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WEAK NORMAL AND QUASINORMAL FAMILIES
OF HOLOMORPHIC CURVES

St Duc QUANG AND DAU HONG QUAN

ABSTRACT. In this paper we introduce the notion of weak normal and qua-
sinormal families of holomorphic curves from a domain in C into projective
spaces. We will prove some criteria for the weak normality and quasinormality
of at most a certain order for such families of holomorphic curves.

1. INTRODUCTION

In the sense of Montel, a family F of meromorphic functions defined on a
domain € of the complex plane C is said to be normal if from every sequences in
F we may extract a subsequence which converges compactly with respect to the
spherical metric to a meromorphic function or co on 2. The family F is said to be
quasinormal (of order v) if the above extracted sequences converge compactly on
0\ {a disceret set} (of at most v points).

One of the earliest criterion for normality of families of meromorphic functions
is given by Montel. He showed that a family F of meromorphic functions on {2 is
normal if all f € F omit three distinct values a1, as, az € C. Moreover, he showed
a more general result on the quasinormality as follows.

Theorem A (see [3]). Let F be a family of meromorphic functions on a domain
in C which do not take a value a; more than p times, a value as more than q times,
nor a value az more than r times, with p < g < r. Then F is quasinormal of order
at most q.

Over the last few decades, there have been many results generalizing and impro-
ving the above result of Montel. The theory on the normality and quasinormality of
meromorphic functions had grown into a huge theory with many contributions. We
refer readers to the articles [2, [7, [10L [I1] and references therein for the development
of related subjects. Specially, Zalcmann [I5] gave a famous criterion for the norma-
lity of the families of meromorphic functions. And then, his criterion is generalized
to the case of holomorphic mappings by Aladro-Krantz [I] and Thai-Trang-Huong
[14]. These criteria give the necessary and sufficient condition for the non-normality
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of a family of holomorphic mappings and play an essential role in the development
of the normal and quasinormal theory.

On the other hand, Fujimoto [5] introduced the notion of the meromorphic
convergence for meromorphic mappings as follows: “A sequence of meromorphic
mappings { £, Y2, from a domain Q of C™ into PN (C) is said to meromorphically
converge to a meromorphic mapping g if for each p € ), there exist an open
neighborhood U of p, reduced representations f, = (fnoy -+ fan) of fn, a repre-
sentation § = (go,...,gn) of g on U such that { frnr}°2, converges compactly (i.e.,
converges uniformly on every compact subsets) on U to gi for all0 < k < N7
With respect to the notion of meromorphic convergence, there are many results on
the meromorphic normality of meromorphic mappings established in some recent
years, e.g., [4] 6], [12].

Our purpose in this paper is to generalize the above result of Montel to the case
of holomorphic curves from C into projective spaces, and we also give a criterion
for the quasinormality of such curves with respect to the convergent notion of
Fujimoto. In order to state our results, we give the following definition.

Definition 1. Let F be a family of holomorphic curves from a domain 2 C C into
PN (C).

1) The family F is said to be weak normal if every sequence in F has a
subsequence which converges compactly (with respect to the Fubini-Study metric
on PV (C)) to a holomorphic curve on 2\ S, where S is a discrete subset of 2 and
the limit curve is holomorphically extendable on €.

2) The family F is said to be quasinormal (resp. meromorphically quasinormal)
of order at most v (v may be +00) if every sequence in F has a subsequence which
converges compactly (resp. meromorphically converges) to a holomorphic curve on
a domain Q\ S, where S is a discrete subset of at most v elements in Q. If v = 400
we will say that F is quasinormal (resp. meromorphically quasinormal).

