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METRICALLY REGULAR SQUARE OF METRICALLY
REGULAR BIPARTITE GRAPHS OF DIAMETER D =7

VLADIMIR VETCHY

ABSTRACT. The present paper deals with the spectra of powers of metrically
regular graphs. We prove that there is only two tables of the parameters of
an association scheme so that the corresponding metrically regular bipartite
graph of diameter D = 7 (8 distinct eigenvalues of the adjacency matrix) has
the metrically regular square. The results deal with the graphs of the diameter
D < 7 see [§], [9] and [10].

1. INTRODUCTION AND NOTATION

The theory of metrically regular graphs originates from the theory of association
schemes first introduced by R.C. Bose and Shimamoto [I]. All graphs will be
undirected, without loops and multiple edges.

Definition 1. Let X be a finite set, card X > 2. For an arbitrary natural number
D let R={Ry,R1,...,Rp} be a system of binary relations on X. A pair (X, R)
will be called an association scheme with D classes if and only if it satisfies the
axioms Al - A4:
A1l. The system R is a partition of the set X? and Ry is the diagonal relation,
Ry = {(z,z); x € X}.
A2. For each i € {0,1,...,D}, it holds R; * € R.
A3. For each i,j,k € {0,1,...,D} it holds (x,y) € Rx A (x1,41) € Ry
then p;;(z,y) = pij(x1,y1), where p;;(z,y) = |[{z; (x,2) € RiA(2,y) € R;}.
Then define pfj = pi;(x,y), where (z,y) € Ry.
Ad4. For each i, j, k € {0,1,..., D} it holds pfj = pfl

The set X will be called the carrier of the association scheme (X, R). Especially,
k= i, p?j = v;6;5, where §;; is the Kronecker-Symbol and v; := pY;, and define
Pj = (pf;), 0<i,j,k < D.

Given a graph G = (X, E) of diameter D we may define Ry, = {(x,y);d(z,y) =
k}, where d(z,y) is the distance from the vertex z to the vertex y in the standard
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graph metric. If (X, R), R = {Ro, R1,...,Rp}, gives rise to an association scheme,
the graph is called metrically regular and the pfj are said to be its parameters or
its structural constants. Especially, metrically regular graphs with the diameter
D = 2 are called strongly regular.

Let G = (X,Y) be an undirected graph without loops and multiple edges. The
second power (or square of G) is the graph G? = (X, E') with the same vertex set
X and in which mutually different vertices are adjacent if and only if there is at
least one path of length 1 or 2 in G between them.

The characteristic polynomial of the adjacency matrix A of a graph G is called
the characteristic polynomial of G and the eigenvalues and the spectrum of A are
called the eigenvalues and the spectrum of G. The greatest eigenvalue p of G is
called the index of G.

Define (0,1)-matrices Ay,...,Ap by Ao = I and (4;);r = 1 if and only if the
distance from the vertex j to the vertex k in G is d (4, k) = 4. Using these notations
it follows:

Theorem 1 ([4]). For a metrically reqular graph G with diameter D and for any
real numbers r1,...,rp the distinct eigenvalues of Zil riA; and Zil r; P; are
the same. In particular the distinct eigenvalues of a metrically reqular graph are
the same as those of Py.

Theorem 2 ([7]). A metrically reqular graph with diameter D has D + 1 distinct
etgenvalues.

Theorem 3 ([6]). The number of components of a reqular graph G is equal to the
multiplicity of its index.

Theorem 4 ([5]). A graph containing at least one edge is bipartite if and only
if its spectrum, considered as a set of points on the real axis, is symmetric with
respect to the zero point.

Theorem 5 ([3]). A strongly connected digraph G with the greatest eigenvalue r
has no odd cycles if and only if —r is also an eigenvalue of G.

Theorem 6 ([8]). For every k € N, k > 2 there is one and only one metrically
reqular bipartite graph G = (X, E) with diameter D = 3, n = | X| = 2k + 2, so that
G? is a strongly reqular graph.

