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On some extremal problems in Bergman spaces in
weakly pseudoconvex domains

Romi F. Shamoyan, Olivera R. Mihić ∗

Abstract. We consider and solve extremal problems in various bounded
weakly pseudoconvex domains in Cn based on recent results on boundedness
of Bergman projection with positive Bergman kernel in Bergman spaces Apα
in such type domains. We provide some new sharp theorems for distance
function in Bergman spaces in bounded weakly pseudoconvex domains with
natural additional condition on Bergman representation formula.

1 Introduction and preliminaries
This paper deals with certain new applications of recent deep results on Berg-
man projection with positive Bergman kernel in Bergman type spaces in general Ω
domains like smoothly bounded pseudoconvex domains of finite type m in Cn with
Levi form which has at least n−2 positive eigenvalues at each point of the boundary
∂Ω and related domains to extremal problems related with distance function. This
paper can be also considered as direct continuation of our previous recent papers
on this topic (see [2], [14], [15], [16], [17]).

To make the exposition easier and convenient for readers in this section we
provide basic preliminaries on general pseudoconvex domains we consider in this
paper taken from [1]–[9], [10], [18], [19].

As the simplest model case we provide below a unit disk case with a complete
proof, then to pass to more difficult cases. In particular, among the other things,
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we provide a new sharp theorem for dist function for Hilbert A2
α weighted Bergman

spaces for bounded pseudoconvex domains whose boundary points are all of finite
type and with locally diagonalizable Levi form.

Throughout this paper constants are denoted by C and Ci, i ∈ N or by C with
other indexes. They are positive and may not be the same at each occurrence.

We will use the notation A . B, for functions A and B of several variables, to
denote that A ≤ CB for a constant independent of certain parameters which will
be clear in the context. The sentence A ≈ B will mean A . B and B . A.

The exposition in this paper is specific. We don’t move into all the details of
all objects referring the reader to concrete papers, but use some vital results from
those papers as tools to prove our theorems.

Now we collect some information on the Bergman projection with positive
Bergman kernel in various domains in higher dimension. We also provide pre-
liminaries on various types of weakly pseudoconvex domains and discuss the action
of the Bergman projection with positive Bergman kernel in Bergman spaces and
some related issues.

We provide some known facts on this function for completeness related with
so called Levi polynomial. The most natural way to define more general classes
of general domains than strongly pseudoconvex (weakly pseudoconvex domains) in
higher dimension is to put some condition on Levi form of that domain, namely
various natural conditions on that form. We add some basic facts and definitions
of Levi form now.

Let D be an open set. A domain D ⊂ Cn is said to be pseudoconvex if the func-
tion ϕ(z) = − log dist(z, bD) is plurisubharmonic on D. Note that ϕ is a continuous
function which tends to ∞ as z → bD. We denote below everywhere by H(D) the
space of all analytic functions in D. We denote by dv or dλ the Lebesgues measure
on D.

Let now D be a bounded domain in Cn which is with C2 boundary and is
strongly pseudoconvex. Thus there is a defining function ρ ∈ C∞(Cn) for D =
{ρ < 0} and |Oρ| > 0 on bD, with ρ strictly plurisubharmonic. Define Pw(z), the
Levi polynomial at w by

Pw(z) =
∑
j

∂ρ(w)

∂wj
(zj − wj) +

1

2

∑
j,k

∂2ρ(w)

∂wjwk
(zj − wj)(zk − wk),

which is a quadratic (holomorphic) polynomial in z. A basic property of Pw is that

ρ(w) + 2 RePw(z) + Lw(z − w) = Tw (1)

is the second-order Taylor expansion of ρ(z) about w.
Here

Lw(z − w) =
∑
j,k

∂2ρ(w)

∂wjwk
(zj − wj)(z̄k − wk)

is the Levi form and

Lw(z − w) ≥ c|z − w|2, c > 0,
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by the strict plurisubharmonicity we assumed. So we can write the above as

