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Abstract. We propose a new type of multilevel method for solving eigenvalue problems
based on Newton’s method. With the proposed iteration method, solving an eigenvalue
problem on the finest finite element space is replaced by solving a small scale eigenvalue
problem in a coarse space and a sequence of augmented linear problems, derived by Newton
step in the corresponding sequence of finite element spaces. This iteration scheme improves
overall efficiency of the finite element method for solving eigenvalue problems. Finally,
some numerical examples are provided to validate the efficiency of the proposed numerical
scheme.
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1. INTRODUCTION

In recent decades, the study of solving large scale eigenvalue problems, arising from
the modern science and engineering society, has become one of the major focuses of
numerical analysts and engineers. However, it is always a difficult task to solve high-
dimensional eigenvalue problems that come from physical and chemical sciences.
About the solution of eigenvalue problems, [3], [9], [10], [14], [15], [16], [19], [23], [24]
and the references cited therein give some types of multilevel or multigrid schemes.
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Newton’s method is one of the most powerful and well-known numerical methods
for solving a root-finding problem. With a suitable initial guess, Newton’s method is
guaranteed to converge and the convergence is quadratic under some assumptions. So
Newton’s method is an extremely powerful technique in numerical computation and is
widely applied to minimization and maximization problems, multiplicative inverses
of numbers and power series, solving transcendent equations, complex functions,
nonlinear systems of equations.

Note that, recently, Newton-type (Jacobi-type) approach has been successfully
developed for solving eigenvalue problems [8], [6], [11], [18], [20], [22], [21], includ-
ing linear and nonlinear cases. However, most existing researches focus mainly on
method designing, understanding, implementing and numerical experiments in al-
gebraic version. The aim of this paper is to present a type of multilevel iteration
scheme based on Newton’s approach for eigenvalue problems by using finite element
discretization. In the multilevel iteration scheme, the coarse meshes provide good
initial values for fine meshes, which improves the convergence rate of Newton’s it-
eration. Actually, in order to obtain the optimal accuracy, we only need to do one
Newton’s iteration step in each level of meshes. The standard Galerkin finite element
method for eigenvalue problems has been extensively investigated, e.g. Babuska and
Osborn [1], [2], Chatelin [5] and references cited therein. Here we adopt some basic
results from these papers for our analysis. The corresponding error and complexity
of the proposed iteration scheme for the eigenvalue problem will be analyzed. Based
on the analysis, the new method can obtain optimal accuracy with an optimal com-
putational work when we can solve the associated augmented linear problems by
the optimal complexity. Although Newton’s method is sensitive to initial guess, we
use multilevel technique to overcome this difficulty. Since it is easy to find a good
approximation in the coarse grid for the fine grid approximation, using Newton type
iterative method is reasonable. According to the theory of mixed finite element
method [4], we also prove the existence and uniqueness of solutions to the proposed
scheme. Namely, results should be helpful to better understand solving eigenvalue
problems by Newton’s approach and further extension.

This paper is organized as follows. In Section 2, we introduce the finite element
method for the eigenvalue problem and give the corresponding basic error estimates.
A type of one Newton iteration step is presented and the error estimates of the pro-
posed scheme are analyzed in Section 3. In Section 4, we suggest a type of multilevel
iteration scheme for more eigenvalues. In Section 5, three numerical examples are
presented to validate our theoretical analysis. Some concluding remarks are provided
in the last section.
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2. FINITE ELEMENT METHOD FOR EIGENVALUE PROBLEMS

In this section, we introduce some notation and error estimates of the finite element
method for the eigenvalue problem. The letter C' (with or without subscripts) denotes
a generic positive constant which may be different at its different occurrences through
the paper. For convenience, the symbols <, > and ~ will be used in this paper.

> 1o and x3 ~ y3, mean that 7 < Chiy1, 22 > coys and

~

Namely, 1 < y1, 2o
csrs < y3 < Csxz respectively for some constants Ci, ¢z, c3, and Cs that are
independent of the mesh size (see e.g. [25]).

In our methodology description, we are concerned with the following model prob-
lem: Find (A, u) € R x V such that b(u,u) =1 and

(2.1) a(u,v) = Ab(u,v) YveV,

where V := H}(Q), and a(-,-) and b(,-) are bilinear forms defined by
a(u,v) = / VuVedQ, b(u,v) = / uv dS.
Q Q

Here Q C R denotes a bounded domain with Lipschitz boundary.
In this paper, based on these two bilinear forms, we define the norms ||-||, and
Il as follows:
[vlla = alv,v), [vll; = b(v,v).
It is well known that ||-||4 is @ norm in the space V and ||| is a norm in the space
L3(Q).
For the eigenvalue A, there exists the Rayleigh quotient expression (see e.g. [1],

2], [26])