Theorem 7 ([8]). There is only one table of the parameters of an association
scheme so that the corresponding metrically reqular bipartite graph with 5 distinct
etgenvalues has the strongly reqular square. The realization of this table is the
4-dimensional unit cube.

Theorem 8 ([9]). There are only four tables of the parameters of association
schemes for k € {1,2,4,10} so that the corresponding metrically regular bipartite
graphs with 6 distinct eigenvalues have the metrically reqular square.

Theorem 9 ([I0]). There is only one table of the parameters of an association
scheme with 6 classes so that the corresponding metrically reqular bipartite graph of
diameter D = 6 (7 distinct eigenvalues of the adjacency matriz) has the metrically
reqular square. The realization of this table is the 6-dimensional unit cube.
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Further, we use some of the known relations from the theory of associations
schemes (see eg. [3]).

(1.1) v = prj
J

(1.2) Uip;k = ’Ujpfk

2. MAIN RESULT

Let A1 > Ao > A3 > Ay > A5 > Ag > A7 > Ag are the eigenvalues of MRG G
with respective multiplicities my, ma, ms, mg, ms, mg, m7, mg. As G is a bipartite
graph we obtain from Theorem [

(2.1) A1 = =g, m; =mg =1,
Ao = — A7, mg = mry,
A3 = — g, mg =1my,
A= —As, my = ms .

and it holds for the structural constants of G:

(2.2) p;; =0 for i,jke{0,1,....7},
i+j+k=0(mod?2) andalsofor i+j<k and |i—j|>k.

According to Theorem (1} \; (i =1,2,...,8) is the solution of the equation |AI —
Pi| =0 and we get
A® = XSy + plopty + plsply + PLapls + Pispia + PiePSs + PPl

+ At [pbp?l (P14pls + Pispls + PY6PSs + Pi7ple)

+ pispTa(Pispts + Piepls + Pirpie) + +p1apis(Plepts + Pirpis)

+ PisPiapizpis + M (Dispis + Plapis + Pispls + Pl6pTs + Pipic)]

= A {pT107apis (P6pts + pi7pie) + (Piapih + Pispia)Pispiapizple

+ A1 [plspla (Pispls + piepts + pi7pie)

+ pLapis (036055 + P37pie)] + Pispiantipie §

(2.3) + MpispiapisplapS pis =0
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The condition for G to have the square G? metrically regular gives the following
relations for the structural constants 2pfj of G2

(2:4) ph= 2, = ph+ph
(2.5) *pla = D33 = pla+0h
(2.6) a2 = 254 = Pyt P
(2.7) ‘i = Dis = P35+ D
(2.8) ‘Pz = 25 = Pis TP
(2.9) pu= Py = P
(2.10) 21)4114 = P%? = p$7 =0
(2.11) 210%1 = 2}7?2 = p32
(2.12) *plo=pla+ 15 = Pls+p
(2.13) ‘ls= P = pis TP
(2.14) “Paa= 25 = Pyt P
(2.15) *p3s =Dl +Dis = D35+ Pis
(2.16) 21)34 = Pi? = p§7
(2.17) = 20 = pis+ e
(2.18) 21)34 = Pg7 = p§7
(2.19) = ph = pp=0
(2.20) “pla =ply + 035 = PS4
(2.21) *pls =pls + 13 = Dis + D
(2.22) 21’%4 = pg7 = pi’}
(2:23) W= W = P tPL
(2.24) ps = P36 +1is = PS5 + Dl
(2:25) W= P = Py
(2.26) “pis= 23 = PS5 +DGs
(2:27) = e = Par
(2.28) M= = P =0
(2:29) *pls = pls + P35

(2.30) 2191114 = P;7

(2.31) 21’%2 = 2p§4

(2.32) *phs = Pis + Pis

(2.33) P = i

(2.34) *pis = 2pis

(2.35) 2P§4 = Pg7

(2.36) 2?34 = p;7 = 0
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If A denotes the adjacency matrix of G and Aj is the adjacency matrix of G? it is
casy to see

1 2 —pl A
A2:7A2+p11 2p11A7T1[‘
P11 11 V2551

The eigenvalues of G2 are in regard of (2.2)) in the form

_ >‘7,2 —|—p%1)\i — )\1

2.37 i
( ) ' P%1

. ie{1,2,...,8}.

