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Abstract. We prove the existence of solutions to nonlinear parabolic problems of the
following type:

3%_(:) + A(u) = f 4+ div(O(z;t;u)) in Q,
- on 90 x [0; 7],
b(u)(t = 0) = b(uo) on

where b: R — R is a strictly increasing function of class C!, the term
A(u) = —div (a(z, t,u, Vu))

is an operator of Leray-Lions type which satisfies the classical Leray-Lions assumptions

of Musielak type, ©: Q x [0;T] x R — R is a Carathéodory, noncoercive function which

satisfies the following condition: sup [O(:,-,s)| € E,(Q) for all k > 0, where ¢ is the
[s|<k

Musielak complementary function of ©, and the second term f belongs to LI(Q).
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1. INTRODUCTION

Our aim is to prove the existence of solutions u to the following nonlinear parabolic

problem:
8%(:) + A(u) = f+div(©(z,t,u)) in Q,

(1.1) u(z,t) =0 on 9Q x [0, T,
b(u)(t = 0) = b(uo) on &,

where (2 is an open subset RY which satisfies the segment property and Q = Q2x [0, T,
T > 0, b: R — R is a strictly increasing function of class C! with b(0) = 0 and
lim ¥'(t) =1 < oo, A(u) = —div(a(z,t,u, Vu)) is a Leray-Lions operator de-

t—+o0

fined on D(A) C W, " L,(Q) into its dual satisfying some conditions in Section 3,
@ is Musielak function and VVO1 “L,(Q) is the Musielak space defined in Section 2,
feLYQ)and ©: Qx[0,T] x R — R is a noncoercive function which satisfies the

following condition: sup |O(-,-,s)| € Ey(Q) for all & > 0, where ¢ is the comple-
[s|<k

mentary function of ¢ and Ey(Q) is a Musielak space defined in Section 2.
Under our assumptions, the above problem does not admit, in general, a weak
(Q))"N in general. To

overcome this difficulty we use in this paper the framework of entropy solutions.

solution since the field a(x,t,u, Vu) does not belong to (L.
This notion was introduced by Benilan et al. [9] for the study of nonlinear elliptic
problems.

In the classical Sobolev spaces, Aberqdi et al. in [1] have proved the existence of
renormalized solutions (1.1) in the case where b(u) = b(z, u) and O satisfies a growth
condition (for the definition of this notion of solution see [1], [20]), Redwane in [19]
has proved the existence of renormalized solutions of (1.1), where O(z,t,u) = O(u).

In the Sobolev variable exponent setting, Azroul, Benboubker, Redwane, and Ya-
zough [6] have proved the existence result of renormalized solutions to a class of
nonlinear parabolic equations without sign condition involving nonstandard growth
in the particular case, where div(O(z,t,u)) = H(x,t,u, Vu) and in the elliptic case
(see [8]).

In Orlicz framework, Redwane in [20] has proved the existence of renormalized
solutions of (1.1), where b(u) = b(z,u) and O(x,t,u) = ©(u), Hadj Nassar, Moussa
and Rhoudaf in [16] have studied the existence of renormalized solutions of (1.1) in
WHeLa(Q), where b(u) = b(x,u) and © satisfies |O(z,u)| < f_1P(|u|), where P
and P are two complementary Orlicz functions with P < M. See also [7], [13],
and [14] for related topics. For some existing results for strongly nonlinear elliptic
and parablic equations in Musielak-Orlicz-Sobolev spaces see [2], [3], [4], [5], [21].
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This research is divided into several parts. In Section 2 we recall some important
definitions and results of Musielak-Orlicz-Sobolev spaces. We introduce the assump-
tions that allow us to demonstrate our result in Section 3. Section 4 contains some
important and useful lemmas to prove our main result. In Section 5 we prove the
main result of this paper (Theorem 5.1) concerning the existence of solutions.

2. PRELIMINARY

2.1. Musielak-Orlicz-Sobolev spaces. Let © be an open set in R and let ¢
be a real-valued function defined in 2 x R, and satisfiying the following conditions:

(a) o(z,-) is an N-function (convex, increasing, continous, ¢(z,0) = 0, ¢(z,t) > 0
. 71 _ . . 71 _
for all ¢ > 0, }1_1}(1) gsgtelggo(x,t)t =0, tlgglo ;Ielggo(x,t)t =00).
(b) ©(,t) is a measurable function.

A function ¢, which satisfies conditions (a) and (b) is called Musielak-Orlicz function.
For a Musielak-Orlicz function ¢ we put ¢,(t) = ¢(z,t) and we associate its
nonnegative reciprocal function ¢, ! with respect to ¢, that is

i (p(a,t) = o(z, 0, (1) = t.

The Musielak-Orlicz function ¢ is said to satisfy the As-condition if for some k > 0
and a nonnegative function h integrable in €2 we have

(2.1) o(x,2t) < ko(z,t) + h(x) YazeQandt>0.

If (2.1) holds only for ¢t >ty > 0, then ¢ is said to satisfy As near infinity.

