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Abstract. We study harmonic metrics with respect to the class of invariant metrics on
non-reductive homogeneous four dimensional manifolds. In particular, we consider har-
monic lifted metrics with respect to the Sasaki lifts, horizontal lifts and complete lifts of
the metrics under study.
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1. INTRODUCTION

A (connected) pseudo-Riemannian manifold (M, g) is said to be homogeneous if it
admits a group G of isometries, acting transitively on it. In this case, (M, g) can be
identified with (G/H, g), where H is the isotropy group at a fixed point of M and g is
an invariant pseudo-Riemannian metric. A homogeneous pseudo-Riemannian mani-
fold (M, g) is reductive if it can be realized as a coset space M = G/H, such that the
Lie algebra g can be decomposed into a direct sum g = h @ m, where m is an Ad(H)-
invariant subspace of g. It is well known that when H is connected, this condition
is equivalent to the algebraic condition [h,m] C m. All homogeneous Riemannian
manifolds are reductive, but there exist homogeneous pseudo-Riemannian manifolds
which do not admit any reductive decomposition. Full classification of these spaces,
up to isometry classes, have been done by Fels and Renner in [15]. They showed
that any non-reductive homogeneous pseudo-Riemannian four manifold is isometric
to one of 8 classes Al,..., A5, Bl,... B3, which contain both Lorentzian and neutral
signature examples. Non-reductive homogeneous four-dimensional manifolds were
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studied from several aspects. For example, Ricci solitons and geometry of these
spaces were studied in [7] and [9], while Walker structures were considered in [10].

Harmonicity is a rich topic in differential geometry, analysis, theoretical physics
etc. This topic was initiated by harmonic functions, i.e., real C? functions belonging
to the kernel of the Laplace operator, and then generalized to harmonic maps be-
tween (pseudo-)Riemannian manifolds, i.e., maps which satisfy the Euler-Lagrange
systems, and harmonic exterior forms, i.e., forms that are simultaneously closed
and co-closed. Today, harmonicity has been extended in several directions such as
harmonic morphisms (see [1]), harmonic (pseudo-)Riemannian metrics (see [11]),
harmonic sections (see [5], [12]), harmonic endomorphisms (see [2], [3]), harmonic
connections (see [2]) etc.

In this paper, we study four-dimensional non-reductive homogeneous manifolds
and completely classify invariant harmonic metrics in different classes of the spaces
under consideration. We then study harmonic metrics with respect to the lifted
metrics (i.e., Sasaki lifts, horizontal lifts and complete lifts) on the tangent bundle,
proving that an invariant metric § being harmonic with respect to the invariant
metric g is equivalent to its Sasaki lift metric §° being harmonic with respect to ¢g°
(respectively, horizontal lift ¢ with respect to g/’ and complete lift ¢ with respect
to g%).

The paper is organized in the following way. In Section 2 we report some basic
facts about harmonic functions and some related notation. We recall the classifica-
tion of four-dimensional non-reductive homogeneous spaces in Section 3. Section 4
is devoted to the study of non-reductive homogeneous spaces which are lifted to the
tangent bundle. Finally, invariant harmonic metrics with respect to the invariant
non-reductive homogeneous metrics and harmonic lifted metrics (Sasaki lifts, hori-
zontal lifts and complete lifts) with respect to the non-reductive homogeneous lifted
metrics is considered in the last section.

2. PRELIMINARIES

To study harmonic structures (especially harmonic metrics) over pseudo-Riemann-
ian manifolds, we need to know some basic relevant facts. We recall some definitions
n [11], [13].

