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Abstract. We study the condition on expanding an analytic several variables function
in terms of products of the homogeneous generalized Al-Salam-Carlitz polynomials. As
applications, we deduce bilinear generating functions for the homogeneous generalized Al-
Salam-Carlitz polynomials. We also gain multilinear generating functions for the homo-
geneous generalized Al-Salam-Carlitz polynomials. Moreover, we obtain generalizations of
Andrews-Askey integrals and Ramanujan g-beta integrals. At last, we derive U(n+ 1) type
generating functions for the homogeneous generalized Al-Salam-Carlitz polynomials.
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1. INTRODUCTION

Polynomial solutions of g-partial difference equations often serve as a building
block in algorithms for finding other types of closed-form solutions, computer al-
gebra algorithms are usual tools for finding polynomials [1], [4]. In this paper, our
attention is drawn to problems of products of the homogeneous generalized Al-Salam-
Carlitz polynomials as the solutions of certain g-partial difference equations and to
computing some related problems. For more information, please refer to [1], [4], [8],
9], [10], [20], [21], [22], [23].
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In this paper, we follow the notations and terminology of [15] and suppose that
0 < ¢ < 1. The basic hypergeometric series ,.p5 (see [15], equation (1.2.22)),

o
a1,a2,...,0r (al,ag,...,ar;q)n Cq 14s—
1.1 ) 3¢, 2| = —1)"g\2 ST
( ) s b17b27---7bs :| nz:;) (Q7b17b27"'abS;Q)n [( ) ]

converges absolutely for all z if » < s and for |2| < 1if r = s+ 1 and for termi-
nating. In the context, convergence of basic hypergeometric series is no issue at all
because they are the terminating g-series. The compact factorials of ;. are defined
respectively by

12 @ao=1 (@an=[(0-ad"), (a = [0
k=0 k=0

and (a1,a2,...,am;@n = (a1;¢)n(a2; Qn - . (@m; ¢)n, where m € N := {1,2,3,...}
and n € Ny :=NU{0}.
The homogeneous Rogers-Szegd polynomials (see [23], page 3), are defined as

n n

n n
(1.3) hn(b,c|q)—2{k]bkc"’“ and gn(b,clq)—Z[k}q’“’kacnk.

k=0 k=0

The Al-Salam-Carlitz polynomials were introduced by Al-Salam and Carlitz
in 1965 as (see [2], equations (1.11) and (1.15))

n

(14 Al = 3 [ 1] (ot ana

k=0
n n _ _

i (wlg) = {k} ¢ (ag ™ )
k=0

The homogeneous Hahn polynomials (also called Al-Salam-Carlitz polynomials)
can be written as (see [23], Definition 1.5)

n

(1.5) o (@, ylg) =) [ﬂ (a; )rz"y" "

k=0

The homogeneous generalized Al-Salam-Carlitz polynomials state (see [9], equa-
tion (4.7)):

(1.6) Pl (z,ylq) = and

NE

n] @bk vk (K57 -nk gk, 0k
HE=nak /

k=0

M:

PO (2, ylq) =

=~
Il

0
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with generating functions being (see [9], equations (4.10) and (4.11))

o0

t" 1 a,b
(a,b c) — |: ’. xt:| maxi |yt|, |zt 1
CL‘ Y q 2¥1 345 ) yty, <1,

(1.8) Zw(‘“’c (e, ylg) L () )(n)tn

a,b
(Yt; @) oo2p1 [ . ;q,xt] |zt < 1.

These g-polynomials play important roles in the theory of g-orthogonal polyno-
mials. In fact, there are two families of these polynomials: one with continuous or-
thogonality and one with discrete orthogonality. For more information, please refer

o [12], [24], [28], [29]. These polynomials are also given explicitly in [17], [18], [19].

Liu in [22] deduced the following results using the method of ¢-partial difference
equation (g-partial differential equation) for the homogeneous Rogers-Szeg polyno-
mials and Al-Salam-Carlitz polynomials.

Proposition 1 ([22], Definition 1.4). h,(z,y|q) and g,(x,y|q) satisfy the identites

(1'9) aq,z{hn(xayM)} =0 ,y{hn(xayM)} = (1 - qn)hnfl(w,yIQ),
(1.10) 941 o{gn(®,yla)} = Og—1 y{gn(z, yla)} = (1 — ¢~ ") gn—1(z,ylq),

where

f(x) = f(zq)

1) — f(z
1) gl = Ty = D)

Proposition 2 ([22], Theorem 1.7). If f(z1,y1,..., %k, Yr) Is a 2k-variable ana-
Iytic function at (0,0) € C?*, then we have

(A) f can be expanded in terms of hp, (z1,y1|q) ... hn, (Tk, yx|q) if and only if f
satisfies the g-partial difference equations

(1.12) Oqu1f} =0y, {f} forj=1,2,... .k

(B) f can be expanded in terms of gn,(z1,y1|q) ... gn, (K, yx|q) if and only if f
satisfies the g-partial difference equations

(1.13) Ogr o S} =01y I} forj=1,2,... k.
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Proposition 3 ([23], Theorem 1.8). If f(x1,vy1,...,%k,Yr) Is a 2k-variable ana-
Iytic function at (0,0) € C2*, then f can be expanded in terms of

(1.14) ) (z1,y10q) - .. ol (zh, Ykl )

if and only if f satisfies the g-partial difference equations
(1.15) O 1f} = 0qy; (1 —ayme ){f} forj=1,2,... k.