2 Re(−ρ(w)− Pw(z)) = −ρ(z)− ρ(w) + Lw
(
z − w) + o(|z − w|2

)
(2)

as |z − w| → 0. Now to extend the above when z − w is not small, we define the
function g(w, z) by

g(w, z) = −Pw(z)χ+ |z − w|2(1− χ)− ρ(w). (3)

Here χ = χ(|z−w|2) is a C∞ function which is 1 when |z−w| ≤ µ
2 and vanishes

when |z−w| ≥ µ. We take µ to be a small constant, fixed so that (2) and the strict
positive of Lw guarantee that we have

2 Re g(w, z) ≥

{
−ρ(w)− ρ(z) + c|w − z|2, if |w − z| ≤ µ
c, if |w − z| ≥ µ

(4)

for some constant c > 0.
We need some basic facts from [4] on weakly pseudoconvex domains with diag-

onalizable Levi form. We refer the reader to [4] for definitions of complex tangent
bundle T p,q of a domain.

Definition 1. Let Ω be a bounded pseudoconvex domain in Cn with smooth C∞

boundary. Let p be a point on the boundary of Ω. We say that the Levi form is
locally diagonalizable at p if there exist a neighbourhood V of p and a smooth basis
B of sections of the complex tangent bundle T 0,1 in V ∩ ∂Ω which diagonalizes the
Levi form. When this property holds at every point of the boundary, we say that
Ω has a locally diagonalizable Levi form.

Definition 2. A function K(z, w) ∈ L∞(Ω × Ω) is called a B-type kernel if there
exist two constants C and C ′ such that, for (z, w) ∈ Uk × Uk,

|K(z, w)| ≤ C
n∏
i=1

F (k)
i (z, δk),

where δk = |ρ(z)|+ |ρ(w)|+γk(z, w) and for (z, w) /∈
⋃N
k=1 Uk×Uk, |K(z, w)| ≤ C ′.

We refer the reader to [4] for definitions of Uk sets and Fki functions and γk(z, w)
functions.

Remark 1. Note that the notion of B-type kernel does not depend neither on the
choice of the basis diagonalizing the Levi form nor on the choice of m and the Uk.

The following assertion is vital for our next section.

Proposition 1. (see [4]) Let K(z, w) be a B-type kernel. Let |P | be the opera-
tor associated to |K(z, w)| (Bergman type projection with positive Bergman type
kernel). Then |P | maps continuously Lp(Ω) into itself for 1 < p < +∞.
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Note in [4] the Forelly-Rudin type estimate can also be found for this domains.
Namely ∫

Ω

|K(z, w)||r(w)|−εdv(w) . |r(z)|−ε, z ∈ Ω,

where ε ∈ (0, 1), for all B type kernels.
We assume that in this type domains in this paper the Bergman kernel is B

type kernel. Then the Bergman projection with positive kernel is bounded. This
follows directly from Schur test and estimates of Forelly-Rudin type, (see also [4]).

We also need some facts for pseudoconvex domains whose boundary Levi form
has at most one degenerate eigenvalue.

In [7], the author shows that the Bergman kernel function, associated to pseudo-
convex domains of finite type with the property that the Levi form of the boundary
has at most one degenerate eigenvalue, is a standard kernel of Calderün-Zygmund
type with respect to the Lebesgue measure. As an application, author shows that
the Bergman projection with positive Bergman kernel on these domains preserves
some of the Lebesgue classes.

Let Ω ⊂ Cn be a bounded domain. The Bergman projection P on Ω is the
orthogonal projection.

P : L2(Ω)→ H(Ω) ∩ L2(Ω) = A2(Ω),

whereH(Ω) denotes the set of holomorphic functions on Ω. There is a corresponding
kernel function KΩ(z, w), the Bergman kernel function, such that

Pf(z) =

∫
Ω

KΩ(z, w)f(w)dw, z ∈ Ω.

Theorem A. (see [7]) Let Ω be a pseudoconvex domain of finite type with the
property that the Levi form of the boundary has at most one degenerate value. Let
P be the Bergman projection or the Bergman projection with positive Bergman
kernel associated to the domain Ω. Then P maps Lp(Ω) to Lp(Ω), boundedly, for
all 1 < p <∞.