Definition 2.1. For a C?-map (M, g) — (N, h) between pseudo-Riemannian
manifolds (M, g) and (N, h),
(1) the Hilbert-Schmidt square norm on T*M ® ¢~ 'TN induced by g and h is

|dep|? = trg(¢*h) = g7 h(dp(X:), dp(X;)),
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where X; is an arbitrary local frame on M. In this case, the energy density of ¢
is defined by the identity

1
= 2| dol?:
690 2| SO| )
(2) if D is a compact domain of M, the energy (integral) of ¢ on D is the real
number

E(p; D) = /D e(p)vg,

where v, is the volume measure of g;
(3) if ¢ is an extremal of the energy functionals E(-, D), for all compact domains
D in M, ¢ is called a harmonic map between pseudo-Riemannian manifolds;
(4) if the second fundamental form ve TN dy of ¢ is defined by

Ve TN Ap(X,Y) = (V4 TV dp)(Y)
=V, de(Y) = dp(VYY), VXY eT(TM),

where VM and V¥ denote the Levi-Civita connections on (M, g) and (N, h),
the tension field 7(¢p) is given by

7(p) = div(dg) = try (V¢ "V dy).

According to Eells and Sampson, the harmonicity condition can be described as
follows:

Theorem 2.1. Any smooth map ¢: (M, g)— (N, h) between pseudo-Riemannian
manifolds is harmonic if and only if

(2.1) 7(¢) =0,

that is the following Euler-Lagrange system is satisfied:

. 8290(1 Qﬁa awﬂ asoo'
22 SLE g g 06067y
(2:2) 9"\ oziozi Y dxk B 9t O
summing over i,j,k=1,...,m, B,0=1,...,n, foreverya =1,...,n.

Theorem 2.2 ([11]). Let (M,g) be a pseudo-Riemannian manifold. A pseudo-
Riemannian structure (i.e., tensor field) h is called harmonic with respect to g, if
and only if the identity map I: (M, g) — (M, h) is harmonic.

According to the above definition, we can study a pseudo-Riemannian metric h
which is harmonic with respect to the metric g on the pseudo-Riemannian mani-
fold (M, g).
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Theorem 2.3. Let (M, gqp.c) be a four-dimensional Walker manifold of signa-
ture (2,2). There exist adapted local coordinates (t,z,y,z) such that gqp. is de-
scribed as

Jape=2(dtdy +drdz) + ady? + bdz? + 2cdy dz,

where a, b, ¢ are smooth functions of the variables (t,x,y, z) (for more information
see [6]).

Following the result of [4], a pseudo-Riemannian Walker metric gm b is harmonic
with respect to gq.p,c if and only if the smooth functions a, b, ¢ and a, ZA), ¢ satisfy
the following relation:

&za—l—/)\ydm—l—a(y,z,t),
(2.3)

S

=b+/Axdy+6<y,z,t>7
c— A(yvzvt)

¢
for some local smooth functions a(y, z,t), f(z, z,t) and A(z,y, 2, t).
The Euler-Lagrange system of the identity map I: (M, g) — (M, g) is expressed
by

(2.4) tr(GTH I —TF) =0, k=1,...,4,

where G is the matrix of g, and T'* and I'* are the matrices of the Christoffel symbols
of g and § respectively. The relation (2.4) is a key point for the study of harmonic
metrics on various spaces. We study this problem on the non-reductive homogeneous
space of dimension four through the upcoming sections.

3. FOUR-DIMENSIONAL NON-REDUCTIVE HOMOGENEOUS SPACES

Let M = G/H (with H connected) be a homogeneous space. We denote the Lie
algebra of G by g and the isotropy subalgebra by h, the factor space which identifies
with a subspace of g complementary to § is denoted by m = g/h. The pair (g, b)
uniquely defines the isotropy representation

v: h—=glim), Y()(y) =[z,ylm foralzecg, yecm.

Given a basis {h1,...,hr, u1,...,u,} of g where {h;} and {u;} are bases of h and m,
respectively, a bilinear form on m is determined by the matrix g of its components
with respect to the basis {u;} and is invariant if and only if ‘) (x)og+gow(x) = 0 for
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all z € g. Invariant pseudo-Riemannian metrics g on the homogeneous space M =
G/H are in a one-to-one correspondence with nondegenerate invariant symmetric
bilinear forms g on m, see [17].

