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Abstract. Sufficient conditions are obtained for the third order nonlinear delay difference
equation of the form

Alan(Abn(Ayn)*))) + a0 f (Yo(n)) =0

to have property (A) or to be oscillatory. These conditions improve and complement many
known results reported in the literature. Examples are provided to illustrate the importance
of the main results.
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1. INTRODUCTION

This paper deals with the nonlinear third order delay difference equation of the

form

(1.1) A(an(A(bn(Ayn)®) + nf Yon)) =0, n=ng

subject to the following conditions:
(H1) no e N=1{0,1,2,...}, and « is a quotient of odd integers;
Hy

(H2) {an},{bn} and {¢,} are positive real sequences for all n > no;

(H3) {o(n)} is an increasing sequence of integers with o(n) < n, and lim o(n) =
n—oo

(Ha)

Hy) fisareal-valued nondecreasing function with uf(u) > 0 for u # 0, and f(uv) >
f(u)f(v) for uv > 0;
0o . 00 “1/a
(H5) Z Qn = o0, Z bn, = OQ.

n=no n=no
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By a solution of equation (1.1), we mean a nontrivial real sequence {y,} that is
defined for all n > ng — o(ng) and satisfies equation (1.1) for all n > ng. A solution
{yn} of equation (1.1) is said to be nonoscillatory if it is either eventually positive
or eventually negative, and oscillatory otherwise. An equation is called oscillatory if
all its solutions are oscillatory. By property (A) of equation (1.1) it is meant that
every positive solution {y,} of equation (1.1) is decreasing, that is,

Ay, <0, Abp(Ayn)®) >0, A(anA(bn(Ay,)?)) <O0.

The investigation of oscillatory properties of third and higher order difference
equations received considerable attention in the recent years. This is because such
equations often arise in the study of problems in economics, mathematical biology
and many other areas of mathematics where discrete models are used, see for exam-
ple [1], [2], [6].

In the recent papers [3]-[5], [7]-[18], the authors presented criteria for the oscilla-
tory and asymptotic behavior of solutions of third and higher order delay difference
equations. Following this trend, in this paper we derive new monotone properties
of nonoscillatory solutions of equation (1.1) that permit us to obtain new sufficient
conditions for equation (1.1) to have property (A) or to be oscillatory. Our results
essentially improve many known results established for delay and ordinary difference
equations.

The paper is organized as follows: Section 2 provides some preliminary results
that will be used in the main results. In Section 3, we obtain sufficient conditions
for equation (1.1) to have property (A), and in Section 4 we present criteria for
oscillation of equation (1.1). Finally in Section 5, we provide some examples to
illustrate the importance of the main results.

2. PRELIMINARY RESULTS

We introduce the following classes of nonoscillatory (let us say positive) solutions
of equation (1.1):

Yn € So & Ayn <0, A(bn(Ayn)®) >0, AlanA(bn(Ayn)*)) <0

or
Yn € S2 = Ayn >0, Abp(Ayn)®) >0, A(anA(bn(Ayn)®)) <0,

eventually for all n > N > ny.
We begin with the following lemma.
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Lemma 2.1. Assume that {y,} is an eventually positive solution of equa-

tion (1.1). Then {y,} satisfies either y, € So or y, € Sy eventually for all

Proof. The proof can be found in [12], and so it can be omitted.

O

Next, we derive some important properties of nonoscillatory solutions of equa-

tion (1.1) that will be applied in our main results.
Define

where N > ng is large enough.

Lemma 2.2. Let {y,} be a positive solution of equation (1.1) which belongs

to Sy, and

(21) > 3 4 (B = .

Then

(i) {ynB, '} is increasing for all n > N,
(ii) {yn 1} is decreasing for alln > N,
(iii) {bn AynA,_ll/ } is decreasing for all n > N.