We need for proof the Forelly-Rudin type estimate for bounded symmetric do-
main (see [9] and references there). The weighted Bergman projection is bounded
in these domains, see [9], [10], [18], [19]. We refer the reader to [9] for the Forelly-
Rudin type estimate in these domains.

This lemma leads to a boundedness of the Bergman projection with positive
Bergman kernel in these types of domains (see [9], [10], [18], [19]).

Lemma A. (see [8]) Let Ω be a bounded symmetric domain, t > −1 and c ∈ R
such that c > a(r−1)

2 . Then

Ic,t(z) =

∫
Ω

h(w,w)t

|h(z, w)|N+t+c
dv(w) ∼ h(z, z)−c.

Let D ⊂ C be a bounded, strongly Levi-pseudoconvex domain with minimally
smooth boundary. In [11] authors proved Lp(D)-regularity for the Bergman projec-
tion P, and for the operator |P | whose kernel is the absolute value of the Bergman
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kernel with p in the range (1,+∞). As an application, in [11] authors shows that
the space of holomorphic functions in a neighborhood of D is dense in ϑLp(D).

Paper [11] is the first in a series of papers dealing with the Lp-theory of reproduc-
ing operators such as the Cauchy-Fantappiè integrals and the Szegő and Bergman
projections for domains in Cn whose boundaries have minimal smoothness. In the
paper [11] authors study the Bergman projection with positive Bergman kernel on
domains in Cn that are strongly pseudoconvex and have C2 boundaries.

Let further Ω be smoothly bounded pseudoconvex domain of finite type m in
Cn, and the Levi form of bΩ has at least n− 2 positive eigenvalues at each z ∈ bΩ.
The Bergman projection, as usual, is the orthogonal projection

P : L2(Ω)→ H2(Ω),

with corresponding kernel function K(z, w) called, as usual, the Bergman kernel
function. We set

Lpk(Ω) = {f ∈ Lp(Ω) : Dαf ∈ Lp, |α| ≤ k},

and let Λα(Ω) be the Lipschitz space of order α > 0. If Ω is strongly pseudoconvex,
Phong and Stein (see [13]) proved continuity results of P in the spaces mentioned
above. For weakly pseudoconvex domains in Cn, however, much less is known.
When Ω is a smoothly bounded convex domain of finite type in Cn, McNeal and
Stein (see [12]) proved the continuity results in Lpk(Ω), 1 < p < ∞, k ≥ 0, and in
Λα(Ω), α > 0.

In [1] authors assumed that Ω is a smoothly bounded pseudoconvex domain of
finite type m in Cn and the Levi-form of bΩ has at least n− 2 positive eigenvalues
at each z ∈ bΩ, and in this paper [1] the authors proved sharp Sobolev space and
Lipschitz space estimates for the Bergman projection operator P, associated to Ω.
We refer to [1] for definitions of functional spaces BMO and Lipschitz class.

In [1] authors proved the following theorem:

Theorem B. (see [1])

1. The Bergman projection operator associated to Ω, P, maps Lpk(Ω) to Lpk(Ω),
boundedly, for 1 < p <∞ and k ∈ N.

2. P maps Λα(Ω) to Λα(Ω), boundedly, for all 0 < α <∞.

3. P maps L∞(Ω) to BMO(Ω), boundedly.

To prove this theorem, the authors used a detailed analysis of the local geometry
of bΩ, and use estimates of the Bergman kernel function and its derivatives near bΩ.

We refer the reader for definitions of important τi and M functions to [1], [7]
to formulate next proposition.

Definition 3. A smooth function, K(z, w), defined on Ω×Ω is said to be a kernel
of B-type if there is an independent constant C > 0 so that for every z, w ∈ Ω,

|K(z, w)| ≤ C
n∏
i=1

τi(z, δ)
−2,
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where δ = |r(z)|+|r(w)|+M(z, w) and where r is a defining function of our domain
(see [1], [7]).