The invariant metric g then uniquely defines its invariant linear Levi-Civita con-
nection, described in terms of the corresponding homomorphism of h-modules A:
g — gl(m), such that A(z)(ym) = [z, y]m for all z € b, y € g. Explicitly, one has

Az)(Ym) = 5[z, Ylm +v(z,y) forall z,y € g,

where v: g X g — m is the h-invariant symmetric mapping uniquely determined by

(3.1) 29(v(z,9), 2m) = 9(@m, [2,Ylm) + 9(Ym, [2,2]m) for all z,y, 2 € g.

Non-reductive homogeneous manifolds of dimension four were classified in [15], in
terms of the corresponding non-reductive Lie algebra presentations. This classifica-
tion contains 8 classes A1,..., A5, B1,..., B3. The classes Al,..., A3 contain both
Lorentzian and neutral examples, classes A4, A5 are just Lorentzian and B1,..., B3
are always of neutral signature. Also the description in coordinates system for the
invariant metrics on the spaces mentioned were obtained in [8].

We now recall these classifications here.

(A1) g = a; is a decomposable 5-dimensional Lie algebra sl(2, R) @ s(2), where
5(2) is the 2-dimensional solvable algebra. There exists a basis {ej,...,e5} of a3
such that the nonzero products are

[e1,e2] = 2eq, [e1,e3] = —2e3, [ea,e3] =e1, [e,e5] =eu,
and the isotropy subalgebra is h = Span{h, = e3 + e4}. So, we can take
m = Span{u; = e1,us = ea, U3 = €5,Uy = €3 — €4}
and the invariant metrics in the local coordinates (z1,...,x4) are

(32) g= (4bx§ +a) dx% + 4bxo dzy dzg — (daxoxy — 4exe + a) dzq das
+ 4axo dzy dzs + bdx% —2(az4 — ¢)dza das + 2adxe dzy + ddx%

on the whole of R*, whenever a(a — 4d) # 0.
The metric g has Lorentzian signature (either (3,1) or (1,3)) if and only if a(a —
4d) < 0, and neutral signature when a(a — 4d) > 0.
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(A2) g = az is the decomposable 5-dimensional Lie algebra As 3o of [18]. There

exists a basis {e1,...,e5} of ay such that the nonzero products are
le1,e5] = (@ +1)ea, ez, eq] = e, [e2, e5] = aea,
es, e4] = ea, les,e5] = (a —1)es, [eq,e5] = €2

for any value of @ € R, and the isotropy is h = Span{h; = e4}. Hence, we take
m = Span{u; = e, us = €2, u3 = €3,Uq = €5}
and the invariant metrics in the local coordinates (x1,...,x4) are
(3.3) g = —2ae?*® dzy des+ae?® dad+be? @ V7 42242~V dgy day +d da?
on the whole of R*, whenever ad # 0.
The metric g has Lorentzian signature when ad > 0 and neutral signature if and

only if ad < 0.
(A3) g = ag is the decomposable 5-dimensional Lie algebra As 37 or As 36 of [18].

There exists a basis {e1,...,e5} of ag such that the nonzero products are
le1,e3] =2e1,  [ez,es] =e1, [e2,eq] = eo,
[ea, e5] = —ees,  [es,ea] = €3, [es, e5] = ea,

with e = 1 for A5 37 and € = —1 for As 36, and the isotropy is h = Span{h; = es}.
Thus, we take

m = Span{u; = e, Uz = €, U3 = €4,Us = €5}

and the invariant metrics in the local coordinates (x1,...,x4) are
(3.4) if e =1: g=2ae** dx; dzy + ae**s cos(x4)? dod + bda2 + 2cdazdry +d da?,

on the open subset where cos(z4) # 0, whenever ab # 0;
(3.5)
if e=—1: g=2ae®dx; dzy + ae®®? cosh(z4)2 dx% + bdx% + 2cdrgdry + ddxi,

on the whole of R*, whenever ab # 0.
The metric g has Lorentzian signature if and only if ab > 0 and neutral signature
when ab < 0.
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(A4) g = a4 is the decomposable 6-dimensional Schroedinger Lie algebra s[(2, R) x
n(3), where n(3) is the 3-dimensional Heisenberg algebra. There exists a basis

