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Abstract. We study the minimal prime elements of multiplication lattice module M over a
C-lattice L. Moreover, we topologize the spectrum (M) of minimal prime elements of M
and study several properties of it. The compactness of (M) is characterized in several
ways. Also, we investigate the interplay between the topological properties of 7(M) and
algebraic properties of M.
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1. INTRODUCTION

The notion of minimal prime elements of a lattice module is a generalization of
minimal prime elements of a multiplicative lattice. The prime and minimal prime
elements of multiplicative lattice were introduced and studied by Thakare, Man-
jarekar and Maeda [12], Thakare and Manjarekar [11], and the minimal prime ideals
of 0-distributive lattices by Pawar and Thakare [9]. Keimel [7] unified the study
of minimal prime ideals for various structures, e.g. commutative rings, distributive
lattices, lattice ordered groups, f-rings. In this paper, we have carried out investi-
gations leading to the study of generalizations of notions in commutative rings and
multiplicative lattices along the lines of Dilworth (see [6]).

A complete lattice L with the least element 0 and the greatest element 1 is said
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to be a multiplicative lattice if a binary operation called multiplication on L

satisfying the following conditions is defined:
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-b=10b-a for all a,b € L,
-(b-¢)=(a-b)-ctorall a,b,ceL,
-V bo =V(a-by) for all a,b, € L,
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a-1=aforallaclL.
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Henceforth, a - b will be simply denoted by ab.

An element p # 1 of a multiplicative lattice L is said to be prime if ab < p
implies either a < p or b < p. A prime element p € L is said to be a minimal
prime over an element a € L if a < p and whenever there is a prime element ¢ € L
with a < ¢ < p, then ¢ = p. In L, a minimal prime element over 0 will be called a
minimal prime element of L. For a € L, its radical is denoted by 1/a and defined as
va=\{z € L: 2" < a for some n € Z*}. An element a € L is called semiprime
or radical if v/a = a.

An element a € L is said to be compact if a < \/ X, X C L implies that there

n

exists a finite number of elements 1, 2, ..., z, € X such that a < \/ z;. We denote

the set of all compact elements of a multiplicative lattice L by L. IZI;Q multiplicative
lattice L, an element a € L is said to be nilpotent if a™ = 0 for some n € Z* and is
said to be reduced if the only nilpotent element of L is 0.

An element e € L is said to be meet principal or join principal if it satisfies the
identity a A be = ((a : €) Ab)e or (aeVb):e = (b:e)V a, respectively, for a,b € L.
Also, e is said to be principal if it is both join and meet principal. A multiplicative
lattice L is said to be principally generated (PG) if every element of L is a join of
principal elements of L. A multiplicative lattice L is said to be compactly generated
(CG) if every element of L is the join of compact elements of L. According to Alarcon
et al. [1], if L is a compactly generated multiplicative lattice with 1 compact, then
maximal elements exist in L and every maximal element is a prime element. Further,
in a compactly generated multiplicative lattice, if every finite product of compact
elements is a compact element, then prime elements and minimal primes over a € L
exist (see [1]).

By a C-lattice we mean a multiplicative lattice L with the greatest element 1,
which is compact as well as multiplicative identity, that is, generated under joins by
a multiplicatively closed subset C' of compact elements of L.

A complete lattice M with the smallest element 05, and the greatest element 1,
is said to be a lattice module over the multiplicative lattice L or L-module if there
is a multiplication between elements of M and L, denoted by aN for a € L and
N € M, which satisfies the following properties:

(1) (ab)N = a(bN);
(2) !aa\ﬁ/Nﬁ =V (aaNp);

a,p
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(3) 1LN =N;
(4) 0N =0y for a,b,aq € L and for N, Ng € M.

Let M be a lattice module over a multiplicative lattice L. For N € M and
b€ L, denote (N :b) = \{X € M: aX < N}. If a,b € L, we write (a : b) =
V{x e L: bx <a}. If A,Be M, then (A: B)=\/{x € L: 2B < A}

An element A € M is called weak meet principal if (B : A)A = B A A for all
B € M; A is called weak join principal if bA: A=bV (0: A) for allb € L; and A
is weak principal if A is both weak meet principal and weak join principal. Lattice
module M over a multiplicative lattice L is called a multiplication lattice module if
for every element N € M there exists an element a € L such that N = aly,.

