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Abstract. 'We consider the problem of determining the unknown source term f =
f(z,t) in a space fractional diffusion equation from the measured data at the final time
u(z,T) = ¢(z). In this way, a methodology involving minimization of the cost functional

J(f) = fé (w(x, t; f)|i—7 —(z))? dz is applied and shown that this cost functional is Fréchet
differentiable and its derivative can be formulated via the solution of an adjoint problem. In
addition, Lipschitz continuity of the gradient is proved. These results help us to prove the
monotonicity and convergence of the sequence {J/(f(”))}, where f(”) is the nth iteration
of a gradient like method. At the end, the convexity of the Fréchet derivative is given.

Keywords: inverse source problem; space fractional diffusion equation; weak solution
theory; adjoint problem; Lipschitz continuity
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1. INTRODUCTION

We study the inverse problem associated with the space fractional diffusion prob-
lem
1R @ 1R e’
(1.1) ug(x,t) — 3 D{u(z,t) — §”D u(z,t) = f(z,t), (z,t) € Qr,
(1.2) u(0,t) = u(l,t) =0, t e (0,7),
(1.3) u(z,0) = p(z), x €A,

where u; := Ou/ot, A = (0,1), Qr = A x (0,T) and 1 < a < 2. Here #D%u(z,t)
and BD%u(z,t) denote the left and right Riemann-Liouville fractional derivatives,
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respectively, which are defined for x € (0,1) by

mDeu(a,t) = L /xi( “&D g,
0 x

L2 —a)da? —o)t
SRS S o A (S1)
EDou(x,t) = m@/r Wdé.

The inverse problem here consists of determining the source term f = f(z,t) from
the measured data at the final time

(1.4) u(z, T) = ().

The function ¢ (z) is assumed to be the measured output data and also the functions f
and ¢ are the inputs data. In this context, the inverse source problem (1.1)—(1.4)
and the problem (1.1)-(1.3) for a given f will be referred to as the problem (ISP)
and the direct problem, respectively.

It is worth pointing out that for @ = 1 and a = 2, the ISP (1.1)—(1.4) is a clas-
sical ISP and has been studied by some researchers such as ISP for linear parabolic
equations with final overdetermination, see [3], [8], nonlinear source term given by
flz,t,u) = p(z)u”, see [1], ISP for the parabolic equation u; = Au + p(x)u + f(u),
see [2], determination of the unknown function p(z) in the source term F' = p(x) f (u),
see [16] and determination of the unknown source term F(z,t) in us = (k(x)uy)s +
F(z,t), see [6], [7], [9]. But to our knowledge, there are few works on inverse source
space fractional diffusion equations.

In this paper, we apply the weak solution theory and the adjoint problem approach
to ISP (1.1)—(1.4). To this end, the auxiliary functional

l
(15) J(f) = / (o, t: et — $(@))? da

is introduced and ISP is reformulated as a minimization problem for this functional.
It is shown that the gradient J’ of the cost functional (1.5) is Lipschitz continuous.
Then, an explicit formula for this gradient is obtained by the solution of the cor-
responding adjoint problem. Based on these results, monotonicity of the sequence
{J(f™)} is proved where {f(™} is the sequence of iterations obtained by the gra-
dient method.

Note that, as a consequence of the physical model, the inputs ¢ = ¢(x) and
f = f(z,t) may not be smooth and, especially in real problems, the input f = f(x,t)
belongs to La(Qr). This circumstance requires use of weak solution theory. So, the
main motivation of the proposed approach and also the substantial difference of the
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provided results in this paper in comparison to the available scientific results, is to
apply the weak solution theory which reduces the order of regularity. To be exact,
the approach proposed here is based on weak solution theory and the adjoint method.
This combination leads to an applicable method which is more consistent with the
physical model in real-world problem.