Let ¢ and v be two Musielak-Orlicz functions. We say that ¢ dominates 7, and we
write v < ¢, near infinity (or globally) if there exist two positive constants ¢ and ¢
such that for almost all z € Q

v(z,t) < @z, ct) Vi=ty, (orVi=0, ie. tog=0).

We say that v grows essentially less rapidly than ¢ at 0 (or near infinity), and we
write v << , if for every positive constant ¢ we have

. v(z, ct) . v(z, ct)
1 =0 1 =0).
fim (sup ZE) =0 for lim (sup T = 0)

Remark 2.1 ([11]). If v << ¢ near infinity, then for all € > 0 there exists
k(e) > 0 such that for almost all z € Q we have

(2.2) v(z,t) < k(e)p(z,et) Vi =0.
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We define the functional
o) = [ ol ula)) d.

where u: 2 — R is a Lebesgue measurable function. In the following, the measura-
bility of function u: 2 — R means the Lebesgue measurability. The set

K,(Q) = {u: Q@ — R measurable: g, o(u) < oo},

is called the generalized Orlicz class.

The Musielak-Orlicz space (or the generalized Orlicz space) L,(€2) is the vector
space generated by K, (12), that is, L,(2) is the smallest linear space containing the
set K (). Equivalently,

L,(Q) = {u: Q2 — R measurable: Q@’Q<@) < oo for some A > 0}.

We define the Musielak-Orlicz function complementary to ¢ in the sense of Young
with respect to the variable s as

Y(x,8) = iglg{st —¢(z,t)}.

We define in the space L, (2) the two norms:

_; . |u()|
||UI|¢,Q—mf{A>0- /Qw(x,T)dx@ :

which is called the Luxemburg norm and the so called Orlicz norm defined as

Julpo =  sup / fu(z)o(z)| dz,

o]y, o<1

where 1 is the Musielak-Orlicz function complementary to ¢ and ||v||y o is the Lux-
emburg norm of v associate to the Musielak function . These two norms are equiv-
alent (see [18]).

The closure in L, (€2) of the bounded measurable functions with compact support
in Q is denoted by E,(Q2). It is a separable space.

We say that a sequence of functions w, € L,(Q) is modular convergent to
u € L,(Q) if there exists a constant A > 0 such that

lim Q¢Q(w> = 0.

n—oo )\
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For any fixed nonnegative integer m we define
W™ML,(Q) ={u € L,(Q): V|a| <m, D e L,(Q)}

and
W™MEL(Q) ={ue€ E,(Q): V]|a| <m, Du € E, ()},

where oo = (a1, . . ., ;) with nonnegative integers «, |a| = |a1|+. ..+ |ay| and D%u
denotes the distributional derivatives. The space W™ L,(2) is called the Musielak-
Orlicz-Sobolev space. Let

Q¢Q Z 0p,0(D%u) and ||u||¢Q —1Hf{>\> 0: Q¢Q<K) < 1}.

laj]<m

Foru € W™ L (), these functionals are a convex modular and a norm on W™ L, (1),
respectively, and the pair (W™ Ly (€2),[|-[|7') is a Banach space if ¢ satisfies the
following condition (see [18]):

(2.3) Je>0: nelg o(z,1) > ¢

The space W™L,(Q2) will always be identified to a subspace of the product
[I Lg(2) =T1ILy; this subspace is o(IIL,, ITEy) closed.

lal<m

We denote by D(Q2) the space of infinitely smooth functions with compact support
in Q and by D(Q) the restriction of D(RY) on Q.

Let WL, (€2) be the o(IIL,,,IIEy) closure of D(2) in W™L,, ().

Let W™E,(€) be the space of functions u such that u and its distributional
derivatives up to order m lie in E,(Q2), and W{j" E,(€2) is the (norm) closure of D(2)
in W™L,(Q).

The following spaces of distributions will also be used:

WLy (Q) = {f eD(Q): f= > (-1)D*f, with f, € Lw(Q)}
laf<m
and

W™"E.(Q) = {f eD'(Q Z Dl Do s, with f, € Ew(Q)}

al<m

\

We say that a sequence of functions w, € W™L,({) is modular convergent to
u € W™L,(Q) if there exists a constant & > 0 such that

lim Qwﬂ(un —u) = 0.

n—oo k
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For ¢ and its complementary function v the following inequality is called the Young
inequality (see [18]):

(2.4) ts < p(x,t) +Y(x,s) Vi, s>20,ze.
This inequality implies that

(2.5) lullo.0 < 2p.0(u) + 1.

In L,(€2) we have the relation between the norm and the modular:

(2.6) [[ul
(2.7) [[ul

palw) i fullpo > 1,
(w) if ullp0 < 1.

©,

For two complementary Musielak-Orlicz functions ¢ and ¢ let v € L,(2) and
v € Ly(Q). Then we have the Holder inequality (see [18])

(2.8) < lullgllvlly.o-

/Qu(x)v(x) dz

Definition 2.1. We say that Q C RY satisfies the segment propriety if there
exists a locally finite open covering {O} of 92 and corresponding vectors {y;} such
that for x € QN O and 0 < ¢ < 1 one has = + ty; € Q.