An element N # 1p; in M is said to be prime if aX < N implies X < N or
alpyy < Nyie.a < (N :1y)foreverya € Land X € M. An element N # 1p; of M
is called a mazimal element if for every element B of M such that N < B, either
N =B or B=1y. Let M be an L-module. An element N in M is called compact

it N < V Ay (I is an indexed set) implies N < Ay, V Aq, V...V Ag, for some
ael
subset {a1,aq,...,an} of I.

In this paper, a lattice module M will be a multiplication lattice module, which
is compactly generated with the largest element 15, being compact and L will be a
C-lattice.

For general background and terminology of multiplicative lattice and multiplica-
tion lattice module, the reader may consult [1], [2], [4]-]6], [12], [11].

2. THE ZARISKI TOPOLOGY

In [3], the Zariski topology over the prime spectrum Spec(M) of a lattice mod-
ule M over a C-lattice L has been studied by Ballal and Kharat. In [10], Phadatare
et al. introduced and studied the concept of quasi-prime elements as a generalization
of prime elements and also the Zariski topology on the quasi-prime spectrum of a
lattice module M over a C-lattice L.

In this paper most of the results in [12] and [11] are generalized.

Definition 2.1. Let M be a lattice module over a multiplicative lattice L. An
element P € M is called a minimal prime over an element N € M if N < P and
there is no other prime element @) of M such that N < Q < P.

Lemma 2.2. Let M be a multiplication lattice module over a C-lattice L and
(Opr : 1ps) be a radical element. Then for x € L, (Op : ) = (0p = 2™) for every
integer n > 1.
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Proof. Note that (Op : ) = V{N € M: 2N < 0p} and as 2™ < z, we have
(Opr = ) < (Opr @ 2™) for every integer n > 1. Let Ny = (Ops : 2™). Since M
is a multiplication lattice module, N7 = aljy; for some a € L. So xz"a"lpy <

2™alpy = 0p. Hence za < v/(Oar: 1ag) = (Opr 2 1as). So walpys < Opy, ien Ny <
(Oar : ) and consequently (0as : ) = (0pr : 2™) for each integer n > 1. O

Theorem 2.3 ([8]). Let M be a multiplication lattice module over a C-lattice L
and a € L be proper. A prime element P € M with aly; < P is minimal if and only
if for x € L, with x1); < P there is an element y € L, such that yl, ﬁ P and
x"yly < alpy = N for some positive integer n.

The following result characterizes a prime element to be a minimal prime.

Theorem 2.4. Let M be a multiplication lattice module over a C-lattice L and
(Ops : 1ps) be a radical element. A prime element P € M is a minimal prime if and
only if for x € L., P contains precisely one of 1 and (0p : ).

Proof. Suppose that the condition is true for prime element P € M. Let
x € L, be such that 1) < P and (0p : ) ﬁ P. Then there exists y € L, such
that y1as < (Opr : @) but ylas £ P. Thus, zyly < Op and hence 2"yl < 0y for
every integer n > 1. This shows that for each x € L, with z1,; < P there exists an
element y € L, such that yly £ P and 2"yly < Op. By Theorem 2.3, it follows
that P is minimal.

Conversely, suppose that a prime element P € M is minimal and also that
zlpy < P for z € L. Then by Theorem 2.3, there exists y € L, such that yly £ P
and 2"yl = 0y for some positive integer n. Consequently, y1pr < (Ops : 2™). By
Lemma 2.2, we have (0ps : ™) = (0ps : ) and hence ylpr < (0p7 : «). This implies
that (0 : ) £ P.