{e1,...,e6} of ag, where the nonzero products are
le1,e2] = 2e2, [e1,e3] = —2e3, [ea,e3] =e1, [e1,eq] = ey,
[e1,e5] = —e5, [ea, e5] = ea, e, ea] = €5, [eq, 5] = e,

and the isotropy is h = Span{h; = e3}. Thus, we take
m = Span{u; = €1,uz = €2,u3 = €3 — €6, Us = €4}
and the invariant metrics in the local coordinates (x1,...,x4) are

(3.6) g= (g:ci + 4bx2 + a) dz? + 4bz? dzy dag + axo (4 + 22) dzy das
+ a(l + 2xox3)wy dog day + bdfcg + g(4 + xi) dzs dzs
+ axs3xy dao doy + g dxi

on the whole of R*, whenever a # 0.

(A5) g = as is the decomposable 7-dimensional Lie algebra s[(2,R) x A} 4, with

Aj g as in [18]. Tt admits a basis {e, ..., er} such that the nonzero products are
[e1,e2] = 2eqa, [e1,e3] = —2e3, [e1,es5] = —es, [e1,e6] = eq,
le2,e3] =e1,  [ea,e5] = eg, les,eq] = €5,  [ea, e7] = 2ey,
les, e6] = e4, [es, e7] = e, les, e7] = e6.

The isotropy is h = Span{h; = e1 + e7, ho = e5 — e4, hs = e5}. So, we take

m = Span{u; = e1 — e7,up = €2, u3 = €3 + €4, Us = €6},

and the invariant metrics in the local coordinates (z1,...,x4) are
2+2 2
(3.7) g= — aly dzy das + a dzy day + a(2+ x45261 + 23) dzo dao
4332 4 8332
ars axy a 2
— —dzedrs — —daad -d
12y To A3 12s To dxy + 3 T3,

on the open subset where z2 # 0.
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(B1) g = by is the decomposable 7-dimensional Lie algebra s[(2, R) x R? admitting

a basis {e1,...,es5}, where the nonzero products are
[e1,e2] = 2e2, le1,e3] = —2e3, [ez,e3] =e1, [e1,eq] = ey,
le1,e5] = —e5,  [ea,e5] = e, [es,e4] = es,

and the isotropy is h = Span{h; = e3}. Thus, we take
m = Span{u; = e1,us = €3, U3 = €4,Uy = €5}
and the invariant metrics in the local coordinates (x1,...,x4) are

(3.8) g = (d(x3 + 4w3womy + 42323) + dexows + Scriry + 2axs + 4bx3) da?
+ 2(d(z3w4 + 2x2xi) + dexoxs + cxg + 2bxa) drg dag
+ 2(d(z3 + 2x924) + 2¢x2 + a) dzy das + daxs dxy dzy
+ (da? 4 2cxy + b) das + 2(dwy + ¢) dze dos + 2a dze doy + dda?

on the whole of R*, whenever # 0.
(B2) g = by is the 6-dimensional Schroedinger Lie algebra sl(2, R) x n(3), but
with isotropy b = Span{h; = e5 — es, ha = e5}. Then we take

m = Span{u; = e1,us = ea,u3 = €3 + €5, usg = €4},

and the invariant metrics in the local coordinates (z1,...,x4) are
ax% 2 2 2
(3.9) g= (a - + 4bx2) dzy + 4bxo dzq dzg — aza(x; — 4) dag dzs
1
—a(l + 2zqws)ry day dzg + bdx% — Ea(xi —4)dxg dxs
1 2
— ax3ry dre day — Eadx4

on the open subset where x4 # 2, whenever a # 0.

