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Abstract. We study lower estimates for integral fuctionals for which the structure of the
integrand is defined by a graph, in particular, by a bipartite graph. Functionals of such
kind appear in statistical mechanics and quantum chemistry in the context of Mayer’s
transformation and Mayer’s cluster integrals. Integral functionals generated by graphs play
an important role in the theory of graph limits. Specific kind of functionals generated by
bipartite graphs are at the center of the famous and much studied Sidorenko’s conjecture,
where a certain lower bound is conjectured to hold for every bipartite graph. In the present
paper we work with functionals more general and lower bounds significantly sharper than
those in Sidorenko’s conjecture. In his 1991 seminal paper, Sidorenko proved such sharper
bounds for several classes of bipartite graphs. To obtain his result he used a certain way
of “gluing” graphs. We prove his inequality for a new class of bipartite graphs by defining
a different type of gluing.

Keywords: integral inequality; bipartite graph; graph homomorphism; Sidorenko’s con-
jecture

MSC 2010: 05C35, 26D15

1. INTRODUCTION

Let G be a bipartite graph, G = (V1(G), Va(G), E(G)), where V1(G), V2(G) is
the bipartition of the vertex set, Vi(G) # 0, Vo(G) # 0, and E(G) is the edge set
of G. We denote v1(G) = |V1(G)], v2(G) = [Va(G)|, e(G) = |E(G)|. We denote
the sets of vertices of G by Vi(G) = {u1,us,...,un}, V2(G) = {wy,wa,...,w,}. If
{u, w;} € E(G), we write wyw; € E(G). Further, for any positive integer k we adopt
the common notation [k] = {1,...,k}.

We shall work in the Lebesgue measure space ([0, 1], £, p) on [0, 1] and its powers.
Throughout this paper we understand the product of measure spaces to be the com-
pletion of the tensor product (see [2], [14]). Thus, ([0, 1]7, £P, u?)®([0, 1]9, L7, u?) =
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([0,1]p*e, £PFa yP+d).  Denote by K([0,1]?), K([0,1]) the sets of measurable,
bounded, nonnegative, real-valued functions on [0, 1]? and [0, 1], respectively. A given
bipartite graph G in a natural way gives rise to two integral functionals:

(L.1) / B ) A
[0,1]m+n 11 !

ww; EE(G)

(1:2) / T #Cenu) T At T i) dum .
[0,1]mtn 1=1 j=1

U W €E(G)

where h € K([0,1]?), fi,9; € K([0,1]) for I € [m], j € [n]. Note that we distinguish
between graph vertices u;, w; and the corresponding variables of integration z;, y;,
lelm], j€ n].

Throughout this paper we shall call functions fi,..., fm, 91,--.,9n vertex func-
tions and terms f1(z1),..., fm(Tm), g1(y1), .-, gn(yn) vertex terms. We shall call
h(z1,y;) edge terms.

Integrals of the form (1.1) and (1.2) appear in combinatorics, among others in the
context of graph limits. If h takes values in [0, 1], that is, h is a so-called graphon,
integrals of the form (1.1) can be interpreted in terms of limiting homomorphism
densities.

Intergrals (1.1) and (1.2) appear in statistical mechanics and quantum chemistry
in the context of Mayer’s theory of cluster expansions (see [1], [7], [10], [13]).

In this paper we study integral inequalities involving (1.1) and (1.2) and the as-
sociated bipartite graphs. In particular, we focus on bipartite graphs satisfying
Sidorenko’s F-condition; that is, graphs G that belong to the class F defined be-
low. The class F was introduced by Sidorenko in [15]. The definition of F as well
as propositions and theorems that follow involve multiple integration with respect
to variables corresponding to the vertices in each of the two parts of a bipartite
graph G = ({u1,...,um}, {w1,...,w,}, E(G)). In order to make the presentation
clearer, we shall use two copies of ([0,1], £, u), denoted by 2 = ([0,1], L, u,;) and
A = ([0,1], £, py), where Q is associated with vertex functions and variables corre-
sponding to the part {ui,...,um}, A is associated with {wq,...,w,}. As Q and A
are copies of ([0,1], £, ), K(2) = K([0,1]) = K(A).

Denote by F the class of bipartite graphs G = ({u1, ..., um}, {w1,...,w,}, E(GQ))
which satisfy the following conditions (A) and (B):

(A) e(G) =m, e(G) =n.
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(B) For any h € K([0,1]?) and any functions f, fi,..., fm € K(Q), ¢,91,---,9n €
K(A) we have

(1.3) (/ H h(xl’yj)ﬁfl(xl)]f[lgj(yj)d“;ndﬂz> </f(x) dﬂx>6(G)m

ww; €E(G) =1

X (/g(y) duy>e(G)_n

> ( / h(z,y) <f () (D 7mg(y) LD 11;[1 fi(z) ]ﬁl 9j (y)>1/e(G)de dﬂy>

e(@)

Integrals in (1.3) are over [0, 1] = Q"RA™, Q, A, Q®A = [0, 1]?, respectively.
If G € F, we say G satisfies Sidorenko’s F-condition. We shall focus on the
class F but for convenience, we define two larger classes F; and F». The class F is
the class of all bipartite graphs G = ({u1,...,um}, {w1,...,w,}, E(G)) that satisfy
the following condition:
(B1) For every h € K([0,1]?):

e(G)
(1.4) / [T Any)demt > (/ h(z,y) du2) :
[071]'m.+'n “ [071]2

le'EE(G)

The class F» is the class of all bipartite graphs G for which the following
condition holds:
(B2) Inequality (1.4) is satisfied for every symmetric function h € K([0,1]?).