2.2. Inhomogeneous Musielak-Orlicz-Sobolev spaces. Let ) be a bounded
open subset of RN, 7' > 0 and set Q = Q x [0,7]. Let m > 1 be an integer and let ¢
and 1 be two complementary Musielak-Orlicz functions. For each a € NV denote
by D2 the distributional derivative on @ of order a with respect to € RY. The
inhomogeneous Musielak-Orlicz-Sobolev spaces are defined as

W™ L,(Q) = {u € Ly(Q)s Diu € Ly(Q) Via| < m}

and
Wm’xEcp(Q) ={u€ E,(Q): Dju € E,(Q) V|a| < m}.

This second space is a subspace of the first one, and both are Banach spaces with

lulme= " Dgul

jal<m

the norm

»,Q*

These spaces constitute a complementary system since €2 satisfies the segment prop-
erty. These spaces are considered subspaces of the product space IIL,(Q), which
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have as many copies as there is « order derivatives, |a| < m. We shall also consider
the weak topologies o(IIL,,I1Ey) and o(IIL,,IILy).

If u e W™*L,(Q), then the function ¢ — u(t) = u(-,t) is defined on [0, T with
values in W™L,(Q). If u € W™*E,(Q), then w € WTE_(Q) and it is strongly
measurable.

Furthermore, the imbedding W™*E,(Q) C L*(0,T, W™E,(£2)) holds. The space
W™?L,(Q) is not in general separable, for v € W™7*L,(Q) we cannot conclude
that the function w(t) is measurable on [0, T].

However, the scalar function ¢ — ||u(t)||,.o € L*(0,T). The space W " E,(Q) is
defined as the norm closure of D(Q) in W™ E,(Q)). We can easily show as in [15]
that when Q has the segment property, then each element u of the closure of D(Q)
with respect to the weak™* topology o(IIL,,I1Ey) is a limit in W™ L,(Q) of some
subsequence (v;) € D(Q) for the modular convergence, i.e. there exists A > 0 such
that for all |a| <m

Dev; — D2
/@(x,M)dmdt—)O, as j — oo,
Q

which gives that (v;) converges to u in W™7L,(Q) for the weak topology o(IIL,,
IILy).

Consequently,
———0([Ly,[1Ey)  ———0(IIL,,TILy)

D(Q) D(Q)
The space of functions satisfying such a property will be denoted by Wj™* L, (Q).
Furthermore, W " E,(Q) = Wy""L,(Q) NIIE,(Q). Thus, both sides of the last

inequality are equivalent norms on W;"*L,(Q). We then have the following com-

(Wg””qu,(Q) F )
Wy Ep(Q) Fo,)

where I states for the dual space of W E,(Q) and can be defined, except for
an isomorphism, as the quotient of IIL, by the polar set Wy""E, (Q)*. Tt will be
denoted by F = W, ™" Ly(Q), where

plementary system:

W—m,de)(Q) — {f — Z Dgfa with fa S Ld)(Q)}

lal<m

This space will be equipped with the usual quotient norm

lullr =nf Y | fal

lal<m

»,Q»
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where the infimum is taken over all possible decompositions

f= Z D;cyfou fozELw(Q)'

laf<m

The space Fj is then given by

s {f: f=Y Difar foc Ew(@},

laf<m

and is denoted by W™""E;(Q), see [4].

3. ESSENTIAL ASSUMPTIONS

Let ¢ be a Musielak-Orlicz function which decreases with respect to one of the co-
ordinates of z. We denote by 1) the Musielak complementary function of ¢. Through-
out this paper, we assume that the following assumptions hold true:

(3.1) b: R+ R is strictly increasing C' function
with b(0) =0 and lim b'(t) =1 < oo,
t—too

a: Q2 x]0,T[x R x RN s RY is a Carathéodory function satisfying the following
conditions:
for almost every (z,t) € Q2 x ]0,7[ and all s € R, & # £* € RY,

(32) la(z,t,5,6)] < Blha (@, 1) + 9z 'y (@, vs]) + g o(z, vIE]),
(33) (a(xatvsvf) —a(x,t,s,f*))(f—f*) > Oa

1€l
(3.4) ala,t,5,6)¢ > ap(z, 3

with hq(z,t) € Eg(Q), h1 20, o, 8 and v > 0.
Furthermore, let ©: Q x [0,7] x R — RY be a Carathéodory function such that

(3.5) sup [O(-,-,8)| € Ey(Q) YE>0
|s|<k

and

(3.6) feL'(Q).



We consider the following parabolic initial-boundary problem:

81;(:) + A(u) = f+div(©(z,t,u)) in Q,
(P) u(z,t) =0 on 90 x [0,T7,
u(z,0) = uo(z) on

where w is a given function in L(€2).

4. SOME TECHNICAL LEMMAS

Lemma 4.1 ([10]). Let Q2 be a bounded Lipschitz domain in RY and let ¢ and 1)
be two complementary Musielak-Orlicz functions which satisfy the following condi-
tions:

(i) There exists a constant ¢ > 0 such that ;Ielsf) oz, 1) > c.