Proof. Assume that {y,} is a positive solution of equation (1.1) satisfying

{yn} € Sz for all n > N. Since a,A(by(Ay,)?*) is decreasing, we have
(2.2) bn(Ayn)® = > asA(bs(Ays) )— > anA(bn(Ayn)*)An.

s=N s

This implies

<0.
AnAn+1

bn(Ayn)®\ _ AnA(bn(Ayn)®) — bn(Ayn)*ay '
A -

Thus {b%/ “(Ayn) A, 1 “} is decreasing and further, this fact yields

n—1 1/a 1/0( 1/« n—1 s—1 1/«
5 e S A A WA S (ST
s=N s bs n s=N Us t=N
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Hence

NEAEE= il

Cn CnCnJrl
which implies that {y,C, '} is decreasing.
Next, since {b}/ “Ay,} is increasing for all n > N, it is easy to see that for all

i/QAyS Lt |
24) S S R T
s=Ny S s=Ny bs
N—-1 1 n—1
=N, — b/ *Ayn Z Ta T + 0,/ Ay, Z 1/a
s=N1 b s=N bS

It follows from condition (2.1) that b}/aAyn — 00 as n — oo. If not, then b}/aAyn —
2d < oo as m — co. Summing equation (1.1) from n to co, we get

A(bn(Ayn)*) = qu ya(s)

On the other hand, bi/aAyn — 2d as n — oo, we have bi/aAyn > d for n large
enough. This implies y, > dB,,. Combining the last two inequalities and summing

once more, we obtain

2d 2 Z qu a(e)

s=No ste

A contradiction with (2.1) and we conclude that by “Ay,, — 0o asn — oo. Therefore,
for any n > N > N, we have from (2.4) that

Yn < biL/O‘AynB

Now, one can see that

A(y—”):B"Ay” abs ' >0

Bn BanJrl

eventually, and we conclude that {y, B,,; !} is increasing. The proof is now complete.
O
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3. CRITERIA FOR PROPERTY (A)

In this section, we present several criteria for the class Ss of equation (1.1) to be
empty. In the literature such case is referred to as property (A) of equation (1.1).

Theorem 3.1. Let condition (2.1) hold, and

(o3

) U
If
ce 1 (n)—1
. o(n)
(3.2) h?—iip{ Ao f(ca(n)) ;\; 45 f(Co(s)) Ast1
1 n—1
+ Cg(n)f(c ( )) Z qsf(ca(s))
7" s=o(n)
+Cg(n)f( )qu a(e) } >K1a

then class S is empty for equation (1.1).

Proof. Assume that equation (1.1) possesses an eventually positive solution
{yn} belonging to Sy for all n > N. Summation of equation (1.1) from n to oo yields

A( (Ayn > qu ya(s)

Summing the last inequality from N to n — 1, we obtain

Z tf y(r(t
Z 4t (Vo) + Z al thf Yo(t)

3
I

(3'3) bn, (Ayn P

i
HZ
2=

S
3 n
Hm

Il
[
@|H

S

s=N
n—1 0o
= As+1st(ya(t)) + An Z QSf(ya(S))'
s=N s=n
Using (2.3), we have
At
Co > Z As116sf (Yo(s)) + An Z Gs.f (Yo (s));
n s=n
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or

a o(n)—1 n—
Ao(n)ya(n) S < .

Ca = Z AerIQSf(ya(s)) + Aa(n) Z QSf(ya(s))

s=N s=o(n)

+ Aoty D s f W (s))-

S=n

From the monotonicity properties (i)—(iii) of Lemma 2.2 and taking (Hy4) into ac-
count, we see that

A ()Y () Yot | "o
o ag(n ag(n
(3.4) 07%/ ( U(n) Z AerIQS a(e))
n—1
Yo(n)
o () . @ (Co)
s=o(n
+ Aa(n)f< (( )) Z qsf(Ba(g)),
0' n S=N

or

y?(n) > Co( (
fWom)) ~ Asn)

v

) Z s+19sf 0(8))

Com/ 5

n—1
+ Comf( a(n)) _z(:)QSf(CU(S))
+C§n)f( )qu

Taking limsup as n — oo on both sides of the last inequality, we are led to contra-

diction with (3.2). This completes the proof. O

The above theorem is suitable to apply for the half-superlinear and half-linear case
of equation (1.1). Indeed, we may formulate the following results:

Corollary 3.2. Let condition (2.1) hold, and

(n)—1 n—1
1 1
hmsup{i E Q.scf oA - E : quf s
nreo U(")Ca(n) s=N © b ©

o(n) s=o(n)

(03

C oo
_on) B
N

o(n) s=n
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Then the class Ss is empty for the equation

(3'5) A(an(A(bn(Ayn)a))) + Qny{j(n) =0, B>a

Corollary 3.3. Let condition (2.1) hold, and

o(n)—1 n—1
(3.6) limsup{ Z 4sC5 ) As1 + Z 4sCs)

n—00 Aa(n) s—N s=a(n)

‘7(”) Z QS (

a(n) s=n

Then the class Sy is empty for the equation

(3.7) Aan(Abn(AYn)™))) + @Yy = 0.

In the following, we present another criterion for property (A) of equation (1.1)

that will be used for half-sublinear case of equation (1.1).

Theorem 3.4. Let condition (2.1) hold, and

e}

(38) Z qnf(ca(n)) = 00.
n:N1
Assume that
.u®
(3.9) ilir?(l) ) =Ky < o0.
If
o(n)—1
limsup{A Z s f(Cos))Ast1 + Z 45 f(Co(s))
n—00 o(n) =N s=a(n)
( o n)) Z qg
a(n)

then the class Sy is empty for equation (1.1).

}>K25
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Proof. Assume that equation (1.1) possesses an eventually positive solution
{yn} € Sy for n > N. First, we shall show that (3.8) implies

Assume the contrary, that is, lim y,/C,, = d > 0. Then the discrete L’'Hospital rule
n— oo
implies that
1/«
d= lim 2~ = ( lim anA(bn(Ayn)(’)) .

n—oo n n—oo

On the other hand, summation of equation (1.1) from N to co yields

(310) K= A(b (Aye G N Z Z qnf y(r(n

Combining (2.2) and (2.3), we obtain
Yn = Cr(anA(bn(Ayn)*)/* = dC,,.

Which, in view of (3.10), gives

(o)
d) Z qnf(ca(n))
n=N
This contradicts (3.8), and we conclude that y,,/C,, — 0 as n — oco. Set
Yo(n)
Zp = )
" Com
Then condition (3.4) together with (Hy) implies
e 1 o(n)—1 | 00
L 2 Qf( o(s +1+ q‘? as +f ol q-f(Bo's)
TG > Aoy 2, @ (Cot0) s Z) 1415 >>; "

Taking lim sup as n — oo on both sides of the last inequality, we are led to contra-
diction with the assumption of the theorem. This completes the proof. O

For f(u) = u®, Theorem 3.4 reduces to Corollary 3.3, while for the half-sublinear
case we obtain the following corollary.

Corollary 3.5. Let conditions (2.1) and (3.8) hold. If

1 o(n)—1 C(y
limsup{ Cls q+1+ q‘? 4sB, } >0,

then the class S is empty for the equation

(3.11) A(an (A (AYn)™) + an¥ ) =0, > B,
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For the difference equations with o(n) = n + 1, Corollaries 3.2, 3.3 and 3.5 yield
the following results.

Corollary 3.6. Let o(n) =n+ 1. Assume that condition (2.1) holds, and

. 1 ¢ Cri1 5
lim sup{ﬁ Z qSCfHAsH + ﬁﬂ Z quslBJrl} > 0.
An—i—lc B

nTreo n+l s=N n+1l s=n

Then equation (3.5) has property (A).

Corollary 3.7. Let o(n) =n+ 1. Assume that condition (2.1) holds, and

1 < Coit
1imsup{ 1 Z quSﬁ_,_lAs-q-l + B"TH Z qusﬁJrl} > 1.
N

n—o0 n+1 s— n+l g,

Then equation (3.7) has property (A).

Corollary 3.8. Let o(n) = n + 1. Assume that conditions (2.1) and (3.8) hold.
If

I 0 Cri1 o~ 5
1imsup{ qsCP Ay + —2td qsB } >0
n— oo An+1 g]:\r Frsts B;BZJFI ; ST ’

then equation (3.11) has property (A).

