Czechoslovak Mathematical Journal

Quanwu Mu; Minhui Zhu; Ping Li
A Diophantine inequality with four squares and one kth power of primes
Czechoslovak Mathematical Journal, Vol. 69 (2019), No. 2, 353-363

Persistent URL: http://dml.cz/dmlcz/147729

Terms of use:

© Institute of Mathematics AS CR, 2019

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147729
http://dml.cz

Czechoslovak Mathematical Journal, 69 (144) (2019), 353—-363

A DIOPHANTINE INEQUALITY WITH FOUR SQUARES
AND ONE kTH POWER OF PRIMES

QUANWU Mu, MINHUI ZHU, PING L1, Xi’an

Received July 3, 2017. Published online November 19, 2018.

Abstract. Let k > 5 be an odd integer and 1 be any given real number. We prove that if
A1, A2, A3, A4, p are nonzero real numbers, not all of the same sign, and A; /A2 is irrational,
then for any real number o with 0 < o < 1/(89%(k)), the inequality

2 2 2 2 . -9
AP + A2p3 + Asp3 + Aapd + ppk + 1) < (lrg]agspj)

has infinitely many solutions in prime variables pi,pa,...,ps, where (k) = 3 x o(k=5)/2
for k = 5,7,9 and 9(k) = [(k* + 2k + 5)/8] for odd integer k with k > 11. This improves
a recent result in W. Ge, T. Wang (2018).
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1. INTRODUCTION

In 1937, Vinogradov [23] proved that every sufficiently large odd integer is a sum
of three primes. Later, Hua [11] refined Vinogradov’s result and showed that all
sufficiently large odd integers are sums of two primes and a kth power of a prime,
where k is any given positive integer. In [11], Hua also proved that all sufficiently
large odd integers satisfying some necessary congruence conditions can be represented
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in the form of four squares of primes and a kth power of a prime. It is of some interest
to consider the analogous form for Diophantine inequalities. Some authors obtained
many significant results in this direction, see [1], [2], [6], [8], [9], [13], [14], [15], [16],
[19], [20], [21] for details. In [14], Li and Wang established the following theorem.

Theorem 1.1. Let k£ > 3 be a fixed integer and n be any given real number.
Suppose that A1, A2, A3, A4, p are nonzero real numbers, not all of the same sign,
and A1 /g is irrational. Then the inequality

(1.1) IMp? + Aop3 + A3p3 + Aap] + ppk + 1| < (gjaépj)

has infinitely many solutions in prime variables p1,pa,...,ps for 0 < o < 1/(3k2%).

In [17], we improved the above result and showed that under the same assumptions
as in Theorem 1.1, inequality (1.1) has infinitely many solutions in prime variables
P1,P2, - -, P5, Where 0 < 0 < 1/16 for k = 3, 0 < 0 < 5/(3k2F) for 4 < k < 5, and
0 < o < 40/(21k2%) for k > 6. The proof is based on the method of Languasco
and Zaccagnini in [12], together with Heath-Brown’s improvement on Hua’s lemma
(see [4], Lemma 5 and [10], Theorem 2). Let

s =[S, ok) = min@®1, 3(k) (k) + 1),
where [z] denotes the largest integer not exceeding the real number z. Very recently,
Ge and Wang [6] refined the result in [17]. They proved that under the same as-
sumptions as in Theorem 1.1, inequality (1.1) has infinitely many solutions in prime
variables p1,pa,...,ps for 0 < o < 1/(80(k)) (see [6], Theorem 1.3).

The aim of the present paper is to further enlarge the range 0 < o < 1/(8c(k))
for odd integer k£ with k£ > 5. The following theorem is proved.

Theorem 1.2. Let k > 5 be an odd integer. Suppose that A1, Az, A3, Ay, p and n
satisfy the same conditions as in Theorem 1.1. Then for any real number o with
0 <o < 1/(89(k)), inequality (1.1) has infinitely many solutions in prime variables

P1,P2,---,Ps, where

(1.2) I(k) =

3 x 2(k=5)/2 ifk=5,7,9,
[(k* +2k+5)/8] ifk>11 and 21k.

With the help of Corollary 3.2 below, we obtain a wider major arc, this with the
very recent work of Bourgain (see [3], Theorem 10) yields the desired conclusion.
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2. NOTATION AND PRELIMINARIES

The proof of Theorem 1.2 is dependent on the Davenport-Heilbronn circle method
(see [22], Chapter 11). For each integer j > 2 set

(2.1)

. 27 when 2 < j < 4,
“ljG+1) whenj>5.

