 59-72. MR

L. Song, C.Tan, L.Yan: An atomic decomposition for Hardy spaces associated to
Schrodinger operators. J. Aust. Math. Soc. 91 (2011), 125-144. | zblJMR] doi
L. Song, J. Xiao, L. Yan: Preduals of quadratic Campanato spaces associated to opera-

tors with heat kernel bounds. Potential Anal. 41 (2014), 849-867. IMR]
L. Song, L. Yan: Riesz transforms associated to Schrodinger operators on weighted

Hardy spaces. J. Funct. Anal. 259 (2010), 1466-1490. MR

E. M. Stein: Harmonic Analysis: Real Variable Methods, Orthogonality and Oscillatory
Integrals. Princeton Mathematical Series 43, Princeton University Press, Princeton,

1993. MR
J.-0. Strémberg, A. Torchinsky: Weighted Hardy Spaces. Lecture Notes in Mathemat-

ics 1381, Springer, Berlin, 1989. IMR]
X. X. Zhu: Atomic decomposition for weighted H” spaces on product domains. Sci.

China, Ser. A 85 (1992), 158-168. MR

Authors’ addresses: Suying Liu, School of Science, Northwestern Polytechnical Uni-

versity, 127 Youyi W Rd, Xian, 710000, Shaanxi, P.R. China, e-mail: liusuying0319
@126.com; Minghua Yang, School of Information Technology, Jiangxi University
of Finance and Economics, Jupu Rd, Nanchang, 330032, Jiangxi, P.R. China, e-mail:
ymh20062007@163. com.

431


https://zbmath.org/?q=an:0405.32002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0524328
http://dx.doi.org/10.1073/pnas.76.3.1026
https://zbmath.org/?q=an:1232.42018
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2868142
http://dx.doi.org/10.1090/S0065-9266-2011-00624-6
https://zbmath.org/?q=an:1162.42012
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2481054
http://dx.doi.org/10.1007/s00208-008-0295-3
https://zbmath.org/?q=an:1205.46014
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2565837
http://dx.doi.org/10.1016/j.jfa.2009.10.018
https://zbmath.org/?q=an:0634.42015
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0836284
http://dx.doi.org/10.4171/RMI/15
https://zbmath.org/?q=an:1321.58017
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3271256
http://dx.doi.org/10.1090/S0002-9947-2014-05993-X
https://zbmath.org/?q=an:0635.46048
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0963503
http://dx.doi.org/10.1512/iumj.1988.37.37014
https://zbmath.org/?q=an:0819.42009
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1286479
http://dx.doi.org/10.4171/RMI/155
https://zbmath.org/?q=an:1285.42019
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3096987
http://dx.doi.org/10.1016/j.jfa.2013.08.003
https://zbmath.org/?q=an:1341.42034
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3508481
http://dx.doi.org/10.1016/j.jmaa.2016.05.021
https://zbmath.org/?q=an:06698812
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3624406
http://dx.doi.org/10.1090/tran/6768
https://zbmath.org/?q=an:1082.35003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2124040
http://dx.doi.org/10.1515/9781400826483
https://zbmath.org/?q=an:0667.42008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0984850
https://zbmath.org/?q=an:1238.42007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2844951
http://dx.doi.org/10.1017/S1446788711001376
https://zbmath.org/?q=an:1308.42024
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3264823
http://dx.doi.org/10.1007/s11118-014-9396-7
https://zbmath.org/?q=an:1202.35072
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2659768
http://dx.doi.org/10.1016/j.jfa.2010.05.015
https://zbmath.org/?q=an:0821.42001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1232192
https://zbmath.org/?q=an:0676.42021
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1011673
http://dx.doi.org/10.1007/BFb0091154
https://zbmath.org/?q=an:0801.46062
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1183454

		webmaster@dml.cz
	2020-07-03T23:07:32+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




