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Abstract. The generalized notion of weak amenability, namely (¢, ¢)-weak amenability,
where ¢, are continuous homomorphisms on a Banach algebra A, was introduced by
Bodaghi, Eshaghi Gordji and Medghalchi (2009). In this paper, the (¢, ¢)-weak amenability
on the measure algebra M(G), the group algebra Ll(G) and the Segal algebra SI(G),
where G is a locally compact group, are studied. As a typical example, the (¢, 1))-weak
amenability of a special semigroup algebra is shown as well.
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1. INTRODUCTION

Let A be a Banach algebra and X be a Banach A-bimodule. Let the products of
a € Aand z € X be denoted by a -z and = - a. A derivation D: A — X is a linear
map which satisfies D(ab) = a - D(b) + D(a) - b for all a,b € A. The derivation §
is said to be inner if there exists x € X such that d(a) = d(a) = a-z—x-a
for all a € A. The linear space of bounded derivations from A into X is denoted
by Z'(A, X) and the linear subspace of inner derivations is denoted by N!(A, X).
We consider the quotient space H'(A, X) = Z'(A, X)/N'(A, X), called the first
Hochschild cohomology group of A with coefficients in X. A Banach algebra A is
amenable if every continuous derivation from 4 into every dual Banach .A-module
is inner, equivalently if H(A, X*) = {0} for every Banach A-module X. This
definition was introduced by Johnson in [12]. One of the important resuls that
Johnson obtained was that the group algebra L!(G) is amenable if and only if the
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locally compact group G is amenable. Also, a Banach algebra A is called weakly
amenable if H'(A, A*) = {0}. Weak amenability of the group algebra L'(G) was
proved by Johnson in [13] for the first time. After that, Despi¢ and Ghahramani
in [8] gave a different and shorter proof for it; see also [1] and [10]. Dales and Pandey
studied the weak amenability of special case of Segal algebras in [7], and then the
weak amenability of Segal algebras and the Lebesgue-Fourier algebra of a locally
compact group were proved by Ghaharamani and Lau in [9]. For more details about
Segal algebras refer to [16].

Let X be an A-bimodule and let ¢, be continuous homomorphisms of A into
itself. A bounded linear mapping d: A — X is called a (¢, v)-derivation if

d(ab) = d(a) - ¢(b) + ¢¥(a) - d(b), a,be A.

A bounded linear mapping d: A — X is called a (p,)-inner derivation if there
exists x € X such that

dla) =z -p(a) —Y(a) -z, a€A

Let A be Banach algebra and let ¢ and 1 be as in the above. We consider the
following module actions on A:

a-x:=p(a)r, z-a:=z¢(a), a,z€ A

We denote the above A-bimodule by A, ;). Then Ais called (¢, )-weakly amenable
if H'(A, (A(p,))*) = {0}. These concepts are introduced and investigated in [4]
and [15] (for the generalization of n-weak amenability refer to [5]). It is also proved
in [4], Example 4.2 that for any locally compact group algebra G, L'(G) is (¢,0) and
(0,)-weakly amenable. For the module versions of these notions refer to [3] and [2].

Let A and B be Banach algebras. Similarly to [4], we denote by Hom(A, B)
the space of all bounded homomorphisms from A into B and denote Hom(A,.A)
by Hom(A). Suppose that A is a Banach algebra, X is a Banach A-module and
v, € Hom(A). A derivation D: A — X is called approximately (¢, )-inner if
there exists a net (z,) in X such that for all a € A, D(a) = lim(z,, - p(a) —¥(a)-x4)
in norm. A Banach algebra A is approximately (ap,w)—weaakly amenable if every
derivation D: A — (A(y,4))* is approximately (¢,)-inner.

In this work, we prove that if the group algebra L!(G) is a two-sided G-module,
then it is (¢, ¥)-amenable. We also show that (¢, 1))-weak amenability of the measure
algebra M (G) necessitates G being discrete and amenable locally compact group.
Finally, we investigate (approximate) (¢, )-weak amenability of Segal algebras.