Now, if 21y « P and (Op : ) £ P, then there exists y € L, such that yly <
(Opr = @) but yly £ P. Hence, we have zyly < 0y and so zyly < P. But
zly £ P and yly £ P together contradicts the fact that P is a prime. This shows
that P contains precisely one of 215 and (0 : ). O

Let o(M) be the set of prime elements of a lattice module M. For an element
N e M we set V(N)={P €o(M): N < P}. Taking the sets {V(N): N € M} as
a base for closed sets, o(M) becomes a topological space and this topology is called
the Zariski topology (see [3]).

The restriction of the Zariski topology to the set of minimal prime elements (M)
makes it a topological space and it is called the minimal prime spectrum of M.

The following results about a minimal prime spectrum are immediate.
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Corollary 2.5. Let M be a multiplication lattice module over a reduced
C-lattice L. For a € L, V(0p : a) = 7(M) — V(alyr). In particular, V(aly) and
V(0ps : a) are disjoint open and closed sets.

Corollary 2.6. Let M be a multiplication lattice module over a reduced
C-lattice L with 1y being compact. Then (M) is a Hausdorff space with a base of
open and closed sets.

Definition 2.7 ([11]). A subset S of a multiplicative lattice L is said to be mul-
tiplicatively closed if x,y € S implies zy € S, and is said to be sub-multiplicatively
closed if z,y € X implies a < zy for some a € S.

In order to characterize prime elements of lattice modules in terms of multiplica-
tively closed subset of L, we need the following lemma.

Lemma 2.8 ([4]). Let M be a multiplication lattice module over a PG C-lattice L
and N € M with N < 1. Then the following conditions are equivalent.

(1) N is a prime element in M.
(2) (N : 1) is a prime element in L.
(3) There exists a prime element p in L with (0ps : 1as) < p such that N = plyy.

For N € M we define C(N) ={z € L: x £ (N : 1m)}.

Lemma 2.9. Let M be a multiplication lattice module over a PG C-lattice L.
An element P € M is a prime if and only if C(P) is a multiplicatively closed subset
of L.

Proof. Suppose that P € M is a prime and z,y € C(P). Then z £ (P : 1)
and y £ (P : 1a). Since P € M is a prime, by Lemma 2.8 we have that (P : 1p7) € L
is a prime. Asz £ (P:1y), y £ (P:1n) and (P : 1) is a prime, zy £ (P : 1u),
i.e. 2y € C(P) and hence C'(P) is multiplicatively closed.

Conversely, suppose that C(P) is a multiplicatively closed subset of L and
zyly < P for 2,y € L. Then 2y < (P : 1)) and so zy ¢ C(P). If x £ (P : 1u)
and y £ (P : 1p), then z € C(P), y € C(P) and this contradicts the fact that C'(P)
is multiplicatively closed. Therefore z < (P : 1p7) or y < (P : 1pf), ie. 21y < P or
ylar < p. Consequently, P is a prime. O

Lemma 2.10 ([11]). Let a be an element of a C-lattice L and S be a multiplica-
tively closed subset of L satisfying the property s & a for all s € S. Then there is
a multiplicatively closed subset S’ of L containing S which is maximal with respect
to the property s’ < a for all s' € S'.
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Lemma 2.11 ([11]). (Separation lemma) Let S be a sub-multiplicatively closed
subset of a C-lattice L. Suppose that a € L and t % a for every t € S. Then there
exists a prime element p € L such that a < p and it is maximal with respect tot £ p
for each t € S.

An element a in a complete lattice L is said to be completely join prime if a <\/ S,
S C L implies a < s for some s € S.

Lemma 2.12. Let M be a multiplication lattice module over a PG C-lattice L
and suppose every element of L is a completely join prime. A prime element P € M
with aly < P is minimal if and only if C'(P) is a maximal multiplicatively closed
subset of L with x £ a for all v € C(P) and a € L.