For more information about ¢-difference equation and g-partial difference equation,
please refer to [9], [10], [11], [13], [14], [20], [21], [22], [23].

In this paper, motivated by the method and results of Liu, we make further study
on the homogeneous generalized Al-Salam-Carlitz polynomials. We focus on the
discrete g-polynomials in this paper, in fact, the results of continuous cases can be
deduced using the same method, and so are omitted here.

Theorem 4. If f(z1,y1,...,%k,Yx) Is a 2k-variable analytic function at (0,
0,...,0) € C?*, then we have

(C) f can be expanded in terms of

(ak,bk,ck)

plerbre) (z1, 41 g) .. ol (@r, Yrlq)

if and only if f satisfies the g-partial difference equations

(116)  Ogu, (1 — a7 ¢jm0,){f} = Oay, (1 = (aj + bj)1s, + azbm? ){f}
for j=1,2,... k;

(D) f can be expanded in terms of
Pt (@, yila) - P (il a)

if and only if f satisfies the g-partial difference equations

(L17) Oy 0, (1 = g P emu){f} = 01y, (1 = (a7 + by)na; + asbym ){f}
forj=1,2,... k.

Remark 5. For by = ¢4 = ... = by = ¢, = 0 in Theorem 4, equation (1.16)
reduces to (1.15). For ay = by = ¢; = ... = ap = by = ¢ = 0 in Theorem 4,
equations (1.16) and (1.17) reduce to (1.12) and (1.13), respectively.
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This paper is organized as follows. In Section 2, we give the proof of the main
results. In section 3, we obtain bilinear generating functions for the homogeneous
generalized Al-Salam-Carlitz polynomials. In section 4, we deduce multilinear gen-
erating functions for the homogeneous generalized Al-Salam-Carlitz polynomials.
In section 5, we generalize Andrews-Askey integrals. In section 6, we generalize
Ramanujan ¢-beta integrals. In section 7, we consider U(n + 1) type generating
functions for the homogeneous generalized Al-Salam-Carlitz polynomials.

2. PROOF OF THE MAIN THEOREM
Before we prove the main results, the following lemmas are necessary.

Lemma 6 ([25], page 5, Proposition 1). If f(x1,x2,...,2) is analytic at the

origin (0,0, ...,0) € C¥, then f can be expanded in an absolutely convergent power
series
oo
flar, @, ... xp) = Z Oy ngyenpn T1 T2 o TE

ni,na,...,np=0

Lemma 7. The homogeneous polynomials gon a:b,c) (z,y|q) and wﬁla’b’c) (z,y|q) sat-
isfy the g-partial difference equations

(2.1)  Ogul@ ™ (z,ylq) — ¢ o™ (qz, ylg)}

= 9.y 15" (2, ylg) — (a + )P (qz, ylq) + abp' ™) (¢x, ylq)}

and

(22) g1 {00 (@ ylg) — g el P (g, ylg)}
= 0y y {0 (@, ylg) — (a + D)e ") (g, yla) + abd" (¢*x, yla)},
respectively.

Proof of Lemma 7. Using the identity 9, . {2*} = (1—¢*)z*~1, we immediately
find that

(2.3)
< (aab§Q)k k=1 n—*k
g2 { 5" (2, ylq) — ¢ epl) (qu,ylg) } = Z[ ] oty
k=1 (CaQ)kfl
and
(2.4) Og Ll (x, ylg) — (a + b)) (qz, ylq) + abpl") (¢Px, ylq)}
S n (@, 0,k 31 i —k+1
- N Dk, 1— gnkt1y.
Z[k—l] Cr AR At A

k=1
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From the relations of the ¢-binomial coefficients we have

(25) la-s= 0 Jase,

Combing the above equations, we obtain equation (2.1). Similarly, we can deduce
equation (2.2). The proof of Lemma 7 is complete. O

Lemma 8 (Hartogs’ theorem [16], page 15). If a complex-valued function is holo-
morphic (analytic) in each variable separately in an open domain D C C™, then it
is holomorphic (analytic) in D.

Now we begin to prove Theorem 4.

Proof of Theorem 4. The theorem can be proved by induction. We first prove
the theorem for the case £k = 1. Since f is analytic at (0,0), by Lemma 6 we know
that f can be expanded in an absolutely convergent power series in a neighbourhood
of (0,0). Thus, there exists a sequence A, ,, independent of x1 and y; such that

(2'6) xlayl Z )\m nxl yl - Z xl Z)\m myl

m,n=0

Substituting equation (2.6) into the g-partial difference equation, and using the re-

lation
(2.7) Oge {f(@1,1) — ¢ ter flarr, 1)}

Qg {f (w1, 51) — (a1 + b1) f (g1, 91) + abf(g°x1, 1)},
we get
(2.8) Z (1—qg™ (1 —crg™ ! Z Amn Yt

m=1
= Z 1 —aiqm” (1_b1qm 1)1‘1 qyl{z)\m nyl}
m=0 n=0

Equating the coefficients of x{”_l on both sides of the above equation, we deduce

oo

n 1—aig™! 1—qu1
(2'9) Z)\m,nyl = ( - )( : qy1 Z/\m 1ny1

(1 =g (1 —cigm™1)

n=0

Iterating the above recurrence relation we gain

= al;bla
(210) Z mnyl - N qyl{ZAOnyl}

o (¢, 15 @)m
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With the help of the identity J;", {y7'} = v1" " (¢ ¢)n/(¢; @)n—m We obtain