(B3) g = bs is the 6-dimensional Lie algebra (s[(2, R) x R?) x R. It admits a basis
{u1,...,us,h1 = us,ha = ug} such that h = Span{hi, ho}, m = Span{uq,...,us}
and the nonzero products are

[hl,UQ] =ui, [h17u3] = Uy, [hQ,Ug] — _ 2h27
[hQ,U3] =~ u2, [h27u4] = Uz, [U1;U2] = — Ui,
[ul’u3] =Ug4, [u27u3] = - 2U3, ['UQ,’U,4] = — Uy4.
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and the invariant metrics in the local coordinates (x1,...,x4) are

(3.10) g = —2ae”"2x3dx; dzy + 2ae 72 doy das 4 2(2bs3 — axy) dad
— 4bxs drs dag + 2a dws dayg + bdmg

on the whole of R*, whenever a # 0.

4. NON-REDUCTIVE HOMOGENEOUS SPACES LIFTED TO THE TANGENT BUNDLE

In this section we study the tangent bundle of a non-reductive homogeneous space.
Let (M = G/H, g) be a non-reductive homogeneous manifold of dimension four, we
denote the Levi-Civita connection of the invariant metric g by V. The tangent bundle
T M has the direct sum decomposition

(4.1) TTM =VTM & HTM

into the vertical distribution VT'M = kerdmw, where 7 is the natural projection of
T M onto M, and HT M is the horizontal distribution defined by V. For more details
concerning the geometry of the tangent bundle of a manifold see [16], [14], [19].

In the sequel, we get the local coordinates p = (z!,...,2*) on a non-reductive
homogeneous manifolds of dimension four (M = G/H, g) and the local coordinates
on TM are denoted by (p,u) = (x!,..., 2%yt ..., yb).

The adapted local frame field on T'M is {0,y }i,j=1,....4, Where
(4.2) Oy = Opi — L0, with T, = y"T'},

and I'},(p) are the Christoffel symbols of the Levi-Civita connection V.

For any tensor field on the tangent bundle, we denote by 4, j, k, h the indices
corresponding to the horizontal components and by i, 7, k, h those corresponding to
the vertical ones. For an arbitrary vector field X = X9, on M, by XV and X¥
we denote the vertical and horizontal lifts of X respectively by

(4.3) xXV=x09- XxH=Xi,,
Y

with respect to the adapted local frame {4,:, 0

7> }ij=1,..,4- Here we recall that the

Sasaki metric g° and the horizontal lift g” on T'M for all vector fields X,Y € I'(T M)
are defined by (we refer to [2] for more details)
gfpﬂt)(XH’ YH) = gp(X,Y),
H H vH H V oV
X 7YV = X 7Y' — O7
(1.0 s Vg, [Tl =00 (XY
. 9(p,u) ) , - -
Ipy (XY ) = gp(X,Y),

gé’vu)(XV’ YV) = gP(Xv Y)a
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respectively, and the matrices with respect to the adapted frames respectively are

(4.5) SG—<§ g) HG—<g g)

If we denote the Levi-Civita connection of g° by SV, then the following relations are
valid (see [19] and references therein):

(VxaYH) 0y = (Vx)E -3
(SVXHYV) VX )(p u) + %(RP(U,Y)X)H,
(VxvYH )(M) = (Rp(u, X)), (Vv YY) () =0,

for all vector fields X,Y € I'(T'M). Clearly the non-vanishing components of *V are

(4.6) Tl =S Th =T}, T =3 Rh”y :