2. RESULTS FOR GROUP ALGEBRAS

In this section, by providing some new results on (i, 1)-weak amenability of Ba-
nach algebras, we study the (¢, )-weak amenability of group algebra L!(G), where
¢,% € Hom(L*(G@)) and G is a locally compact group. From now on, the notation
(f,x) means the value of the mapping f at x.

Proposition 2.1. Let A and B be Banach algebras such that B is a Banach A-
bimodule and ¢, € Hom(A). Suppose that ®: A — B is an A-bimodule morphism
with dense range, and d: A — (B, y))* is a nonzero (y,v)-derivation. Then D :=
®* o d is a nonzero (p,V)-derivation.

Proof. For every z,y,z € A we have

(D(xy), z) =

Therefore D is a (¢, v)-derivation. If D = 0, then for every x,y € A we have
(D(z),y) = 0. Thus, (®* od(z),y) = (d(z), ®(y)) = 0. This means that d(A) = 0,
and so d = 0. ]

Theorem 2.2. Let A be a Banach algebra, B be a closed subalgebra of A, and T
be a closed ideal of A such that A=B®Z. If A is (p,1)-weakly amenable, where
©,% € Hom(A) and ¢(B),y(B) C B, then B is (p, ¢)-weakly amenable.

Proof. Let m: A — B be the natural projection from A onto B. For every
a,b € A there are z,y € B such that a =2+ I and b = y + I. Then 7(ab) = zy =
xm(b) = m(a)y. Suppose that d: B — (B(,y))* is an arbitrary (i, 1)-derivation.
From Proposition 2.1, D = 7* od: A — (A(y,y))" is a (o, 1))-derivation. Since A is
(,1))-weakly amenable, then there exists an element & € (A, y))* such that

D(x) =¢-p(x) —¢(x)-¢ zeA
Set 7 = £|g. Then

,m(y)) = (7" od(x),y) = (D(x),y)
= (& p(x) —Y(x) - &y) = & p(x)y) — <£,yw($)>



for all z,y € B (note that B is a closed subalgebra of A). Hence, d is a (p,)-inner
derivation. O

Let G be a non-discrete locally compact group. Then M (G) = M4(G) & M(G),
where Mqy(G) and M.(G) are discrete measures and continuous measures on G,
respectively (see Theorem 19.20 of [11]).

Corollary 2.3. Let M(G) be (¢, 1)-weakly amenable, where ¢, € Hom(M (G)).
If o(M4(G)) C Ma(G) and (M4(G)) C M4(G), then M4(G) is (p,)-weakly

amenable.

Remark 2.4. In [6], Theorem 1.2, Dales, Ghahramani and Helemskii showed
that M(G) is weakly amenable if and only if G is discrete if and only if there is
no nonzero continuous point derivation at a character of M(G). Similarly, suppose
that ¢ € Hom(M (G)) which is onto. If M(G) is (¢, p)-weakly amenable and 1 is a
nonzero character on M (G), then by Theorem 2.10 of [4], there are no nonzero point
derivations at 1 o ¢. This means that G is discrete and M (G) is weakly amenable.
Converse of this assertion is true when ¢ and 1 are identity homomorphisms. This
shows that the class of (¢, )-weakly amenable Banach algebras is wider than that
of weakly amenable Banach algebras.

Let X be a Banach space, a net (m,) C X* is said to converge weak™ to m € X*
if ma % m and lmeall = [Jm||. This notion was introduced by Lau and Loy in [14].
For a particular case, if u € M(G), suppose that v € L*°(G)* is a norm preserving
extension of y. Then there exists a net (f,) C L'(G) with || f,| < ||u|l, and £, EN)
Passing to a suitable subnet, we can write || f|| — ||x||, so we have f,—p in weak™.
Let A be a Banach algebra. We say that an operator ¢ satisfies the weak™ condition

if for every net (mq) C A* which converges weak™ to m € A*, m,, EN (m) holds.