— n (@1,0130)m -
.11 R e DL M I
n=0 YA p—m

Noting that the series in equation (2.6) is absolutely convergent, substituting the
above equation into (2.6) and interchanging the order of the summation, we deduce
(2. 12)

ai,bi;q - =
o) = 3 3 [ 1] Sy =5 e o
n=0

m=0 (017Q)m

(a1,b1,c1) (371 m |q)

then using Lemma 7 and interchanging the order of the summation, we deduce

Conversely, if f(a1,b1,c1,21,y1) can be expanded in terms of ¢y,

00
(213) f(xlaylv"'vxkayk) = Z dn1 (any%" xkayk)ap%allybhq)(xhyﬂq)

n1=0
Setting 1 = 0 in the above equation and using ga(al’bl’cl (0,y1]9) = y1*, we obtain
oo
(214) f(07yl73727927 vy Ty yk) = Z dnl (332792, ey Ty yk)y?l
n1:0

Using Maclaurin expansion theorem we immediately deduce

8”1f(0,y1,x2,y2, . 'axkayk)

2.15 dp, S Y2y -y Tk = - .
( ) (22,2 Thy Yk) 1oy =0

Since f(z1,y1,-..,Tk, yk) is analytic near (z1,y1,...,7k,yx) = (0,0,...,0) € C?*,
from the above equation we know that d,,(x2,y2,...,2k,yx) is analytic near
(72,y2, - Th,yk) = (0,0,...,0) € C*2,
g-partial difference equation in Theorem 4, we have

Substituting equation (2.13) into the

2 16 Z 0 79L’J _qilcjnzj){dnl(x%y%"'axjayja“ ‘,E]“yk)}¢(017b1101)(x1’y1|q)

ny= =0
Z 0q,y; (1 = (aj + bj)ma, + a]bjnx )
ny= =0

X{dnl(l‘Q;wa"amjayja" QTkvyk)}SO al’thl)(

371;?J1|Q)-

(a1,b1,c1) (

By equating the coeflicients of s, x1,y1|q) on both sides of equation (2.16),

we have

(2.17) Ogz; (1 — cflcjnggj){dn1 (T2, Y2, -, Tj, Yjs- -+ They Yk) }
= 8(1131.7‘ (1 - (aj + bj)nﬂcj + ajbjnij){dnl (an Y2, -5 Zj5Yjs- - axkvyk)}'
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Thus, by the inductive hypothesis there exists a sequence Ay, n,.... n, independent of
T2,Y2, ..., Tk, Yr Such that

(2.18) Ay (T2, Y25 -« -, Tj, Yjy - - - s Thir Yk

o0

= ) Qe PP (32, 4] ) - L) (2, k).

na,...,nE=0

Substituting this equation into (2.13), we find that f can be expanded in terms of

PP (@1, alg) - ol ) (e, ylg)-

Conversely, if f can be expanded in terms of

(a1,b1,c1)

Pn, (xl y1|Q) (ak bk’Ck)(xka yk|Q)a

using Lemma 7 we find that 9,.,(1 — ¢ 'ejne, ){f} = 04,y,(1 — (aj + bj)na, +
ajbjnfcj){f} for j = 1,2,...,k. Similarly, we can gain (1.17). The proof of The-
orem 4 is complete. O

3. BILINEAR GENERATING FUNCTIONS FOR THE HOMOGENEOUS GENERALIZED
AL-SALAM-CARLITZ POLYNOMIALS

In this section, we deduce bilinear generating functions for the homogeneous gen-
eralized Al-Salam-Carlitz polynomials using the method of ¢-partial difference equa-
tion.

Theorem 9. For M, N € N, b= ¢ M and s = ¢ we have

oo

3.1 Y@@yl (u, vg)

n=0

(¢ On
1 i (a,b; @)n(zwo)"

C (ywri)ee = (4:69)n

(1, 53 q (ywu)™ ¢ " g M ywy gt
o Z .
q) )~ —3%0 |: _ 0 4, ywv
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where |ywv| < 1. For M, N € N, b= ¢ ™ and s = ¢~ we have

(abc J) rst) w. v (_1)nq(z)wn
(3.2) Zw Yl (s vlg)

o0

(a,b; @)n(zwo)"
(%3 2)oe Z (¢, ¢:0)n

oo

; ywu " q " q/ (ywo
X —) 30 / );q,q
(@, t:9)m 0,0

m=0

Corollary 10 ([23], equation (3.2)). We have

wn

(¢ On

_ (azwv, rywu; q) s [ [ a, T, ywv

(3.3) Zso(“) z,yl9)e\) (u, vlg)

; q’ xwu:| )

(xwv, ywv, ywu; q)co aTwv, rYywu

where max{|zwv|, |ywv|, |ywul, |rwu|} < 1. For max{|zwv|, |ywu|} < 1 we have

o0 _ n (;L) n
S (") (. ol gy 2D LW

(azwv, rywu, ywv; q) oo

a,r,q/(ywv)
(wo, yuuiqloe 077 L/(mww, af (ywu)’ ’q}

Corollary 11 (¢-Mehler formula). We have

n

0 2
w (xyuvw?; q) oo
3.5 E (z,y|q)hn(u,v|g =
(3.5) — 9 | )(Q7Q)n (zwv, ywo, TWU, YWU; q) 0o

max{|zwo|, [ywo|, [zwul, [ywul} <1,

(_1)nq(g) w" _ (xwv, Yywu, 20U, Ywu; Q)oo

(3:6) D gnlz,yla)gn(u,vlg)

— (Ga)n (zyuvw?/¢; @)oo
lzyuvw? /q| < 1.