In [15], Sidorenko conjectured that every bipartite graph G belongs to F;. In
the current literature the term “Sidorenko’s conjecture” is understood to mean that
every bipartite graph G belongs to F5. The conjecture has been proved to hold in
many special cases (see [3], [4], [5], [6], [8], [9], [11], [15], [16], [17]) but it remains
open in general.

The general case notwithstanding, whenever one can prove that a given bipar-
tite graph G belongs to F or to Fi or to F», one obtains a lower bound for the
corresponding integral functional generated by G.

The relationship between condition (B1) and condition (B2) is obvious. The re-
lationship between condition (B) and condition (B1) seems obvious: if we take all
functions f, f1,... fm, g, 91, - - -, gn in (B) to be constantly 1, inequality (1.3) becomes
inequality (1.4). It may appear that condition (B) is stronger than condition (B1)
only because it allows for vertex functions f;, g;. It is not so. It is important to
realize (see Proposition 1.1 below) that for a bipartite graph G satisfying (A), con-
dition (B) of Sidorenko’s F-condition is stronger than conditions (B1) and (B2) not
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only because it allows for vertex functions f;, g; but also because it provides a sharper
lower bound for

I G,y demt

UL W5 EE(G)
even if vertex functions are absent. In fact, (B) gives a lower bound that is always
strictly greater than the bound

( / h(z,y) d/f)e(G)

n (B1) and (B2), except for the trivial cases. To prove that, we use Proposition 1.1.

Proposition 1.1. Let G = ({u1,...,um},{wi,...,wn}, E(G)) be a bipartite
graph that satisfies (A). Then (B) is equivalent to each of conditions (C1) and (C2):
(C1) For any h € K([0,1]?) and any functions f1,..., fm € K(Q), g,91,--.,9n €

K(A),
(1.5) (/ ]L | (1, 95) ﬁ ﬁ (y;) Ay duy></g(y)duy)e(®n
ww; €E(G =1 =1

z </ </ hiz,y) <g(y)e<G>" Egj(y)>1/e(G> duy)E(G)/m
(f1ae) o)

(C2) For any h € K([0,1)?) and any functions f, f1,..., fm € K(Q), g1,---,9n €
K(A),

(1.6) (/ 11 fcz,yglf[ li[ (y5) dug' duZ) (/f(x)dux)e((;)_m

ww; EE(G)

> </ </ h(x’y)<f(x)e(G)_mlljllfl(x)>1/e(G) dux>6(G)/n

X (]i[l gj(y))l/n duy)n-

We shall prove Proposition 1.1 in Section 5. Here we want to demonstrate that
conditions (C1) and (C2) which hold for any bipartite graph G € F give two lower
bounds for

IT A,y dem
ww; EE(G)
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and each of the bounds is essentially sharper than

(/ h(z,y) du2>6(G).

Let G € F,G = ({us,...,um}, {wi,...,wn}, E(Q)). Let h € K([0,1]?) be given.
Then G satisfies (C1) and (C2). Choosing f, f1,..., fm, 9,91, .., gn in (C1) and (C2)
constantly equal to 1 we obtain that G satisfies the following two inequalities:

an [ 11 h(xz,yj)dum+">(/ (/ h(x,y)duy)E(G)/mdux>m

ww; EE(G)
and
e(G)/n n
(1.8) / H h(zy, y;) dp™ " > (/(/ h(z,y) d,ux) d,uy) .
ww; €E(G)

Since e(G) = m, e(G) = n, Jensen’s inequality and (1.7) gives

(1.9) < / ( [ 1) duy>e(®/m dua,»)m > < [ 1 duQ)e(G),

and if e(G) > m, equality in the latter inequality holds if and only if the function

p(z) = /h(x,y) dpiy

is constant a.e. in [0, 1]. Similarly, if e(G) > n, we have

(/ (/ h(z,y) dux)e(c)/n duy)n > (/ h(z,y) du2>e(®

bly) = / W, ) dpis

unless

is constant a.e. in [0, 1].

The lower bounds for integral functionals corresponding to bipartite graphs G
in F, F1, or F2 can be used to obtain lower estimates for Mayer’s integrals and
in the variety of combinatorial contexts. In [15], Sidorenko shows how to relate
condition (B) for graphs G € F to Mayer’s integrals. He derives a lower bound for
the chromatic polynomial for G € F and gives a lower bound on the number of
colorings for G € F with a given number of colors.
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Sidorenko’s conjecture, namely, that G € F5 for every bipartite graph G, has a par-
ticularly attractive connection to homomorphism densities and it has an equivalent
combinatorial formulation. Let G = (V(G), E(G)), H = (V(H), E(H)) be arbitrary
graphs with sets of vertices V(G) and V(H), and edge sets E(G) and E(H), respec-
tively. A mapping ¢: V(G) — V(H) is a homomorphism if {u,v} € E(G) implies
{o(u),p(v)} € E(H). Let hom(G, H) be the number of homomorphisms from G
to H. Then “homomorphism density” defined as

hom(G, H)
t(G,H) = ————~

( I’ ) 'U(H)U(G)
represents the probability that a randomly chosen mapping ¢: V(G) — V(H) is
a homomorphism. Sidorenko’s conjecture is known to be equivalent (see [12]) to the
following statement. Let a bipartite graph G be given. Then for every graph H,

(1.10) t(G, H) > t(Ky, H)*),

where K is the graph consisting of a single edge.