Proof. Supposethat C(P) is a maximal multiplicatively closed subset of L with
z % aforallz € C(P). By Lemma 2.11 there is a prime element (Q : 157) > a that is
maximal with respect to the property that x £ (Q : 1) for all z € C(P). Hence, by
Lemma 2.9, C(Q) is a multiplicatively closed subset of L. As a < (Q : 1), we have
z £ a for any x € C(Q). But C(P) is a maximal multiplicatively closed subset of L
with the property that £ a for all z € C(P), hence we must have C(Q) C C(P).
Now, if y € C(P), then y £ (@ : 1) and hence y € C(Q). Consequently, we have
C(P) = C(Q). Now, let z < (P:1y), i.e. z€ C(P). Then z ¢ C(Q) and it implies
that z < (Q : 1) and it further implies (P : 1p7) < (Q : 1p7). Similarly, we have
(Q:1p) < (P:1p) and hence (P : 1) = (Q : 1p). It follows that P = Q.

Now we show that P is a minimal prime. Suppose that P’ € M is a prime with
a < (P :1y) < (P:1lpy). Then by Lemma 2.9, C(P’) is a multiplicatively closed
subset of L with £ a for all x € C(P’) and C(P) C C(P’). This contradicts the
maximality of C(P). Hence, P is a minimal prime element of M with aly < P.

Conversely, suppose that P € M is a minimal prime with aly; < P. Then by
Lemma 2.9, C(P) is a multiplicatively closed subset of L with z & a for all z € C(P).
By Lemma 2.10, there is a maximal multiplicatively closed subset S which contains
C(P) and z £ a for all z € S. We show that S = C(P’), where P’ = pl); and
p=V(L—-5). Letye C(P')={2€L: 2« \/(L—S)}. This givesy £ \/(L — S5),
ie. y € S and C(P’) C S. On the other hand, if s € S, then s ¢ L — S and
s £ /(L — S). As each element of L is a completely join prime, we have s € C(P’)
and therefore C(P) = C(P’).

By the first part, as S is a maximal multiplicatively closed subset of L with respect
to x £ a for all z € S, we conclude that P’ is a minimal prime with aly < P’
Clearly, C(P) C S = C(P’) gives that P’ < P and since P is minimal, we must have
P = P’. Hence, C(P) =S = C(P’) is the required maximal multiplicatively closed
subset of L with z £ a for all z € M and a € L. (]
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For N € M define /N = \/{z € L: 213 < N}1.

Theorem 2.13. Let L be a PG C-lattice in which every element is completely
join prime and let M be a multiplication lattice module over L. For N € M, the
radical /N = N\{P: P is a minimal prime element of M with N < P}.

Proof. Observe that for a prime element P € M with N < P we have N/N < P.
Therefore ¥/N < A{P: P is a minimal prime element of M with N < P}.

Now, let = € L, be such that 21, £ ¥/ N andlet S = {2*: 2' £ (N : 15) and i is
an integer}. Observe that S is a multiplicatively closed subset of L. By Lemma 2.10,
there is a maximal multiplicatively closed set S’ such that y £ (N : 1) for y € S’
Let p’ = \/(L—5’). Then S' = C(p'1p) = C(P’). By Lemma 2.12, P’ is a minimal
prime element of M with N < P’. Clearly, z € C(P’) and as such £ (P : 1y).
This gives that A{P: P is a minimal prime element of M with N < P} < N/N.
Consequently, VN = A{P: P is a minimal prime element of M with N < P}. O

Corollary 2.14. Let M be a lattice module over a reduced PG C-lattice L and
N € M. Then for a prime element P € M with N < P there exists a minimal prime
element (Q € M such that N < Q < P.

Proof. Suppose P € M is a prime element with N < P. Then by Lemma 2.9,
C(P) is a multiplicatively closed subset of L with x £ (N : 1)) for all 2 € C(P). By
Lemma 2.10, there is a maximal multiplicatively closed set S such that y £ (N : 1)
for all y € S. Also, C(Q) = S, where Q = ply = \/(L — S)1 is a minimal prime
element of M with N < @ and C(P) C C(Q) = S implies that Q < P. O

Lemma 2.15 ([12]). Let L be a C-lattice. Then each nonzero element of L is
contained in a maximal multiplicatively closed subset of L not containing zero.

For N € M we set U(N)={P e n(M): N £ P}.