Throughout this paper, we fix homogeneous coordinates (wp : -+ : wy) on
PV (C). Let H be a hypersurface of degree d in PV (C) defined by the equation

Z ClI(UI:O,

IeTy
where Ty = {(io,...,in) € Z¥T g+ - +iny = d}, W = W’ ... WY for
I = (ig,...,in). We define |[H|| = (3> ;o7 lar|?)'/2. Throughout this paper, we
always assume that the coefficients a; are chosen so that ||H|| = 1. Sometimes, we

identify the hypersurface H with its defining polynomial, i.e., we will write
H(wg,...,wn) = Z arw’ .
I€Ty
Let Hi,...,H,(¢g > N + 1) be g hypersurfaces of PV (C), which may be of
different degrees. We define

D(Hy,...,H,) = 11

1<i1 << <in4+15¢q

(1Hi ()1 + -+ [ Hiy, (2)7)

inf
z€CN+1 ||z||=1
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N
where || 2 [|= /22520 |2

Our results are stated as follows.

Main theorem. Let F be a family of holomorphic mappings of a subdomain Q0 of
C into PN(C). Let ¢ > 2N + 1 be a non-negative integer and let py,...,pni1 be
N +1 positive integers with p1 < -+ < pny1. For each f € F, let Hi(f), ..., Hq(f)
(depending on f) be hypersurfaces satisfying inf{ D(H1(f), ..., Hq(f)): f € F} > 0.
Assume that for any compact subset K of ),
sup i{z € K ; vy p,5)(2) >0} < +oo, VI <i<gq.
fer
Then the following assertions hold:
(a) F is weak normal family.
(b) If for any compact subsets K of Q, there exists an positive integer ck
satisfying
sup i{z € K ; vpp,p(2) > e} <pi, VISIi<NA+1,
feF
then F is meromorphically quasinormal of order at most py41 in Q.
(c) If supe Y (Hi(fn))} < pi, V1 <i < N+ 1, then F is quasinormal of
order at most py41 in Q.

We would like to note that, in almost all recent results on the normality of
families of holomorphic mappings into PV (C) with 2N + 1 hypersurfaces, the
authors always assume that the inverse images of at least N 4+ 1 hypersurfaces
counted with multiplicities are compactly bounded from above. This is an esential
condition in their proofs. In our above result, this condition is omitted.

2. SOME DEFINITIONS AND LEMMAS

For p € C and r > 0, we set
Alp,r)={z€C; |z—p| <7}
and
A*(p,r) = Alp,7) \ {p}.
Let Q be a domain in C. A divisor v on 2 is a formal sum
v= Z ai{z},
ieA

where a; € Z and {z; };ca is a discrete subset of 2. We may regard the divisor v as
a function with values in Z by setting

a; if z=z,
v(z) = : ,
0 if z#z Vi.

The support of v will be defined by supp(v) = {z; ; a; # 0}. Divisor v is said to be
non-negative if a; > 0 Vi € A, and we write v > 0. If v > 0 then for every compact
subset K of Q, #{z; v(2) >0} NK <> v(2).
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Definition 2. A sequence of non-negative divisor {v;}$2; is said to be bounded
compactly on  if for every compact subset K of €2, there exits a positive constant
My such that ) . vi(z) < M for all i > 1.

Let w be the Fubini-Study form on PV (C). Then w is defined by

N o2\ 2
wzddﬂog(Z‘WJ_ )
j=0 "

on the affine open set U; = P (C)\ {w; = 0}, where (wp : - - - : wy,) is a homogeneous
coordinates system of PV (C). Then for two distinct points p = (pg : - : px) and
q=1(qo: - :qn), the distance between p and ¢ with respect to is given by

N
q) = Zi,j:o |pin *iji|
N N ’
VEY Ipil2 - 2N laif?

For two hyperplanes H and G in PV (C) defined by the linear forms:

d(p,

H:apwo+ - anwy,
G bowgy + - -bywy, ,

we regard H and G as two points in the dual space PV (C)* and define the “distance
d'(H,Q) in PN(C)*” between them by

, o Zgj:@ |aibj — ajbi|
d(H,6) = —= = .
VI lail? /S il

Definition 3 (see [13]). Let M be a locally compact Hausdorff space. A point
a of M is called a limit point of the sequence {Ej}72, of closed subsets of M if
there exist a positive integer ko and points ay € Ey, (k > ko) such that a = lim ay,.
A point of M is called a cluster point of {Ej}72; if it is a limit point of some
subsequence of {E}}¢° ;. If the set E of limit points coincides with the set of cluster
points, {Ex}52, is said to converge to E and write lim Ej = E.

