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Abstract. We give a necessary and a sufficient condition for a subset S of a locally convex
Waelbroeck algebra A to have a non-void left joint spectrum o;(S). In particular, for a Lie
subalgebra L C A we have o;(L) # 0 if and only if [L, L] generates in A a proper left ideal.

We also obtain a version of the spectral mapping formula for a modified left joint spec-
trum. Analogous theorems for the right joint spectrum and the Harte spectrum are also
valid.
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1. INTRODUCTION

Let A be a complex associative algebra with unit e. The left (right) joint spectrum
of a k-tuple @ = (a1,...,ax) of elements of A is defined as the set of k-tuples of
complex numbers A = (\1,..., \;) such that the left (right) ideal generated by the
elements a1 — Aie,...,ar — Ape is nontrivial.

It is known that in the case of a Banach algebra and even of a Waelbroeck algebra A
the joint spectrum of an arbitrary commutative k-tuple @ = (a1, ..., ax) of elements
of A is nonempty. Moreover, if P: C*¥ — C™ is a polynomial mapping, then the
spectral mapping formula

(1) oi(P(ay,...,a;)) = Ploi(a1,...,ax))

is valid as well as an analogous formula for the right joint spectrum, see [1], [7], [6].
The notion of the joint spectrum can be extended to infinite subsets of A. For
a given subset S C A denote by I;(S) (or I.(S)) the left (right) ideal generated by
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the elements of the set S. Define the left (right) joint spectrum of the set S as the
space of all functions o: S — C such that the left ideal I;({a — o(a)e: a € S}) (or
I,({a—o(a)e: a € S})) generated by elements of the form a—o(a)e, a € S is proper.

The condition of the commutativity of elements of S is not necessary for o;(S) to
be nonempty (see e.g. [2], [3], [5]).

The principal aim of this paper is to determine a necessary and a sufficient con-
dition assuring o;(S) # (. It appears that the Lie algebra structure of A is very
relevant in this study.

Let [S, S] denote the commutator of a set S C A:

[S, 5] ={[a,b] = ab—ba: a,be S}.

By B(S) we denote the unital subalgebra of A generated by the set S.

If the left joint spectrum of S is nonempty and o € 0y(.S), the (proper) left ideal
I;({s—o(s)e: s € S}) contains the set [S, S] as well as the set [S, S]B(S) = {cb: c €
[S,S], b € B(S)}. Consequently, I;([S, S]B(S)) is a proper ideal.

We prove that for locally convex Waelbroeck algebras (in particular for Banach
algebras) the latter condition is sufficient for o;(S) to be nonempty.

The condition simplifies if the set S is a subalgebra of A or a Lie subalgebra of
(A, [-,-]). It takes then the form I;([S, S]) # A.

If A is finitely generated and S = A, we obtain exactly the statements proved
in [3].

In Section 4 we obtain a formula analogous to the spectral mapping formula (1),
but the spectrum used in this case is a modified left spectrum calculated modulo the

ideal I;([S, S]B(S)).

2. THE COMMUTATOR THEOREM
The necessary condition for o;(S) to be nonempty is purely algebraic.

Proposition 2.1. Let A be a complex, associative, unital algebra. Let S C A.
For arbitrary function o: S — C the ideal J = I;({a—o(a)e: a € S}) contains [S, S]
and satisfies Js C J for every s € S.

Proof. Foralla,be S
[a,b] = [a — o(a)e,b — o(b)e] € J.
For every a, s € S we have
(a - ala)e)s = (a — o(a)e) (s — a(s)e) + o(s)(a — a(a)e) €
which proves Js C S for every s € S. O
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Corollary 2.2. Let S C A. If 6;(S) # 0 then the set [S,S]B(S) is contained in
a proper left ideal in A.

Proof. If o € 0y(S), then J = [;({a—o(a)e: a € S})is a proper ideal containing
[S,S]. It is right S-invariant, hence [S, S]|B(S) C J. The statement follows. O

The sufficient condition for o;(S) # () will be proved under an additional topolog-
ical assumption.

Recall that a topological algebra A is called Waelbroeck algebra if the set G(.A)
of elements invertible in A is open and the inversion G(A) > a — a™! € G(A) is
continuous.

Many important properties of Banach algebras are valid for locally convex Wael-
broeck algebras. Let A be a locally convex Waelbroeck algebra. All maximal ideals
in A are closed. The spectrum of a single element a € A is non-void and the joint
spectrum of a k-tuple is compact.

If a subalgebra A; C A is closed under the inverse, then A; is a Waelbroeck alge-
bra. For a closed two-sided ideal J C A, the quotient algebra A/J is a Waelbroeck
algebra as well.