In what follows, we use € and § to denote fixed positive constants which are arbitrarily
small. The letter p, with or without subscript, always stands for a prime number. The
letter k, except as specially provided, usually denotes an odd integer not less than 5.
Since A1/Az is irrational, we let ¢ be a large enough denominator of a convergent
to A1/Ag2. Put

_ 2 _
X=q¢, NX)= E 1,
SX<pI<X, 1<5<4, 0X<pE<X
[A1pT+A2p3+ X33+ Aap2 +upk +n| <

B (M)Q when o # 0,

T = )(—1/(1619(/€))-’r3067 KT(a) hive%

72 when o = 0,

Sil) =Y (logp)e(ap’),

SX<pI<X

4
I(t,n,%) = /3€ [ S2(Aj) Sk(pa)e(an) K, (a) da,
j=1

where e(a) = e*® X denotes any measurable subset of R and ¥(k) is defined
by (1.2). For the Dirichlet kernel K (a) we have the trivial estimate

(2.2) K. (a) < min(7?, |a|72).

It follows from Lemma 4 of Davenport and Heilbronn [5] that

(2.3) /00 e(zy) K, (z) de = max(0,7 — |y|).

—00
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S
Nt
=
=
WV
N

> max(0,7 — [A1pf + Xop3 + Asp3 + \api + ppk + )

SX<pI<X
1<5<4
SX<pE<X

1 5
> rlgxy, 2 Lveer

sX<pigx =1
1<5<4
SX<pE<X

x max(0,7 — [A\pi + Aap3 + Asp3 + Aapi + upk + 1))
1

5
= oaxy, 2 Hosn

sX<pigx =1
1<j<4
SX<pE<X

x / e((Mp? + Xop3 + A3p3 + Aapd + ppk + n)a) K, (a) da

— 00

1
=———-=1 R).
T(lOgX)5 (Tanv )

To prove Theorem 1.2, it suffices to establish the estimate I(7,n, R) > T2 X 1H1/k
For this purpose, we split the real line into three parts

M={a: o] <o}, m={a: p<lof <&}, t={a: [a] >},

where ¢ = X1/ @k)=e ¢ — 772X3¢ Usually, these sets are called the major arc,
the minor arcs and the trivial arcs, respectively. Therefore

(2.5) I(r,n,R) = I(r,n, M) + I(r,n,m) + I(1,n,t).

It should be noted that the major arc 9t is wider than that of [6]. In what follows,
we shall show that

[, 00| > P2 X VE T (7, m)| < P2 XTHVERE T (g, )] < P2 XREE
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3. THE MAJOR ARC

Let M = {a: |a| < X '#5/060)=2} then M C 9. In [17], Section 3, we have
proved that

(3.1) (7,0, M)| > 72X Tk,
The conditions ‘A1, A2, A3, A4, i are nonzero real numbers, not all of the same sign’

play an important role in the proof of (3.1), see [17], pages 485—486 for details. It
remains to discuss the estimate for |I(7,n, 9\ M)|.

Lemma 3.1 (see [7], Theorem 1). Let j be an integer with j > 2, and N > 2.
Suppose that a and q are integers with

(32) |qa - a‘| g ) (a7 q) = 17 q > 1.

| =

Then for any € > 0,

. 1 1 g\
j 1+e( = _r
(3.3) p;v(logp)e(ap ) <N (q + N1/2 + Nj) :

Corollary 3.2. Suppose that X ~1+5/(6k)=¢ < |o| < X~1/2K)=¢ Then for any
given nonzero real ;1 and € > 0 we have

(3.4) [Sk(pa)| < X U/R(1=1/2x47F) e

The implicit constant in the < notation depends on k, y, 0.

Proof. Notice that

+

> (logp)e(uap®)|.