As G? is a metrically regular graph with diameter 4 it must have just 5 distinct
numbers as its eigenvalues with regard of Theorem @ So it must hold p; = p; =

Pk = pi o pi; = pj = g and fy = pm Or p; = pj, g = p and pm = fip
(for distinct numbers 4, §, k,[,m, n; i,5,k,1,m,n # 1 because G2 is connected and
therefore its index p; has the multiplicity 1).

A p =y = =
According to (2.37)) we obtain

NHAXN =N+ =N+ N =N+ =N =N+ N = —ph

and we get the contradiction with A\; Z X\; Z A #N # A\ .

B. pi = pj = pes = fm-
According to (2.37)) we obtain

Ni+XA =X+ A=A+ A=—pli, NA+An=—pl.

and we get the contradiction with A; # Aj # A # As.

C. pi = pjs pe = pi; fan = n-
As Ao > A3 > Ay >0, p%l >0, Ay > |)\t‘, t e {3,4,5,6,7},
Az > |Asl, s € {4,5,6} and Ag = |A5| we get:

pe=p; = Mt N=-p, = je{8},

M3 = [k == A3+ A\ = —py = ke{7,8},

fa = fin = Mt+A=ph = necl6,7,8},
ps=ps = A+A=-pi, = se{6,7,8},

e = fit = A+ N =-Dh —  te {4,578},

U7 = fh = A= =  w€{3,45,6,8},
18 = [y - s+ Ay = =3 = ve{2,3,4,5,6,7} ,
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and we obtain
Ao = A1 — P%l )
A3 = A2 =Pty = A1 — 27y,
A=Az —ph = A1 —3piy
(2.38) As = =X = —\1 + 3pi;
Ao = —Ai = piy =~ + 2y
A7 ==Xz —ph = =M +p7p
(2.39) Ag = —A1.

From ([2.10), (2.19), (2.28) and (2.36) it follows
p;7 = pZ7 :1%7 = p;7 =0
and we get from (L.1) (i=7; k=7)

7
(2.40) vr=> pl;=1.
j=0

As diameter of G D = 7 we have

o= 1, forj+k=7,4ke{0,1,...,7},
PT00, for j4+k#£7,4,ked{0,1,...,7}

and with respect of (1.2) for (i =1, j=6, k=7), (=2, j =5, k=7) and
(=3, j =4, k=7) we obtain

(2.41)

(2.42) vo=vr=1; AN =v]=wvg; VUy=Uv5; U3=04.
From (i=1; k=1,2,7) it follows

(2.43) pia=M—1, ply=M—-pl, pig=A.
With regard of (i=6, k=1) and it follows
(2.44) pig=A1— 1

and from we get

(2.45) v1pEs = VePSs, S0 pis = A — 1.
With respect to (i=2,6; k=17), , it follows
(2.46) p;5 = V2, pgﬁ =0.

Relations and ([2.42)) (vs = vy) gives

(2.47) Pl =Dz,

(2.48) pi4 = p§4 :

(2.49) AAZAZAT = Miplaplapispiapispie
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(i=4,j =5, k=1) and with respect to \y = A\; — 3p?;, > 0 we obtain
(2.50) A > 3p?,
N2 (P22 p4 V4 4\ 6,7 — A2)2)2)2
1P13 1131713 P15 v5p15 P17P16 = MA2A3N

2
A (A= p11)? (pls)” = AT (A — 1) (A1 — 2p11)% (A1 — 3pT,)?

(2.51) 50 P4115 = (A = 2p%1) (M = 3pTy) -
With regard of D = 7 we get pj; > 0 so from (I.1) (i = 1,k = 4) we obtain
(2.52) 1<pls <\ —1,

AT = (5p7, + 1A + (6p7,p7, +1) 0.