The paper is organized as follows. In Section 2, we introduce a quasi solution of
ISP (1.1)—(1.4), based on the weak solution of the direct problem (1.1)—(1.3). In
Section 3, we introduce an adjoint space fractional diffusion problem and obtain an
explicit relationship between the weak solution of this problem and the gradient of
the cost functional (1.5). The Lipschitz continuity of the gradient is obtained in
Section 4. These results help one to construct a gradient like iteration process for
the sequence of approximate solutions {f (")} C x of the inverse problem and prove
monotonicity of the sequence of functionals {.J(f(™)}. In Section 5, convexity of the
Fréchet derivative is studied and finally, in Section 6, an application of the considered
problem is given.

2. QUASI SOLUTION OF THE INVERSE PROBLEM AND THE GRADIENT

Let us denote by x := La(Qr) the set of admissible unknown source functions f.
Evidently, the set x is closed and convex. The weak solution of the direct problem
(1.1)~(1.3) will be defined as the function u € B*/?(Qr) satisfying the integral
identity

(2.1) M(u,v) = F(v) Yve BY*Qr),

where the bilinear form II(-, ) is defined by

1

Rpa/2, Rpoa/2
La@n) — 3 (@D?u,D3/%)

1 (0% (0%
H(u,v) == (ut, V) 15(Qr) — §(RDx/2u,fD /21)) L2(Qr)’

and the functional F(-) is given by

F(v) == (f,0)L,(Qr)-

Here
B*(Q1) := Lo ((0,T), L2(A)) N L2((0,T), Hg' (A))

is a Banach space with respect to the norm

/2
vl Be(@r) = <Of£ta<XT|\U('at)||2L2(A) + HUH%Q((O,T),H(‘;(A))) )
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where
Lo((0,T), Hg (A)) = {v; [Jo(- D)l g (ay € L2(0,T)},

endowed with the norm

vl La0,1), 15 (1)) = WG D)l g (ay 22 0,7)-

In the above definition H§ (A) denotes the usual fractional Sobolev space with respect
to the norm |[|-[| o (a) (for more details see [11]). Now suppose that the following
assumptions hold:

(Al) 1<a<?,

(A2) fex,

(A3) ¢ € Lo(A),

(Ad) ¥ € Lo(A).

Then it is proved that the weak solution u € B*?(Qr) of the direct problem
(1.1)—(1.3) exists and is unique, see [11], [5], [10]. We denote this weak solution
by u(x,t; f) corresponding to a given f € x. If this function satisfies the additional
condition (1.4), then it must satisfy the equation

(2.2) w(at; i = ¥(@), 7 €A.

However, due to measurement errors in practice, the exact equality in the above
equation is usually not achieved [7]. For this reason, we define a quasi solution of the
inverse problem as a solution of the minimization problem for the cost functional .J,
given by (1.5). In doing so, find f. € x such that

(2.3) J(f) = inf J(f).

fex
Clearly, if J(f.) = 0, then the quasi solution f, € x is a strict solution of the
inverse problem (1.1)—(1.4) and also f. € x satisfies the functional equation (2.2). In
addition, in view of the weak solution theory for space fractional diffusion problems,
from [11] we have

(-, T3 1) =l Ts llzaay S 1™ = Fllza@a-

This, in particular, means that if the sequence {f (")} € x weakly converges to the
function f € x, then the sequence of traces {u(x,T;f(™)} of the corresponding
solutions of the direct problem (1.1)—(1.3) converges in the La-norm to the solution
u(z, T} f), which implies J(f(™) — J(f), as n — oo (see [10], [11]). This means that
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the functional J is continuous with respect to the weak convergence in y, hence due
to the Weierstrass existence theorem, see [6], [9], the set of solutions

o= {fex: () = }rEn;J(f)},

of the minimization problem (2.3) is not an empty set.

Remark 2.1. It is worth pointing out that the solution of the problem (2.1) does
not imply the boundary conditions imposed upon the strong solution of (1.1)—(1.3)
for functions in B*/2(Qr) with o/2 < 1/2. In fact it has no sense to define the trace
at x = 0 (and also = = [) for functions in B*/?(Qr) with 0 < a < 1. But in our
problem, according to [11], [10] the the trace at time ¢ = 0 (and also ¢t = T) and
boundary conditions are well-defined.