_ a(u,u)
b(u,u)
From [2], [5], we know (2.1) has an eigenvalue sequence {\;}:
0<>\1<>\2<...<>\k<..., lim)\k:oo,
k—o0

and the associated eigenfunctions
ULy U2y e ooy Uy v o oy

where b(u;,u;) = 0;5, and J;; is the Kronecker’s delta. In the sequence {\;}, the A;
are repeated according to their geometric multiplicity. In order to give the error esti-
mates, let M()\;) denote the eigenfunction space corresponding to the eigenvalue \;
which is defined by

M(X\;) = {w € V: wis an eigenfunction of (2.1) corresponding to A;}.
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Now, let us define the finite element approximations of the problem (2.1). First we
generate a shape-regular decomposition of the computing domain Q C R? (d = 2,3)
into triangles or rectangles for d = 2 (tetrahedrons or hexahedrons for d = 3). The
diameter of a cell K € 7 is denoted by hx. The mesh diameter h describes the
maximum diameter of all cells K € T,. Based on the mesh 7, we can construct
the linear finite element space denoted by V;, C V. The finite element space V}, is
assumed to satisfy the assumption
(2.2) %12% vhlrg/h lw—wvplle =0, forany weV.

The finite element approximation for (2.1) is defined as follows: Find (A, ) €
R x V}, such that b(ay,un) =1 and

(23) a(ﬂh,vh) = th(’l_l,h, ’Uh) Yo € V.

From (2.3), we know the following Rayleigh quotient expression for \;, holds (see

e.. 1], [2), [26]): N
1 _ alup,up)
b(ﬂh,ﬂh).

h =

Similarly, the eigenvalue problem (2.3) has eigenvalues (see e.g. [2], [5])
0<Mp<Aon <o K Apn <o < ANpis

and the corresponding eigenfunctions

’al,h; a27h7 sy ﬂk,ha o aﬂN;L,ha

where b(@;.n, Tjn) = 0ij,1 < 4,§ < Np (IVh, is the dimension of the finite element
space V).

Due to the minimum-maximum principle (see e.g. [1], [2]), the following upper
bound result holds

)\i<>\i,h; 1=1,2,..., Np.

Similarly, let Mp();) denote the approximate eigenfunction space corresponding to
the eigenvalue \; which is defined by

Mp(Ni) = {wn € Vit wy, is an eigenfunction of (2.3) corresponding to A;}.

According to [1], [2], each eigenvalue ); ;, can be defined as follows

(2.4) Nan = inf @(n, vn)
v €V b(vh, Uh)
U;LLJ\I;L(XJ') for Aj<k1‘,
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In order to give error estimate results for the eigenvalue problems by the finite
element method, we define

(2.5) op(Ni) = sup inf ||lw—vplas
weM(\;) VhEVR
lwlla=1

and

(2.6) Na(h) = sup inf [|T'f —wplla,
fev vh€Vh
lflls=1

where the operator T: V' — V is defined as
a(Tf,v)=b(f,v) VfeV andVveV.

The following error estimates for the eigenpair approximations by finite element
method are known:

Proposition 2.1 ([1], Lemma 3.7, (3.29b), [2], p. 699 and [5]). (i) For any eigen-
function approximation @;p of (2.3) (i = 1,2,...,Ny), there is an eigenfunction u;
of (2.1) corresponding to \; such that ||u;||, = 1 and

(27) Hul - ﬂi,h”a < C&h()\l)
Furthermore,
(2.8) l[wi = @inlly < Cna(h)ui — @inlla-

(ii) For each eigenvalue we have
(2.9) X < Ain <A+ O (M),

Here and hereafter C' is a constant depending on )\; but independent of the mesh
size h.
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3. NEWTON’S METHOD FOR EIGENVALUE PROBLEM

The aim of this section is to present a type of one Newton iteration step to improve
the accuracy of the given eigenpair approximations. This iteration method only
requires solving augmented linear problems in a finer finite element space. Here we
only state the numerical method for the first and simple eigenvalue. In the next
section, we will show the case of more eigenvalues.

For the analysis in this paper, we introduce the error expansion of the eigenvalue
by the Rayleigh quotient formula which comes from [1], [2], [17], [26].

Lemma 3.1 ([1], Lemma 3.1). Assume (), @) is a true solution of the eigenvalue
problem (2.3) and 0 # iy, € Vi,. Let us define

3, = a(tn, n)

 b(Yn,n)

Then we have

alln — Yn, Un — Yn) A b(tn — Y, Un — ¥n)

Ny — N\, =
b b(¢n, on) b(Un, Un)

3.1. Existence and uniqueness of solutions. This subsection introduces the
main idea that deduces our numerical method. Here, we use Newton’s method to
solve the eigenproblem (2.1): Find (A, u) € R x V such that

(3.1) { a(u,v) — A\b(u,v) =0 Vv eV,

b(u,u) —1=0.

If we have an eigenpair approximation (g, ug) with b(ug, ug) = 1, Newton’s method
for (3.1) is to find (A,u) € R x V such that

(i — uo, v) — po - b(@ — ug,v) — (A — 110)b(uo, v)
(3.2) = —(a(ug,v) — po - b(ug,v)) Vv eV,
—b(ﬂ — Uug, UO) =0.