Note that the Bergman kernel function K(z, w) is a kernel of B-type, (see [1],
[7] for this fact).

Let again Ω be smoothly bounded pseudoconvex domain of finite type m in Cn,
and the Levi form of bΩ has at least n− 2 positive eigenvalues at each z ∈ bΩ.

Theorem C. (see [1]) Let K(z, w) be a kernel of B-type on Ω. If |P | is the operator
associated to |K(z, w)| (Bergman projection with positive Bergman kernel), then
|P | : Lp(Ω)→ Lp(Ω), 1 < p <∞, boundedly.

The proof is based on Proposition 3.1 of [1].

Proof. (Sketch) Let 0 < ε < 1 be arbitrary and let U0, U1, . . . , UN be the open sets
as in the proof of Proposition 3.1 of [1], then we have (Forelly-Rudin type estimate)

∫
Uk

|K(z, w)||r(w)|−εdv(w) .
∫
Cn
|r(w)|−ε

n∏
i=1

τi(z, δ)
−2dv(w),

where δ is defined as in [1]. Since 0 < ε < 1, we may apply integrations similar to
those in the proof of Proposition 3.1 of [1] to find that∫

Ω

|K(z, w)||r(w)|−εdv(w) . |r(z)|−ε.

The authors also obtain analogous estimates when the integration variable is z
instead of w. If q is the conjugate exponent of p and f ∈ Lp(Ω), then Hölder’s
inequality implies

∣∣(|P |f)(z)
∣∣p ≤ (∫

Ω

|K(z, w)||f(w)|p|r(w)|εp/qdv(w)

)(∫
Ω

|K(z, w)||r(w)|−εdv(w)

)p/q
.

(∫
Ω

|K(z, w)||f(w)|p|r(w)|−εp/qdv(w)

)
|r(z)|−εp/q.

Thus it follows that∫
Ω

∣∣(|P |f)(z)
∣∣pdz . ∫

Ω

∫
Ω

|K(z, w)||f(w)|p|r(w)|εp/q|r(z)|−εp/qdv(w)dz

=

∫
Ω

(∫
Ω

|K(z, w)||r(z)|−εp/qdz
)
|r(w)|εp/q|f(w)|pdv(w)

.
∫

Ω

|f(w)|pdv(w),

if ε < q/p. �
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2 Main results
In this section we first formulate a result in the unit disk (see [15]) and then repeat
arguments we provided in proof of that theorem in various situations in higher
dimension to get results in weakly pseudoconvex domains. The core of all proofs is
the boundedness of the Bergman projection with positive Bergman kernel. These
type results we provided above in various weakly pseudoconvex domains. The next
important tool for our proofs is the Forelly-Rudin type estimates in these domains
which we also discussed in previous section (Forelly-Rudin type estimates in the
unit disk).

We add some preliminaries in the unit disk which will be needed for our main
results.

Let U be, as usual, the unit disk on the complex plane, dm2 be the normalized
Lebesgue measure on U. Let H(U) be the space of all analytic functions on the
unit disk U. For f ∈ H(U) and f(z) =

∑
k akz

k, define the fractional derivative
of the function f as usual in the following manner

Dαf(z) =

∞∑
k=0

(k + 1)αakz
k, α ∈ R.

We will write Df(z) if α = 1. Obviously, for all α ∈ R, Dαf ∈ H(U) if f ∈ H(U).
For k > s, 0 < p, q ≤ ∞, the weighted analytic Besov space Aq,ps (U) is the class

of analytic functions satisfying

‖f‖q
Aq,ps

=

∫ 1

0

(∫
T

|Dkf(rξ)|pdξ
) q
p

(1− r)(k−s)q−1dr <∞,

where T = {ξ : |ξ| = 1} be circle and dξ be the Lebesgue measure on the circle T
and with standard modification for p =∞ or q =∞.