Theorem 2.16. Let L be a PG C-lattice in which every element is completely
join prime and let M be a multiplication lattice module over L. Then (0p; : a) =
ANU(aly) ={P en(M): alp £ P}, a € L.

Proof. Suppose P € M is a minimal prime. Then by Theorem 2.4 we
have (Op : a) < P when aly £ P and therefore (0p : a) < A{P € n(M):
aly £ P} = Q. If (Opr : a) < Q, then there exists € L, such that z1y < Q
and 21y £ (0ar ¢ a). Clearly, azly £ Op and so az # 0. By Lemma 2.15, ax is
contained in some maximal multiplicatively closed subset S of L not containing 0.
As proved in Lemma 2.12, S = C(P), where P = plj; and p = \/(L — S) is a mini-
mal prime element of L. Now az € S implies ax £ (P : 157) and hence azly £ P.
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Since P is a minimal prime and aly; £ P, we have x1y £ P. Therefore 21 £ Q,
a contradiction and consequently, (0r : a) = A{P € ©7(M): aly £ P}. O

Theorem 2.17. Let L be a PG C-lattice in which every element is a completely
join prime and let M be a multiplication lattice module over L. Then aly =
(Oar : (Ops s alpg)) if and only if alpyy = N{P € w(M) : alpy < P}, a € L.

Proof. Suppose alpyr = (0ar : (Opr @ alpyr)), a € L. By Theorem 2.4
we have A{P € n(M): (Op : a) £ P} = N{P € w(M): aly < P}. But
(Oar = (Oas 2 alpy)) = N{P € w(M): (Om : a) £ P} gives that alyy = AN{P €
m(M): aly < P}.

Conversely, suppose that aly = A{P € n(M): alpy < P}. By Theorem 2.16 we
have (Oar : (0a7 : alar)) = A{P € n(M): (0p : a) £ P}. Now, by Theorem 2.4 we
have A{P € n(M): (Op :a) £ P} = N{P € n(M): aly < P} and by assumption,
alM:(OM(OMalM)) O

Theorem 2.18. Let M be a multiplication lattice module over a PG C-lattice L.
Then (Opr:a) = A{V(0rp :a)}, a € L.

Proof. Note that (0 : a) < A{V(0pr : a)}, a € L follows immediately. Now,
let z € L, be such that 1y £ (0ar : a). Then azly % Op and so ax # 0.
Therefore azx is contained in some maximal multiplicatively closed subset S of L.
Then S =V (P) = V(ply), where p = \/(L — S) and p is a minimal prime element
of L. Now axz € C(P) implies az £ (P : 1p) and hence azly ¢ P. Since P
is a minimal prime, we have 21y £ P and aly; £ P. By Theorem 2.4 we have
(Opr:a) < Pandhence P € V(0pr : a). Asaly £ P,wehavezly £ A(V(0u : a)).
Thus, 21y £ (0ar : ) implies 21y £ A(V(0ar = a)), ie. A(V(Onr :a)) < (0a : a).

O

We now show that the minimal prime spectrum 7(M) is a completely regular
Hausdorff space, i.e. a Tychonoff space.

Theorem 2.19. Let M be a multiplication lattice module over a PG C-lattice L.
Then the topology on w(M) for which the collection {U(alps): a € L} is a base for
open sets is Tychonoff.

Proof. Suppose that P;,P, € (M) with P, # P,. Clearly P, £ P, and
P ﬁ P,. Let z € L, with z1,; < P; be such that z1,; f P,. By Theorem 2.3,
there is y € L, with yly; £ Py and 2"yl = 0p for some integer n. If yly £ P,
then this together with x1j, f P gives "yl ﬁ P, which is a contradiction to the
fact that 0y < P». Therefore yly < Ps. Clearly, Py € U(yly), Po € U(xly) and
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U(zly)NU(yly) ={Pen(M): 21y £ P, yly £ P} =U(zyly) = U(z"yly) =
U(0p) = ¢. Consequently, w(M) is a Hausdorff space and hence singletons are
closed.