It is worth mentioning that even if the goal is to prove G € F; for a given graph G,
auxiliary graphs that belong to F might be crucial. Sidorenko’s proof that G € F,
or even that G € Fs, for a bipartite graph G with one side of cardinality not greater
than 3 would not go through without auxiliary graphs that belong to F and not just
to Fo or Fi.

In [15], Sidorenko proved that G € F if G is a tree, a complete bipartite graph, or
an even cycle. He proved that G € F if G satisfies (A) and v;(G) < 3 or v2(G) < 3.
He stated but did not present a proof of the same result with 3 replaced by 4; that
is, for a bipartite graph with one of the parts containing not more than 4 vertices.

In his proofs, Sidorenko used a “gluing” technique, a “vertex gluing”, to obtain
new graphs in F by gluing copies of graphs that are known to be in F. In this
paper, we introduce a different gluing scheme, gluing along a matching. We use that
gluing scheme which again allows us to prove that G € F if G can be obtained from
elements of F by gluing along a matching.

The paper is organized as follows. In Section 2, we define gluing along a matching
and state our main theorem, Theorem 2.1. In Section 3, we give examples of graphs
that can be proved to belong to F via gluing along a matching. The proof of
Theorem 2.1 is given in Section 4. Section 5 contains a proof of Proposition 1.1 and

final remarks.
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2. GLUING COPIES OF A BIPARTITE GRAPH ALONG A MATCHING
AND THE MAIN THEOREM

We begin by defining gluing along matchings for bipartite graphs. Let m, n, s be

integers such that s > 1, s < m, s < n. Let Gy = ({ul,...,ul,... ul }, {wl,...,

wl,...,wL}, E(G1)) be a bipartite graph such that

(2.1) ujlel € E(Gh) for j € [s], ullel ¢ E(Gy)ifl,j€[s], I #j.

That is, the induced subgraph of G on the set of vertices {ul, ..., ul}U{w},... wl}
is a matching with edges {ujw{,...,ulw!}. Let k > 2 be an integer. Consider k
labeled copies of Gy:

G1,Gs, ..., Gy,

the graph G itself being the first of them, such that for each i =1,..., k:
Gi=({ub,. .. ul, o oul Y {wh, . wk L wd Y, B(GY)),
where
ujwh € E(G;) if and only if wjw; € E(G1), | € [m], j € [n].

In each copy Gy, i = 1,..., k, we identify vertices u},...,u’ with ul,... ul, respec-
tively, and we identify vertices wi, ..., w’ with wi, ..., wl, respectively. Because of

its special role in this construction, we will call G; the base graph. For simplicity of

presentation, after identifying “gluing” the vertices, we relabel ul, ..., ul, wi, ... w!

as ui,...,Us, Wi,...,Ws. Hence, fori =1,...,k

(2.2) Vi(G;) = {ua, .. .,us,u;rl, cooub Y
Vg(Gi):{wl,...,ws,wiJrl,...,wfn},
E(G;) = {upwp: p € [s]}U {upw;: pe[s],je{s+ 1,...,n},upw]1» € E(Gh)}
U{ufwy: pe[s,l € {s+1,....,m},ujw, € B(G1)}
U{ujwl: 1€ {s+1,...,m},j€{s+1,....,n},ujw; € E(G1)}.

Unless s = m = n, G;, i € [k], are distinct labeled graphs isomorphic to G;. The
“glued” copies G1,Go,..., Gy define a new graph G':

G = (Vi(G"),Va(G), E(G"),
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where
k . .
(2.3) Vi(G) = {ur,.. ., usb U J{udyr, o oul ),
=1

k
Vo (G') = {wi,...,ws} U U{wiﬂ,...,w;},
i=1

k
E(G) =] E(G)).
i=1

We say that G’ is obtained by gluing along a (induced) matching of s edges in k copies
G1,...,Gy of G1 and write G’ = G + G2 + ...+ Gj. If the base graph Gy satisfy-
ing (2.1) for a given s is clear from the context, we say simply that G’ is obtained
by gluing k copies G1,...,Gj.

The main result of the present paper is the following theorem.

Theorem 2.1. Let k, m, n, s be integers such that k > 2, s> 1, s <m, s < n.
Let G1 = ({ul,...,ul, .. ul }, {wh, ... ;wl ... ,wl} E(G1)) be a bipartite graph
that satisfies conditions (2.1). Let G’ = G1 + G2 + ...+ Gj. be the graph obtained
by gluing k copies of G1 as defined above. Assume Gy € F. Then G' € F.