We denote by Aqs(U) the Aq,qs (U) analytic Besov spaces in the unit disk for all
real numbers s. Note also that for s < 0 we have that these spaces are Aq−sq−1(U)
Bergman spaces according to definition above for unit ball and we will use this
notation below for all negative s numbers in Besov spaces.

It is well-known that Aq−sq−1(U) ⊂ A∞−t(U), t = s− 1
q , t < 0, s < 0.

Let further
Ωkε,−t = {z ∈ U : |Dkf(z)|(1− |z|2)ε ≥ −t},

ε ≥ 0, t < 0, Ω0
ε,−t = Ωε,−t.

In the following sharp theorem we calculated distances from a weighted Bloch
class to Bergman spaces for q ≤ 1.

Theorem D. (see [15]) Let 0 < q ≤ 1 <, s < 0, t ≤ s − 1
q , β > 1−sq

q − 2 and
β > −1− t. Let f ∈ A∞−t. Then the following are equivalent:

1. l1 = distA∞−t(f,A
q
−sq−1);

2. l2 = inf
{
ε > 0:

∫
U

(∫
Ωε,−t(f)

(1−|w|)β+t
|1−zw|2+β dm2(w)

)q
(1−|z|)−sq−1dm2(z) <∞

}
.
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Proof. First we show that l1 ≤ Cl2. For β > −1− t, we have

f(z) = C(β)

(∫
U\Ωε,−t

f(w)(1− |w|)β

(1− wz)β+2
dm2(w) +

∫
Ωε,−t

f(w)(1− |w|)β

(1− wz)β+2
dm2(w)

)
= f1(z) + f2(z),

where C(β) is a well-known Bergman representation constant.
For t < 0,

|f1(z)| ≤ C
∫
U\Ωε,−t

|f(w)|(1− |w|)β

|1− wz|β+2
dm2(w)

≤ Cε
∫
U

(1− |w|)β+t

|1− wz|β+2
dm2(w)

≤ Cε 1

(1− |z|)−t
.

So supz∈U |f1(z)|(1− |z|)−t < Cε.
For s < 0, t < 0, we have∫
U

|f2(z)|q(1− |z|)−sq−1dm2(z)

≤ C
∫
U

(∫
Ωε,−t

(1− |w|)β+t

|1− wz|β+2
dm2(w)

)q
(1− |z|)−sq−1dm2(z) ≤ C.

So we finally have

distA∞−t(f,A
q
−sq−1) ≤ C‖f − f2‖A∞−t = C‖f1‖A∞−t ≤ Cε.

It remains to prove that l2 ≤ l1. Let us assume that l1 < l2. Then we can
find two numbers ε, ε1 such that ε > ε1 > 0, and a function fε1 ∈ Aq−sq−1,
‖f − fε1‖A∞−t ≤ ε1, and

∫
U

(∫
Ωε,−t

(1− |w|)β+t

|1− zw|β+2
dm2(w)

)q
(1− |z|)−sq−1dm2(z) =∞.

Hence as above we easily get from ‖f − fε1‖A∞−t ≤ ε1 that

(ε− ε1)χΩε,−t(f)(z)(1− |z|)t ≤ C|fε1(z)|,

and hence

M =

∫
U

(∫
U

χΩε,−t(f)(z)(1− |w|)β+t

|1− wz|β+2
dm2(w)

)q
(1− |z|)−sq−1dm2(z)

≤ C
∫
U

(∫
U

|fε1(w)|(1− |w|)β

|1− wz|β+2
dm2(w)

)q
(1− |z|)−sq−1dm2(z).



On some extremal problems in Bergman spaces in weakly pseudoconvex domains 91

Since for q ≤ 1,(∫
U

|fε1(w)|(1− |w|)α

|1− wz|t
dm2(w)

)q
≤ C

∫
U

|fε1(w)|q(1− |w|)αq+q−2

|1− wz|tq
dm2(w), (5)

where α > 1−q
q , t > 0, fε1 ∈ H(U), z ∈ U and the Forelly-Rudin type estimate

∫
U

(1− |z|)−sq−1

|1− wz|q(β+2)
dm2(z) ≤ C

(1− |w|)q(β+2)+sq−1
, (6)

where s < 0, β > 1−sq
q −2, w ∈ U, (Forelly-Rudin type estimates in the unit disk).