3. FRECHET DIFFERENTIABILITY OF THE COST FUNCTIONAL AND ITS GRADIENT

Let f and f4df € x be source functions. We denote by u(z, t; f) and u(x,t; f+5f)
the corresponding solutions of the problem (1.1)—(1.3). Then

5U($,t;f) = ’U,(J?,t; [+ 5f) - U(l‘,t;f),

is the solution of the problem

(3.1)  Suy(z,t) — %RDﬁéu(x,t) — %fDaéu(x,t) =46f(z,t), (x,t) €Qr,
(3.2)  du(0,t) = du(l,t) =0, te (0,7),
(3.3)  du(x,0) =0, x €A

The first variation AJ of the cost functional J is
l
(34) DI i= I +30) = I(0) =2 [ (o Dl — w(a)oule.t Plecr da
0
l
+ [ Gute.ts Dlier)? s
0
where du(z, t; f) is the solution of (3.1)—(3.3).

Lemma 3.1. Let f,f + §f € x be given source functions. If u = u(x,t; f) is
the solution of the direct problem (1.1)—(1.3) and p = p(z,t) is the solution of the
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adjoint problem

(3.5) pe(x,t) + ERDap(x t) + iRDO‘ p(z,t) =0, (z,t) €Qr,
(3.6) p(0,t) = p(l,t) =0, te (0,7),
(37) p(va) = Q(x)a T €A,

with an arbitrary function ¢ = q(x) € Lo(A), then the following integral identity
holds:

l T pl
(3.8) /0 o(2)ou(z, t; )it dz = /O /0 5 (x, Opla, 1) da d.

Proof. Multiply (3.1) by p and integrate over Q7 to get

1(fD(’(Su,p)

2 La2(Qr) (5f7 )Lz Qr)-

1
(3.9) (0ut,p)ry(0r) — E(RDgéu,p) Lo(Qz)
According to [14], we have

(310) (RDgéu,p)L Q1) — (5u 2D )LQ(QT)’

(i%Daéu’p)Lz(QT) = (5 Dap)Lz(QT)

Now, consider the first term on the left-hand side of (3.9). Applying integration by
parts, we get

(0ut,P)o(0r) = // dut(z, t; fp(z, t) dt da

l
= / du(x, t; fle=rp(x, T)dz —/ du(z, t; f)|t=o p(x,0) dz
0 0
- (5u7pt)L2(QT)'
So, we obtain

l
(311) (5ut’p)L2(QT) = / 6u(xvt; f)|t:T Q(x) dz — (6u,pt)L2(QT)'
0

For the second and third terms on the left-hand side of (3.9), using (3.10) we have

1 o 1 a
(3.12) —5 ("DZowp) 1, 0y ~ E(ED 0:2) 1, (Gr)
1 N a
- _5(5“’51) P) Lat@r) ~ (5“ "D2P) 1oy
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Applying (3.11) and (3.12) in (3.9), we can obtain

l
/ S, t; )l a(x) dz — (§u, pe) 1 (0n)
0
1 R o 1 R o
- 5(6% ID p)L2(QT) - 5(6% DIp)Ia(QT) - (6f’p)L2(QT)’

and

= (6f’p)L2(QT)7

1
1 1
5 7t7 _ d (6 - __RD(X __RDa )
/Ou(x Ple=r q(z) dz + (u, —p: g2 Py el om

which leads to
1 T pl
/ du(z, t; f)|i=r q(x) da = / / 0f(x,t)p(z,t)dadt.
0 0Jo
(]

Corollary 3.1. Let us choose an arbitrary control function q¢ = q(x) in (3.8) as

_ 6u($7t, f)|t:T
10wz, & f)le=rll L, )

q(z) :
Then we obtain

lou(z, t; f)le=rllLoa) < 1Pl L2y 10| La(@r)s

where du = du(x,t; f) is the solution of (3.1)~(3.3) and p = p(x,t) is defined in
Lemma 3.1. We note that the existence and uniqueness of (3.5)—(3.7) are the straight-
forward results of [11].

Corollary 3.2. If in (3.8) we set q(z) := 2(u(z,t; f)|t=r — ¥ (x)), we obtain the
useful identity

I T ol
(3.13) 2/0 (u(a:,t;f)|t=T—¢(x))5u(x,t;f)|t=de:/o/o5f(a:,t)p(a:,t)dxdt,

which will be used in the following.