In his paper [15], Sidorenko defines a different kind of gluing copies of a bipartite
graph GG; € F. He chooses special vertices in the left and the right part of G in such
a way that no two special vertices are adjacent. He takes k copies G1,..., Gy and
identifies the special vertices in each copy with their counterparts in G;. Sidorenko
proves that if G; € F, the graph obtained by such gluing k copies is again in F. His
gluing process is very different than ours: he disallows edges where we require them.

In the next section, we give several examples of graphs for which we prove the
Sidorenko F-condition by gluing along a matching.

3. EXAMPLES

In this section, we present several examples that illustrate Theorem 2.1. Most of
the graphs we consider below are Cartesian products of an edge K5 and a bipartite
graph. Kim, Lee, Lee [8] proved that the Cartesian product of a tree T and a bipartite
graph H satisfies Sidorenko’s conjecture provided H satisfies Sidorenko’s conjecture.
Our examples show slightly stronger results for the Cartesian products considered.
There has been recent work regarding connections between Cartesian products and
validity of Sidorenko’s conjecture using methods different from ours in [4], [5] and [9].

In Example 3.1, we show that Sidorenko’s F-condition holds for the Cartesian
products of K9 and Cy-, 7 > 2. Since the 3-dimensional hypercube Q3 is isomorphic
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to the Cartesian product of Ky and C4, Example 3.1 establishes the validity of
Sidorenko’s F-condition for 3. In Example 3.2, we show Sidorenko’s F-condition
for the Cartesian product of Ky and the star S,11, n > 1. Example 3.3 shows
Theorem 2.1 applied to the case of gluing three edges.

To introduce our first example, let us start with a definition. Let s > 1 be
an integer. We define a bipartite graph Js = (V(J;), E(Js)) as follows: V(J;) =
{(i,7): i=0,1,...,s, 7 =0,1} and two vertices (i1, j1) and (i2, j2) are joined by an
edge if j1 = jo and i = i1+ 1,4 =0,...,5s — 1, or i3 = ig and j; # jo. We can
informally think about Js as s copies of C4 consecutively glued together by edges.

Let us recall the Caley graph of the abelian group Z; x Zs, t > 2 an integer.
Let S = {(£1,0),(0,4+1)} be a symmetric subset of Z; x Z3. The Cayley graph
G = Cay(Z; x Z5,8) of the abelian group Z; x Z relative to S has 7; x Z5 as
vertices and two vertices v,u € 74 X Zo form an edge if and only if v —u € S.

Example 3.1. Let 7 > 2 be an integer. We claim the Cayley graph G =
Cay(Za- x Z2,5) € F. Note that this Cayley graph is isomorphic to the Cartesian
product of Ko and Cy-.

Let 7 > 2. Sidorenko [15] proved that Cy € F. Using Theorem 2.1 for two copies of
Cjy glued by a single edge, we conclude J, € F. Further, again by Theorem 2.1 for two
copies of J; glued by a single edge incident to vertices of degree 2, we conclude Jy € F.
Inductively, Jovr € F, v =1,2,.... Note that Cy is isomorphic to the graph J;.

Next consider two copies of Jy-—1 and denote them by J217,1, J;,l. We label
vertices of those copies as V(J;,-,) = {(i,j)': i = 0,1,...,2771, j = 0,1} and
V(JZ ) ={(,5)* i=0,1,...,27"1 j =0,1}. We glue J;,_, and JZ,_, by glu-
ing two edges: the edge joining vertices (0,0)* and (0,1)" with the edge joining
vertices (0,0)? and (0,1)?, and the edge joining vertices (2771,0)* and (2771 1)}
with the edge joining vertices (2771,0)2 and (277',1)2. The resulting graph is
G = Cay(Zs- x Z3,S). Since Jyr—1 € F, we conclude the Cayley graph G =
Cay(Zyr x 75,5) € F.

Since all even cycles belong to F (see [15]), we can repeat similar constructions as
in Example 3.1 for other even cycles in place of Cy.

The Cayley graph Cay(Z4 x Z3,S) defined above is isomorphic to Q3. Hence,
Qs € F. In other words, we proved that ()3 satisfies Sidorenko’s F-condition. The
Sidorenko’s conjecture for Q3 was first proved by Hatami in [6].

Before we state Example 3.2, we define for any positive integer n the star S, 1
to be the bipartite graph on n + 1 vertices with one vertex of degree n on one side
of the bipartition of the vertex set of S, 11 and the remaining n vertices of degree 1
on the other side of the bipartition. The book graph B, is defined as the Cartesian
product of Ky and the star S, 1.
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Example 3.2. Let n > 1. We will show that the book graph B, € F, that is,
B,, satisfies Sidorenko’s F-condition.

To see B, € F, we need to realize that B, consists of n copies of Cy glued by
a single edge, the ‘spine’ edge. Note that Cy € F by Sidorenko [15]. We consider
n copies of Cy and choose a single edge in each copy of C4. Gluing those copies of Cy
along that single edge, Theorem 2.1 implies that B,, € F.

We can repeat similar gluing as in Example 3.2 for other even cycles. More
precisely, let k£ > 2. Consider k copies of a fixed even cycle C' and glue those copies
along a single ‘spine’ edge. Theorem 2.1 implies that the resulting graph is in F.
Note that the resulting graph is a Cartesian product of Ky with C' only if C = Cy.