We get

M ≤ C
∫
U

|fε1(z)|q(1− |z|)−sq−1dm2(z).

So, we arrive at a contradiction. The theorem is proved. �

The following theorem is a version of Theorem D for the case q > 1. The core of
the proof of Theorem E as we see from the proof of Theorem D is the boundedness
of the Bergman projection with positive Bergman kernel and the Forelly-Rudin
type estimates. This simple observation will be heavily used by us below.

Theorem E. (see [15]) Let q > 1 s < 0, t ≤ s− 1
q , β > −1−sq

q and β > −1− t. Let
f ∈ A∞−t. Then the following are equivalent:

1. l̂1 = distA∞−t(f,A
q
−sq−1);

2. l̂2 = inf
{
ε > 0:

∫
U

(∫
Ωε,−t(f)

(1−|w|)β+t
|1−zw|2+β dm2(w)

)q
(1−|z|)−sq−1dm2(z) <∞

}
.

The proof of Theorem E is the same actually as the proof of Theorem D. The
only difference is the boundedness of Bergman type projection operator but with
the positive Bergman kernel. This fact will be heavily used by us below.

Indeed the close inspection of the proof of Theorem D shows the proof of The-
orem E is the same as the proof of Theorem D but here we will use (7) (see below)
instead of (5). For ε > 0, q > 1, β > 0, α > −1

q ,(∫
U

|f(z)|(1− |z|)α

|1− wz|β+2
dm2(z)

)q
≤ C

∫
U

|f(z)|q(1− |z|)αq

|1− wz|βq−εq+2
dm2(z)(1−|w|)−εq, w ∈ U,

(7)
which follows immediately from Hölder’s inequality and (6).

Now we will add a new results. Since all proofs are short repetitions of argu-
ments which are needed in higher dimension, they will be partially omitted. Let
D be a bounded domains (domain) in Cn. We put for f ∈ H(D)

Ωε,f =
{
z ∈ D : |f(z)| (dist(z, ∂D))

n+1
p ≥ ε

}
.
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For a bounded domain D with C2 boundary we define Bergman spaces Apα and
A∞β as follows

Apα(D) =
{
f ∈ H(D) :

∫
D

|f(z)|p dist(z, ∂D)αdv(z) <∞
}
, α > −1,

A∞β (D) =
{
f ∈ H(D) : sup

z
|f(z)|dist(z, ∂D)β <∞

}
, β ≥ 0,

because of known embedding between these two spaces (see [6]) for such type
domains dist problem can be posed and more generally we arrive at problem of
estimates of distX(f, Y ) if X,Y are quazinormed spaces, subspaces of H(D), f ∈ X
and Y is embedded in X.

We deal with bounded domains with C2 boundary at least below so the dist
problem can be always posed. The core of all our proofs are so called Forelly-
-Rudin type estimates and boundedness of Bergman type projections with positive
Bergman kernel for various types of domains discussed in previous section. The
rest follows from the proof of the unit disk case which we provided above. The
short proofs in more complicated domains hence will be partially omitted.

We assume that in our Theorems 1, 2 the following condition holds: ρ(z) is
equivalent to dist(z, ∂D), z ∈ D, where ρ is a defining function of D domain. We
also assume that for each F, F ∈ A∞(n+1)/p the Bergman reproducing formula with
kernel K is valid that is

F (w) =

∫
D

K(z, w)F (z)dv(z), w ∈ D.

Note as we can check (see [3]) these both conditions are valid for bounded
strongly pseudoconvex domains with smooth boundary.

Namely for example for bounded strongly pseudoconvex domains and for defin-
ing function of a domain ρ(z) it is known ρ(z) is equivalent to dist(z, ∂D), (see [4],
[7]).