Remark 12. For ¢ = ¢t =0, b — 0, s — 0 in Theorem 9, equations (3.1)
and (3.2) reduce to (3.3) and (3.4), respectively. For (a,z,r,u) = (1/a,az,1/r,ru)
in (3.4) letting a — 0 and r — 0 in Corollary 10, equations (3.3) and (3.4) reduce
o (3.5) and (3.6), respectively.
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Before the proof of Theorem 9, the following two lemmas are necessary.

Lemma 13 (g-Leibniz formula). For n € Ng we have

B7) DM@} = qu V| i@z atad)),

n

(3.8) 0 (F(a)g(a)} = Z[ ]9’“{1‘" 1o {glag")).

Lemma 14. For m,n € Ng we have

m m n -m =N m-+n
39) Dy{ = L [T Dy <1,
(yvw; q) oo (yvw; q)s - ywv
Proof. Using formula (3.7), the left-hand side (LHS) of (3.9) equals
zn: {n} gF =) (4 @)m Yk (vwg®)"—*
k (@ Dm—k (yvwa*; q)oo

k=0

m n N
_ y"(vw) Z{n] (G Dm_ (yow; )
(yvw; Qoo = Lk ] (G Dm—r (yrw)F
which is the right-hand side (RHS) of (3.9) after simplification. The proof of
Lemma 14 is complete. O

Now we begin to prove Theorem 9.

Proof of Theorem9. We will use f(z,y) to denote the RHS of equation (3.1).
The RHS of equation (3.1) is terminational and convergent, f(z,y) is analytic at the
origin (0,0) € C2. Noting that the RHS of equation (3.1) is absolutely convergent,
interchanging the order of the summation and using Lemma 14, we have

RHS of (3.1) = Y (r, 55 9)mu Dgﬂ{( ! o2 {ac ;q,wi]},

(@ t50)m YUW; @)oo

m=0

then we check that
0q,0(1 = q~ ena){f (z,9)}
Z (1,85 q)m Dm{( 1 Z b1 @)k (vw) (1—cq )(1_qk)mk—1}

o (@50)m yow; @)oo = (¢, Q)k

(r,s;q)mumD { = (a,b;q)x vw)kxk_l}
¢ (@t 0)m (yvw; @)oo (¢, ¢ a)e—1

. m _ _ b
(rys;q)mu DL”{ (1—a)(1 )vwﬂp1 [aq, q ; q,wi} }
c

¢ (@t 0)m (yvw; @)oo

m

ol
™

m

M

m
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and

gy (1 = (a+ ) + abn?){ f (x, y)}
— (1,8 Q)mu™ { = (a,b; q)p(vw) L ok }
= 1—(a+0b)q" + ab
mz::o (¢, t;0)m (yow; q) oo kZ:o (@, )n [ ( )a 7]
_ i (7,8 @)mu™ { i a,b;q k+1(wi)k}
0 (¢t @)m (yow; q) oo (g,¢q)

m

M

(r, 8 @)mu™ Dm{ (1 —( a)(1 — )wal [aq,bq;q,wi] }

o (@t Dm Yow; q)oc

3
I

that is, function f(x,y) satisfies

(3.10) O3.0(1 = ¢~ ' ena){f(@,9)} = 0gy (1 — (a + b)ne + abn?){ f(z,y)}.

Thus, by Theorem 4 there exists a sequence {7, } independent of (z,y) such that

(3.11) RHS of (3.1) ny (@2 (2 y|q).
n=0

Setting = 0 in equation (3.11) and using equation (1.6), we obtain

= = (7, 53¢k (ywu)*
2 = = a tae
= (ywv; @)oo = (a:t:q
From equation (1.7) we see that
i rst) ’LL U|q (yw)n i T S; q ywu)k
= (@Dn  (ywvig)e F D)k

Thus we have

o
S = 30 O, ujg) L
n=0

n=0 (q Q)

which gives

3.12 n = @50 (y,v)g .
(3.12) Tn = @5 " I)(q;q)n

Substituting -, into equation (3.11), we get equation (3.1). Equation (3.2) can be
proved similarly, here we omit the proof for simplicity. The proof of Theorem 9 is
complete. O
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Proof of Corollary 10. Letc=t=0,b— 0, s — 0in Theorem 9, equation (3.1)
becomes the LHS of (3.3) and equals

0o o] -m —n m+n
Zaq (zwv) Z ywu)[ [q q " ywe g }

3%0 1 4q,
(ywv; q)oo =, = )m yuwo
_ 1 > (r,q ywu)m zm: [m} ywu; q i a; q) nﬂ (zwv)™tI
(ywvid)oo £= (@GDm L] (ywo) = ¢ Qn
(i (rig m<ywu>m 5 [m] (5, y0%30); (g)j
 (ywu, TwY; @)oo = (@ Dm = J 1 (azwviq); \y
(azwv; q)so i a,r, ywv; q); (Twu)? i rg’; q ym
wu
 (ywu, zwY; @)oo = (g, azwv; q); = (v

which is the RHS of equation (3.3). Similarly, we can deduce equation (3.4). The
proof of Corollary 10 is complete. O

Proof of Corollary 11. Noting the following relations
(3.13) lim ¢ (2,ylg) = ha(z,ylg),  lim ¢V (az,ylg) = ga (@, yla),
a—0 a—0
we can deduce equations (3.5) and (3.6), respectively. The proof of Corollary 11 is

complete. O

4. MULTILINEAR GENERATING FUNCTIONS FOR THE HOMOGENEOUS
GENERALIZED AL-SALAM-CARLITZ POLYNOMIALS

Andrews in [3] proved the following formula for the g-Lauricella function.