(ii) There exists a constant A > 0 such that for all z,y € Q with |z —y| < & we
have

jS)

(z,t) < tA/(Slogle—y) >,
(1)

(4.1)

jS)

(iii)

(4.2) If D C Q is a bounded measurable set, then / o(z,1)dz < co.
D
(iv) There exists a constant C' > 0 such that ¢(z,1) < C a.e. in Q. Under these
assumptions, D(?) is dense in L, (§)) with respect to the modular topology,
D(Q) is dense in W L,(Q) for the modular convergence, and D(Q) is dense in
WL, (Q) for the modular convergence.

Consequently, the action of a distribution S in W=1L, () on an element u of

Wi L, ($2) is well defined. It will be denoted by (S, u).

Truncation operator. For k > 0 we define the truncation at height k as

s if |s] <k,

43 Ti(s) =

(43) k(s) kﬁ if |s| > k.
S

In the following lemma we give the modular Poincaré’s inequality in Musielak-
Orlicz spaces.
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Lemma 4.2 ([12]). Under the assumptions of Lemma 4.1 and by assuming that
o(z,t) decreases with respect to one of the coordinates of x, there exists a constant
¢ > 0, which depends only on 2, such that

(4.4) /an(a:, |u(z)|) da < /Q<p(x,c|Vu(x)|)dx Yu € WyLy(Q).

Remark 4.1. The following function is an example of a function that satisfies
the previous lemma:

o(x,t) = tholE=a% 16g(1 1 1),

Lemma 4.3 (The Nemytskii operator [5]). Let €2 be an open subset of RY with
finite measure and let ¢ and 1) be two Musielak-Orlicz functions. Let f: QxRP — R4
be a Carathéodory function such that for a.e. x € Q and all s € RP

(4.5) |f(z,8)] < c(@) + knoz  p(x, kals)),

where ki and ko are real positive constants and c(-) € Ey (). Then the Nemytskii
operator Ny defined by Ny(u)(z) = f(z,u(z)) is continuous from

(P(Eq,(Q), k_t))p -TI {u € Lo(Q): du, B,(Q)) < k—t}

into (Ly(Q))? for the modular convergence.
Furthermore, if ¢(-) € E,(Q2) and v << v, then Ny is strongly continuous from
(P(Ep(2), k3 1))P to (B (2))°.

Lemma 4.4 ([12]). Assume that (3.2)—(3.4) are satisfied and let (z,), be a se-
quence in W, L,(Q) such that
(i) 20 — 2 in Wy" L,(Q) for o(TIL,, TIE,),
(ii) (a(-,t, 2zn, Vzn))n is bounded in (L, (Q))V,
(iil) [o(a(z,t, 20, Vzn) — a(a,t, 20, V2xs))(Vzn — Vaxs)dz — 0 as n,s — oo,
where X is the characteristic function of Qs = {z € Q: |Vz| < s}.
Then we have

2, — z for the modular convergence in Wy L, ().
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5. MAIN RESULT
We shall prove the following existence theorem.

Theorem 5.1. Let ¢ and v be two complementary Musielak-Orlicz functions
satisfying the assumptions of Lemma 4.2, we assume that (3.1)—(3.6) hold true.
Then problem (P) has at least one entropy solution u € D(A) N Wy"L,(Q) N
C([0,T],L?()) in the following sense:

Ti(u) € Wy L,(Q) Yk >0,

ob(u
€3

, Ti(u — v)> + / a(x,t,u, Vu)VTi(u —v)de dt
Q

5.1
(51 </ka(u—v)dxdt—i-/@(m,t,u)VTk(u—v)dxdt
Q Q

Yo e Wy L,(Q) N L=(Q) such that % €W Ly(Q) + LYQ).

Proof. We will use the Galerkin method due to Landes and Mustonen (see [17]),

we choose a sequence {w1,ws, ...} in D(Q) such that |J V, with V, = {w1,...,wp}
p=0
is dense in HJ"(Q2) with m large enough so that H{*(Q2) is continuously embedded

in C*(Q). For every v € HJ'(Q) there exists a sequence (v;) C |JV, such that
v, — v in HP*(Q) and in C1(Q). p=0
We denote further V, = C([0,T],V,). It is easy to see that the closure of |J V,

with respect to the norm p=0

[vllerog) = sup {|Dzv(z,b)]: (2,t) € Q}

‘a\

contains D(Q) This implies that for any f € W~1%E,(Q) there exists a sequence
(fn) C U V, such that f, — f strongly in W~1%E,(Q).