The following two lemmas on the convergence of closed subsets in Hausdorff
space are due to Stoll [I3]. In this paper, we only state these lemmas for the case
of subsets of C.

Lemma 4 ([I3, Proposition 4.11]). Let {N;}2, be a sequence of discrete subsets
of a domain  in C. Assume that the numbers of elements of NyNK (i=1,2,...)
regardless of multiplicities are bounded above for any fixed compact subset K of €}
and {N;}2, converges to N as a sequence of closed subsets of Q. Then N is either
empty or a discrete subset of ).

Lemma 5 ([I3, Proposition 4.12]). Let {N;}$2, be a sequence of discrete subsets
of a domain 2 in C. The numbers of elements of N;N K (i =1,2,...) regardless
of multiplicities are bounded above for any fixed compact subset K of Q, then {N;}
is mormal in the sense of the convergence of closed subsets in 2.
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Definition 6 ([5, Definition 2.5]). Let {v;}2; be a sequence of non-negative
divisors on a domain € in C. It is said to converge to a non-negative divisor v on
Q if and only if any a € € has a neighborhood U such that there exist nonzero
holomorphic functions h and h; on U with v; = v, and v = v, on U such that
{h;}$2, converges compactly to h on U.

Lemma 7 ([I3| Theorem 2.24]). A sequence {v;}5°, of non-negative divisors on a
domain §2 in C is normal in the sense of the convergence of divisors on ) if and

only if {vi}52, is compactly bounded on .

Lemma 8 ([I4, Theorem 2.5]). Let 2 be a domain in C and M be a compact
complex Hermitian space. Let F C Hol(Q2, M). Then the family F is not normal
if and only if there exist sequences {p;} C Q with {p;} — po € Q, {f;} C F,
{p;j} CR with p; >0 and {p;} "\, 0 such that the sequence

9;(2) :== fi(p; + pjz), 2 € C

converges compactly on C to a nonconstant holomorphic map g: C — M.

Lemma 9 (see [4]). Let 6 be a positive number and let ¢ > N + 1 be an integer.
Then there exists a positive constant M (9, q, N) such that for any q hypersurfaces
Hy,...,Hy(qg> N +1) in PN(C) with

D(Hl,...,Hq) > 57
we have max{deg H,...,deg H,} < M(6,q,N).

Let f be a holomorphic mapping from a domain Q C C into PV (C) and let H be
a hypersurface in P"(C). We define the divisor v g as follows: for each point p € €,
take an open neighborhood U of p in ) such that f have a reduced representation
f = (fo,-.-,fn) on U, and define v; g|y to be the zero divisor of the function
H(f)onU.

We have the following proposition due to Fujimoto.

Lemma 10 ([5, Proposition 3.5]). Let {f,}>2, be a sequence of holomorphic
mappings from A = {z ; |z| < r} into PV(C). Suppose that f, meromorphically
converges on A* = {|z| < r} — {0} to a holomorphic mapping g. Let H be
a hyperplane in PN(C). Assume that g(A*) ¢ H. If the sequence {vy, m}oo,
converges to a diwisor then {f,}22, meromorphic converges to a holomorphic
mapping g* on A such that g*|a~ = g.

3. PROOF OF MAIN THEOREM

In order to prove the Main theorem, we need the following lemmas.

Lemma 11. Let {f,}52, be a sequence of holomorphic mappings of a domain Q
in C into PN(C). If {f.}5%, holomorphically converges to a holomorphic mapping
g of Q into PN (C) then {f,}5%, meromorphically converges to g on (.