Proposition 15 ([3], equation (4.1)). If max{|a|, ||, |y1l,---, |y} < 1, then we
have
(4.1) i (% Dy oty (B Dy (B2; Do - - - (Br; D 1 052 - - 42
=0 (7 Dnatnztecctne (@ D (G Dns - - - (G Dy

(o, Bryr, Bayz, - -+ BrYk; @)oo Y/ Y1, Y2, - Yk
- k+1Pk
(773/1;?/27 .- 'ayk;Q)oo

4, @
61?/1752:’/2; v aﬂkyk
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Liu [23] generalized the above Andrews’ results (4.1) for 8; = 0 (1 < i < k) as
follows.

Proposition 16 ([23], Theorem 12.1). If max{|al,|c|,|z1], |y1l,-- -, |zx], lyx|} < 1,
then we have the following multilinear generating function for the Rogers-Szegé poly-
nomials
(4 2) io: (a;q)n1+n2+...+nkhn1 ($1791|Q)hn2($2792|Q)- --hnk (mkayk|q)

(& Dnrtnttne (G D (G Do -+ (G Dy

ni,ne,...,ng=0

_ (ayq)oo 1 P2k C/avxlaylvx%y%'"7xkayk.q a
(Caxlaylax%y%"'axkayk;Q)oo * 0705---70 o

In this section, we gain multilinear generating functions for the homogeneous gen-
eralized Al-Salam-Carlitz polynomials.

Theorem 17. For My,...,M;, € N and a; = ¢ ™, if max{|al,|y|,|z1t1],
lyitl, ... [zxtel, lyete|} <1, we have

,b1, ,b2,
(4.3) i (o Q)n1+n2+...+nksﬂgﬁl ' Cl)(a?la yllq)wgaf i C2)(31327:U2|Q) .-
=0 (% Dy +natcctne (G O (G D - - (45 @
X gagi’“’b’“ck)(a:k, YrlQ)tT ty? .t
k A
_ (@5 q)oo Z (/o yrt, yata, - Yktes @)t
(Vs yrtss yata, - Yktei Qoo (¢:9)i
k ai, b;
X H 201 { ]Cv‘ ! ;Q7xjtjq1:|
i=1 ’
and
,b1, ,b2,
(4.4) i (a; Q)n1+n2+...+nkw§$1 ! Cl)(ah, Yy1lq) 55? 2 Cz)(m, y2lq) . ..

(Y Dy tnotctn (G Oy (G Dng - - - (G5 @)y

nl,nz,m,nkzo

X ) (il )T R

k .
_ (@ @)oo 3 (v/ v yit, yata, - - ykt; g)ic”

(v, y1t1, yata, - Ykth @)oo (¢: )i

x ﬁ:ssoz[ v g, T2
e i a T (yits) " Y
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Remark 18. For a; - 0, b; =¢; =0 (1 <i < k) in Theorem 17, equation (4.3)
reduces to (4.2).

Proof of Theorem 17. Letting 81 = ... = ; = 0 in Proposition 15, we have
(4 5) i (Oé; Q)n1+n2+...+nky?lyg2 oo y]?k
s =0 (i Dntnat i (€ D (6 Dz - (650,
_ (a,q)oo 7/a7y1ay2a"'ayk_
- k+1%Pk 4, .

(Vs Y15 Y25+ > Yki @)oo 0,...,0

If we use f(a1,b1,c¢1,21,91,. .., ak, bk, Ck, Tk, Yx) to denote the RHS of equation (4.3),
using the ratio test, we find that f is an analytic function of aq, b1, c1, 21,41, .., ak,
bk; Cky Tk Yk for

max{|a|, |7|a |£L'1t1|, |y1t1|7 sy |xktk|a |yktk|} <1

By direct computation, we deduce that

(4.6) 0g,z; (1 = q_lcjn:cj){f} = 0qy,(1 = (a+ )z, + ajbjn?cj){f}-

By Theorem 4 there exists a sequence {Ap; ny...n,} independent of aj,bi,ci, 1,
Y1y -- -, 0k, Ok, Ck, Tk, Yr such that

(4.7)  flai,b1,c1, 21,91, .-, ak, br, Cr, Tk, Yi)

o)

= Z )\"17n21---7nk ' ng?l’bl’Cl)(xlayl'q)

nl,nz,...,nkzo

x@le2b22) (35 yolq) .. plembe ) (2 il q).

Setting 1 = @2 = ... = 2 = 0 in equation (4.7) we immediately gain
[ee]
(4.8) Z Angngeene Y1 YR Y
nl,nz,...,nkzo
_ (@ @)oo s | VYL Rtk
(Py,yltlayQtQ;'"7yktk;q)oo * 0)"'70 o
Equating the coefficients of the above equation we have
Q; . LAY A A
(19 Ay = ot T
(Vs Dy 4natctni (G Oy (G Dns - - - (G D

Substituting equation (4.9) into (4.7) we deduce equation (4.3). Similarly, we ob-
tain (4.4). The proof of Theorem 17 is complete. O
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5. GENERALIZATIONS OF ANDREWS-ASKEY INTEGRALS

The Jackson ¢-integral defined as [15], equations (1.11.1)—(1.11.3),

b
(5.1) [ f@de=a-g Z bF(b™) — af(aq™)a"
a n=0
Andrews and Askey [5] deduced the following Andrews-Askey integral.