Theorem 2.3. Let A be a locally convex Waelbroeck algebra and let S C A. Then
for every proper left ideal I C A which contains [S, S| and satisfies IS C I there exists
in A a maximal ideal M and o € 0(S) such that I + I;({a — o(a)e: a € S} C M).

Proof. Let J be the family of all proper left ideals J in A such that I C J and
Ju C J for all u € S. The set J is ordered by inclusion. By Kuratowski-Zorn lemma
there is a maximal element M in J.

Define the action of the product A x S on the space X = A/M = m(A) by the
formula

Ta,5)|7] = Lo Rs[z] = [axs]

forae A, seSand [z]=z+ M,z € A

We claim that the only subspaces in X invariant under all operators T{, ) are 0
and X. Effectively, if V C X is an invariant vector space and J = 7~ 1(V), then J is
a left ideal in A which contains M. Moreover, it satisfies Ju C J by the invariance
of V under the operators R, s € S. By the maximality of M we obtain J = M or
J=A

By the Schur lemma argument, the commutant D of the family of operators T =
{T(a,5): (a,s) € Ax S} is a division algebra.

The commutant D can be described in terms of elements of the algebra A. Let

E={ac A: MaC M and as —sa € M, s € S}.

443



The space E is a subalgebra in A4, it contains the unit and the ideal M, which
forms in F a two-sided ideal. For every a € E the operator R,[z] = [xa] defines an
element of D. We claim that all elements of D are of this form. Let R € D. Then
R[z] = RL;le] = LyRle]. If Rle] = [a], then R[z] = [xa] = Rq[z].

The mapping £ > a — R, € D is onto. Its kernel is just the ideal M hence
D = A/M. All elements of the commutant D are continuous operators on X as
projections on X of operators of multiplication in A.

Note that the subalgebra F is closed in A and it is closed with respect to the
operations of inverse in \A. Namely, if a € A has an inverse a=' € A, then the
space M’ = M + Ma~! is a left ideal in A which contains M. It is proper, because
M'a=Ma+ M C M.

If b € S, then ba = ab+ m, where m € I;([5, S]) C M. We obtain

M'b=(M+ Ma )b M+ Ma ‘baa™" = M + Ma"*(ab+ m)a™*
=M+ Mb+ Ma‘mat c M+ Mat =M.

The ideal M’ is of the class J, hence by the maximality of M it follows that M’ = M
and Ma~! € M. It holds a=*b — ba=! = a~!(ba — ab)a™! = a~'ma~! € M, hence
effectively a=! € E.

As an inverse-closed subalgebra of a locally convex Waelbroeck algebra, E is of
the same class, as well as the algebra D = E/M.

By the Gelfand-Mazur theorem for locally convex Waelbroeck algebras it follows
that D = C. The condition [S,S] C I;([S,S]) C M implies that S C E. For every
s € S there is 0(s) € C such that Rs[z] = o(s)[z] for every [x] € X. In particular
s—o(s)e e M.

The action of the operators L,R,, a € A, x € S on X = A/M is irreducible.
However, the operators R, are scalars, hence the representation L of A4 on X is
irreducible. It means that M is a maximal ideal in A (not only as an element of the
family 7). The statement follows. (]

By Proposition 2.1 and Theorem 2.3 we obtain the following.

Theorem 2.4. Let A be a locally convex Waelbroeck algebra and let S C A.
Then o,(S) # 0 if and only if I;([S, S]B(S)) # A.

If S is finite and satisfies [S,S] = 0, we obtain the theorems mentioned in Intro-
duction about the joint spectrum for k-tuples of commuting elements.

Note that the condition I;([S,S]B(S)) # A is satisfied if [S, S]B(S) consists of
topological zero divisors or the operators of multiplication by a € [S, S] are compact.
The theory of Toeplitz operators provides examples of the latter situation.
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3. JOINT SPECTRUM IN SUBALGEBRAS

The condition I;([S,S]B(S)) # A simplifies substatially if we suppose that
(S, 5] CS.

Proposition 3.1. Let A be a complex associative algebra and let S C A satisfy
[S,S] C S. Then the ideal I;([S,S]) coincides with I;([S, S]B(S)).

Proof. It suffices to prove that I;([S,S])s C I;([S,S]) for every s € S. Let
u,v,s € S. Then
[U,U]S - S[uvv] + [[uav]vs] € Il([Sv S])

The statement follows. ([

The condition [S, S] C S means that the linear span L(S) of S is a Lie subalgebra
of A.

Corollary 3.2. Let A be a locally convex Waelbroeck algebra. If L is a Lie
subalgebra of A, then o;(L) # ( if and only if I;([L, L]) # A.

Obviously, the result is valid in the particular case L = A.