Now, let Q € w(M) and F be a closed subset of (M) such that Q ¢ F. Then
Q € n(M)—F and n(M) — F is open in w(M). Then there is an open set U(slys)
for some s € L such that Q € U(sly) C w(M) — F. Define a function f on m(M)
as f(Q) = 0p if @ € U(sly) and f(Q) = 1p otherwise. Then f(Q) = 0p and
f(F) = 1. Note that f is continuous and hence 7(M) is completely regular. Conse-
quently, 7(M) is a completely regular Hausdorff space, i.e. a Tychonoff space. (Il

Corollary 2.20. 7(M) is totally disconnected and zero dimensional space.

Theorem 2.21. Let M be a multiplication lattice module over a PG C-lattice L.
Let x,y € L. Then U(x1p) C U(ylas) if and only if Opr 2 (Opz 2 2lpr) < Opr 2 (Ops
ylar). In addition, U(x1p) = U(ylyr) if and only if (O : ) < (Ops : y).

Proof. Suppose that U(zly) C U(ylys) for x,y € L. By Theorem 2.16 we
have (0ps : y) < (0ar : ) and hence (0ps : y) £ P which implies (0p7 : ) £ P and
so{Pem(M): (Opr:y) £ P} C{P en(M): (0p : ) £ P}. By Theorem 2.4 we
have OM : (OJW : CL'].M) < OJW : (OM : y]-M)

Conversely, suppose that Ops : (Opr @ lpr) < Opar ¢ (Oas ¢ ylar). Therefore
{Pen(M): (Op:y) £ P} C{P en(M): (Op : ) £ P} and so {P € 7(M):
yly < P} C{P € n(M): z1p < P} by Theorem 2.4. This gives {P € w(M):
zly £ P} C{P en(M): yly £ P} and therefore U(zlar) C U(yla).

For the second part, suppose that U(zlar) = U(ylar). Then U(zlnr) € U(ylar)
implies Ops : (Opz : @lpg) < Opr: (Oas : ylar) and U(ylas) C U(alys) implies Oy :
(Opr = ylar) < Opp: (Opf : xlpg). Hence, Opr : (Opr 2 ylar) = Opg 2 (Opf ¢ 21ps) and
Onr 2 (Oar 2 (Oar : ylag)) < Opg : (Oar ¢ (Ops : 2lpg)). Comsequently, (Opr @ x) =
(Oar : y).

Conversely, suppose that (0ps : @) = (Opr : y). Then Opr ¢ (Ops = 2lps) = Opf -
(OJW : y].M), i.e. OM : (OJW : (E].]w) < OJW : (OM : y].]w) and OJW : (OM : y].]w) < OJW :
(Ops : x1pr) and the result follows by the first part. O

Theorem 2.22. Let M be a multiplication lattice module over a PG C-lattice L.
Let I be an indexing set and S = {x,: r € I} be a set of points in L such that the
collection of sets {U(x,1p): © € I} has the finite intersection property. Then the
intersection of all {U(z,1pr): r € I} is nonempty.

Proof. We have (| U(z;) = U(yla), where y = x122...2,. Note that the

=1
multiplication of finite number of nonzero z,, r € I is nonzero. The collection of
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all nonzero z,, r € I together with finite multiplication of z, € S is multiplica-
tively closed subset of L not containing 0. By Lemma 2.10, there is a maximal
multiplicatively closed subset S’ of L containing S and not containing 0. We have
S' = C(P)=C(plm), where p=\/(L — S’) and p is a minimal prime element of L.
Clearly, P € U(xz,1y) for all z,, € S'. As S C S’, we have P € U(x,1;) for all

xr € S. Thus, P € [ U(a,1p), which implies that [ U(z,1a) # . O
rel rel

If the family {V(xlp): « € L} is considered as an open basis for w(M), the
resulting topology is called the dual topology and denoted by 7. We denote the
topology for which {U(z1y): = € L} is an open basis by 7.

Theorem 2.23. Let M be a multiplication lattice module over a PG C-lattice L.
The topology T on w(M) for which {U(xz1a): x € L} is a basis for open sets is finer
than the topology 7¢ on m(M) for which {V (z1y): = € L} is a basis for open sets

and moreover T = 79.