After simplifying (3.2), we have the following equation for the new eigenpair approx-
imation (\,u) € R x V:

(3.3) { a(@,v) — po - b(T, v) — Nb(ug, v) = —pob(ug,v) Vv €V,

—b(ﬂ — Ug, UO) = 0.
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Now, we come to proving that the mixed problem (3.3) has only one solution. To
this aim, we define the bilinear forms

(3.4) Ay (u,v) = a(u,v) — pob(u,v), B(v,v) = —vb(ug,v),

wherew e V,v eV, v e W =R and po = aluo, uo)/b(uo, uo)-
Assume that f € V' and g € W’. We consider the following mixed problem: Find
(u,\) € V x W such that

(3.5) {Auow,v) + B, = f(v) YveV,

B(u,v) =g(v) YveW.

Concerning the existence and uniqueness of problem (3.5), the following theorem
holds.

Theorem 3.1. Assume uy is an eigenfunction approximation to M (A1) with suf-
ficiently small error and ||ug||p = 1. Then the bilinear forms defined in (3.4) satisfy
the following conditions:

(1) There exists o > 0 (depending on A2 — A1) such that
(3.6) Ao (v,0) = allv]2 Vo e Vg,

where Vo = {v: B(v,v) =0 Vv e W} ={v: b(ug,v) =0}.
(2) There exists 0 > 0 (depending on 1/pg) such that

(3.7 sup Blv,v)

P o >olv] YveW.
v a

Based on these two conditions, the mixed equation (3.5) has only one solution.

Proof. We decompose ug as ug = wi + wi- such that wy € M()\;) and wi- L
M(\).

Since ug (||uglls = 1) is an eigenfunction approximation to M (A1) with sufficiently
small error, there exists a small enough positive number § such that

(3.8) luo — willa < 0.
From Lemma 3.1, we also have

(3.9) o — M| < C8°.
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Since (3.8) and |Jugl|Z = [Jw1||? + ||wi||? hold, wi- and w; have estimates
lwills < Cllwi lla < G, Jlwnlls > 1~ Ca.

We also do the decomposition v = vy + v{ with v1 € M(\;) and v{- L M()\;) for
v € Vj. Since b(w; + wi,v1 + vi) = 0, the following inequality holds:

lvallsllwrlle = [b(vr, wi)| = |=b(oi, wi)| = |=b(v,wi)| < Cdfvlls.
Then ||v1||, has the estimate
cé
(3.10) lville < =5 lvlle < Cololle-
From (3.10) and the property |[v||Z = [lv1]|Z 4 |Jvi||?, we obtain the estimates

b(v,v) = blvy,v1) + b(vi, i) < C6*b(v,v) + —alvi,vy)

alvy, Uy

A2

1
< C8%b(v,v) + —a(v,v).
A2

Thus we have the inequality

1

(3.11) b(v,v) < ma(v,v}.

By virtue of (3.9), (3.11) and the definition of A, (-, -), the following inequalities hold:

o Ao(1—C8%) — po
— > — =
a(v,v) — pob(v,v) = (1 Aol — 052))a(1},v) 7 T (-0 a(v,v)
A2 — A — C6§2 (0, )
Z N0 -Con a(v,v).

This means that (3.6) holds for a = (A2 — A\; — C§2)/(A2(1 — C6?)) when § is small
enough.
Now, we come to proving (3.7). From the definitions of B(-,-) and u, we have

B b
sup (v,7) > |y (o, u0) _ 171y, ¢y,
vev vlla [[uolla Ko
It means that (3.7) holds for
1
o=—.
Ho

According to the theory for the mixed finite element method [4], there exists only
one solution for equation (3.5). O
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Corollary 3.1. Under the conditions of Theorem 3.1, the inequality

A B B
(3.12) lwlla+ 7] <Ci sup 4o (w,v) + B(v,7) + B(w,v)
0#(v,v)EV XW |v]|a + |V]

?

holds for any (w,7) € V. x W. The constant Cy depends on 1/(A2 — A1), A1 and A2
as

A1 g )

3.13 Cyp=C(M+ 2
(8.13) * (1 X2 — A

3.2. One Newton iteration step. Based on previous discussion, we propose a
one correction step to improve the given eigenpair approximation. Assume we have
obtained an eigenpair approximation (A1, , 1,5, ) € RX V3, with ||ug s, |lp = 1. Now
we introduce a type of iteration step to improve the accuracy of the current eigenpair
approximation (A1 x, , U1, n, ). Let Vi, C V be a finer finite element space such that
Vie C Vh,.,- Based on this finer finite element space, we define the following one
Newton iteration step.