Hereafter, in cases where no confusion could arise, the symbol p in (3.5)—(3.7)
refers to the terminal condition ¢ defined in Corollary 3.2.
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The integral equality (3.13) yields that the first variation of the cost functional J
may be written in the form

(3.14) AJ(f) = J(f +6f) — J(f)
T pl l

- / / 51 (z, p(a, ) de dt + / (Gula, t; flr)? da.
0JO 0

Now, we will show that the second term on the right-hand side of (3.14) is of the
order O([[0£117,(q.))-

Lemma 3.2. If f € x is a given source function and u = u(x,t; f) € B*/?(Qr)
is the corresponding solution of the direct problem (1.1)—(1.3), then we have the
inequality

(3.15) 6u(a, t; =7l Laa) < € 10f o)

Proof. Multiply both sides of (3.1) by du and then integrate over Q;, t € (0,77,
to get

L Rpa
(3.16) (Our, 0u)r,(Qq) — §(RDz 0u,0u) ;o0

1 «
_ §(§D (5u,5u)L Q) (5f, 5U)LZ(Q,)

Using an energy function

l
_ 2 T
7= [ dniar s

we obtain G'(7) = 2f0l dur(z, 75 f)ou(z, 7; f) de. Therefore, we get

%/Ot G'(1)dr = %(G(t) - G(0)) = %</Ol ou?(x,t; f) — /Ol su?(x,0; f) dx>,

which means that

1d [
(3.17) (Our, 6u)r, Q) = ——/ Su?(x,t; f)dx
)T 2dt
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On the other hand, we have

1 « «
(3.18) §(RDx ou, 5u)L2(Qt) + - 5 (RD du, ou), 2(Q2)

1 R 9 R 2 R 2 R 2
- 5( D;cy/ 5umc DO(/ 5u)L2(Qt) + 5(55 D/ ou, Dg/ 6u)L2(Qt)

t pl
= %// RDg‘/Qéu(x,T; f)fDa/Qéu(x,T;f) dzdr
0Jo

t pl
+%/ / FDsu(w, 7 ) RDS*Su(e, 7 f) de dr
0J0
_ (RD3/2(SU,§ Da/26u)L2(Q ) COS( )HRDQ/25UHL (Q+)’

where in the last equality we use Fourier transform property [4]. Consequently,
applying the relations (3.17) and (3.18) in (3.16), we conclude that

T 5u (z,t; f) dx—2cos( )HRDQ/% ||L @) = 2(f, 0u) Ly(Qu)»

and .
i/ 5u? (2,8 f) dz < 2(f,6u) 1y (qu)-
dt Jo '

Now, using the Cauchy-Schwarz inequality, we get

dt/éuxtf /5uxtfda:/6fxt
</0 §u2(x,t;f)dx+/0 5f%(x,t) da.

Then applying Gronwall inequality, the desired result can be archived. O

By the definition of the Fréchet derivative, from (3.14) and (3.15) we conclude
that the gradient of the cost functional J is the operator

(3.19) J'(f) = pla,t; f),

where p is the solution of (3.5)—(3.7).
By using Lemma 3.1 and Lemma 3.2, one can prove the following theorem.

Theorem 3.1. Let the assumptions (Al)—(A4) hold. Then the cost functional .J
is Fréchet-differentiable, J € C'(x). The Fréchet derivative at f € x of the cost
functional J is defined via the solution of the adjoint problem (3.5)—(3.7) as

J'(f) = pla,t; f).
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Corollary 3.3. Let J € C'(x) and let x. C x be the set of quasi solutions of the
ISP (1.1)—(1.4). Then f. € x. is a strict solution of the ISP (1.1)—(1.4) if and only
if p(x,t; f) =0 on Qr.