Theorem 2.5. Let G be a locally compact group and X be a M (G)-bimodule
with the module actions ju-z = $(p)-x and - = -1 (1), where @, € Hom(L(G))
and @, 1; are extensions of ¢ and v, respectively. Then every (yp,)-derivation D:
LY(G) = X* extends to a unique ($,1)-derivation from M(G) into X*.

Proof. Let p € M(G). Take a net (f,) C L'(G) such that f, — u weak™.
Then the net (Df,) converges in w*-topology. Define Dy = w*-lim Df,. Thus, D
2t

is a bounded linear operator which extends D. For every z € X, g1, 92 € L*(G) and
€ M(G) we have

(21) (D(u),g1- - g2) = w*-lign<D(fv)791 T ga) = w*-li§n<D(fv) " 91,2 - g2)

= w*—li;/n(D(fy) ~o(gr),x - g2)



= w”‘—li;/n(D(f7 ~g1) —¥(fy) - D(g1), - g2)
= w-Im(D(f; - g1), 2 - g2) — w"-im{y(fy) - D(g1), = - ga)

(- g1), 2 g2) — ((n) - D(g1),x - go)
(1 g1)sx - g2) — (D(g1),x - go - (1))

—~

D
D

—~

Now, we show that D is a ({, J)—derivation. As above, assume that f, — p weak™.
By (2.1) we get

Sl

(77 : f“/)a g- (E>

(1), frg - =) + 1i£n<D(fv)7g ()

(n) - @(f3),g - @) +Im(D(f;).g - b))
= lim( b

n () - o(fy),9-2) + liglw(n) “D(fy),9 )

= (D) - @(w) + %) - D), g - o)

(D(np), g - x) = lim(

o

= lim
¥

]

= lim(
¥

Sl

for every n € M(G), g € L'(G) and z € X (note that ||fy xg — pu*xg| — 0 and

LY(G)- X = X). For the uniqueness of D, let D' be another (, ¢)-derivation which

extends D to M(G). Let f, and u be as above, then D’(u) = lim D(f,) = D(p). O
Bt

Let G be a locally compact group. A Banach space X is called a left Banach
G-module if the following statements hold:

(1) There is k > 0 such that ||g - || < k| z| for every g € G,z € X
(2) For x € X, the map G — X: g+ ¢ -z is continuous.

Similarly for the right Banach G-modules and two-sided Banach G-modules, where in
the latter case we require the map G x G — X: (g1,92) — g1 g2 to be continuous.
If X* is the dual of X, then X* is a two-sided G-module with the actions defined as
follows:

<f9ax>:<fa9x> and <9f,$>:<f,$9>

for every 0 € G, x € X and f € X*. Here we use the technique of the proof in [8]
to show that L'(G) is (¢,1))-weakly amenable. In fact, we generalize the result
of [4], Example 4.2 which asserts that for any locally compact group G, L*(G) is
(¢, 1)-weakly amenable in which either ¢ or v is zero homomorphism.

Theorem 2.6. Let L'(G) be a two-sided Banach G-module and let ¢, €
Hom(L(G)). Then L'(G) is (¢,v)-weak amenable.



Proof. Let D: LYG) — L*(G) be a (p,1)-derivation. By Theorem 2.5, it
suffices to show that the extension of D to M(G) is inner. For ¢t € G, by J; we mean
the point mass at ¢. Then

(2.2)  P(d-1) - D(b:)

W(0p-1) - D(O4g—1 % 0g)
(0=1)Y(615-1) - D(6z) + ¥ (d¢-1) - D(6ta) - p(62)
( ;c*l) : D((Sx) + w((sxfl) ’ ¢(5(m71)*1) ’ D((st:c) ’ 50(59c)

0
0

G
G
Ri

For every A € L*(G) let Re(\) denote the real part of A and let

S = {Re((d;-1) - D(6;)): t € G}.
Take ¢ = sup(S). Since L'(G) is two-sided G-module, then we obtain

(2.3) sup(¥(dg-1) - S - 9(0z)) = ¥(0g-1) - sup(S) - p(z) and
sup(A+ 5) = A +sup(S), ze€G, Ae L>(G).