To demonstrate the strength of Theorem 2.1, let us present one additional example
related to the Cartesian product of Ky and a single graph. In that example we will
use gluing along three edges.

Example 3.3. Let H be the bipartite graph obtained by joining two copies of
the cycle Cy at a common vertex. We will show that the Cartesian product of Ks
and H belongs to F.

Let us consider two copies of J,; defined above. Consider the three pairs of edges
in these copies of J4 corresponding to the three edges with end vertices (0,0) and
(0,1), (2,0) and (2,1), (4,0) and (4,1). If we glue the two copies of Jy along the
three pairs of edges corresponding to the edges listed above which form an induced
matching, we obtain a graph isomorphic to the Cartesian product of Ky and H. By
Theorem 2.1, the Cartesian product of K and H belongs to F.

4. PROOF OF THEOREM 2.1

Take k, m, n, s, G;, i = 1,...,k, G' as in Theorem 2.1. Assume that the base
graph G; € F. To simplify notation, we will denote the base graph by G or by G

whenever convenient:

G=G1={ur,  us,ulpq, - sup b {wn, .o ws, wh g, wh L E(GY)).

To prove Theorem 2.1, we have to show that G’ € F; that is, G’ satisfies (A) and (B).
To show (A) note that by the definition of G’ and by condition (2.1), we have

(4.1) v1(G") = kv1(G) — s(k — 1), v2(G") = kva(G) — s(k — 1),
e(G') = ke(G) — s(k —1).

Since G satisfies (A), e(G) = v1(G), e(G) = v2(G) which combined with (4.1) implies
e(G") = v1(G"), e(G') = v2(G’). Hence, G’ satisfies (A).
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We need to show that G’ satisfies (B). Denote m’ = v1(G’), n’ = v2(G’). Take
h € K([0,1]?) and arbitrary vertex functions corresponding to vertices of G’:

Jiooo o fo fiq ool € K(Q), 91,20, 98, 9041, 95 € K(A), i =1,... k.
To simplify presentation, we shall prove (B) in two steps.
Step 1: In this step we will make an additional assumption

(4.2) f(x)=1 ae.in [0,1], g¢(y) =1 a.e. in [0,1].

We have to prove inequality (1.3) for G’. The integrand of the left-hand side
of (1.3) will be easier to work with if for ¢ = 1,...,k we introduce P; to be the
product of all edge terms corresponding to edges in G;, except for h(z,y;), | € [s],
times the product of all vertex functions corresponding to vertices in GG; except for

filxr), ..., fs(xs), 91(v1), - -+, gs(ys). Hence, fori=1,...,k
(4.3) P= I n@iv) II menyy) I bl

u;w;EE(Gl) ulw;’EE(Gi) wiw; €E(Gy)
s+1<I<m le(s] s+1§l<m
s+IKGEn s+1< < Jj€ls]
m n
G0 i,
X H fi () H 95 (y3)-
l=s5+1 j=s+1

Let ]Si, i =1,...,k, be the same as P; except that all variables {xi_H, 1
{yii1,-..,yL} are replaced by their counterparts corresponding to Gi: {zl,,,...,
zh b, {yliq, ..., yL}. Thus, by (4.3) and (2.2)

ujwieB(Gy) wwi€F(Gy) ulw; €E(Gy)
Ljzs+1 le[s] 1Zs+1
jzs+1 JEls]
m n
% f'L' 1 i(,.1
1 (27) gj(yj)'
l=s5+1 j=s+1

Denote the geometric mean of 151, ceey ]5k by P:
(4.5) P= (P ...P)""

Next, denote by C(z), D(y) the products of vertex functions corresponding to all ver-
tices on the left-hand side and all vertices on the right-hand side in G’, respectively,
with all variables corresponding to the left-hand and the right-hand side vertices
replaced by x and y, respectively. That is

@mwrﬁﬁwwgmmwwﬁﬁﬁwgm»

i=11l=s+1 i=1j=s+1
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By (4.3) and (4.6), to prove (B) for G’ when (4.2) holds, it suffices to show

(4.7) / <f[ h(xp,yp)fp(xp)gp(yp)) PiPy... Pdpug dpyy

p=1

e(G")
> ([ Mo C@ @ D) )

Observe that the integrand on the left-hand side depends on m’ + n’ variables
k k
{xla e ;xs} U U{m’;+17 te 7‘1:;1} U {yla s 7ys} U U{y’;+17 e 7y:1}
i=1 i=1

Notice next that for a given ¢, the only factor in the integrand that depends on
wl g, xh, Yl ..., yh is P;. We apply the Fubini theorem to the left-hand side

k. m ) k ) .
of (4.7) by integrating first with respect to (H II dx}) (H 11 dy;) We obtain
(4 8) i=11l=s+1 i=1j=s+1

LHS of (4.7) = / H h(p, yp) fp(2p)9p (Up)
p=1

k
X H(/Pida:i,Jrl... dmﬁndy;rl... dyi)dml...dxsdyl... dys.
i=1

Because of the length of our formulas, we will use the notation “LHS of (4.7)” to
mean “the left-hand side of formula (4.7)”. Denote for i =1,..., k:

Bi(xlv"'vxsvylv"'vys) :/P'dengl dx’frndy;Jrl dy;

By the Fubini theorem, each B; is defined a.e. in [0,1]?*, measurable, integrable
(as all our functions are bounded), nonnegative. By changing the dummy variables

of integration in the definition of B; to xi_H, Tk yi_H, ...,y we obtain for
i=1,...,k:
(4.9) B; = /é delyy..odel dyl, ... dyt

for almost all (z1,...,%s,y1,---,¥s) € [0,1]%. By (4.9) and (4.8), we get

s k
(4.10) LHS of (4.7) = / H h(xp, yp) fp(zp)gp (Yp) H B;dxy ... dzsdy; ... dys.
p=1 i=1
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We will use the following lemma:

Lemma 4.1. With B;, ]Si, i=1,...,k, defined as above, we have

k k
(4.11) 15> (/(151 CPOYRAZL, el dyly dy;>
i=1
k
= (/degﬂ... da), dyl, ;... dy}l)
for almost all (1,...,7s,y1,...ys) € [0,1]%

Proof. The equality in (4.11) follows simply from the definition of P. The
inequality in (4.11) is equivalent to

HBl/k / Pk)l/kda: codzl dyl .. dy)

a.e. in [0,1]*%, which in turn is equivalent to

k N 1/k
(4.12) H</Pi dal,y ... dal dyly, ... dy}l)
> /(ﬁl...ﬁk)l/kdxiﬂ... dz;, dyl, ;... dy,
a.e. in [0, 1]2%.

We prove (4.12) using the generalized Holder inequality. We can apply the in-
equality to the left-hand side of (4.12) as 1/k+ ...+ 1/k = 1. We obtain
—_——

k times

k _ 1/k
H(/Pidxi+1... dy, dyly; ... dy;>

i=1

k 5 k 1/k
H</ / dxi_kl...dxindy;_kl...dy;)

i=1
k
/H )/ dal,,... dx}ndyiﬂ... dy,
i=1
which gives (4.12). Hence, the lemma is proved. O
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The lemma implies that (4.7) holds if the following inequality is satisfied:

(4.13) / TT 7, ) F )0 ()

k
X (/deiﬂ...dxindyiﬂ... dy}L> dzy ... dzsdy; ... dys

e(G")
> ( [ a)C@ D) ) da dy> |
If the integral on the right-hand side of (4.13) is equal to 0, (4.13) holds. Assume

the integral is not 0. By (4.1), e(G') = ke(G) — s(k — 1). Hence, (4.13) is equivalent
to the following inequality:

i) ([ 1i[1h<xp,yp>fp<xp>gp<yp)

k 1/k
X (/de;rl... dm}ndy;Jrl... dyi) dzy ... dzsdy ... dys>
/ / s\ (k—1)/k
< (( [ @ @ pay e asay) )

e(G)
> ( JECH R >D(y>1/6<G>dxdy) |
Observe that

([ e /=) asay )

= H /h(xpayp)c(xp)1/6(0/)D(yp)1/e(G/)dxp dyp
p=1

- / TT 7 9)Ca) V@ D) V) sy .. day dys . .. dys
p=1

Substituting the latter integral into the left-hand side of (4.14) and applying Holder’s
inequality with exponents 1/k, (k — 1)/k gives

(4.15) LHS of (4.14)

s 1/k
> /(H h(xp,yp)fp(wp)gp(yp)> /dei+1~- dar, dygiy -+ dy,

p=1

5 ’ ’ (kil)/k
X (H B2y, yp)C(2,) D) Dy, )1/ e(E )) dzy ... dzsdys ... dys.
p=1
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Hence, to prove (4.14) it suffices to show that
(4.16) RHS of (4.15) > RHS of (4.14).

Denote by Hg the product of all edge functions corresponding to edges in G. By
definition (4.4), (4.5) of P,

P nlap. ) = HGH 1 s 1/’“H I sty

p=1 1=11l=s+1 i=1j=s+1

Hence,
(4.17)

RHS of (4.15) /HG pr :L'p ap(y )l/kc( ) (k— 1)/ke(G')D(yp)(kfl)/ke(G/)

XH H fia l/kH H gi( l/demd‘u

i=11l=s+1 i=1j=s+1

Set
k—1

7T ke(GY)

Equality (4.17) can be rewritten as

(4.18) RHS of (4.15) /HGpr zp) H fl ] ng Yp) H J; y] ) dpy Ay,

l=s5+1 p=1 j=s+1

where by (4.17), (4.6), fi,--o s fm, 91, ..., n are as follows. For every fixed I,, j, €

{1,...,s}

s k m
(419)  fi. (@) = fi. @) Oy = fi ) [ Sl T TT Fiee)

p=1 i=11l=s+1
95.(5.) = 95. (9,  D(y;.)" = g5. (y5.)" ng (y5.) H H gi(y;.)"
i=1j=s+1
For every l. € {s+1,...,m}, j. € {s+1,...,n}
) k
(4.20) foal) =TI A DY, G Hg]* yi )R
i=1
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Since G = G; € F, G satisfies (B). We obtain

m

(4.21) /Hc]_[fp(xp H () ng (4p) H 95(y}) Ay dpsy
= j=s+1

n

m e(G)
> (/ T y H l/e H l/e(G) dM dM > )

By (4.21), (4.18), to prove (4.14) it suffices to show that
RHS of (4.21) > RHS of (4.14).