4. LIPSCHITZ CONTINUITY OF THE GRADIENT AND THE MONOTONE
ITERATION SCHEME

A gradient-type iteration algorithm for the minimization problem (2.3) has the
form

(4.1) FOD = —w, 0 (fM), n=0,1,2,...,

where f(O) € y is a given initial iteration and w, > 0 is a relaxation parameter.
The choice of w,, > 0 defines different gradient methods. In many situations, espe-
cially when numerically solving nonlinear problems, the estimation of the relaxation
parameter wy, is a difficult problem. Hasanov et al. in [7] asserted that in the case
of Lipschitz continuity of the Fréchet gradient, i.e., when J is of the Holder class
C11(x), the relaxation parameter can be estimated via the Lipschitz constant L > 0,
as follows:
wn € (0,2/L).

In fact, if J € C11(x) and {f(™} C x is a sequence of iterations defined by the above

algorithm, then for w, € (0,2/L) the numerical sequence {J'(f"™)} is decreasing

and li_>m |l7/(f™)|| = 0. Thus, the Lipschitz continuity of the gradient of the cost
n o0

functional implies the monotonicity of the numerical sequence {J’(f(™)}, where f(")
is the nth iteration of a gradient-type iteration.
As a result, now we will prove the Lipschitz continuity of the cost functional (1.5).

Lemma 4.1. Let the assumptions (Al)—(A4) hold. Also, let the functions
p(x,t; f) and p(z,t; f + §f) be the solutions of adjoint problem (3.5)—(3.7) with
q(x) = 2(ulz,t; fli=r — ¢ (x)) and q(x) = 2(u(z,t; f + 0f)li=r — ¢(z)), respec-

tively. Then the functional .J is of the Hélder class C**(x) and
(42) [7°(f +0f) = T (DllLa(@r) < LI Lo(@r)s
where L := 2eT+/T is a Lipschitz constant and
Tl )
(13) 9 +85) = ' Dlan = | [ Gptati 1) doet,
0Jo
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in which op(x,t; f) = p(a,t; f +6f) — p(x,t; f) is the solution of the problem

1 1
(4.4) dpe(x,t) + 5 RD?(Sp(x,t) + 5 gDa(Sp(x,t) =0, (z,t)€Qr,
(45)  p(0,T) = dp(l, 1) =0, te(0,7),
(4.6) op(z,T) = 20u(z, t; )=, x €A

Proof. Multiply (4.4) by dp(x,t; f) and integrate over (0,1) to get

1d [
(5pta 5p)L2(A) = 5& / (5p($,t, f))Q dl‘,
0

and
1 1 Qo 2
5 (D3 0p.0p) ) + 5 (FD0p.0p) ) = cos (7) [REEL

Then we have

1d [

ey N
2 J, (Op(,t; £))? dz = _005(7)HRDz/25PH2L2(A)-

Now, we define

w(e) = [ (bt ) d
Since ®’(t) > 0, ®(¢) is increasing on (0, T'], hence

O(t) < ®(T), te (0,7

Consequently, we obtain
1 l
[ Gotati s < [ ol 751" o
0 0

l
—4 / (Gule, 1 f)ler)’ d < 42T 5112, 0,
0

which concludes the proof. Il

We will prove the monotonicity and convergence of the sequence J(f(™), where
f n=0,1,2,..., are defined by (4.1).

Lemma 4.2. Let J € CYY(x). Then

(4.7) |I(f1) = J(f2) = (J'(f2)s f2 = 1) La@e)| < %L||f1 — folliygr) fuf2EX

where L is defined in Lemma 4.1.
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Proof. According to [7], Lemma 3.4.3, page 112, one can easily prove the
lemma. O

Lemma 4.3. Let f(") n = 0,1,2,..., be iterations defined by (4.1) and the
conditions of Lemmas 4.1 and 4.2 hold. Then {J(f™)} is a decreasing convergent
sequence and

(4.8) Tim (|7 (F") | zaor) = 0-

Proof. Apply inequality (4.7) and take f; = f™) — w, J'(f) and fo = ™,
wy, > 0. Then we get

T =0 (F) = TFO) - wall 7Ny < L2 F )iy
and
T = TF) 2 (1= Lo ) 1T G
The function wy, (1 — 2 Lw,), w, > 0 reaches its minimum value at w, := 1/L, i..,

Wy 1= 1/2eT\/T. Hence,

J(f) = Iy > (PN i@ey VFM, 0T ey

1 !
4eT\/THJ

The right-hand side is positive, which means that the sequence {J(f(™)} is decreas-
ing. Since this sequence is bounded from below, this result also implies convergence
of the numerical sequence {.J(f(™)}. In conclusion, passing to the limit in the above
inequality, we obtain the second assertion (4.8) of the lemma. O

Notice that the optimal value w, := 1/L is in the range (0,2/L), which reveals
the validation of the proposed gradient-type iteration algorithm.