R

STk h STk h ..
F;j: Rh” , Fij:—iRijhy, i,5,k=1,...,4,

where R is the curvature tensor of (M, g) and R(0yi, 043 )0n = Rf]hﬁ x. Similarly,

if we denote the Levi-Civita connection of g by 7V then we have

{ (HVXHYH)(p,u) = (HVXHYV)(IW) (VXY)(IJ u)?
(0¥ ")y = (T30 Y Y gy =0,

for all vector filed X,Y € T'(TM). By the above relations, the non-vanishing com-
ponents of the Levi-Civita connection #V are

(4.7) Hry =" T =15

b dgk=1,. 4

The Euler-Lagrange system of the identity map for a Sasaki metric ¢g° and for the
horizontal lift metric g is translated by replacing the corresponding components
for g° and g by their Levi-Civita connections in the equation (2.4).

The evaluation map is an important object on T'M. For each one-form w on M,
we can introduce a function w: TM — R which is called the evaluation map and
defined by w(p,u) = wy(u). Specially, for each function f € F(M), f¢ = u(df) is
called the complete lift of the function f. The characterization of the vector fields
on TM will be done by these complete lift functions. In fact, X(f¢) = Y (f°)
for all f € F(M) if and only if X =Y, where X and Y are two arbitrary vector
fields on T M. For each vector field X on M, its complete lift X is the vector field
on T'M defined by X (f¢) = (X f)¢. Remarkably, we can characterize tensor fields
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on T'M by their action on complete lifts of vector fields on M. Hence, if (M, g) is
a pseudo-Riemannian manifold, we can naturally equip the tangent bundle T'M with
the complete lift metric, which is defined by:

(4.8) g (X°, YY) = g(X,YV)“.

A coordinate description of the complete lift metric is

kg, /0% G
4 Ca_ (Y99
(4.9 6= ("M ).

The complete lift metric is always of neutral signature (m,m). We refer to [19] for
more information on the geometry of the tangent bundle and the complete lift metric.

Remark 4.1. The complete lift g¢ is a pseudo-Riemannian metric of neutral
signature (m, m), m = dim M, whose properties have a nice correspondence with
those of (M,g). For instance, (M, g) is locally symmetric if and only if (TM, )
is so, (M, g) is a real space form if and only if (7'M, g©) is locally conformally flat,
(M, g, J) is a complex space form if and only if (TM, g¢, J©) is a Bochner-flat Kiihler
manifold.

Now we have all arguments for the tangent bundle of a non-reductive homogeneous
four-manifold, endowed with the above lifted metrics.

5. INVARIANT HARMONIC METRICS

Following the notation of Section 3, any invariant metric on a non-reductive ho-
mogeneous four manifold is described by some arbitrary coefficients a, b, .... In this
section, we take an arbitrary invariant metric ¢, which is defined by arbitrary coef-
ficients a, B, ..., and consider harmonicity of § with respect to g.

5.1. Harmonicity of § with respect to g.

Theorem 5.1. Let (M = G/H, g) be a non-reductive homogeneous manifold of
dimension four, equipped with an invariant metric g. In this case, the invariant
metric § is harmonic with respect to g if and only if one of the following cases occurs

(1) (G/H,g) is of type Al and ca = ac.
(2) (G/H,qg) is of type A2 and one of the following cases occurs
(i) =0, ca = aé,
(i) o =1/4, ad = da,
(iil) a = arbitary, ca = aé, da = ad.
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(3) (G/H,g) is of type A3, e = +1 and ba = ab, bé = cb.
(4) (G/H,g) is of type A4, A5, B2 or B3.
(5) (G/H,g) is of type Bl and ca = a¢, da = ad.

Proof. Let (G/H,g) be a non-reductive homogeneous manifold of dimen-
sion four and ¢ an arbitrary invariant metric which is harmonic with respect to
the invariant metric g. We give details of computations for case (Al), the other
cases could be treated in a similar way.