In fact, we have RHS of (4.21) = RHS of (4.14).
To prove this equality, it suffices to show
1/e(Q)

m 1/¢(Q) , n ,
(4.22) (H fl(x)> = C(x)", (H Ifij(y)> = D(y)"/(),
=1 j=1

or equivalently

m
Hf( )= C(x) /e(G) Hg e(G)/e( )
=1
By (4.19), (4.22), (4.6) and simple arithmetic applied to exponents we obtain
m
[ /i) = Ca)yoarm, H Gy )R
=1
To finish the proof of (4.22), it suffices to show that
)
TR TGy

which follows easily from the definition of v and (4.1). Hence, (4.14) is proved and
so is (4.7). The proof of Step 1 is complete.

Step 2: In this step, f and g are arbitrary, f € K(2), g € K(A). We will use the
same notation as in Step 1. To prove (B) for G, we have to show that

S
@z [ (T ) PiPs.. Peau’ au;
p=1
e(G")—m’ e(G')—n’

x (/fduz> (/gduy>

> (/ h(z,y) f () ©C)=m)/e(G) g4y (e(G)=n")/e(G)

’ ’ e(G )

< C) D) ) )
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Note that by (4.1)

(4.24) e(G") —m' = k(e(G) —m), e(G)—n'=k(e(G)—n),
e(G") = ke(G) — s(k —1).

Denote

k(e(G) —m)

) Ke(G) = n)
ke(G) — s(k —1)’ -

(425) “ ke(G) — s(k — 1)

8=

If the integral on the right-hand side of (4.23) vanishes, (4.23) is satisfied. Assume
the integral is positive. In that case, by Lemma 4.1, (4.24), (4.25), inequality (4.23)
holds provided the following inequality is satisfied:

s k
(4.26) (/ H Mz, Yp) fp(Tp)9p (Yp) (/de;rl e dxin dy;Jrl e dyrlz)
p=1

k(e(G)—m) k(e(G)—n)
><dx1...dmsdyl...dys></fd,ux) (/gd/@)

, , ke(G)—s(k—1)
g (/ h(z,y) f(2)*g(y)?C(z)/ ) D(y)/ =) dp, d#y) '

Inequality (4.26) is equivalent to

a2n) ([ T Mot ([ it .t o)

1/k e(G)—m e(G)—n
xdxl...dmsdyl...dys> (/fdux> (/gd/@)

, , s\ (k—1)/k
< ([ et a 0@ €D ) )
, , e(G)
> ( [ 1) 5@ 9 0@ D) 4, duy) .
As in Step 1, we notice
(4.28) ( / h(z,y) f()*9(y)°C(x) /) D(y)" /) dp, duy)S

— [ TL bl ) 9(0)* ) V(D )4
p=1

xdxy...desdy; ... dys.
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We apply Hoélder’s inequality with the exponents (k — 1)/k, 1/k to the first and the
last factor of the left-hand side of (4.27). We obtain that (4.27) holds provided the
following inequality is satisfied:

(4.20) / (H h(zps ) @) 6 (1p) Y/ C 1) D)

~ f(xp)a(k1)/kg(yp)ﬂ(k1)/k>PdM;n du;z

X </fduz>e(G)m (/gduy)e(G)n

, , e(G)
> ( [ 1) 5@ 9 0@ D) 4, duy) .

Reasoning as in Step 1, we deduce that the left-hand side of (4.29) can be rewritten as

(4.30) LHS of (4.29) /HG pr zp) H Ffula}) 11 7 ()
p=1

p=1
~ e(G)—m e(G)—n
x H 9;(y}) dpg duy (/fdux> (/9(%) ;
Jj=s+1
where
(4'31) fl(xl) = ~l(»’Ul)f(ffl)a(k_l)/k7 Ej(yj) = §j(yj)g(yj)’6(k_l)/k, l,je [S],

fl(xll) = fl(xll), l=s+1,...,m,

Since G satisfies (B), we have by (4.30)
(432)  LHS of (4.29) (/h 2, ) f (2) (€ =m)/6(G) g (1) (€)= /e(C)

mo_ e(G)
Il 1/6<G>Hg P )

To prove (4.29) it suffices to show that
(4.33)

e(G)
RHS of (4.32) (/h z,y) f(2)%g(y)PC () D(y)/ ) dp, d/@) .
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By (4.31) and (4.22), we have

s

N m s
fl(x)l/e(G) — Hfl(x)l/e(G) Hf(x)a(k—l)/ke(G) — C(x)l/e(G )f(m)sa(k—l)/ke(G)7
=1 =1

1

n S
35D =TT o)V D T aly)?E=17EG) = D(y) /(D g(y) k=1 kel),
j=1 j=1

—.