Proposition 19 ([5], Theorem 1). If there are no zero factors in the denominator
of the integral, then we have

(5.2) /v (at/u, qt/vi @) At — (1 —q)v(g, /v, qu/u, ysuv; q)oo
u (st,yt,Q)oo 1 (S’u,,yu7sy,yv;q)oo

For more information about Andrews-Askey integral, please refer to [5], [22], [27].
In this section, we generalize Andrews-Askey integral using the method of ¢g-partial
difference equation.

Theorem 20. We have
Y (qt/u, qt/v; (a,b; TSUV " oysuv
(5.3)/(61/ qt/ QOOZ D )2%[(1 Y ’qq}dt
u

(st Qoo 2= (GG Dn SUv

(1= q)v(q,u/v,qu/u, ysuv; q) oo (@, b; @) (zv)™ " yv ug”
= Z i’
(su, 50, yu, Y03 ¢)oo Z qeg. 0L - P

where max{|sul, |sv|, [yul, |yv], |zv|} < 1.
Remark 21. For z = 0 in Theorem 20, equation (5.3) reduces to equation (5.2).

Before the proof of Theorem 20, the following lemma is necessary.

Lemma 22. We have

(5.4) Zga(“bc) 2, y|q)hn (1, s|q)

n

(4 9)n
1 ) Z(a,b;q)n(ﬂt)”wo[q";yft. ﬁ},

C (ystyrtid)ee = (4.60)n o

r

where max{|yst|, |yrt|, |zrt|} < 1. For |xrt| < 1 we have

55 (a,b;c) " ( 1) q
(5.5) nizown (z,yla)g (T75|q)7(q;q)n
> b: q)n n -n,
= (yst,yrt; q)oo Y (85 @)nlart)" (;ql. ;)mt) 21 [q qo/(yrt);q,yst] .
n=0 ) ) n
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Proof of Lemma 22. Let f(x,y) denote the RHS of equation (5.4); it is obvious
that f(x,y) is analytic in x, y separately, so by Hartogs’ theorem, function f(z,y) is
analytic at (0,0). Direct computation yields

(56)  Og0(l—q 'ena){f(z,y)} = 0y (1 = (a+ b)s + abm){f (2, 9)}-

By Theorem 4 there exists a sequence {7, } independent of z and y such that
(5.7)

oo

abq (art)™ q yrt sq abie
Z 2300{ - Z’Yn nb (@, ylq).

(yst, yrt Do = (0,65 q)

Putting z = 0 in the above equation, and using the fact 305;’ -bie) 0,9y]q) = y™, we find

that

(5.8) Z o .

(yst, yrt; q) oo

Equating the coefficients of y™ on both sides of the above equation, we deduce that
Yo = hn (7, 8|Q)t™/(¢; @)n. Substituting this into (5.7) we complete the proof of equa-
tion (5.4). Similarly, we can gain equation (5.5). The proof of Lemma 22 is complete.

O
Proof of Theorem 20. We can rewrite equation (5.3) as
(5.9) /” (qt/u, qt/via)oo 1
w (869w (yt, ysuv'q)
(a, b; @) (zsuv)™ qg ", ysuv  tq"
19,2 @)\ TSUY) T A e
ano T Il B e K
_ (1 _Q)U(Qau/vaqv/u;Q)oo . 1
(su, 503 0)oo (Y1, Yv; @)oo

oo
a,b; q)n(zv)™ oyv ug”
XZ( @)n( )Q%{Q_?J;Q’Q].

= (6D v

If we use f(z,y) to denote the RHS of equation (5.9), then we find that f(z,y)
satisfies equation (1.16), so we have

(5.10) F@y) = v ol (2, ylq).

n=0
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Setting z = 0 in the above equation we have

ZV _ (A -qvlgu/v,qu/usq)ee 1 /” (at/u, qt/vi @)oo 4
" (su, sV, Yu, Yv; @)oo (ysuvi @)oo Ju (56U @0
_ y" /“ (qt/u, gt/v; q)ocohn(suv/t, 1|g)t" At

= (@ )n (5t q)oc o
which implies
1 Y (gt t/V;q)oohin t, 1|q)t"
(5.11) ’Yn — / (q /u7 q /U, q) (Suv/ |Q) dqt.
(¢ @)n (5t; @)oo

Substituting (5.11) into (5.10) gives

00 (a,bsc) v n

on 7 (x,ylg) [V (gt/u, qt/v; q)oohn(suv/t, 1)t
f(x’y)inz::o (4:)n /u (5t ¢)oc

:/ (gt/u, qt/v;iq)oo qt/v Qoo

 ha)e

a,bic) yi)"
Zs@ b (@, ylg) hn (suv/t, 1]q) (q,) dqt,

which equals the LHS of equation (5.9) after using equation (5.4). The proof is
complete. O

6. GENERALIZATIONS OF RAMANUJAN g-BETA INTEGRALS

The following two integrals of Ramanujan [6] are quite famous.