(A1) We refer to the invariant metric described in the equation (3.2), where a, b,

¢, d are arbitrary real constants and a(a — 4d) # 0. Putting A[k] := (Ffj)i7j:17___74 for
all indices k =1,...,4, we find
32bda? 16bd. 2z2(arsa—c)
_a(a—4é) _a(a—ié) - a4 212
_ _16bdxo _ _ 8bd _axg—c 1
A 1] _ a(a—4d) a(a—4d) a
[ 2x2(axs—c) ars—c 0 0 ’
- a - a
219 1 0 0
64bd;cg a2—4ad+32bd9cg (4dazoxa—4cxo+a)zs 4 2
a(a—4d) a(a—4d) a —aL
a®—4ad+32bdz? 16bdzs 4axszs—4czata —9
a(a—4d) a(a—4d) 2a 2
A2] = )
(4dazoxs—Acxo+a)za daxsrs—A4crata 0 0
a 2a
—4a3 —2x2 0 0
16bx2 8b
T e 00
X
A[3] — _a—42d T a—4d 0 0
0 0 0 0]’
0 0 0 0
—4bza(a—4d+4axarg—4crs)  bla—4d+8amsxs—8cxa) azrs—c—bxro 1
a(a—4d) a(a—4d) a
_ —4b(a—4d+8azsxs—8cx2) __4b(azs—c) b 0
A[4] — a(a—4d) a(a—4d) 2a
ary—c—bxo _ b 0 _1
a 2a 2
-1 0 -1 0
Now, the invariant metric § is
g= (45%% +a) dxf + 4bzy dzy dzg — (daxoxy — 4¢xo + a) day dos
+ daxy day dzg 4 bda? — 2(axy — &) dag das + 2a dwy day + d da,
where a, ..., d are arbitrary real constants and a(a — 4(2) # 0. Clearly the Levi-
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Civita components of § are A[l], ceey A[4], which are deduced by inserting respectively
a,...,dinstead of a,...,d in All], ..., A[4].

Now, we apply the equation (2.4) to the identity map I: (G/H,g) — (G/H, ).
Straightforward calculations yield that

4(aé — ca)

aa(a — 4d) =0

which immediately gives the first statement. Similar arguments used in the remaining
cases will complete the proof. O

5.2. Harmonicity of §° with respect to ¢° and §” with respect to g'’.

Theorem 5.2. Let g be an invariant metric on a four-dimensional, non-reductive
homogeneous pseudo-Riemannian manifold M = G/H. Then the Sasaki metric §°
is harmonic with respect to g° (and the horizontal lift G* is harmonic with respect
to g™ ) if and only if one of the following cases occurs

(1) (G/H,g) is of type Al and ca = ac.
(2) (G/H,g) is of type A2 and one of the following cases occurs
(i) =0, ca = ac,
(i) a =1/4, ad = da,
(ili) o = arbitary, ca = aé, da = ad.
(3) (G/H,g) is of type A3 for ¢ = +1 and ba = ab, bé = cb.
(4) (G/H,g) is of type A4, A5, B2 or B3.
(5) (G/H,g) is of type Bl and ca = aé, da = ad.

Proof. Let (G/H,g) be a non-reductive homogeneous manifold of dimen-
sion four and ¢ an arbitrary invariant metric which is harmonic with respect to
the invariant metric g.

(A1) Putting Afi] := A(d,:) and A[j] := A(9,;) for all indices i,j=1,...,4, we
find the Levi-Civita components of g° and §° (¢” and ) using the relations (4.6)
(respectively, (4.7)).