Proof. We fix a homogeneous coordinates (wp : - - - : wy) on PV (C). Suppose that
{fn}52, holomorphically converges to a holomorphic mapping g on 2.
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Let p be an arbitrary point of Q2. Then, we may choose a neighborhood A(p,r) :=
{z; |z—p| < r} C Q, on which g has a reduced representation (go : - - - : gn ), where
r > 0. Since g is holomorphic, there exists an index iy € {0,1,..., N}, for instance
iop = 0, such that go(p) # 0. Thus g(p) € H, where H is hyperplane defined by
H := {wy = 0}. We choose an open neighborhood W of g(p) in P¥(C) such that
W C PN(C)\ H. Since g is holomorphic, by choosing r small enough, we may assume
that g(A(p,r)) C W. Then, g has a reduced representation § = (1, g—;, cl gg—lg) on
A(p,T).

We now note that, the functions £, 1 < < N are continuous on PN (C)\ H.
Hence, there exists

M = sup (1+|ﬂ}2+-~~+|ﬂ\2),
weWw wo wo
where w = (wg : -+t wy).

Since {fn}52, converges compactly to g on €, by reducing r if necessary we
may assume that f,(A(p,r)) C W, and hence f,, has a reduce representation
fro = (1, fa1,- -+, fan) on A(p,7). Then for every € > 0, there exists a positive
integer ng such that for all n > ny we have

(12) max lec\{lzo [ frk(2)91(2) — frui(2)gr(2)] _ e

2€A(pr1) I Fn) I 1 g(2) M’
where f,0 = go = 1. By the definition of M, we have || f,(z) ||< M and || g(2) ||< M
for all z € A(p,r1). Therefore, implies that
N

max Z | frk(2)90(2) — fro(2)gr(2)| < €, Yn > ng.

zEK(p,rl) k=0
This yields that

max |for —gr(2)| <€, 1<k<N, Vn>n,.
z€A(p,r1)

This inequality shows that the sequence of holomorphic functions { f,;} converges
uniformly to gy on A(p,ry) for each 1 <k < N.

Hence, by the definition, we have that the sequence {f,,}5%; meromorphically
converges to g on ). The lemma is proved. O

Lemma 13. Let {f,}52 be a sequence of holomorphic mappings from A = A(0,r)
into PN (C). Suppose that f, meromorphically converges on A* = A*(0,r) to a
holomorphic mapping g. Let H be a hyperplane in PN (C). Assume that g(A*) ¢ H.
If f.(A)NH =0 (Vn > 1) then {f}52 1 holomorphically converges to a holomorphic
mapping g* on A such that g*|a~ = g.

Proof. By the assumption of the lemma, from Lemma we have {f,}52,
meromorphically converges on A to a holomorphic mapping ¢* with g*|ao+ = g. In
order to prove that {f,}52; holomorphically converges to ¢g* on A, it suffices for
us to prove that {f,}52; holomorphically converges to g* on a neighbourhood of
every point p € A.
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For an arbitrary point p € A, there exist an open neighborhood U of p in A,
reduced representations f,, = (fno,..., fan) of fn (n > 1) and a representation
7" =1(94,---,95) of g* on U such that {fnr}32, converges compactly to g on U.
Then the sequence of functions {H (f,,)} converges compactly to H(§*) on U. Thus,
by the Hurwitz’s theorem, one of the following two assertions holds:

(1) H(g*) =0on U, i.e., g*(U) C H, and hence it implies that g(A*) C H,

(2) H(G*) #0on U, ie., g*(U)N H = 0.

By the assumption of the lemma, the first assertion does not hold. Therefore,
g*(U)N H = (). In particular g* is a reduced representation of g* on U. We take a
relative compact open subset W of U with p € W and put

M = ZiélvaH(g (2)) >0.