Indeed let e > 0 be given. Write f = ) DS fo. There exists go € D(Q) such
laf<1

that || fo — gally.@ < (2N +2)~1. Moreover, by setting g = Y. D2g,, we see that
|| <1
g € D(Q), and so there exists v € U V, such that [|g — v||s,0 < e(2meas(Q)) !,

=0
We deduce that

I =l oz, @ < Y Ifa—gallvg + g —vllv.a <
Ja|<1
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We devide the proof into six steps.
Step 1: Approximate problem. For n € N we define the following approximations:

(5.2) bu(r) = T (b(r)) + % VreR,
(5.3) O, (x,t,s) = O(x,t,T,(s)),

(fn)n is a sequence in W1 E,(Q) N LY(Q) such that

(5.4) fn = fin LNQ) with || fullLr @) < [1fll21@)

and ugy, is a sequence of D(Q) such that

(5.5)  bn(uon) — bluo) strongly in L'(Q) with [[by(uon)| 1) < [|b(w0)] L1 (-

We consider the approximate problem

Uy € Vi, (%g:n) € Ll(O,T, Vo), un(-,0) =wug, a.e. in €,
P 3
% —div(a(z, t, un, Vug)) = fr + div(On,(x, t, uy)).

There exists at least one solution u,, of (P,) (this solution u,, can be obtained from
Galerkin solution (see [17]).

Step 2: A priori estimates. In this section we denote by ¢;, i = 1,2, ... constants
not depending on k£ and n.

For 7 € [0,T], taking Tk (un)X[0,7] as test function in (P, ), we obtain

/%”T(:")Tk(un)dxdt-l-/ a(xvtaumvun)VTk(un)dxdt
Qr

-

= / foTk(uy) dadt + O (x,t, un) VT (uy) da dt.
QT QT

We set Y
S¥(o) = /O b, (1) T (r) dr.

Then we have

by, (uy,) B ouy, ,
/Q i k() dwadt = [ S (1) Tio)

:ASS(un(T))dx—ASS(uon)dx.
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Hence, we have

/ S*(uy, (7)) da — / S¥(ugy) d + / a(x,t, Un, Vg ) VT (uy,) dz dt
Q Q Q
= / foTk(uy) dadt + O (x,t, un) VT (uy) da dt.
Q Qr
Due to the definition of S¥, (3.1) and (5.5), one has

(5.6) / S (uon) dz < k;/ b (o) d < [1B(uo)l| 21 (.
Q Q

Using (5.4) and (5.6), we obtain
(5.7) /QSfL(un(T)) dx—i—/@a(x,t,un,Vun)VTk(un) dz dt
<Kl N + ))& | Ol V()
<ck+ o O (x,t, un) VT (uy) da dt.
For n > k, condition (3.5) and Young’s inequality gives
(5.8) ; Oz, t,un) VT (uy) de dt < /Q |On (2, t, wn) || VT (un)| dz di
- / 102, t, T )|V T () e

-

— [ 180t T )|V Tk (0] o

.

é/ sup |©(x,t, $)||VIk(un)| dedt
Q

- lsI<k

< / w(m,ca sup |®(x,t,s)|> dx dt
Qr

|s|<k

+ m /QT o(z, |VTi(u,)|) de dt

<rlk) + 520 /Q ol [V () drl

where r(k) = fQ Y(z,cq sup |O(z,t,s)|) dedt. Then by condition (3.4) and by
. |s|<k

combining (5.7) and (5.8), we get

2a0 +1
2(a+1)

(5.9) /QSﬁ(un(T))da:—i— /Qa(m,t,un,Vun)VTk(un)dxdtgclk—i—r(k).
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Now, using the fact that S¥(u, (7)) > 0, one has

2(a+1)

(5.10) /Qa(x,t, T (un), VT (tn)) Vi (up) dz dt < 20t 1 (c1k + r(k)).
Then using (3.4), we have

VT ()| 2(a+ 1)(c1k + (k)
(5.11) /an(a:, kf) dzdt < a(2a1+ 5 .

Using Lemma 4.2, we have that (Tk(u,)) is bounded in Wy *L,(Q), then there
exists v such that

(512) Ti(un) = vp  in Wy Ly(Q) for o(I1L,, TTEy),
' Ti(un) — v strongly in E,(Q).

Therefore, we can assume that (Tj(uy,))n is a Cauchy sequence in measure in .
Then for all £ > 0 and §,e > 0 there exists ng = no(k, d,¢) such that

(5.13) meas{|Tx(un) — Tk (tum)] > 0} < Vm,n = ng.

[SCRNO)

It is easy to show that

inf go(x, %)meas{|un| >k} = /{ inf go(x, %) dzdt

e ‘un‘>k} e

| T (un)|
<
\/ng(x, o )dxdt

< / go(x, W) dzdt (using Lemma 4.2)
Q

2(a+ 1) (c1k + r(k)) :
< 5.11
where this ¢ is the constant of Lemma 4.2. Then, by using the definition of ¢,

2(a+1)(c1k + r(k))
a(2a+1) ;relgga(x, k/Xc)

(5.14) meas{|u,| > k} < —0, as k— oo.

Since for all § > 0,

(5.15) meas{|un — Up| > 0} < meas{|un| > k} + meas{|un| > k}
+ meas{|Tx(un) — Ti(um)| > 5}.
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Using (5.14), we get for all € > 0 there exists ky > 0 such that

3

(5.16) meas{|un| > k} < =, meas{|um| > k} < % Yk > koe).

wl

Combining (5.13), (5.15) and
ng = no(0, ) such that

—~

5.16), we obtain that for all 4, > 0 there exists

meas{|tm — uUm| >0} <e Vn,m = ng.