Proposition 23 ([6], equations (2) and (3)). Let 0 < q = exp(—2k?) < 1 and
m € R and suppose that |yzq| < 1. We have

) . :
(6 1) 0o e—& +2mo 46— \/_ m? (_yqumkl7 _qu—kal; Q)oo
: (yql/262k0 ,q1/26=21k0, ¢ = vre (y2q:9)

— 00 Y I o0 9 oo

Suppose that max{|yq'/%e*"*| |z¢'/2e=2™k|} < 1. We have

g Ve (yzq; q)
6.2 007 +2m0 (o 2K0 . —2K0, 40 = 14)oo
(6.2) /_oo (Fyae™, —=¢ @) (yq/2e2mk zq1/2e=2mk; q)
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Derivations of (6.1) and (6.2) for real values of parameter m have been deduced
by Askey in [6]. Later on, it has become clear that these integrals are in fact valid for
arbitrary complex values of parameter m and they are thus instances of the standard
Fourier transform with the exponential kernel by Atakishiyev and Feinsilver in [7].

In this section, we generalize Ramanujan’s ¢-beta integrals by g-partial difference
equation as follows.

Theorem 24. We have

oo —02+4+2mo
(6.3) / °

o (yq'/2e2k0 g1 /2e=2ik0; g

oo

% Z (a,b; Q)n(—Jqukai)ngsOO [q_"7 _yqe%/ki@ _qnH1/2e2ki(0-m) | 4
n—0 (Q7CaQ)’ﬂ - o
2mki —2mki
—yqe —zqe ; a,b
:ﬁenﬂ( vge™™, 2 »Q)oo%m{ ; ;q’mq}’
(Y245 @)oo c

where max{|yzq|, |zzq|} < 1. For max{|yq'/2e*™*|, |2¢"/?e=2"¥|, |xzq|} < 1, we have

o0
2
(6.4) / e 0HIMO(_yge —2qe™M;q) o
— 00

° a,b;q)n(x 1/22mkyn -n, 1/2g—2mk
XZ( q)((q )wl[q q /v
n=0

2k6
iq, —yqe™™" | df
q: ¢ q)n 0 }

= /re™ (y24; 4) o ab
= e (yql/%zmk,qu/Qe—W;q)oowl{ e DT

Remark 25. For = 0 in Theorem 24, equations (6.3) and (6.4) reduce to (6.1)
and (6.2), respectively.

Proof of Theorem 24. We rewrite equation (6.3) equivalently as

) 6—02+2m9
(6.5) / : !

oo (2¢1/2€72H0; q) o (yq!/2ek0 | —ygemHi; )

0 . .
b: _ 2mki\n —-_n __ 2mki .
« 2 : (aa 7Q)(Z(cz()]e ) 0 |:q 5 gqe  q, _qn+1/262k1(07m) de
n=0 ) ) n
—2mki
2 (—zqe ] a,b
= /re™ ( : )002301 [ ’ ;q,xzq].
(y243 @)oo ¢

Denoting the RHS of equation (6.5) by f(x,y), we check that f(x,y) satisfies equation

(6.6) 0q.0(1 = ¢ ena){f} = Oy (1 = (a+ b)p + abi) {f}.
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Using Theorem 4, we have

o0

(6.7) Z oY) (@, ylq).

Setting = 0 in the above equation gives

—2mki.

o0

Z ,y yn _ \/7TEerr7,2 (_qu 7Q)oo
oy =

vt (y24; 4)oo

1 oo —60%+2mb
= (—yqe2mki; ¢) o / (yq'/2eBk0_q1/26-2K0; q) ¢
_0 +2mé h (qumki ql/Qeri0|q) n

— n ) y
= Z/ (2 /77, g) @D 0.

So we have

dé.

oo —6024+2mb 2mki ,1/2,2ki0
e hn(ge™™™, ¢/ "e*"|q
(68) w= ( o)

oo (2¢/7e72H: ) (¢ Dn

The the RHS of equation (6.5) is equal to

(z,ylq) do

2 . .
Z / —9 +2mb hn(qGkal7 q1/2€2k19|q) (abic)

(zq"/2e2k0; q) (@5 Q)n on

e—& amé = h kal 1/2 2ki0 (a,b;c) dg
- /_Oo (zq1/2672ik9; q)oo Z n(qe |q) (x,y|q) (q, q)na

n=0
which is the LHS of equation (6.5) after using equation (5.4). Similarly, we gain
equation (6.4) by using equation (5.5). The proof of Theorem 24 is complete. O

7. U(n+ 1) TYPE GENERATING FUNCTIONS FOR GENERALIZED
AL-SALAM-CARLITZ POLYNOMIALS

Multiple basic hypergeometric series associated to the unitary U(n+1) group have
been studied by various authors, see [26], [30]. In [26], Milne initiated the theory
and application of the U(n 4 1) generalization of the classical Bailey Transform and
Bailey Lemma, which involves the following nonterminating U (n+ 1) generalizations
of the ¢-binomial theorem.
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Proposition 26 ([26], Theorem 5.42). Let b,z and x1,...,x, be indeterminate,
and let n > 1. Suppose that none of the denominators in the following identity van-
ishes, and that 0 < |q| < 1 and |2| < |z ...2n]|2m| g/ /2 for m = 1,2...,n.
Then
(7.1)

1—qVrYx,/z n T -1
Z H 1—a:/a:r } H (qx—r;q)
ye=20  1<r<s<n L rs=1 s Yr
k=1,2...,n

n

% H(xi)nyi—(y1+---+yn)(_1)(n—1)(y1+---+yn)

i=1
S 1) S 3] E R RS
_ (b%9)x
(2 0)oc
where ea(y1, .. .,Yyn) is the second elementary symmetric function of {y1,...,yn}.