For each € > 0, there exists a positive integer ng such that for all n > ny and
0 <k <N we have |for — gf| < 2(N+617]\)/[2HHH on W. Therefore, we have

Z | fakgl — frugrl fnzgk Z | frkl - lg] — fral + | fral - | — g5
Py Il - N3 1= | full - 1G]]

< Z 3NT1) |\H\|(|fnk|+|fnl|)
k,1=0 ||an llg*|l

on W, where the last inequality follows from that |f,r| < || £]l, |fu] < || f]| and

~ % 1H(G")| M
151l = “par 2 7T
morphic mappings.

Therefore { f,}52; converges holomorphically to g* on A with g*|a« = g. The
lemma is proved. ([

Hence, {f,}5°; converges uniformly to g* on W as holo-

Lemma 14. Let {f,}32, be a sequence of holomorphic mappings from A =
{z; |z| <r} into ]P’N((C). Suppose that f, meromorphically converges on A* =
{z; 0 < |2| < 7} to a holomorphic mapping g. Let {H,} be a sequence of
hypersurfaces and H be a hypersurface in PN (C) of the same degree §). Assume
that g(A*) ¢ H and {H,} converges to H when we regard H,, and H as two points
in PN (C)*. Then the following assertions hold:

(@) If fa(A)YNH, =0 Vn > 1 then {f,}52, holomorphically converges to a

holomorphic mapping g* on A such that g*|a~ = g.

(b) If{vy, m,}oe converges to a divisor v on A then { f,}52, meromorphically
converges to a holomorphic mapping g* on A such that g*|ax = g.

Proof. (1) Assume that, f,, has a reduced representation f=fnos---, fan) on

A for each n = 1,2,..., and g has a reduced representation § = (go,...,gn) on
A*. We define F,, (n > 1) (resp. G) the holomorphic mapping from A (resp. A¥)
into PN1(C) havmg the reduced representation £, = (f%, ..., fi, Ha(fn)) (vesp.
G =1(9¢,...,9% H(3))) in a homogeneous coordinates system (WO teort Whg) of

PN+L(C). We easily see that {F),}5; meromorphically converges to G . Moreover,
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if we denote by P the hyperplane of PY*1(C) defined by the linear form
Wni1 =0,

then F,(A)NP =0 (n>1) and G(A*) N P = (). Thus, by Lemma[13] G has a
holomorphic extension G* on A and {F,,}>2; holomorphic conveges to G* on A.
We denote by o the holomorphic mapping from PV (C) into PN¥+!(C) defined by

U(w0:~-~:wN):(wg:---:w?lv:H(wo,...,wN)).

Since P (C) is compact and o is continuous, o(PY(C)) is a close subset of PN +1(C).
Obvious, g*(A*) = G(A*) C o(P™(C)). Thus G*(A) C o(P™(C)).

By the definition, it is clear that o (PN (C)) N ﬂilio{Wi = 0} = 0. Hence, there
exists a hyperplane, for instance it is {WWy = 0}, such that G*(0) ¢ {Wy = 0}. Hence
there is a disk A(0,7) (0 < r < 1) such that G*(A(0,)) is contained in a relative
conpact open subset of PNT1(C) \ {W, = 0}. Since {F,}>; holomorphically
conveges to G*, there exist a positive number r; < r and a positive integer ng
such that F,(A(0,r1)) € PN+L(C) \ {Wy = 0} for all n > ng. This yields that
Fu(A(0,71)) N {wo = 0} = 0 for all n > ny.

Also, since G*(0) € {Wy =0}, G(A*(0,71)) ¢ {Wy = 0}, and hence g(A*(0,71))
¢ {wo = 0}. Then, applying Lemma (a) for the sequence {fn|a(0,r)}nengs
the mapping g|a«(o,r,) and the hyperplane {wy = 0} on A(0,7;), we have that
{fala@,r) tnLn, holomorphically converges to a holomorphic mapping g* on
A(0,71) with g*|a=(0,r,) = 9la=(0,r,)- Extending g* over A by setting g*(2) = g(z)
for all z € A\ A(0,7;), we obtain a holomorphic mapping g* from A into P (C).
Obviously, {f»}52; holomorphically converges to ¢* on A and g*|a~ = g. The
assertion (a) is proved.