Jj=1

It remains to show that
e(G)—m+ sa(k —1) —a e(G) —n . sp(k—1) _ 3,
e(G) ke(G) e(G) ke(G)
which follows easily from (4.25). Therefore (4.29) holds, which implies that G’ satis-
fies (B). Hence G’ € F. The proof of Theorem 2.1 is complete.

5. FINAL REMARKS

Theorem 2.1 states that the way of “gluing” that we defined in Section 2 preserves
Sidorenko’s F-condition. It is natural to ask if our way of gluing preserves the
Fi-condition; that is, the membership in the class F; for i = 1, 2.

Theorem 5.1. Let i € {1,2} be fixed. Let k, m, n, s be integers such that k > 2,
s>1,s<m,s<n Let Gy = ({ud,...,ul, ... ul}, wl, ... wl ... wl}, BE(Gy))
be a bipartite graph that satisfies conditions (2.1). Let G' = G1 + Ga + ... + G
be the graph obtained by gluing k copies of G; as defined in Section 2. Assume
Gy € F;. Then G e Fi.

Proof. Let h € K([0,1]?) be fixed. As before we denote for simplicity G = Gj.
Denote by Hg, Hg: the products of all edge functions corresponding to h and the
edges in G, G’, respectively. Assume that G € F;. (The proof for G € F is the
same.) That is, assume

e(G)
(5.1) /HG dpy' dpy > (/ h(z,y) du, d,uy) .

We need to prove that

e(G")
(52) [ o au’ > ([ e audn,)

Without any loss of generality, we may assume that G has no isolated vertices.
Indeed, Hg, Hg depend only on the edges of G and G’ and are blind to isolated

vertices.
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Hence, assume G has no isolated vertices and therefore G satisfies (A). Now we
can in essence repeat the proof of Theorem 2.1, Step 1, in the case when all functions
fofi, s fmrs 9,915, gnr are all equal constantly to 1. The only place in Theo-
rem 2.1, Step 1, where we need that G satisfies Sidorenko’s F-condition is (4.21). In
our case, though, (4.21) reduces to our weaker assumption (5.1) as by (4.19), (4.20),
fivevvsfms G1s. .., 0n are all constantly equal to 1. Hence, we obtain (4.7) which in
our case coincides with (5.2). The proof of Theorem 5.1 is complete. O

A brief sketch of the proof of Proposition 1.1 is in Sidorenko [15]. For completeness
of the presentation, we give a more detailed proof below.

Proof of Proposition 1.1. Let G = ({u1,...,um}, {wi,...,wn}, E(G)) be a bi-
partite graph which satisfies (A). We shall prove that (B) is equivalent to (C1). The
case of (B) equivalent to (C2) is symmetric.

Assume G satisfies (B). For any h € K([0,1]?), f1,..., fm € K(Q), 9,91,---,9n €
K(A) choose f as

63) () = ( [ no (s f[lgj(y))”e@ duy)e(w (11 flm)l/m.

=1

We easily calculate that for such f we have

(@)
(5.4) RHS of (1.3) </f de) ,  RHS of (1.5) (/f de)

We assume [ f(x)dp, > 0. Otherwise (1.5) holds. Divide both sides of (1.3) by
([ f(z) d,ux)e(c)_m. We obtain (1.5). Since h, fi,..., fm, 9,91,---,gn Were arbi-
trary, (C1) holds. Hence (B) implies (C1).

To prove the converse implication, assume G satisfies (Cl). Choose any h €
K([0,1)%), f,fi,---sfm € K(Q), 9,91,-.-,9n € K(A). To prove (B) it suffices to
show that

(/ (/h(a”y) <g(y)e(G>—” .ljlgj(y))l/e((;) dﬂy)@(G)/m

> (/ h(@,y) <f(w)e(G)mg(y)e(G)” ﬁ filz) ﬁ gj(y))l/E(G) At duyy(G),
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Inequality (5.5) is equivalent to

(5.6) </ </ h(x,y)<9(y)e<c>”ﬁgj(y)ﬁ fZ(:v)>1/E(G) duyf(G)/mduz)m/e(G)
) </ f(x)dﬂg;)(e(a);)_/le(c) B

> < Jzy (f(x)dG)—Mg(y)e(G)—” ﬁ A ] w(y))wg) Ayt duy> .

Note that condition (A) gives e(G) > m, e(G) = n. Hence, we can assume e(G) > 0
as well as ¢(G) —m > 0. If e(G) —m = 0, (5.6) holds trivially. Assume e(G)—m >0
and apply Hoélder’s inequality to the left-hand side of (5.6) with exponents m/e(G),
(e(G) —m)/e(G). We obtain

n m 1/e(G)
LHS of (5.6) /(/h z,y ( )@= "ng(y)Hfz(x)> duy>
l
x f(a)@D=m/e@) qp, = RHS of (5.6).

Hence, (5.6) and (5.5) hold and (B) is proved. The proof of Proposition 1.1 is
complete. (I

The last remark concerns measure spaces €2 and A and their products. We assumed
for simplicity Q = A = ([0,1], £, 1) and used ® as the product. All proofs in this
paper adapt with minor changes to the case where €2, A are arbitrary probability
spaces and the product ® is replaced by the tensor product ®. Of course, when we
talk about the class F5 where h is symmetric, we have to assume Q = A.
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