Algorithm 3.1. One Newton Iteration Step
(1) Solve the augmented mixed problem: Find (lehkﬂ,ﬂl,hk“) € R x Vp,,, such
that
a(alyhk-u ) vhk+1) - Al,hkb(al,hk+1 ) vhk+1) - Al,hk+1b(u17hk ) vhk+1)
(314) = _>\17hkb(u17hk7vhk+1) vvhk+1 € th+1a

b(alvhkﬁ—l ) ul,hk) = b(ul,hk ) ul;hk)'

(2) Do the normalization for @y p, ., as

U1y,
(3.15) UL hyyy = otk
Hul,hk-qu

and compute the Rayleigh quotient for uy p,_,

a(u17hk+1 ) u17hk+1)
b(ulvhk+1 ) ulyhkﬁ—l)

(3.16) AMhyyy =

Then we obtain a new eigenpair approximation (A1, ,, U1 h,,,) € R X Vp, . Sum-
marize the above two steps into

(>\17hk+1 R ulyhkﬂ) = Newton_Iteration()\Lhk y UL, hy s th+1).
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Theorem 3.2. Assume (A1, , U1.n,) Is @ good enough approximation to (A1, u1)
such that (3.6), (3.7) hold and A\, = a(u1n,,u1,h,)/b(U1 n,, U1 h,) After one
iteration step, the resulting approximation (A1 p,.,,u1,n,.,) € R x Vj, ., has the
following error estimates

(3'17) ||’U’11hk+1 = Ul,hgiq Ha C5||a17hk+1 = U1,hy Hza

<
(318) |5\1,hk+1 - Al,hk+1| g

06||a17hk+1 — UL, hy, Hia
where Cs and Cg are constants which depend on 1/(Aa — A1), A1 and Ay (similarly
to (3.13)) but are independent of the mesh sizes hy, and hj1.
Proof. From the definition (2.3), we know that the eigenpair approximation
(A hgsss Ul hyy,) satisfies the equations
a(a17hk+17vhk+l) - )\Lhkb(a17hk+l7vhk+l) - /_\17hk+1b(u1,hkavhk+1)
(3 19) = ()\lvhk+1 - )\lyhk)b(ﬂlvhkﬁ-l ) vhk+l)
_)‘17hk+1b(u1,hkvvhk+1) vvhk+1 € th+1a
b(a17hk+1 ) ul,hk) = b(a17hk+1 ) U’Lhk)'
Let us define wp, ,, := U1 hy,y — Uiheyy a0 Y = A ppsy — Mgy, - Due to (3.14)
and (3.19), the following equations hold:
a’(whk+l ’ vhk+l) - )‘Lhkb(whk-H ; vhk+1) - ’yb(ulyhk ) vhk+l)
= (5‘1,}%4@ - /\17hk)b(a1,hk+1 - ul,hkavhk+1) vvhk+1 € th+17

(3.20) ~
l/b(whk+1’u17hk) = Vb(ul,hk+1 - ulahk7ulahk)

1 -
- _EVb(ul,hk-H ULy Ulhgyy — ul,hk) VveW.

Then combining Lemma 3.1, Corollary 3.1, (3.20) and

81, — winllo S 11010 — wnglas
we obtain the inequalities
(3'21) Hwhk+1 ||(l + |7| 5 |5\11hk+1 - A17hk|||’alahk+1 - ul,thb + ||’U’11hk+1 - ul,thg
S ||17’17hk+1 - ul,hk”Za

where the hidden constant depends on 1/(A2 — A1), A1 and A2 as in (3.13).
The inequality (3.21) means the following estimate holds:

(322) ||ﬂ1;hk+l - alvhk+1||a S ||ﬂ1;hk+l - Ul,hk||3~
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Combining the above inequality (3.22), the definition (3.15), ||ty n,,,[ls = 1, and
@1, nys Mo = 101, nyy lo — [|1@1, 0y, — Ut,hy ||6 having a lower bound greater than zero,
we have the inequalities

Hﬂl,hk-u — UL hyt1 Ha

ﬂ1,h1c-¢-1 ||ﬂ17hk+1 B a1,h1<-¢-1||a

< “ul,hk+1 -

HaLthrle a HaLthrle

||’a17hk+1 - a17hk+1 ||a

U
H 17h7€+1Ha |||a

— Lhggr o = 1181, hg g llo] + =
RN e e 81, |l

Hﬂl,hk_HHa Hﬂl,hk-u _al,hk-HHa

Ha17hk+1 - a17hk+1 Hb +

~X o~ o~
81, hy s o 81, ny 44 16

5 Ha17hk+1 - a17hk+1Ha 5 Ha17hk+1 - U’Lthz'

This is the desired result (3.17). Furthermore, from (3.17) and Lemma 3.1, the other
desired result (3.18) can be obtained easily and the proof is complete. O

Remark 3.1. Theorem 3.2 shows that Newton’s method has second order con-
vergence rate when the initial approximation has enough accuracy. We would like
to point out that Theorem 3.2 and its proof also give the analysis for the algebraic
eigenvalue problems by Newton’s method.

4. MULTILEVEL ITERATION METHOD

In this section, we introduce a type of multilevel scheme based on the One New-
ton Iteration Step defined by Algorithm 3.1. The proposed multilevel method can
obtain eigenpair approximation with the optimal accuracy and with much smaller
computational work compared with solving the eigenvalue problem directly in the
finest finite element space.