P(6X)1/*

(3.5) |Sk(pa)] < | D (logp)e(pap®)

p<X/k

Similarly to [9], Corollary 2, we take ua in place of « in (3.2), and take ¢ = [1/|pa],
a = £1 (the sign of a is the same as that for ua), then (3.4) follows from (3.5)
and (3.3). O
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By Corollary 3.2 and the arithmetic-geometric mean inequality, we get
(3.6)  [(r,n, M\ M)
S/ |SQ()\10¢)SQ(/\20&)32(/\3(1)32(/\4&)Sk(ua)|[(7(0&)dOz
M\M
: 4
<7’ S / Sa(Nja)| d
r max [Sk(ua) ; -~ |S2(Aj0)|" da
1
< 72X 1/R(1-1/2x4" " ) te / }52(a)|4 do
0
< F2X I/ ke

where (2.2) and Hua’s lemma (see [4], page 85) are used. Noting that I(7,n, M) =
I(r,n,M) + I(7,n,9t \ M), this with (3.1) and (3.6) implies

(3.7) [I(7,n,9%)| > r2xH/k,

4. THE MINOR ARCS
Let m = m; Umgy, where
m; = {a e m: |[Sy(\ja)| < X716+ for j =1,2.
To estimate the integral I(7,n, m), we need several lemmas.

Lemma 4.1. Let j and s be positive integers with s < j. Then
1 .
(4.1) / 15, (@)D da < X515t
0

holds for all € > 0.

Proof. It follows from [3], Theorem 10 that

(4.2) /0 1

By considering the number of solutions of the underlying Diophantine equation and
using (4.2), we obtain (4.1). O

. s(s+1) .
e(az?) do < X /7%,

SX<ai<X
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Lemma 4.2. Let j > 2 be an integer. Suppose that A\ and u are nonzero real
constants and k is an odd integer with k > 5. Then for any ¢ > 0 we have

(4.3) / 19;(Aa)[YOV K () da < 7XYO/i-14e
R

(4.4) / |S2(Aa) [ Sk () PP K 1 () dav < 7 X 20 R)/Ete,
R

where 1(j) and 9(k) are defined by (2.1) and (1.2), respectively. The implicit con-
stant in the < notation of (4.3) depends on J, j, and the implicit constant in
the < notation of (4.4) depends on k, A, p.

Proof. For (4.3), see [18], Lemma 4.5 for details. It remains to prove (4.4). Let
a=(k-1)/2,b= (k+1)/2

We first consider the case of k > 11, 21 k, recalling that 9(k) = [(k? + 2k + 5)/8]
in this case. When k& =1 (mod 4), we have

E24+2k+5 ala+1)+bb+1 1

It follows from the Cauchy-Schwarz inequality and Lemma 4.1 that

1 1
(4.5) / 1Sk ()27 dov <« Xl/k/ 1S, ()| (Aa+D+bB+1)/2 g
0

1 1/2 /2
< Xl/k </ |Sk( |a (a+1) > (/ |S |b b+1)>
0

< Xl/k(Xa2/k+e)1/2(sz/k+s)1/2
< X (K 45)/(4k)+e < X29(k)/k=1/2+e

where the trivial upper bound Sy,(a) < X'/* is used. When k = 3 (mod 4), we have

(k+1)2 a(a+1)+b(b+1).

A 4

By a similar argument as that in (4.5), we also obtain
1
(4.6) / 1S () 228 doy < X 2RI/ K172k,
0
It follows from (2.3) that
(4.7) [ 18200181 (10) 0 K (@) d < 72
R
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where ¥ denotes the number of solutions of

(P + ... +P§(k) - Pg(k)ﬂ R _pgﬁ(k)) + )\(Pgﬁ(k)ﬂ - p%ﬁ(k)+2)| <7

with pf € [0X,X] for 1 < i < 20(k), and p} € [6X,X] for 20(k) +1 < j <
29(k) 4 2. Note that 7 — 0 as X — oo. When poy(p)4+1 7# P2o(k)+2, the values of

P1,D2, - - -, P2o(k) determine the values of poy(xy41 and pag(x)42 with at most X pos-
sibilities; these solutlons contribute < X2?(*)/k+e to 1. When D20 (k)+1 = D20 (k)+25
we get

k k k k
(4.8) P1 - Py — Pyky+1 — - — Pagey = 0-

By (4.5) and (4.6), it follows that equation(4.8) has O(X??(*)/k=1/2+¢) golutions in
primes p1,pa, ..., P2g(k)- In this case, these solutions also contribute < X 29(k)/k+e
to . Thus, we get ¥ < X2/(F)/k+e: this with (4.7) yields (4.4).