(b) We will use the same notations and also repeat the similar argument as
above. By Lemma G has a holomorphic extension G* on A and {F,}>2
meromorphically conveges to G* on A. We see that, there exists an index g, for
instance ig = 0, such that G*(A) C {Wy = 0}. Denote by P the hyperplane
{Wy = 0}. Then the sequence {vp, p}>2, are compactly bounded. This implies
that the sequence {vy, p/}22, are compactly bounded, where P’ is the hyperplane
{wo = 0}. From Lemma [I0|b), {f,}22, meromorphically converges to g* on A and
g*|a+ = g. The assertion (b) is proved. O
Proof of Main theorem. (a) Take an arbitrary sequence {f,}72; C F. Then,
there exists a subsequence of {f,}>2; (again denoted by {f,}>2 ) such that

lim f, ' (Hi(fa) = Ei, Vi€ {l,2,....q},

where all E; are discrete subset of Q. Set E = |J!_, E;. Since inf{D(H:(f),...,
H,(f)): f € F} >0, the degrees of H;(f) (1 <i < gq) for f € F are bounded from
above. Then there exists a subsequence of {f,}52, (again denoted by {f,}52,)
such that

degH,(fn) =d; >0 and hmHl(fn) =H;V1<i< q.

We also note that D(Hy,...,Hy) > inf{D(H(f),...,Hy(f)) : f € F} >0, i.e,
{Hx,...,Hy} are in general position.
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Firstly, we will prove that we may extract from {f,} a subsequence which
converges compactly on Q \ E. Indeed, for any zyp € Q \ E, there exist a relatively
compact neighborhoood U, of zp in 2\ E and ng € N* such that for any n > ng
we have

St Hi(fa) MU, =0 Vie{1,2,....q}.
Then {fn|v., }oZ,, C Hol(Us,,P"(C)). Suppose that the family {fn|v., }ozn, is
not holomorphically normal family. By Lemma [8] there exist a subsequence of

{fn|UzU }’ZO:’ILO (denOted again by {fn|Uz0 }’?lo:no)7 pO E UZ()7 {pn} C UZ() Wlth pn - p07
{pn} C (0,00) with p, \, 0 such that the sequence of holomorphic maps

gn(2) = fn(pn +pnz) : C — ]PN((C)

converges compactly on C to a nonconstant holomorphic map g: C — P¥(C).
Hence {gn }n>n, meromorphically converges to g on C.

Then for each p € C, there exists a small enough open neighborhood U of
p in C, on which g, has a reduced representation g, = (gno,--.,gnn) for all n
large enough satisfying that {g,x} converges compactly to a holomorphic function
gr and § = (go,...,9n) is a representation of g on U. This implies that the se-
quence {(H(fn))(gn)} converges compactly to Hy(g) on U. Thus, by the Hurwitz’s
theorem, one of the following two assertions holds:

1. H(g) =0on U, i.e., g(U) C Hg, and hence ¢g(C) C Hy.

2. H(g) is nowhere vanishing on U, i.e., g(U) N Hy = 0.

Then, we must have that either g(C) C Hy or g(C) N Hy =0 for all 1 < k < q.
Hence, there exists a subset I C {1,2,..., ¢} such that g(C) C ((;c; Hi)\(U;g; Hi)-
By [9, Corollary 1.4 (ii)], all irreducible component of ((;c; H;) \ (Uigl H;) is
hyperbolic, and hence g is constant. This is contraction.

Thus {fn}5Z,, is holomorphically normal on U.,. Therefore, by the usual
diagonal argument, we can find a subsequence (again denoted by {f,}5° ;) which
converges compactly on Q \ E to a holomorphic mapping f.