Before introducing the multigrid scheme, we define a sequence of triangulations 7y,
of Q. Suppose Ty, is given and let 7}, be obtained from 75, , via regular refinement
(produce 3¢ subelements) such that

1
hk = Ehk_l.

Based on this sequence of meshes, we construct the corresponding nested linear finite
element spaces such that

(4.1) Vh1 C Vh2 cC...CV,

n?
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and the following relation of approximation errors holds:

(4.2) %ﬂa(hkfl) < Cma(hi), %

From the error estimate results in Proposition 2.1, we have

6hk—1(>‘) < (77(‘5}”C ()\), k= 2, ey .

(4.3) 1,0y, = U1,hpy la < Cs0ny (M), k=1,...,n—1,

where the constant Cg is a constant independent of the mesh size hy.

Algorithm 4.1. Multilevel Eigenvalue Iteration Scheme

(1) Construct a sequence of nested finite element spaces V3, , Vi,, ..., V4, such that
(4.1) and (4.2) hold.

(2) Solve the following eigenvalue problem: Find (A1 p,,u1,5,) € R X V3, such that
b(u1,hy,U1,h,) = 1 and

(4.4) a(u1,hy, Ve ) = AMpy O(UL 0y s Vhy) VOB, € Vi

(3 Dok=1,...,n—1
Obtain a new eigenpair approximation (A1n,,,, U1 n,,,) € R x Vi, , by
a Newton iteration step

(45) (Al,hk-u , ’U,Lhk_*_l) = Newton_Iteration()\Lk, UL, hy s th+1).

End do

Finally, we obtain an eigenpair approximation (A1 p,, ,u1,n,) € R X V..

Theorem 4.1. Assume hy is small enough such that (Ai p,,u1s,) satisfies con-
ditions (3.6) and (3.7). After implementing Algorithm 4.1, the resulting eigenpair
approximation (M p,, ,u1,s, ) has the error estimates

(4.6) w1, — @1,

when the mesh size hi is small enough.
Besides, there exists an eigenfunction uy of (2.1) corresponding to A1 such that
the following final convergence results hold:

25hn(/\1)7
20105}%" (A\1).

(4.8) lur —u1,n, |la
A1 = AL,

NN
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Proof. Let us prove (4.6) by the method of induction. First, it is obvious
that (4.6) holds for n = 1 according to (4.4). Then we assume that (4.6) holds for
n = k. It means we have the estimate

(4.10) (11,1, — vty lla < Ony (A1)-

Now let us consider the case of n =k + 1. Combining (4.3), (4.10) and the triangle
inequality leads to the estimates

(411)  f@rheg, = uih o < Csllunn, = 1, )1

2Cs|urn, = an,n, 12 + 205101y, = @1 Il

2C567, (A1) 4+ 2C5C367, (A1)

2C5(1+ C3)o7 (A1)

= 26C5(1 + C§)0n, (M)on, (M) /B

< 2BC5C7 (14 CF)0n, (M) ,, (A1)

This means that the result (4.6) also holds for n = k+1 if 28C5C7(1+C2)dx, (A1) < 1.
Thus we prove the desired result (4.6). From Lemma 3.1 and (4.6), we can obtain
the desired result (4.7). Finally, (4.8) and (4.9) can be proved from (2.7), (2.9), (4.6),
(4.7) and the triangle inequality. O

INCININ N

Now, we turn to extending Newton’s iteration (3.2) for solving one eigenvalue
to the corresponding version for more eigenvalues (including simple and semisimple
eigenvalues). Assume that \,, < A\,+1 and we have obtained the first m eigenpairs
approximations { (4, uo,;)}72; to the problem (3.1), which satisfy

b(uo,ivuo,j) :6ij; Za]: 17"'ama

where p; is the Rayleigh quotient of ug ;.
Similarly to the one eigenvalue case, Newton’s method for more eigenvalues of
(3.1) is to find (z;,u;) € R™ xV (j =1,...,m) such that

aﬂ-vv — My Ui, UV T;0(ug,, v __M‘buo,',v V’UEV;
(4.12) (U, v) — pj - bk, v) — Z 3b( v) ib(uo,5,v)
b(ty, uo,i) = b(uo,j, uo,i) Vz =1,...,m,

where z;; is the ith component of z;.
Now, we come to proving (4.12) has only one solution for any j = 1,...,m. To
this aim, we define the bilinear forms

(413) Auj (u,v) = a‘(uvv) - ,Lij(u,’U), B(v,y) = _Zyib(uo,i;v)

Here and hereafter in this section u € V,v e V, y € W = R™.
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Assume that f,,; € V', g; € W' are defined as

Fuy (0) = —pb(uoj,v),  gi(y) = =Y wib(uo.i,uo ).
=1

We consider the following mixed problems: Find (z;,%;) € R™xV, (j =1,...,m),
such that

(4.14) {Aw (uj,v) + B(v,z) = fu;(v) VveV,

B(uj,y) = g;(y) Yye W

Define K = M(A)U...UM(A,,). About the existence and uniqueness of problem
(4.14), the following theorem holds.