5p? 1 2 5)2 — 28
32, < A < pi; +1++/(pi; +5)

(2.53) Me {3ph + 1, 3p%, + 2}
A. A1:v1=3p%1 + 2

From (2.51)) we get pis = 2(p?; +2) and from (T.1)) (i = 1,k = 1) we obtain
plo =X —1=3p? +1. As 1 < pj; < A\ — 1 we get
(2.54) pi =3
From (1.2) (i = 1,5 =1,k = 2) we obtain
3p3 +2)(3p} + 1 2
vy = (3p11 )2( P11 ) =9p%1 +9+ 5
P11 P11

so p?, € {1, 2} and we get the contradiction with (2.54).

3 (Iﬁl + 1)

B. A1:’U1:3p%1 + 1
From (2.51)), (I.1) i =1,k =1;i =1,k =4) and (2.42)) v3 = v4 we obtain

(2.55) pis =pii +1
(2.56) pra =AM —1=3p},
(2.57) Pis= 20T = Pia
From (1.2) (i=1,5 =1,k =2), (2.55) and (2.42)) it follows
(2.58) vy =3 (3p +1) =05
From (L.1) (i =2,k =1), (2.44) and (1.1)) (¢ =5,k = 1) we obtain
(2.59) P33 = 3(2pi, +1)
(2.60) Pss = 3Pt

(2.61) phy =320, + 1)
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@26), @42), @58) and (T2) (i =5,/ = 6,k = 5) give
2p36 = (PS5 + pe) ,
976,68

—pis = (PS5 + pe) ,
Us

PS5+ 3pgs =0

and we obtain
(2.62) P35 = Poo
" (Z =1,7=4, k= 5)v " and " give

(3p2, +1)3(2p%, + 1) 9 6
2.63 vy = =18p?, — 34+ ———.
(2.63) 4 p3 +1 P11 p? +1

So, we get the spectrum of G in the form

+£(3pT, +1); £(2ph +1); £ +1); £l
(2.64) Sp(G) _ { (3p11 ) (2p14 ) (P11 ) .
1 ma ms3 my

From ([2.58), (2.63) and (2.64) we obtain for the number of the considered graph
(51, +2)(3p%, +2)

n=4 P%1 1 .
For the eigenvalues A1, Ao, . .., Ag and their corresponding multiplicities mq, mao, ..., mg
of the considered graphs it holds
mp =1, since the graph is connected,
8 7
Zmi = Zvj = n, the number of vertices,
i=1 j=0
8
Zmi)‘i =0, since the graph has no loops,
i=1
8
Zmi)\? =N, since the graph is regular,
i=1

8
Zmi)\f =n\ipiy, the number of the chains of the length 3,
=1

8
Zmi)\? =nM[2A — 1+ p1(p1 — 1) + p1a(pl; — 1)),
i=1

the number of the chains of the length 4.
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So, with respect to (2.1), (2.2)) and (2.61]) we obtain

mp =1
(5p11 +2)(3pT +2)
ph+1
2my (3p3, 4+ 1)% 4+ 2ma(2p3, 4+ 1)% + 2ms(p?, + 1) + 2my
(5p%; +2)(3pi; + 2)(3p3, + 1)
P +1

2my (3p2, 4+ 1) + 2ma(2p%, + 1) + 2ms(p?, + 1)* + 2my
(5p11 +2)(3pty +2)(3pT +1)

2m1 +2m2 —|—2m3 +2m4 =4

9

=4

235

=4 2+ 1 [3(p31)* + 3p1; +1] -
11
These equations imply
(265) mi = 1’
3(3p3, +1
(2.66) o — SGPL L)
(2.67) s — 3(5p1: +2)(3pf + 1)
(P11 +2)(p7 +1)
(2.68) my = (5011 +2)(3pi; +1)(2p1, + 1)

(p% + 2)(17%1 +1)

As mg, mg, my € N it must hold

(2.69) ph € {1,2} .