In the cases of k = 5,7,9, noting that ¥(k) = 3 x 2(k=5)/2 = 20=2 1 90=2 'we can
also prove (4.6) using the Cauchy-Schwarz inequality and Hua’s lemma. In a similar
manner as above, we can prove (4.4). This completes the proof of Lemma 4.2. O

From the arithmetic-geometric mean inequality, Holder’s inequality and Lem-
ma 4.2, we get

(7, m) < Z/ 195 (A1) [1S2 (00) P Si ()| K (o) da

=27
1/4=1/(20(k))

< (sup |Sg(/\1a)|>1/ . ( /R 195 (Aa)| K () da)

aemg
1/(29(k))
< ( [ 18200) P81V K ) da)
R

X jz:(/u@ |S2(Nja)| K7 (a) da)3/4

< (X7/16+25)1/19(k) (TX1+5)1/471/(219(16))(TX219(k)/k+5)1/(219(k)) (TX1+5)3/4
< T X IHU/k=1/(169(k) +4e o 12 x1+1/k—c

By symmetry, the same bound holds for my in place of m;. This implies that
(4.9) I(r,n,m) < r2X1H1/k=e
It therefore remains to discuss the set m* = m \ m, in which

1Sa(Ma)] > XT/10+25 |6, (Ma)| > XT/16+2e x—1/(@)—e o < 7725
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hold simultaneously. By a familiar dyadic dissection argument, we divide m* into at
most < log® X disjoint sets E(Zy,Z3,y). For a € E(Z1,Z3,y) we have

Z1 < |SQ(>\1Q)| < 221, Zy < |SQ(>\QC¥)| < 2Z2, y < |Oé| < 2y,

where 7, = 2k X7/1642¢ 7, — 9k2 X7/1642¢ apd ¢ = 2k3 X —1/(2K)=¢ for some non-
negative integers ki, ko, k3.

For simplicity, we take the notation o/ as a shortcut for E(Z1, Zs,y), and let
m(«/) denote the Lebesgue measure of <.

Lemma 4.3. We have
m() < yX /28 (72, Z,) 7

Proof. See [17], Lemma 6. O

By (2.2), the arithmetic-geometric mean inequality and Holder’s inequality, we
have

4
I(r,n, o) < Z/ |2 (A1) S2(A20)||S2(A; ) | Sk (pa) | K () dey
j=3"7

1/4(k)

< ([ sl Ko (o) da)m ([ 110 5 (@) o)
X (/ﬂ K, (a) da>1/41/w(k)]§:3(/R |S2(Nja)| K7 (a) da)1/2

< ((Z1Z5)*m(7) min (72, y=2)) V4 (r x ¥R/ k=1de) /v (k)
X (min(TQ, y_Q)m(g/))l/‘l—l/w(k) (TX1+€)1/2

< 7_1/2-{—1/1b(k) (y min(TZ, y—2))1/2—1/w(k)X7/8+1/k+35

& TXT/BHI/ktBe 2 141 /h=2e
where Lemmas 4.2-4.3 and the bounds Z; > XT7/1642¢ (5 — 1 2) are used. Thus,
(4.10) I(r,m,m*) < (log® X) max [I(r, 7, /)| < 72X H/H7,
It follows from (4.9) and (4.10) that

(4.11) I(r,n,m) < 72X 1H/k=e,
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5. THE TRIVIAL ARCS

The proof of |I(7,7, t)| < 72X +1/5=¢ is almost identical to that of inequality (25)
n [17]. We list it for the sake of completeness.

(51) |I(T,7],’L)| < /goo |SQ()\104)52()\2&)52()\3&)52()\4Q)Sk(/La)‘KT(Oé) do
4 oo
< XWZ/& 1Sa(\j)| K, () da
< Xl/kZ/ |S2
<<X1/’“Z Z /n |Sa()|* da
n—1

J=1nz|; |£
1/k yv1+
<<X [k x1+te < 72X /k—e
3

6. COMPLETION OF THE PROOF

By (3.7), (4.11), (5.1) and (2.5), we get I(r,n,R) > r2X1+1/k Tt follows
from (2.4) that

N(X) > X1V E(log X) 75 > X 1H1/k=1/(169(k)+e

Recalling that A;/Aq is irrational, ¢ is a large enough denominator of a convergent
to A\1/X2 and X = ¢*>. When ¢ — oo, we have X — oo; this implies N'(X) — oo.
The value of 7 and maxp; < X 1/2 give the desired range of o on the right-hand side
of (1.1). This completes the proof of Theorem 1.2.

Acknowledgment. The authors are very grateful to the referee for many valuable
suggestions.
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