Proof. Weknow that {V(zla): x € L} is a basis for open sets for the topology
on (M) denoted by 79. Clearly, V(z1y) = n(M) — U(z1p) for all z € L. Note
that for x € L, U(z1as) is closed in w(M). Hence, V(z1) is open in the topology 7
for (M), i.e. T is finer than 79.

Now, for any © € L we have U(zlp) = V(05 : ). Thus, every basic open set

in 7 is open in 79 and so we conclude that 7 = 79. O

Theorem 2.24. Let M be a multiplication lattice module over a PG C-lattice L.
The following statements are equivalent in M.
(1) m(M) is compact.
(2) The poset {U(x1pr): « € L}, under set inclusion, is a Boolean lattice.
(3) For x € L there exist Ny = y1lp, No = yalpr, ..., Ny = yply € M with
yilpry = Ny < (Opp ) fori=1,2,...,n and (Op7 : ) A 7\ (Opr s yi) = Opg.
(4) For x € L there exist Ny = y11p, No = yolpy, ..., Ny ;:gl/nlM € M such that

n

Oar: (Opr:alpg) = A (Ons: wi).

(5) =79 =
(6) {U(xzlap): = € L} is a subbasis for open sets of (M) with respect to the
topology T.

(7) {V(21p): © € L} is a subbasis for open sets of w(M) with respect to the
topology 19.

Proof. (1) = (2): Clearly the set {U(x1ly): = € L} is partially ordered under
set inclusion.
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Now, we first show that
(1) U(:L‘].M) UU(y].M) = U({E].M \/y].M);
(i) U(eln) NU(yla) = Ulzyla).

Let P € U(zla) UU(ylar), then P € U(xlpy) or P € U(yla) and so a1y & P
or ylps £ P. Therefore 1y V yly £ P and this implies P € U(x1p V ylar). Now,
let @ € U(zla V yla), then zlp V yly £ Q and this implies that z1y £ Q or
yly £ Q. Therefore Q € U(xly) UU(ylar). Consequently, U(zla) UU(yla) =
U(xlp V ylar). Similarly, U(xly) NU(yla) = Ulxylay).

From this we conclude that ({U(xz1lp): = € L}, U,N) is a lattice.

Now, U(0.1p) = U(0p) = ¢ and U(1.1p) = U(ly) = w(M). This shows
that ({U(zlpy): @ € L},U,N) is a bounded lattice. Again, observe that U(x1,7) U
(Uyly) NU(z1a)) = (U(zlar) VU (ylar)) N (U(xlar) UU(216)) and U(xlp) N
(Uylp)UU(z1ar)) = (U(xlar) NU(ylar)) U (U(zlar) NU(21ar)). This shows that
({U(x1p): x € L}, U,N) is a distributive lattice.

Finally, we show that ({U(zlap): x € L},U,N) is complemented. Note that for
x € L we have V(x1p/) NV (0ps : ) = ¢. Then V(zlp ) N{V(N): N < (0p:2)} =
. Since w(M) is compact, there exist N1, No, ..., N, < (0a7 @ @) such that V(z1p)N
{V(Ni): N; < (0p = 2), i =1,2,...,n} = ¢. By taking complements in w(M),
we get (M) = U(xlpy) UU(N1) U ... UU(N,). Since each N; < (0p : x) for
i=1,2,...,n, we have U(zlp) N U U( ;) = . For, if P € U(xlpy)N G U(N;),
then x1,, ﬁ P, which 1mphes (OM : x) P. Therefore N; < P for i = ,é,

a contradiction as P € U U(N;) and so N & P for some k, 1 < k < n. Thus,

7=1

we have m(M) = U(zlp) U U U(N;) and U(zlp) N U U(N;) = ¢. Consequently,

{U(xlpy): x € L}, U,N) is a Boolean lattice.