Theorem 4.2. Assume that there exists a decomposition of eigenspace K satis-
fying K = M (M) & ...® M(\,,) such that ug ; is an eigenfunction approximation to
M(X\;) (j=1,...,m). Then the bilinear forms defined in (4.13) satisfy the following
conditions:

(1) There exists o > 0 such that
(4.15) Ay, (v,0) Z allp)2 Yo e Vg,
where Vo = {v: B(v,y) = 0 for all y € W} = {v: b(up,v) = 0 for all i =

1,...,m}.
(2) There exists o > 0 such that

B(v,
(4.16) ©3) 5 oyl vyew,
vev [[vlla
here ‘= ma il
where ||y|| o fhax il
Based on these two conditions, for any j (j = 1,...,m), the mixed equation (4.14)

has only one solution.

Proof. We decompose ug,; as uo,; = wo,; + wy; such that wo ; € M();) and
w&j Ly wo,;. Then span{wo 1,...,wo,m} is an orthogonal basis of the eigenspace K.
Since uo,; (||uo,;l

» = 1) is an eigenfunction approximation to M();) with suffi-
ciently small error, there is a small enough number § such that

(417)  luo; — wolla = wolle <6, woj —wojLyspan{wo;}, j=1,....,m.
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From Lemma 3.1, we also have

(4.18) i — N <C8% j=1,....,m.

2 .1 , :
5> Wo; and wo,; have estimates

Since (4.17) and [Juo ;I = [[wo ;I3 + llwg ;]
lwg jlls < Cllwgjlla <8, Nwoylls >1-C6, j=1,....m.
J .
Similarly, we also decomposite v € Vj as
V=01 + ...+ Uy + 0 :vj—i—vj-‘, j=1,...,m,
satisfying
m
v Ly K, wv; €span{wg;}, vjL = Z v; + ", vjl 14 span{wg ; }.
i=1,i#j
According to the definition of v € Vj, i.e., b(wo ; + wd-,j, v; + vj‘) =0, we have
1,1 1L
[vgllsllwo.;llo = [b(v, wo ;)| = | = blvj, wy ;)| = [b(v, wp ;)]
<C‘(S”rUHbv j:]-vam

Therefore,

co .
(419) loille < g0l < Collole, 5 =1,...,m.

From (4.19) and the property [[v||? = [[v1]|Z + ... + [|lvm|? + [Jv*||Z, the following
estimates hold:

b(v,v) = b(v1,v1) + ... + bV, Um) + b(V*, V")

1
< mC?b(v,v) + X a(v*,v*) < mC§*b(v,v) + a(v,v).

m—+1 m—+1
Thus we have the inequality
1

(4.20) b(v,v) < - mC62)a(v,v).

From (4.18), (4.20) and the definition of A, (-,-), the following inequalities hold:

My
a(v,v) — p;b(v,v) > (1 Tl mC(SQ))a(U’U)

o Amp1(1 = mC8?) — p
Am+1(1 = mCé2)

Am41 — )\j — 42

Z i1 (1= mCo?)

a(v,v)

a(v,v).
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It means (4.15) holds for & = (Apg1 — Aj — C6%)/(Ams1(1 = mC6?)) > 0 (j =
1,...,m) when J is small enough.

Now, we come to proving (4.16). Assume that the index s satisfies ||y|| = |ys|.
From b(uo,,u0,5) = 0i; (4,5 = 1,...,m) and the definition of B(:,-) and pu;, taking
v = —sign(ys)uo,s, we have

B Sb S s
- (v,y)>|y|(’u0, UO,)_M>M>O VyeWw,

vev llvlla = uoslla T ops T
where y =  max }{ut}. This means that (4.16) holds for
te ,m
1
oc=—.
1
According to the theory for the mixed finite element method [4], there exists only

one solution for the equations (4.14) for any j =1,...,m. O

Based on the previous discussion, we extend the one iteration step to improve the
given approximations to the first m eigenpairs. Assume we have obtained the first m
eigenpairs approximations (\j p,, Ui n,) € R X Vi, with ||uin e =1 (@ =1,...,m).
Now we introduce a type of iteration step to improve the accuracy of the current
eigenpair approximation (A; n,,uin, ). Let Vi, ., C V be a finer finite element space
such that Vj, C Vj,,,. Based on this finer finite element space, we define the
following one Newton iteration step for m eigenvalues and then state the following
version of Multilevel Eigenvalue Iteration Scheme for m eigenvalues.