Now, by (2.2) and (2.3) we have

§= ¢(5x71) ’ Re(D(éx)) + w(éxfl) ’ f : 50(59c)a
then
Re(D(éx)) = w(éx) §—¢&- 90(5:8)

for every z € G. Similarly, for imaginary part there exists an element { € L*(G)
such that

for every x € G. Therefore by taking ¢ = £ +i(, we find

D(6z) = 9(0z) - s — < ¢(dx)

for every x € G. Let € M(G), then there exists a net (u,) with each p, a linear
combination of point masses such that u, — p in strong topology. Note that point
masses are extreme points of M (G). On the other hand, we can take this net to be
the one from the proof of Theorem 2.5. Then

D(p) =v(n) s =< &(p)
for every u € M(G). This means that L'(G) is (p,1))-weak amenable. O
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Example 2.7. Suppose that S is a discrete infinite semigroup and sq is a fixed
element in S. Define an algebra product in I'(S) via st := s(so)t, s,t € [1(9).
This Banach algebra has been introduced by Yong Zang in [17]. For every ¢, €
Hom(1}(S)) we show that [1(S) is (¢, %)-weakly amenable. This Banach algebra has
a left identity e defined by

1 if s = s,
eo(s) = ,
0 if s # so.

The /*(S)-bimodule actions on the dual module /*(S)* =[°°(S) are in fact defined as
follows:

frs=s(so)f. s-f=f(s)e, se€l(S), fel®(S),

where e} is the element of [*°(S) satisfying ef(so) = 1 and s§(s) = 0 for s # sg. Let
p: 1°(S) — 1°°(S) be a nonzero homomorphism. Then

s(s0)e(t) = @(s(s0)t) = @(st) = p(s)p(t) = ¢(s)(s0)p(t)-
Hence, ¢(t)(¢(s)(s0) — s(s0)) for all s,¢ € I1(S). Since ¢ is nonzero,
(2.4) ©(s)(s0) = s(s0), s€l'(S).

Now, suppose that ¢, € Hom(I1(S)) and D: [*(S) — (°°(S) is a bounded (i, 9))-
derivation. For each s,t € [}(S) we have

s(s0)D(t) = D(s(s0)t) = D(st)
= D(s) - (1) +¢(s) - D(t) = ¢ (t)(s0) D(s) + ¥(s) - D(1).

Replacing ¢ by s in the last equalities and using (2.4), we get 1(s) - D(s) = 0 for all
s € [1(S). The last equality implies that 1(s)- D(t) = —(t)- D(s) for all s, € [1(S5).
Thus
D(s) = D(sos) = D(s0) - ¢(s) + 1(s0) - D(s)
= D(s0) - ¢(s) —p(s) - D(s0)

for all s € I1(S). Therefore I*(S) is (¢, %)-weakly amenable. Note that [1(S) cannot
be amenable because this Banach algebra does not have a bounded right approximate
identity (see [17]).



3. RESULTS FOR SEGAL ALGEBRAS

Let (A, ||-||) be a Banach algebra. Then (B, ||-||’) is an abstract Segal algebra with
respect to (A, [|-||) if

(1) B is a dense left ideal in A and 9B is a Banach algebra with respect to ||-||’;
(2) There exists M > 0 such that ||b|| < M|b||’ for each b € B;
(3) There exists C' > 0 such that |lab||" < Cllal/’||b||" for each a,b € B.

Let G be a locally compact group. A linear subspace S'(G) of L1(G) is said to be
a Segal algebra if it satisfies the following conditions:
(i) SY(G) is dense in L}(G);
(i) If f € SYG), then L,f € SY(G), where L,f(a) = f(za), i.e. SY(G) is left
translation invariant;
(iii) S'(G) is a Banach space under some norm ||-||s and ||L.f|ls = ||f]ls for all
f€SYG) and z € G;
(iv) Map = + L, f from G into S*(G) is continuous.