The relations (1.1}, (1.2), (2.1) — (2.69)) give the following tables of the association
schemes:

Lpf =1

plo=1  plo=1  pi=1  pio=1  ply=1  pi =1

P%z =3 P%l =1 P?z =2 P‘113 =2 P§4 =3 P?s =3
P%s =9 p%:s =3 pi =2 pzlls =2 p?ﬁ =1 p?7 =1
P§4 =9 P§2 =5 Pgs =6 P§2 =4 Pgs =6 Pg4 =9
le15 =9 p§4 =6 P§5 =4 p34 =6 pg5 =5 pg(s =3
Pée‘ =3 P%g =9 P§4 =9 P§6 =2 Pg7 =1 Pgs =9
Pels7 =1 pgs =6 P§6 =2 p§3 =9 P§4 =9 pgs =9
AL =4 Py =9 pis =6 P35 =6 Pis =3 Py =9

P;O =1

PIG =4
Pg5 =12
pis =18
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my =1 Pis =3 Py =1 P37 =1 pis =6 As =—1
Ao =3 P25 =5 ple =2 Pis =9 Mg =1 ms =14
my =6 pi =1 A3 =2 Pl =2  ma=14 A = — 2

Pes =1 m3 =14 pas =4 me =14
2. p%l =
pro=1  ph=1  plh=1  php=1 ph=1  pg =l pro =1
p%Q =6 p%1 =2 p?Q =3 pz1¥3 =4 p?4 =5 p?s =6 pie =7
Pz =15 pis=5  ply=4  p;;=3  plg=2  pir =l pis =21
p§4 =20 p%z =10 pg3 =12 p%z =6 pg3 =10 pg4 =15 p§4 =35
pis =15 p3; =10 p3;=6  py =12 pd5 =10  p3g =6 Ar=-5
péﬁ =6 pg?, =20 p§4 =18 p36 =3 pg? =1 pgs =20 my =7
per =1 P35 =10 pig =4 P33 =18 p3 =20  pg5 =15 As =—1

M =7  pi =20 pi=12  pi =12  pis=5  p§, =20 mg =
my = Pis =5 pir =1 P37 =1 pis =10 As =—1
Ao=5  pi =10 pds=3  pi =18 N=1  m5;=35
me =7  pi, =1 A3 =3  pis =4 my =35  Ag=-—3
Pis =2  mz =21  pi5 =6 mg =21
So we have proved the following theorem:

Theorem 10. There are only two tables of the parameters of association schemes
for p3, € {1,2} so that the corresponding metrically regular bipartite graphs with 8
distinct eigenvalues (diameter D = 7) have the metrically regular square.

The realization of the case p3; = 1 is (7,3)-bipartite Kneser graph [2] with the
intersection array

{4,3,3,2,2,1,1;1,1,2,2,3,3,4} =
o 1 .2 3 .4 5 6.1 .2 .3 4 5 6 7
{PuaP217P31aP417P51apﬁlaP715P01aP11aP217P31aP417P51aP61}~

In the case p3; = 2 it is the 7-dimensional unit cube.

According to Theorems [7] and [0] we can see, that there is only one table of
parameters of an association scheme with 2k classes (k € {2,3}) so that the
corresponding metrically regular bipartite graph of diameter D € {4,6} has a
metrically regular square.

So, with respect to Theorems [7] - [I0] it would be reasonable to conjecture:
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Conjecture 11. There is only one table of parameters of an association scheme
with 2k classes (k > 2) so that the corresponding metrically reqular bipartite graph
of diameter D = 2k has a metrically reqular square. The realization of this table is
the 2k-dimensional unit cube.

il

[2

3

[4

5

6

=N

8

9

(10]
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