Similarly, we first give a type of One Iteration Step for m FEigenvalues for the
given eigenpair approximations {\; n,, %i n, }i%q-

Algorithm 4.2. One Newton Iteration Step for m Eigenvalues

(1) Doi=1,...,m
Find (xin,,,, Wihy,,) € R X Vi, such that

m
a’(ai;hk+1 ) vhk+1) - Ai;hkb(ﬂivhk+l ) vhk+1) - El xSi,hk+1b(uS7hk ) vhk+1)
s—

(4'21) = _Aiyhkb(uivhk7vhk+l) vvhk+1 € th+1v

b(ai’hk+1,u]‘,hk) = (Sij Vj = ]., ey,
where z4; p,,, is the sth component of z; 4, _, .
End Do
(2) Build the finite dimensional space ‘N/h,c+1 = span{Ui hyyys- -+ s Um,hyy, b and solve
the following eigenvalue problem: Find (Ajn,.,,%in.,,) € R X thﬂ, i =
1,2,...,m, such that b(w;n, ,,uin,.,)=1and

a’(ui,hk+1vvhk+1) = >‘i7hk+1b(ui7hk+1avhk+1) vvhk+1 € th+1'
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We summarize the above two steps into
{ i g Wi by fieg = Newton Tteration({ i n, , Uik, Fie1> Vi, )-

Based on Algorithm 4.2, we come to state the corresponding multilevel correction
method.

Algorithm 4.3. Multilevel Eigenvalue Iteration Scheme for m Eigenvalues

(1) Construct a series of nested finite element spaces Vi, Vi,, ..., Va, such that
(4.1) and (4.2) hold.

(2) Solve the eigenvalue problem in the initial finite element space Vj,: Find
(Anysun,) € R x Vj,, such that b(up,,up,) =1 and

a(Wihys Vhy) = Nijhy O(Wi by s Vhy) VOB, € Vi

Choose the first m eigenpairs {\; n,, Wi n, }ie; which approximate the desired
eigenpairs.
(3) Dok=1,...,n—1
Obtain new eigenpair approximations {\; a,. ,, i n, ., }ieq € RXxVy, ., by the
one Newton iteration step defined in Algorithm 4.2

{)\i7hk+1 y Wi hgqq }Zil = NeWton—Iteration({)‘thk y Wi hy, }:.”:’17 th+1 )

End do

Finally, we obtain m eigenpair approximations {\; s, Ui n, }imq € R X V3, .

In Algorithm 4.2, the parallel computation can be used to solve (4.21) for differ-
ent 4. Similarly to Theorems 3.2 and 4.1, the analysis of the scheme for m eigenvalues
will be given in our future work.

5. NUMERICAL RESULTS

In this section, three numerical examples are presented to illustrate the efficiency
of the multilevel iteration scheme proposed in this paper.

5.1. Model eigenvalue problem. Here we give the numerical results of the mul-
tilevel iteration scheme for the Laplace eigenvalue problem on the two dimensional
domain = (0,1) x (0,1). The sequence of finite element spaces is constructed by
using linear element on the series of meshes which are produced by the regular refine-
ment with 3 = 2 (producing 32 subelements). In this example, we use two meshes
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which are generated by the Delaunay method as the initial mesh 7, (H = hy) to
produce two sequences of finite element spaces for investigating the convergence be-
havior. Figure 1 shows the corresponding initial meshes: one is coarse and the other
is fine.

Algorithm 4.1 is applied to solve the eigenvalue problem. For comparison, we also
solve the eigenvalue problem by the direct method.

1 ‘ 1

0.9 | 0.9F
0.8 1 0.8
0.71 | 0.7f
0.6 1 0.6
0.5 0.5

0.4 | 0.4
0.3f 1 0.3f
0.2 | 0.2
0.1l | 0.1

05 02 04 06 08 1 05 02 04 06 08 1

Figure 1. The initial coarse H = % and fine H = % meshes for Example 1.

Figure 2 gives the corresponding numerical results for the first eigenvalue \; = 2n®
and the corresponding eigenfunction on the two initial meshes illustrated in Figure 1.
From Figure 2, we find the multilevel iteration scheme can obtain the same optimal
error estimates as the direct eigenvalue solving method for the eigenvalue and the
corresponding eigenfunction approximations.

: £100 :
* ‘)\lih*)\ll g * \)\1._;7,*)\1\
o M-l = O A Al
O lun—wlla 1 10-2} O lurn—ualla |
0 [lug —ull O fug’h —
o [lugn—us |y # JJurp—usi
| 1074t
1 10761
1078} {1 1078;
10—10 . . . . 10—10 . . . .
102 103 10* 10° 10° 107 102 10? 10* 10° 10° 107
Number of elements Number of elements

Figure 2. The errors of the multilevel iteration algorithm for the first eigenvalue 212 and the
corresponding eigenfunction, where u%“ and /\}illr denote respectively the eigen-
function and eigenvalue approximation by direct eigenvalue solving (the left sub-
figure is for the coarse initial mesh to the left of Figure 1 and the right one for
the fine initial mesh to the right of Figure 1).
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We also check the convergence behavior for more eigenvalue approximations by
Algorithm 4.1. Here the first six eigenvalues A = 2n2, 512, 512, 812, 1072, 101 are
investigated. We adopt the meshes in Figure 1 as the initial ones and the corre-
sponding numerical results are shown in Figure 3. Figure 3 also exhibits the optimal
convergence rate of the multilevel iteration scheme.

z 10? - z 102 -
=} % * Z;:l [Ajn =N = * Z;:l [Ajn =4
= o Tl ME-nl | P 0 X0, -l
101t 101t
100% 100%
10-1} 10~}
1072 : : . 1072 : : o~
10? 108 10* 10° 106 10% 108 10* 10° 106
Number of elements Number of elements

Figure 3. The errors of the multilevel iteration algorithm for the first six eigenvalues on the
unit square (the left subfigure is for the coarse initial mesh to the left of Figure 1
and the right one for the fine initial mesh to the right of Figure 1).