In the upcoming result we study approximate ((p,1))-weak amenability of Segal
algebras.

Theorem 3.1. Let G be an amenable group and let S*(G) be a symmetric Segal
algebra with approximate identity (e,)s contained in the center of L'(G). Given
©,% € Hom(SY(G)) such that extensions of p,1 to L*(G) are continuous, and
is onto, every bounded (i, 1))-derivation from S'(G) into S'(G)* is approximately

(¢, 1)-inner.

Proof. Let (e4)s be an approximate identity of S'(G) contained in the center
of LY(@), and let ¢ and {/; be the extensions of ¢ and v to L'(G), respectively.
For each a define D,: LY(G) — SY(G)* by Du(f) = D(eq * f) — D(en) - @(f) for
every f € LY(G). At first, we prove that D, is a bounded (¢, )-derivation. The
boundedness of D,, comes from that L!(G) acts continuously on S'(G) on the right,
and so f + D(eq * f) is continuous from L'(G) into S*(G)*. Similarly L!(G) acts
continuously on S'(G) on the left, and so f — D(es) - @(f) is continuous, which
implies that D, is continuous. Let f1, fo € L(G). Then

Do(f1 % f2) = D(ea * f1 % f2) — D(ea) - ¢(f1 * f2)
= norm- lién(D(ea x f1xeg* fa) — D(eq)  @(f1 % f2))

= norm- lién(D(e(y * f1) - (e * f2) +1b(ea * f1) - D(eg * fa)
— D(ea) - 9(f1 * f2))



= D(ea * f1) - ¢(f2) — D(ea) - o(f1 * f2)
+ w*—liénq/)(fl xeq) - D(eg * f2)
= (D(ea * f1) — D(ea) - ¢(f1)) - ¢(f2)
+ w*-ligl(iz(f1)w(€a) - D(eg * f2))
= (D(ea * f1) — D(ea) - ¢(f1)) - ¢(f2)
+w'm(@(f1) - Diea s 5% f2) = 0(f1) - Dlea) - ples + )
= (Dlea * f1) = Dlea) - (/1)) - $f2) + (1) - Dlca * f2)
—¢(f1) - D(ea) - 6(f2)
= Do(f1) - 3(f2) + ¥ (f1) - D(f2).
Therefore D,, is a (i, 1)-derivation. By Johnson’s theorem there exists &, in S*(G)*
such that

Da(f) =& o(f) =¢(f) - §a = D(ea * f) — D(ea) - £(f)

for all f € L}(G). So we get

D(ea) - 3(f) = Dl(ea * f) — t(ca) - D(f) “3 0

for every f € S*(G). Then
D(f) = w-liméa - 3(f) = (f) &a. [ €S"(G).

Take f = e,. Since (e,) is in the center of L'(G), then D(e,) = 0. Therefore for
every [ € S1(G) we have

D(f) = norm'hg(nga ~o(f) = (f) - a,

and so the proof is complete. O

In the upcoming result, we show that the concept of generalized weak amenability
on Banach algebras can be induced on Segal algebras.

Theorem 3.2. Let A be a commutative Banach algebra and let B be an abstract
Segal algebra of A with approximate identity (e,). Suppose that ¢ € Hom(B) has a
continuous extension ¢ to A. If A is (¢, p)-weakly amenable, then B is (¢, p)-weakly
amenable.



Proof. Let D: B — B* be a continuous (i, p)-derivation. Similarly as in the
proof of Theorem 3.1, define Dy: A — B* by Do(f) = D(eq * f) — D(ea) - &(f)
for every f € A. According to the proof of Theorem 3.1, D,, is a continuous (¢, )-
derivation. Since A is (@, p)-weakly amenable and commutative, B* is a symmetric

A-bimodule. This means that D, = 0, and so D = 0. O
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