It follows that (uy ), is a Cauchy sequence in measure. Then the there exists a func-

tion u such that
(5.17) Ti(un) = Ti(u) in WiLy(Q) for o(IIL,, I1Ey),
' Ti(un) — Tk(u) strongly in E,(£2).

Step 3: Boundness of (a(z,t, T, (un), VIk(un)))n in (Ly(Q))N. Let w € (E,(Q))N
be arbitrary such that ||w||,o = 1. By (3.3) we have

(a(m,t, Ti(un), VT (uy)) — a(x,t, Ti(un), %)) (VTk(un) - %) > 0.

Hence,
(5.18) / a(x,t,Tk(un),VTk(un))%dxdt
Q
< /a(a:,t,Tk(un),VTk(un))VTk(un)dxdt
Q

- /Q a(x,t,Tk(un), E) (VTk(Un) - %) dzdt,

v
and hence, using (5.10),

2(a+1)(e1k +r(k))
a2a+1)

(5.19) / a(x,t, Ty (un), VI (un))VTE(uy) de dt <
Q
For p large enough (u > f3), using (3.2) we have
a(z,t, T (un), wr=1)
/Q o o ) dadt

Blha(x,t) + o, (y(@, v Tr(un)])) + 05 (p(z, |w])))
< /Q o o
6 b, t) + g (v (@, v Tk (un)|) + 5 e, |wl]))
< ;/wa( ; ) da

) de dt

< %(/me(hl(x,t))dxdt—k/Q'y(x,z/|Tk(un)|)dxdt+/Qap(x, |w|)dxdt>

< Cg(k).
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Now, since v grows essentially less rapidly than ¢ near infinity and by using Re-
mark 2.1, there exists 7/(k) > 0 such that v(x, vk) < r'(k)p(x,1) and so we have

/ wx<a(xvta Tkgzzn)val)) dz dt
Q

< %(/Qz/zm(hl(x,t))dxdt—f—r'(k)/@ap(x,l)dxdt—k/@ap(x, |w|)dxdt>.

Hence a(z,t, Tj(un), wr~!) is bounded in (L4 (Q))Y. This implies that the second
term of the right-hand side of (5.18) is bounded, consequently, we obtain

/ a(z,t, Ty (un), VT (un))wdr dt < e2(k) Yw € (L?(Q))N with [|wl|e.q < 1.
Q

Hence, by the theorem of Banach Steinhaus, the sequence (a(z, t, Tk (un), VI (un)))n
remains bounded in (L, (Q))", which implies that for all k > 0 there exists a function
I € (Ly(Q))YN such that

(5.20)  a(z,t, T (un), VTk(un)) — lx weak star in (Ly(Q))™ for o(TILy, TEp).

Step 4: Modular convergence of the truncations. Since Ty (u) € WH*L,(Q), there
exists a sequence (1);“) C D(Q) such that vf — Ty(u). For the sake of simplicity, we
denote by &(n, j, i, s) any quantity (possible different) such that

lim lim lim lim e(n,j,u,s) =0.
5§00 —>00 j—»00 N—00

If the quantity we consider does not depend on one of the parameters n, j, u and s,
we will omit the dependence on the corresponding parameter: as an example, £(n, j)

is any quantity such that

lim lim e(n,j) =0.
j—ro0 n—+00

We denote also by x;j,s (or xs) the characteristic functions of the set
Qjs ={(z,t) € Q: |VTk(vf)| <st oor Qs ={(z,t) € Q: |VTi(u)| < s}.
For k > 0, taking T} (un) — T (v}), as a test function in (P,), we get
by, (uy,
(5.21) /CQT)(Tk(un) — Ty(oh),) dzdt
+/ a(x,t, Un, V)V (Ti(uy) — Tk(v;?)u) dzdt
Q
- / fo (T (1) — T(08),0) dzrdt
Q

—I—/ On(z, t,un)V (Ti(un) —Tk(vf)u) dz dt.
Q
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Firstly, for the first term of the left-hand side of (5.21) we get

/Qaba(t )(Tk(“n) Ti(v¥),) dz dt

— / abni(u")Tk(un)dxdt—/ abn(un)Tk(”?)udxdt:h+I2'
Q Q

ot ot

For I; we have

11=([;Bsauxzv>dm—3[;Bsmmn>dx

where BE(s fo b, (r)Tk(r)dr. Then, by passing to the limit as n — oo, we get

(5.22) I1:/QBk(u(T))dx—/QBk(uo)dx—l—a(n),

where B (s) = f b (r)Ty(r)dr. For I, by integration by parts with respect to ¢, we
find

I = /Q b (t10n) T (v5),0(0) dz — /Q b (1 (T)) T (04 (T e
+ ”/ (T (v}) = T (v}) )b (un) da dt.
Q

Passing to the limit as n,j — oo and since u, — u a.e. in () and by Lebesgue
dominated convergence theorem, we get

(5.23) L= /buo Th(u da:—/b )u(T) da

+ M/Q(Tk(u) — Ty (u),)b(u) dz dt + e(n, j)

=Ji+Js —l—E(’I’L,j).