(2) = (3): Suppose that the finite union of {U(z1): B € L} forms a Boolean
lattlce and suppose that the complement of U(zlys) is U U(N;). As U(zlpy) N
U U(N;) = ¢, we get U(zly) NU(N;) = ¢, i = 1, 2 ,n. Therefore {P €
7T(M s aN; £ P} = ¢, i =1,2,...,n, i.e. U@N;) = ¢ for i = 1,2,...,n, which
implies zN; = 0y for i=1,2,...,n. Thus N; < (0p : z) for i =1,2,...,n. Also,

(M) = U(z1p) U U U(N;) gives A\(n(M)) = /\(U(le) U U U(N )), ie. Oy =

=

A (M)) = /\(U(mlM) v \/ N) Note that /\(U(le) v \_"/ ) AU (z1a1)) A

n
/\ (U(N;)). Then by Theorem 2.16 we have (07 : ) A /\ (Ops = i) = 0ar.

i=1
(3) = (4): Suppose that (3) holds. Then for any = € L there exist N1 = y11p,

Ny = yolpsy ooy Ny = ynlpyr € M with y;1p = N; < (Opr 2 2) for i = 1,2,...,n
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and (Opr @ x) A

I>>s

(Opr : yi) = Opz. This implies (0ps @ 2las) A (Ons 2 vi) = On,
1 i=1

~

n

ie. A (Opr:yi) < (Onr:(0ps:xlpg)). Also note that (Ops : (Oas : 2las)) < (Oas : y:)

=1 "

for i = 1,2,...,n. Hence (Op : (Ops : 2lpr)) < A (Oar ¢ w;) and consequently,
i=1

n

(Opr = (Opg = 2lpg)) = /\1(OM DY)

(4) = (5): Let x be an element of L. By (4), there exist Ny = yi11p7, No =
n

yalar, ..oy No = ynlpyr € M such that (0ps 0 (Ops : 2lpr)) = A (Ons : y:). Hence we

i=1
have

n

V(O]\[ : (OM : 1‘11\1)) = V(/n\(OM : y1)> = O V(O]\[ : yi) = U U(yilj\[) = V(J,‘l]u).

i=1 i=1 i=1

Taking complements in 7(M), we have m(M) — V(zly) = #(M) — JU(yilm),
n i=1

ie. U(xlar) = () V(yilar). It follows that U(zlas) is a finite intersection of open
i=1

sets in dual topology 79. Hence, U(z1ys) is open in 79, which implies 79 is finer

than 7, and 7 is finer than 7¢ follows by Theorem 2.23.

(5) = (1): Suppose that 7 = 7. Then {U(x1,): = € L} is also a base for closed
setsin w(M). Let {U(yln): y € K} be afamily of closed sets with finite intersection
n

property in w(M), where K C L. Then () U(yily) = U(yayz ... ynlnm) # © and
i=1

S0 Y1y ... ynlas # Opr for any finite nulzn_ber of elements y1,y2,...,y, € K. All
the nonzero elements in K together with the finite multiplication of elements in K
form a multiplicatively closed set not containing 0. This multiplicatively closed set
is again contained in some maximal multiplicatively closed set S not containing 0.
As proved in Lemma 2.12, S = C(P) = C(ply), where p = \/(L — S) is a minimal
prime element of L. Note that K C C(P) and therefore P € U(ylys) for all y € K.
Thus, p € ({U(ylm): y € K} # ¢ and so w(L) is compact.

(5) = (6): The implication follows immediately as {V(z1las): € L} is a basis
for open sets in 79.

(6) = (5): Let {U(xzlp): = € L} be any basis for open sets in 7. Then we have
n
U(xlpy) = () V(x;) as {V(xlp): « € L} is a subbasis for open sets in 7(M) with
i=1
respect to 7. This implies that {U(x1y): = € L} is open in 7¢ and hence 7 C 7¢
and the result follows by Theorem 2.23.
(6) = (7): If {V(x1p): = € L} is a subbasis for open sets in 7, then {n(M) —
V(zlpy): o € L} = {U(zlpy): = € L} forms a subbasis for open sets in 7¢ and
conversely. O
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