A straightforward calculation after substituting the equations (4.5) and (4.6) in
the equation (2.4) shows that the Sasaki metric §° is harmonic with respect to g
(the horizontal lift metric ¢* is harmonic with respect to g) if and only if the
following equations are satisfied:

tr(g" (0~ T%)) =0,
tr(gij(Rk — Rk )yh) =0, k=1,...,4,

ijh ijh
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(respectively, tr(gij(f‘fj — I‘fj)) =0, k=1,...,4). Now, we get the following equa-
tions for §° (or g¥) being harmonic with respect to g° (respectively, g7):

x2(aé — ac) =0,

(& — 4d — 239(¢ + axq))(aé — ac) = 0,
(aé — ac)dzy =0,
(aé — ac)da3 =0,

80 ca = a¢ which shows the validity of the first statement. By the same method used
for each of the classes A2,..., A5, B1,..., B3, the remaining assertions are deduced
and this ends the proof. O

5.3. Harmonicity of §¢ with respect to ¢©.

Theorem 5.3. Let g be an invariant metric on a four-dimensional, non-reductive
homogeneous pseudo-Riemannian manifold M = G/H. Then the complete metric
G is harmonic with respect to g€ if and only if one of the following cases occurs

(1) (G/H,g) is of type Al and ca = ac.
(2) (G/H,g) is of type A2 and one of the following cases occurs
(i) =0, ca = ac,
(i) a =1/4, ad = da,
(ili) o = arbitary, ca = aé, da = ad.
(3) (G/H,g) is of type A3 for ¢ = +1 and ba = ab, bé = cb.
(4) (G/H,g) is of type A4, A5, B2 or B3.
(5) (G/H,g) is of type Bl and ca = aé, da = ad.

Proof. Let (G/H,g) be a non-reductive homogeneous manifold of dimen-
sion four and ¢© the complete lift of the invariant metric g. We will show the
details of the case (A1).

(A1) Using the equations (3.2) and (4.9), straightforward computations yield:

8bx2yo 2bys  —2ax4ys + 2cys — 2ax2ys  2ay2
2byo 0 —ay4 0 G
Cq = | —2axgys + 2cys — 2ax2ys —ayy 0 0 ,
2ays 0 0 0
G 0
in the local coordinates (z!,... 2% y!,... y*) on the tangent bundle.

Putting A[i] := A(d,:) and A[j] := A(9,5) for all indices i,j = 1,...,4, we obtain
the Levi-Civita componenets of ¢¢ and §¢.
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Straightforward calculations according to equation (2.4) (by replacing the neces-
sary components of g¢) we get the following equations for §¢ being harmonic with
respect to gc:

ac —ca

a(a — 4d)(a — 4d)

)

80 ca = ac¢ which shows the validity of the first statement. By straightforward
computations we use the same method for each of the classes A2,..., A5, B1,..., B3.
O

Summarizing the arguments above, we give the proof of the main Theorem 5.4 as
following.

Theorem 5.4. Let (M,g) be a non-reductive homogeneous four-manifold. The
following statements are equivalent:
(i) A pseudo-Riemannian metric § on M is harmonic with respect to the pseudo-
Riemannian metric g.
(ii) The Sasaki metric §° of a pseudo-Riemannian metric § is harmonic with respect
to the Sasaki metric g° of the pseudo-Riemannian metric g.
(iii) The horizontal lift G* of a pseudo-Riemannian metric § is harmonic with respect
to the horizontal lift g™ of the pseudo-Riemannian metric g.
(iv) The complete Iift §© of a pseudo-Riemannian metric § is harmonic with respect
to the complete lift g¢ of the pseudo-Riemannian metric g.

Proof. In order to show the equivalence between statements (i), (ii), (iii) and
(iv), we must completely consider all cases which are presented in the classification
of non-reductive homogeneous four manifolds. Following Theorems 5.1, 5.2 and 5.3,
we immediately observe that harmonicity conditions of a pseudo-Riemannian metric
§ with respect to the pseudo-Riemannian metric g, the Sasaki metric §° with respect
to the Sasaki metric ¢g°, the horizontal lift ¢* with respect to the horizontal lift g
and the complete lift §¢ with respect to the complete lift ¢¢ coincide. Thus, the
statements (i), ..., (iv) are equivalent. O
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