Now, we will show that f is holomorphically extendable over E. For each
z ¢ E, we see that there exist an open neighborhood U of z in Q \ F and a
positive integer ng such that f,,(U) N H;(fn,) = 0 (1 < i < q) for all n > nyg.
By using the same argument as above, we will have that either f(U) C H; or
FU)NH; =0 for all 1 <4 < q. Hence, there exists a subset I’ C {1,2,...,q} such
that f(Q\ E) C (Niep Hi) \ (Uigp Hi) and §I" =1 < N. By again [9, Corollary
1.4 (ii)], all irreducible component of ((\,c; Hi) \ (U;gp Hi) is hyperbolic. Then f
is holomorphically extendable over E, by [8, Corollary 1.2.3].

This conclusion yields that F is a weak normal family. The assertion (a) is
proved.

(b) In order to prove the assertion (b), it suffices for us to prove that from
the last sequence {f,}52; obtained in the part (a) we may extract a subsequence
which meromorphically converges to f on an open neighborhood of each point
z for all z € E except for at most pyy1 points. We see that there is an index
io € {1,..., N + 1} such that f(Q) ¢ H;,. Now, we set

S1={z€ E;Ve >0,YM € Z*, 30/ ,Vn > n', 32" € A(z,¢€),vy, m,(s.)(2') > M},
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and S; = E\ S;. We will show that #51 < p;,. Indeed, suppose contrarily

that there exist z1,...,2zp, +1 in 5. Take a compact neighborhood K of the
set {z1,...,2p,,+1} in Q. Then there exists a integer constant cx > 0 such that
(15) ]scugﬁ{z e K ; I/ﬁHio(f)(z) > ekt < Dig -

€

Take a positive number € > 0 such that A(zx,€) C K. Then for all z;, (1 <k < p;, +
1), there exist an n large enough, z;, € A(zy, €) C K such that vy, g, (5)(21,) > ck.
Hence

tH{z e K ; an,HiO(fn)(Z) >cpt >pig+1.
This contradicts . Therefore, §51 < p;,.

We now only remains prove that: for each point p € Ss, we may extract a
subsequence of { f,,}5°; which converges compactly to f on an open neighbourhood
of p.

Take a fixed point p € S3. Then, there exist ¢ > 0, M € ZT, and a subsequence
of {fn}2, (we denote again by {f,}52 ) satisfying

(1) Alp,e) N E ={p},

(2) Vi Hig (1) (2) < M, ¥z € A(p,€).

From (2) and the assumption of the assertion (a), the sequence of divisors
{vf,.m,, sy} s bounded conpactly on A(p,€). Then there is a subsequence of
{fn}52 (we denote again by {f,}5° ;) converging to a divisor on A(p,€). Then by
Lemma [10] {f,}52; meromorphically converges to f on A(p,e).

Then by using the diagonal argument, we get a subsequence of {f,}52; mero-
morphically converges to f on 2 except for a set of at most p;, < pn41 points.

Therefore F is meromorphically quasinormal of order at most py 1. The asser-
tion (b) is proved.

(c) Similarly as above, we will show that the last sequence {f,,}22; obtained
in the part (a) has a subsequence which converges compactly to f on an open
neighborhood of each point z for all z € F except for at most py1 points. Take an
index ip € {1,..., N+1} such that f(Q) ¢ H;,. Since t{z € Q; fn(2) € Hiy} < pi,
for all n > 1, #E;, < piy < PN+1-

It suffices for us to prove that: for an arbitrary point p € E \ F;,, we may
extract a subsequence of {f,}22; which converges compactly to f on an open
neighborhood p. Indeed, there exist € > 0 and a subsequence of {f,,}52; (we denote
again by {f,}52 ) satisfying

(1) A(p,e) N E = {p},

(2) fn(Alp, €)) N Hiy(fn) =0
From (2) and by Lemma {fn}52; holomorphically converges to f on A(p,€).
Hence by using the diagonal argument, we get a subsequence of { f,,}52; holomor-
phically converges to f on Q\ E;,, where tE;, < pni1.

Therefore F is holomorphically quasinormal of order at most py 1. The assertion
(c) is proved. O
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