For Jy we have

bzué@@%%WMMMMt
:u/aum—nwmww—mnw»mw
Q
+g/mwwﬂwmwnwwunwmwm
Q
+ u/ (Ti(w) — T (w) ) b(Tk(u) ) d dt.
Q
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Since b is increasing, we get
> /Q (Th(uw) — Ty (w),)(b(u) — b(T(w))) d d
[ (T = T, )b () de e
Q
>n | (k= T, 00) ~ b{k) de
b [ k= D)0 — b)) dode
u<—k

+ /Q 8T’§;‘)“b(Tk(u)H) da dt.

Since b is increasing and —k < Ty (u), < k, we get

(5.24) Jy > /Q B(Ty(u(T)),) dz — /Q B(Tk(up),) d,

where B(s) = [, b(r)
Comblmng (5.22), (5 23) and (5.24), we get
)

(5.25) /Q ab”a(:” (Th(un) — Tio(0%),,) de dt
> /QBk(u(T)) dz — /Q B*(ug) dz + /Q b(uo)Tk(u),(0) d
- [ BT, (D) do+ [ BT, do
Q Q
- /Q B(Ti (o)) dz + e (n, j).
Passing now to the limit for y — oo, we obtain

(5.26) /Qab( )(Tk(un) Ty (vF),) da dt

ot
/Bk( (T) da:—/B’“ U da:+/bu0 Ty (uo) dz
/b dx+/BTk w(T))) dz
- [ B o) do -+ <l
Observe that for all z € R we have

B(Tk(2)) = b(2)Tk(z) — B*(2).
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Then, we deduce that

6:27) | P D) = D)) e > o).

Secondly, since f,, — f strongly in L'(Q) and T} (u,,) — Tk(vf)u converges to T (u) —
Ty (v}), weakly star in L>(Q), the first term of the right-hand side can be written
as

/fn(Tk(un)—Tk(vf)H)dxdt:/f(Tk(u)—Tk(vf)u)dxdt—i—a(n).
Q Q

Hence, by letting 7 and p to infinity, one has

(5.28) /Q FolT(un) = Tu(wh),)) dadt = =(n, j, ).

Thirdly, for the last term of the right-hand side, one has for n > 2k
/Q O (&, 1 ) (VT (1) — VT4 (o)) der

= /Q@n(x,t,Tgk(un))(VTk(un)—VTk(vf)H)dxdt

- /Q O, £, Ti () (VT (1) — VTi(0¥),,) dar dt,

and as O(z, t, Tor(un)) converges strongly to ©(x,t, Tor(u)) in Ey(Q) and VI (u,)—
VTk(vf)u converges weakly to VT (u) — VT (v;?)u in (L,(Q))N, we get

/Q@n(x,t,un)(VTk(un) — VTk(v;-“)u) dzdt
- /Q O, £, T () (VT (1) — VTx(vh),.) da dt + e (n).
Then by letting j and i o infinity, we get
(5.29) /Q O £, n) (VT (un) — VTi(0),) der dt = £(n, j, o).
Thus, by combining (5.21), (5.27), (5.28) and (5.29), we obtain
(5.30) /Q a2t Vi) (VT (1) — VTa(08),) de dt < e(n, ).
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Splitting the first term of the last inequality on {|u,| < k} and {Ju,| > k} and
observing that V(T (uy,) — Tk(vf)u) =0 on {|u,| > 2k}, we get

(5.31) / a2t To(un), V(1)) (VT (i) — VT3 (0F),,) da dt
Q
< / a(x,t, Tog(up), VTgk(un))VTk(v;-“)M dzdt+e(n, j, p).
{lun|>k}
For the first term of the right-hand side of the last inequality we have
/ a(z, t, Tok (un,), VTgk(un))VTk(vf)M dx dt
{‘“n‘>k}
= / leVTk(’U?)M dxdt—i—s(n)
{lul>k}
Then by letting j and p to infinity, we get
/ a(z, t, Tog (un,), VTgk(un))VTk(vf)u dzdt =e(n, j, 1.
{lun|>k}
Then (5.31) becomes
(5.32) / a(x,t, T (un), VI (un)) (VT (un) — VTk(vf)M) dzdt < e(n, j, 1).
Q
By a simple calculus, we get

/Q(a(x,t, T (un), VT (un)) = a(x,t, Ti(un), VI (u)xs))
X (VT (un) — VT (u)xs) do dt
= /Qa(x,t,Tk(un), VT (un)) (VT (un) — VTk(vf)M) dz dt

- /Q(a(xa t, Tk(un)v VT (un)) - a(x, t, Tk(un)7 VTk(u)Xs))
X (VT (u)xs — VTk(vf)M) dz dt

—/Qa(x,t,Tk(un),VTk(u)XS)(VTk(un) - VTk(vf)u) dzdt

< - /Q(a(a:,t,Tk(un),VTk(un)) —a(z,t, Ti(un), VI (u)Xs))
X (VTk(u)xs — VTk(v5),) do dt
—/Qa(x,t,Tk(un),VTk(u)XS)(VTk(un) = VT (v}),) dzdt + (n, 4, 1)
=L+ Lo +e(n,j, 1.
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For Ly, since a(x,t, Ty (un), VI (uy,)) weakly star converges to I, in (Ly(Q))" and

a(x,t, Tk (up), VI, (u)xs) strongly converges to a(z, t, T (u), VI, (u)xs) in (Ly (Q))N,
we get

L, = —/ (lk —alz, t, T (u), VIe(u)xs)) (VT (u)xs — VTk(vf)M) dzdt + (n).
Q
Then by letting j and p to infinity, we obtain

Ly = E(najvﬂa S)'

Similarly,
Ly = e(n, j, ).