Moreover the second condition is valid in homogeneous Siegel domains, in tubu-
lar domains of second type, and bounded symmetric domains (see [14], [15], [16],
[17]).

Similar condition on defining function of a general pseudoconvex domain can
be seen in [5].

Theorem 1. Let D be a bounded pseudoconvex domains with C2 boundary whose
boundary points are all of finite type and with locally diagonizable Levi form,
n+1
p < 1, 1 < p <∞ and let f ∈ A∞(n+1)/p(D). Then

distA∞
(n+1)/p

(f,Ap0(D))

� inf

{
ε > 0 :

∫
D

(∫
D

χΩε,f (z)|K(z, w)|dist(z, ∂D)−
n+1
p dλ(z)

)p
dλ(w) <∞

}
.
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Proof. Let us show first that

l1(f) = distA∞
(n+1)/p

(f,Ap0)

≤ C inf

{
ε > 0 :

∫
D

(∫
D

χΩε,f (z)|K(z, w)|dist(z, ∂D)−
n+1
p dλ(z)

)p
dλ(w) <∞

}
= Cl2(f).

We repeat unit disk arguments now. According to our assumptions we have

F (w) =

∫
D

K(z, w)F (z)dλ(z), w ∈ D

(for bounded symmetric domains this is valid automatically).
Then following unit disk case we have

F (w) = F1(w) + F2(w), w ∈ D

F2(w) =

∫
D\Ωε,f

K(z, w)F (z)dλ(z), w ∈ D

F1(w) =

∫
Ωε,f

K(z, w)F (z)dλ(z), w ∈ D.

Note again using the Forelly-Rudin estimate

|F2(w)| ≤ Cε
(
ρ(w)−τ

)
, τ =

n+ 1

p
, w ∈ D,

and also obviously, since dist(z, ∂D) � ρ(z),

∫
D

|F1(w)|pdλ(w) ≤ C
∫
D

(∫
D

χΩε,f (z)|K(z, w)|dist(z, ∂D)−
n+1
p dλ(z)

)p
dλ(w) ≤ C,

where 1 < p <∞, n+1
p < 1.

We used that (see previous section)∫
D

|K(z, w)| ρ(z)−τdλ(z) ≤ ρ(w)−τ , w ∈ D, τ ∈ (0, 1).

The rest follows similarly as above in case of the unit disk. Let us show now the
reverse that is l2(f) ≤ l1(f). We again repeat arguments of the unit disk case using
the Bergman projection theorem.

For some ε, ε1 > 0, ε > ε1, fε1 ∈ A
p
0(D) and assuming the reverse that l1 < l2,

we have now
‖(f − fε1)‖A∞

(n+1)/p
≤ ε1 (8)

and

M(f) =

∫
D

(∫
D

χΩε,f (z)|K(z, w)|dist(z, ∂D)−
n+1
p dλ(z)

)p
dλ(w) =∞.
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Hence from (8) we have

(ε− ε1)χΩε,f (z)ρ(z)−τ ≤ C |fε1(z)| , z ∈ D, τ =
n+ 1

p
.

From here we have that obviously

M(f) ≤ C
∫
D

(∫
D

|fε1(z)||K(z, w)|dλ(z)

)p
dλ(w) ≤ C‖fε1‖Ap0 ,

for 1 < p <∞.
Since the Bergman projection with positive kernel is bounded (see previous

section) we got contradiction.
The proof is complete. �

Note, the proof of the Theorem 1 is based fully on estimates from [4] and remarks
we made above. This result is sharp under certain natural additional conditions.

We always assume below that Ω is bounded domain with C2 boundary (at
least), so dist problem can be posed.

Based on our discussion and results of Ahn-Cho we can now formulate the
following result.

Theorem 2. Let Ω be C∞ smoothly bounded with defining function r pseudocon-
vex domain of finite type m in Cn and the Levi form on ∂Ω has at least n−2 positive
eigenvalues at each z ∈ ∂Ω. Let n+1

p < 1, 1 < p < ∞ and let f ∈ A∞(n+1)/p(D).
Then

distA∞
(n+1)/p

(f,Ap0(D))

� inf

{
ε > 0 :

∫
D

(∫
D

χΩε,f (z)|K(z, w)|dist(z, ∂D)−
n+1
p dλ(z)

)p
dλ(w) <∞

}
.