5.2. More general eigenvalue problem. Here we give the numerical results of
the multilevel iteration scheme for solving a more general eigenvalue problem on the
unit square domain = (0,1) x (0,1): Find (A, u) such that

=V - AVu + pu = Agu, in Q,
(5.1) u=0, on 012,
Joou?dQ =1,

where
A:( L+ (21— 3)? (371—%)(3?2—%)>
@ -He-b) - )
¢ =e@1/D@2=1/2) and o =1+ (21 — 3)(z2 — ).

We first solve the eigenvalue problem (5.1) in the linear finite element space on
the coarse mesh 7p,. Then refine the mesh in the regular way to produce a series of
meshes Ty, (k=2,...,n) with 8 = 2 (connecting the midpoints of each edge) and
solve the augmented mixed problem (3.14) in the finer linear finite element space V4,
defined on Ty, .

In this example, we also use two coarse meshes which are shown in Figure 1 as
the initial meshes to investigate the convergence behavior. Since the exact solu-

tion is unknown, we choose an adequately accurate eigenvalue approximations by
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the extrapolation method (see e.g. [13]) as the exact eigenvalue. Figure 4 gives the
corresponding numerical results for the first six eigenvalue approximations and their
corresponding eigenfunction approximations. Here we also compare the numerical
results with those of the direct algorithm. Figure 4 also exhibits the optimal conver-
gence rate of Algorithm 4.1.

, : 2 10? : ,
6 o 6
* 21 A=Al =} * Do A=Al
0 i Ni-nl] H q00] 0 Xim M-l
M ”ul.hfu(l‘l?}rv,ua * H“l,h*“?jzuu
1072
1074t
1076+
1078+
10710 L . . - 10*10 - . | L
102 10° 10* 10° 109 107 102 10° 10* 10° 10° 107
Number of elements Number of elements

Figure 4. The errors of the multilevel iteration algorithm for the first six eigenvalues and

the corresponding first eigenfunction, where u‘,{ir and )\glr denote respectively the
eigenfunction and eigenvalue approximation by direct eigenvalue solving (the left
subfigure is for the coarse initial mesh to the left of Figure 1 and the right one
for the fine initial mesh to the right of Figure 1).

5.3. Eigenvalue problem on dumbbell shaped domain. To show our ap-
proach can also work well for a complex domain, we consider the Laplace eigenvalue
problem on the two dimensional dumbbell shaped domain Q = (0,%)2 U [r, %TE] X
(3n,2m) U (2m, 97) x (0,7) (Figure 5). For this eigenvalue problem, the first eigen-
value is close to the second (1.95532 < A; < 1.95646, 1.96025 < Ay < 1.96129).

Since the dumbbell domain has reentrant corners, eigenfunctions with singularities
are expected. The convergence order for eigenvalue approximations is less than 2
by the linear finite element method, which is the order predicted by the theory for
regular eigenfunctions. Then the sequence of meshes is produced by the adaptive
refinement based on the residual type of a posteriori error estimator (see e.g. [7], [12]).
Figure 5 shows the initial mesh and the one after 10 adaptive refinements.

Algorithm 4.1 is applied to solve the eigenvalue problem.

Figure 6 presents the a posteriori error estimates for the first eigenfunction and
the first six eigenfunctions. From Figure 6, we find the multilevel iteration scheme

can also obtain the optimal accuracy.
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Figure 5. The initial mesh and the one after 10 adaptive refinements for the first eigenfunc-

tion.

w 10! . 12 . .

§ * [Arn—A] § % 2oy i =il
- -
€] €]

10t}
100}
10715 : : - 1004 : : -
102 10° 10* 10° 102 10° 10* 10°
Number of elements Number of elements

Figure 6. The errors of the multilevel iteration algorithm for the Laplace eigenvalue problem
on the dumbbell domain (the left subfigure is for the first eigenvalue and the right
one for the first six eigenvalues).

6. CONCLUDING REMARKS

In this paper, we propose a type of multilevel method for eigenvalue problems
based on Newton’s method. In this type of iteration method, solving eigenvalue
problem on the finest finite element space is decomposed into solving a small scale
eigenvalue problem in the coarsest space and solving a sequence of augmented linear
problems, derived by the Newton iteration step in the corresponding sequence of finite
element spaces. The proposed scheme improves the overall efficiency of eigenvalue
problem solving by the finite element method.

The quadratic convergence property of Newton’s method improves the accuracy
of the numerical solution. On the other hand, the multilevel technique overcomes
the sensitivity of the initial guess of the Newton scheme in some sense. The method
and idea here can be extended to nonlinear eigenvalue problems with some type of
linearization for the nonlinear terms.
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