Note that in this case I;([A, A]) = I,.([A, A]) by Proposition 3.1 and that this ideal
coincides with the two-sided ideal generated by [S,S] in A. It was observed in [3] in
the case of Banach finitely generated algebra A.

For an algebra B denote by B the space of multiplicative functionals on B. The
commutator [B, B] generates in B a two-sided ideal contained in the kernel of every
multiplicative functional on B. Let B be a subalgebra in A. If ¢ € B and the kernel
of ¢ generates in A a proper left ideal, then ¢ € 0;(.A). The following result, which
is strictly algebraic, shows that under the condition I;([B, B]) # A all elements of
01(A) are of this form.

Proposition 3.3. Let A be an associative unital algebra and let B be a subalgebra
of A which contains the unit. Then o;(B) C B.

Proof. Let o € 0;(B). We must show that o is a linear multiplicative function.
By definition of the spectrum, the ideal J = I;({a — o(a)e: a € B}) is proper. Since
a—o(a)e € JN B for all a € B, it follows that J N B is at most of codimension 1
in B. Since [B, B] C B, the ideal J satisfies JB C J, hence JN B is a two-sided ideal
in B. There is a unique multiplicative functional ¢ on B such that J N B = ker ¢,
so that for all @ € B it holds a — ¢(a)e € J. It proves that o = ¢. O

Corollary 3.4. There is a bijection between the space o;(B) and the set EA of
the multiplicative functionals on B such that ker ¢ generates a proper left ideal in A.

445



Now, suppose that B = B(S) for some S C A.

Obviously, if o € 0;(B(S)), then the restriction of o to S belongs to ¢;(.S). In this
sense 0;(B(S)) C 0;(S). Under the assumption [S, S] C S we can prove that every
element of 0;(S) has a unique extension which is an element of o;(B(S5)).

Lemma 3.5. Let S C A satisfy [S,S] C S. Denote by I the two-sided ideal
generated in B(S) by [S,S]. Let (s1,...,sn) be an n-tuple of elements of S. If 7 is
a permutation of n elements, then

$182...8n = Sz(1) - - - Sn(m) el.

If P, Q are polynomials of k and m variables, respectively, then for arbitrary
5=(s1,...,8k) and t = (t1,...,t,,) of elements of S it holds that

(2) P(5)Q(t) — Q(H)P(s) € 1.

Proof. The group of permutations of n elements is generated by the elemental
transpositions, hence it is sufficient to prove the statement for a transposition. We
have

51---Sksk-l—l---sn_51---5k+15k---5n:51---Sk—l[sk;5k+1]5k+2---5n el.

Formula (2) is valid because every term of the product P(5)Q(f) is a permutation
of a coresponding term of Q(¢)P(5). The proof is complete. O

One of the consequences of Lemma 3.5 is that for an arbitrary k-tuple 5 =
(81,...,8k) of elements of S and for every polynomial P of k variables the value
P(5) = P(s1,...,8;) is uniquely defined as an element in the quotient algebra

B(S)/I.

Theorem 3.6. Let A be a locally convex Waelbroeck algebra and let S C A

satisty [S,S] C S. If o € 0y(S), then there exists ¢ € B(S) such that for every b € S
it holds that o(b) = p(b).

Proof. We know by Proposition 3.1 that I;([S, S])B(S) = I;([S, S]). The ideal
I;([S, S]) contains [S,S] and is two-sided B(S)-invariant, hence I;(I) = I;([S,S]).
Equation (2) implies that [B(S), B(S)] C I.

We obtain I;([B(S), B(S)]) € Ii(I) = I;([S, S]), which proves the equality of these
ideals. If o € 0y(S), then I;({(b — o(b)e): b € S}) is a proper ideal containing
I,([B(S), B(S)]). This ideal is right B(S)-invariant.

By Theorem 2.3 applied to the algebra B(S) in place of S and by Corollary 3.4
there exists ¢ € B/(\S) such that o = ¢|S. O
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In the case of a finite set S and for A = B(S) this result was proved in [3].

4. THE SPECTRAL MAPPING THEOREM

As observed in the previous section, for a polynomial P of k variables and for
ai,...ap € S the value P(ay,...,ay) is defined as an element of B(S)/I where [ is
the two-sided ideal in B(S) generated by the set [S,S].

In order to obtain an analogue of the spectral mapping theorem for elements of
B(S) we apply the concept of a joint spectrum associated to a left ideal J C A. This
notion was introduced and studied in [4].

Let C C A. Let

o (C)={A e CY: L,({c— \c)e}eeo + J) # A}

Obviously, o/ (C) C 0y(C) for arbitrary C C A. By Theorem 2.3 the spectrum
0 (C) is nonempty if [C,C] C J and JC C J.