In this section, we give the U(n + 1) generalizations of generating functions for
generalized Al-Salam-Carlitz polynomials.

Theorem 27. Let z and z1,...,x, be indeterminate, and let n > 1. Suppose
that none of the denominators in the following identity vanishes, and that 0 < |g| < 1
and |z| < |z1 ... ||| "q| /% for m =1,2...,n. Then
(E) we have
(7.2)

_ n
ST [ (),
-7 TS —L:q

1_mr/xe xe, Yr
yr20  1Sr<s<n i r,s=1 k
k=1.2...n

X H(xi)nyw(yﬁmwn)(_1)(n*1)(y1+~~+yn)
i=1

Y2+2ys+-+(n—Dyn+n—D[(%)+.+(%)]—e2 (v, yn)  (@:b:0)

X q oty (2, Y]q)

(r,s,t) (u, U|q)zyl+...+yn

X 50y1+ FYn
1 = (a,b; q)n(vr2)" i T, 85 q)m(uyz)™
= 3¥0
(21 Q)00 = (4, = (@ t)m
[qm,q mouyz gt
X 7q’
— vyz

where max{|vyz|, [vxz|, |luyz|} < 1;
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(F) we have

(7.3) Z H {1_qyr—ysxr/xs} ﬁ (qa:,a. )71

1—z./z
Y20 1<r<s<n r/ s r,s=1
k=1,2...,n

n

X H(xi)nyw(yﬁmwn)(_1)(n*1)(y1+~~+yn)

i=1

X U2ttt (= Dynt(n— D) +-+(4)]- e2(yiyn) (1 )yrtetum

el vl

= a,b; q)n(vrz) > (ry 8;q)m (uyz)™
=(vy2;q)ooz( Z (uyz)

342
—  (¢aqn = (G5EDm

o q(y1+.42.+yn)

-m ,—n
SERSLESACDI
0,0
where max{|vzz|, |uyz|} < 1.

Remark 28. For n =1 in Theorem 27, equations (7.2) and (7.3) reduce to (3.1)
and (3.2), respectively.

Proof of Theorem 27. Let (b,z) = (0,yzv) in Proposition 26, equation (7.1)

becomes
1—q¥r—Ysq. /o " T -1
74 > 11 {—1(] -/ S} 11 (ql;q)
yp =0 1<r<s<n - (Er/iL'S r,s=1 Ls Yr
k=1,2...,n
n
X H(xi)nyi_(yl"r...‘i‘yn)(_1)(n_1)(yl+n.+yn)
i=1

x gt 2t (= Dynt(n— D [(4)+- +(y”)]—62(y17~~~7yn)(zyv)y1+ +yn
1

(vyz3 @)oo
We first prove the following equation (7.5)

s Y I [T ()

11—z, /x x ,
Y20  1<r<s<n 7"/ s re=1 s Yr
k=1,2....n

n

x H(xi)ny,z—(y1+...+yn) (_1)(n—1)(y1+--.+yn)
i=1

% qyz+2y3+---+(n—1)yn+(n—1)[(y21)+...+(y2”)]—e2(y1,

~~~7yn)
(r,5,t) Yitetyn _ = (7, 85 q)n (uyz)”
X Soyl-i- AFYn (u,v|q)(zy) = ’UyZ q Z q t q)
n=0 ’
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If we use f(u,v) to denote the RHS of equation (7.5), it is obvious that func-
tion f(u,v) is analytic at origin, at the same time f(u,v) satisfies

(7.6) Og.u(1 — q_ltnu){f} = Ogw(1 = (s + )1 + 7”57712){f}

Thus, by Theorem 4 there exists a sequence {a,,} independent of (u,v) such that

o0

(7.7) RHS of (7.2) Z -0 (4, v]q).

Taking u = 0 in equation (7.7) and making use of (7.4), we have

D T

(vy2; @)oo

1—q¥r—Ysg /r n T —1
- Z H [ 1q—x /xr/ 9} H (qx_r;q)
yr20 1<r<s<n ries r,s=1 s Yr
k=1,2...,n
n
« H(xi)nyi—(y1+...+yn)(_1)(n—1)(y1+--.+yn)

i=1

ya2+2ys+...+(n—1)yn+(n—1) [(y,zl)—i-...—i-(%")} —es (yl,...,yn)(

(7.8)

)y1+---+yn,

X q vVYz

so we gain equation (7.5) after equating the coefficients of (7.8). Next we will prove
equation (7.2). Let g(z,y) denote the RHS of equation (7.2), it is easy to verify that
g(x,y) satisfies

(7.9) 0g.e(1 = g ena){g} = 9gy (1 — (a + b)na + abn?){g}.

Thus, there exists a sequence {7, } independent of (z,y) such that

(7.10) RHS of (7.2) Z'y - (@) (1 y|q).
n=0

Taking « = 0 in equation (7.11) we have

oo
0 = nzz:o'yny

oo

Z (ry 8;q)n (uyz)™

7.11 RHS of (7.2
(7.11) of (7.2) > o,

(VY23 @)oo

Combining equation (7.12) with equation (7.5) and then equating the coefficients
of equation (7.12) on both sides, we get equation (7.2). Similarly, we can deduce
equation (7.3). The proof of Theorem 27 is complete. O
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