Remark 3.9. Corollaries 3.6-3.8 essentially improve and extend the results
in [15], [16], [18] for the equation Ay, + ¢ yn+1 = 0.
4. OSCILLATION RESULTS

In this section, we present oscillation criteria for equation (1.1). To achieve this,
we need to eliminate the class Sy also.

Theorem 4.1. Assume that

(4.1) igr%) 7o) = K3 < o0.
If
nol g el nol 1o
(4.2) lirlgisot;p Szg(:n) b;w (tz_; ” 2. qj> > Ks,

then the class Sy is empty for equation (1.1).
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Proof. Assume that equation (1.1) possesses an eventually positive solution
{yn} € Sp for n > N1 > N. First, note that condition (4.2) implies

z;vb/(z th) -

which guarantees that y, — 0 as n — oc.
On the other hand, summation of equation (1.1) from s to n — 1 gives

n—1
A(bs(Ays)” Z af o)) 2 f(yg<n>) > s
8 8 t=s

Summing in s, we obtain

Summing once more, we obtain

n—1
§ L1
Ys = Y Yom) Z pl/e ( < a; qu>

Setting s = o(n), we have
Yo(n) ( )
a3 2 45
SN Yo (ny) sza(:m by Z ar z_: !

Taking limsup as n — oo on both sides of the last inequality, we are led to contra-
diction with (4.2). This completes the proof. O

For special cases of equation (1.1), Theorem 4.1 reduces to the following criteria.

Corollary 4.2. If

— n—1 1 n—1 1/
(4.3) hmsup{ Z 1/a ( ” Z qj> } > 1,
t

n—oo — -
=s _]:t

then the class Sy is empty for equation (3.7).
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Corollary 4.3. If
n— 1 n—1 1 n—1 1/
(4.4) 1imsup{ Z blﬁ( ” qu) } >0,
: =2

then the class Sy is empty for equation (3.11).
Combining the criteria obtained for both classes Sy and S5 to be empty, we obtain

results for the oscillation of all solutions of equation (1.1).

Theorem 4.4. Let all conditions of Theorem 3.1 (Theorem 3.4) and Theorem 4.1
hold. Then every solution of equation (1.1) is oscillatory.

Corollary 4.5. Let all conditions of Corollary 3.3 and Corollary 4.2 hold. Then
every solution of equation (3.7) is oscillatory.

Corollary 4.6. Let all conditions of Corollary 3.5 and Corollary 4.3 hold. Then
every solution of equation (3.11) is oscillatory.

5. EXAMPLES

In this section, we present two examples to illustrate the importance of the main
results.

Example 5.1. Consider the third order delay difference equation

: : 8 13
(5.1) A P (Bya) )+~ =0, n>1.
Here a,, = n'/3, b, = n'/*, ¢, =80~ "/* o(n) =n—-3and a = = % Simple

computation shows that
A, ~ %n2/3, B, ~4n'* and C, ~ %n9/4.

Then it is easy to see that conditions (3.6) and (4.3) are satisfied. Therefore by
Corollary 4.5 every solution of equation (5.1) is oscillatory.

Example 5.2. Consider the third order delay difference equation

(5.2) A(%A(%(Ayn)“*)) F 25 =0, n3> 1.
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Here a,, = n~ Y b, =n"3 ¢, =2", 0(n) =n—3and a = 3, § = 1. Simple

computation shows that

A, ~ %nQ, B, ~ %nz and C, ~ %ng/?’.
It is easy to see that all conditions of Corollary 3.5 and Corollary 4.3 are satisfied.
Therefore by Corollary 4.6 every solution of equation (5.2) is oscillatory.

6. CONCLUSION

In this paper, we derived new monotonic properties of the nonoscillatory solutions
and using these results some new sufficient conditions were presented for the studied
equation to have the so called property (A) or to be oscillatory. Our results essentially
improve and complement many known results not only for delay difference equations
but for ordinary difference equations as well, see [2]—[4], [9]-[18]. Finally, we provided
two examples that illustrate the significance of the main results.

Acknowledgement. The publication was supported by the Ministry of Ed-
ucation and Science of the Russian Federation (the agreement number N.02.a03.
21.0008). The authors thank the referee for his/her suggestions and corrections that
improved the content of the paper.
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