We are interested in the case of J = I;(I), where I denotes as before the two-sided
ideal generated in B(S) by the set [S,.5]. In this case and for C' C B(S) we denote

o7 (C) == o (C).

Under the condition [S, S] C S it holds that o} (S) = 0;(S) by Proposition 2.1.
Note that o7 (C + I) = o7 (C), hence o7 can be defined for subsets C in the
quotient algebra B(S)/I.
In particular, UZS(P(al, ..., a))) makes sense for every polynomial mapping P =

(p17 SRR 7p/€)'

Theorem 4.1. Let A be a locally convex Waelbroeck algebra. Let Z C A satisfy
(Z,Z) c Z, I([Z,Z]) # A. Then oZ(P(a1,...,ax)) = P(c#(a1,...,ax)) for every
polynomial mapping of k variables P = (py,...,px) and a = (ay,...,ax) € Z*.

Proof. For an arbitrary polynomial p; of k variables the remainder formula

states: N
Py, wk) =i, Ak) = D g (@ — N,
i=1
where g5, 4,7 =1, ...,k are polynomials of & variables.

Let A € 07 (a1,...,a;). Denote \; = A(a;). Then there exists h; € I such that

k
pj(d) —pj()\l, ey /\k) = Zqij(&)(ai — )\1) + hj.
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The left ideal generated by the elements on the right-hand side of the equations is
proper by definition, hence the statement

P(alz(al, ..ag)) C UlZ(P(al, coag))

is proved.
Now suppose that i = (y1,...,ux) € o (p1(a),...,pr(@)). This means that

J=1L({p;(a) — peh<j<r +1) # A

This ideal satisfies the assumptions of Theorem 2.3 for S = B(Z).

There is 0 € 0y(B(Z)) such that J + I;({p — o(p)e},ep(z)) is proper. Moreover,
by Theorem 3.4 the function ¢ is a multiplicative functional on B(Z), hence 7; :=
o(p; (@) = py(oar), .., o(ar)):

There exists a proper ideal J; in A such that for arbitrary g1, ..., gk, h1,...,hx € A
it holds that

k k
> 9;(p;(@) = pje) + > hy(p;(@) —mje) + 1 C Jh.
j=1 j=1
In particular for arbitrary ¢g; and h; = —g; we have

k
> 9iluy —m) +1C .
j=1

If p; — m; # 0 for some j, we obtain a contradiction A = J;. This proves p; = m; =
pj(o(ar),...,o(ax)) for i =1,..., k. The proof is complete. O

References

[1] R.E. Harte: Spectral mapping theorem. Proc. R. Ir. Acad., Sect. A 72 (1972), 89-107. MR
[2] J.Janas: Note on the joint spectrum of the Wiener-Hopf operators. Proc. Am. Math.

Soc. 50 (1975), 303-308. MR]

[3] V. Miiller, A.Sottysiak: Spectrum of generators of a noncommutative Banach algebra.

Studia Math. 93 (1989), 87-95. MR

[4] J.R. Nunez A Joint Spectrum Associated to an Ideal. Tesis de Maestria, Universidad
Auténoma Metropolitana, Ciudad de México, 2017.
[5] A.J. Pryde, A.Sottysiak: On joint spectra of non-commuting normal operators. Bull.

Aust. Math. Soc. 48 (1993), 163-170. MR

[6] A. Wawrzyriczyk: Joint spectra in Waelbroeck algebras. Bol. Soc. Mat. Mex., III. Ser.
13 (2007), 321-343. MR]
[7] A. Wawrzyriczyk: Schur lemma and the spectral mapping formula. Bull. Pol. Acad. Sci.,

Math. 55 (2007), 63-69. MR]

Author’s address: Antoni Wawrzyriczyk, Departamento de Mateméticas, Universidad
Auténoma Metropolitana-Iztapalapa, AP 55-534, 09340 México, Ciudad de México, México,
e-mail:awaw@xanum.uam.mx.

448


https://zbmath.org/?q=an:0206.13301
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0326394
https://zbmath.org/?q=an:0337.47017
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0374977
http://dx.doi.org/10.2307/2040557
https://zbmath.org/?q=an:0704.46027
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0989569
http://dx.doi.org/10.4064/sm-93-1-87-95
https://zbmath.org/?q=an:0810.47003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1227446
http://dx.doi.org/10.1017/S0004972700015562
https://zbmath.org/?q=an:1178.46047
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2472509
https://zbmath.org/?q=an:1118.46045
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2304300
http://dx.doi.org/10.4064/ba55-1-7

		webmaster@dml.cz
	2020-07-01T19:49:53+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