Consequently, we deduce that

(5.33) /Q(a(w,thk(un),VTk(un))—a(w,t,Tk(un%VTk(U)xs))

X (VTi(un) — VT (u)xs) dedt = 0, asn — oc.
Using Lemma 4.4, we get
(5.34) Tr(upn) — Tk (u) for the modular convergence in Wol’pr(Q).

Step 5: Passage to the limit. Since the sequence Ty (uy,) converges for the modular
convergence in VVO1 “L,(Q), there exists a subsequence, which is also denoted by
(un)n, such that

(5.35) Vu, — Vu a.e. in Q.

Let v € WgLy(2) N L>®(Q) and A = k + ||v]|oo with k > 0. Taking Tj(u, — v) as a
test function in (P,,), we get

(5.36) /Q ab”a(;‘”) Ti(up — v) da dt

—l—/ a(x,t, un, V) VT (uy —v) dedt
/fnTk da:dt—i—/ On (2, t,un) VT (uy — v) de dt.
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For the first term of the left-hand side of (5.36), by using the fact that b, (u,) — b(u)
weakly in L, (Q), we get

T

(5.37) /Qab(‘)(t )Tk( —v)drdt = MBQ(un)dtr— [/QBk(u)dt} +e(n)

0 0

= /Q 8%(:) Ti(u —v)dzdt +(n),

where BE(s) = [ b, (T)Tk(T — v)dr and B¥(s) = [ b/ (7)Ti(r — v) dr.
For the second term of the left-hand side of (5.36) we have

lim inf/ a(@, Un, Vo, )VTg (uy —v) dedt > / a(x,u, Vu)VT(u — v) dz dt.
Q Q

n— oo

Indeed, if |up| > A, then |u, —v| = |up| — ||v]|eo > k. Let Dy, = {|un —v| < K},
therefore D,, C {|uy,| < A}, which implies that

(5.38) a(x, t,Un, Vg ) VT (u, — v)
= a(m, ta Un,, vun)v(un - v)XDn
=a(x,t, Tx(un), VI (un)) (VT (un) — VU)xD

Then

(5.39) / a(z, tyUn, Vg ) VT (u, —v)daedt
Q
= / a(x,t, T (un) VT (un)) (VT (un) — V)xp, dedt
Q

_ /Q(a(a:,t,n(un),vn(un)) ~ a(@,t, Ta(un), Vv))
x (VT (un) — Vv)xp, dzdt

+ / a(x,t, T (un), Vo) (VT (uy) — Vo)xp, dadt.
Q

Let D = {Ju — v| < k}, then we obtain

(5.40) 1irr_1>inf / a(x,t, un, V) VT (uy, —v) dedt
n o0 Q
> / (a(@,, Ta (u), VT (w)) — al(, £, T (u), Vo))
Q
x (VT\(u) — Vo)xp dzdt

+ lim [ a(z,t,Ta(un), VO)(VIx(uy,) — Vv)xp, dzdt.

n—oo
Q
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The second term on the right-hand side of (5.40) is equal to
/ a(xz, Tx(u), Vo)(VTx(u) — Vv)xp dz dt.
Q

Finally, we get

(5.41) liy{gi@gf/@u(m, ty Uny Vi) VT (uy — v) dzdt
> /Q a(,t, Ta (), VT (w)) (VT3 (1) — Vo) de dt
= /Qa(x, t,u, Vu)(Vu — Vo)xp de dt

= / a(x,t,u, Vu)VTj(u — v) dz dt.
Q

For the first term on the right-hand side of (5.36), using the strong convergence
of (fn)n, we get

(5.42) / fuTk(up —v)daedt = / fTi(up —v)dedt + e(n).
Q Q
For the second term on the right-hand side of (5.36), for n > A = k + ||v||, we have

(5.43) / O (z,t,un)VTE(up —v)dedt = / O(z,t, Ta(un))VIk(up — v)dadt
Q Q

= / O(z,t,u)VT(u —v)dxdt + (n).
Q

Combining (5.36)—(5.43), one has

/ 9b(u) T(u —v)dedt + / a(z,t,u, Vu)VT(u — v) de dt
@ Ot Q

é/ka(u—v)dxdt—i—/@(x,t,u)VTk(u—v)dxdt.
Q Q

Consequently, via all steps, the proof of Theorem 5.1 is completed. ([
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