Proof. Let us show first that

l1(f) = distA∞
(n+1)/p

(f,Ap0)

≤ C inf

{
ε > 0 :

∫
D

(∫
D

χΩε,f (z)|K(z, w)|dist(z, ∂D)−
n+1
p dλ(z)

)p
dλ(w) <∞

}
= Cl2(f).

We repeat unit disk arguments again. According to our assumptions we have

F (w) =

∫
D

K(z, w)F (z)dλ(z), w ∈ D

(for bounded symmetric domains this is valid automatically).
Then following unit disk case we have

F (w) = F1(w) + F2(w), w ∈ D

F2(w) =

∫
D\Ωε,f

K(z, w)F (z)dλ(z), w ∈ D

F1(w) =

∫
Ωε,f

K(z, w)F (z)dλ(z), w ∈ D.
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Note again using the Forelly-Rudin estimate

|F2(w)| ≤ Cε
(
ρ(w)−τ

)
, τ =

n+ 1

p
, w ∈ D,

and also obviously, since dist(z, ∂D) � ρ(z),∫
D

|F1(w)|pdλ(w) ≤ C
∫
D

(∫
D

χΩε,f (z)|K(z, w)|dist(z, ∂D)−
n+1
p dλ(z)

)p
dλ(w) ≤ C,

where 1 < p <∞, n+1
p < 1.

We used that∫
D

|K(z, w)| ρ(z)−τdλ(z) ≤ ρ(w)−τ , w ∈ D, τ ∈ (0, 1).

The rest follows similarly as above in case of the unit disk. Let us show now the
reverse that is l2(f) ≤ l1(f). We again repeat arguments of the unit disk case using
the Bergman projection theorem.

For some ε, ε1 > 0, ε > ε1, fε1 ∈ A
p
0(D) and assuming the reverse that l1 < l2,

we have now

‖(f − fε1)‖A∞
(n+1)/p

≤ ε1 (9)

and

M(f) =

∫
D

(∫
D

χΩε,f (z)|K(z, w)|dist(z, ∂D)−
n+1
p dλ(z)

)p
dλ(w) =∞.

Hence from (8) we have

(ε− ε1)χΩε,f (z)ρ(z)−τ ≤ C |fε1(z)| , z ∈ D, τ =
n+ 1

p
.

From here we have that obviously

M(f) ≤ C
∫
D

(∫
D

|fε1(z)||K(z, w)|dλ(z)

)p
dλ(w) ≤ C‖fε1‖Ap0 ,

for 1 < p <∞.
Since the Bergman projection with positive kernel is bounded (see previous

section) we got contradiction.
The proof is complete. �

From [9] taking into account our discussion above and repeating arguments of
the unit disk case we have another sharp theorem (without additional assumption
needed for other two theorems):
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Theorem 3. Let Ω be bounded symmetric domain with C2 boundary, 1 < p <∞.
Then we have

distA∞
(n+1+α)/p

(f,Apα(Ω))

� inf

{
ε > 0 :

∫
Ω

(∫
Ω

χΩε,f (z)
1

|h(z, w)|β+N

(
h(z, z)

)−t+β
dδ(z)

)p
×
(
h(w,w)

)α
dδ(w) <∞

}
,

for all β > β0, for all t = n+1+α
p < 1 and for some large enough β0.

Similar results with similar proofs are valid based on discussion above for pseu-
doconvex domains of finite type with the property that the Levi form of the bound-
ary has almost one degenerate eigenvalue. We leave this to interested readers.

References

[1] H. Ahn, S. Cho: On the mapping properties of the Bergman projection on pseudoconvex
domains with one degenerate eigenvalue. Complex Variables Theory Appl. 39 (4) (1999)
365–379.
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