Corollary 4.1. If {f(™} C y is the sequence of iterations defined by

JOED = {00~ S (f), = =

1
7 m, ’I’L:0,172,...,

then {J(f™)} is a decreasing convergent sequence and

lim_ 1T (F" ) £a(@r) = 0
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5. CONVEXITY OF THE FRECHET DERIVATIVE
In this section, we will study the convexity of the cost functional J.

Lemma 5.1. Let f and f +6f € x. Then
: 2
(5480 = T (16 Dnaian =2 | Gulastie-r) da,
0
Proof. Using (3.14) and (3.19), we can write that

T pl
(J(F +68) = T'(F).68) 1aim) = /0 /O 51 (e, )3p(a, t; f) da

!
- / Sule,t; [z 6q(x) da,

where
and
6q(x) = 2(u(z, t; f + 0 f)i=r — ¥(x)) — 2(u(z, t; f)i=r — ¥(2))
= 26u(z, t; f)|i=1.
So we have

l
(J(F +68) = T (F), 6F ) paga) = 2 / S, t; f)lirdu(e, t: )mr dr.

Lemma 5.1 proves that J is convex. If for f € x we have

l
(5.1) /0 (Gua, t; flier)® dz > 0,

then J is strictly convex. Using here the uniqueness theorem on minimal problems
for strictly convex functionals defined on convex sets, we may derive the following

unicity result.

Theorem 5.1. Suppose that (5.1) hold. Then ISP (1.1)—(1.4) has at most one
quasi solution.
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At the end, we give the convergence theorem of the sequence J(f(™).

Theorem 5.2. Let the conditions of Lemmas 4.1 and 4.2 hold. Then for any
initial source f(°) € x the sequence of iterations {f(™}, given by (4.1), weakly
converges in L2(Qr) to a quasi solution f,. € x. of the inverse problem (1.1)—(1.4).

Proof. It is well known that a minimization problem for a continuous convex
functional in a bounded closed and convex set has a solution. Therefore the mini-
mizing sequence { f (")} C x weakly converges to an element f,. € x.. Hence, for the
sequence {f(™} C x defined by (4.1) we have f(") — f, € y, as n — oo. O

6. APPLICATION

In this section, we briefly present the physical background of the space fractional
diffusion equation and introduce its concrete form. It is well known that the ordinary
diffusion process is intimately related to the validity of the central limit theorem,
which is characterized by the linear dependence of the mean square displacement
(x2(t)) ~ Kt on the diffusion coefficient x. However, some diffusion processes, es-
pecially in various complex systems, no longer follow Gaussian behavior. This phe-
nomenon is named anomalous diffusion which is described by the nonlinear growth of
the mean square displacement () of a diffusion particle over time t: (22(t)) ~ Kat®,
where k,, is the diffusion coefficient, and « is the anomalous diffusion exponent. For
different «, the anomalous diffusion is classified into subdiffusion (0 < o < 1), nor-
mal diffusion (a = 1), superdiffusion (« > 1), and ballistic diffusion (a = 2), see [12],
[15], [13] and Fick’s law is inevitable to be modified in order to precisely describe the
anomalous diffusion behavior [12].

Following [12], [15], denote by u = wu(xz,t) the probability distribution of the
particles (or the concentration of solute) at point = and time ¢. For the pure diffusion
process, the conservation of the mass equation can be expressed as

u(z,t)  OH(z,t)
o Ox

(6.1) + f(z),
where H is the mass flux and f(x) a stable source. Usually, the mass flux H refers

to the Fick’s first law
ou(z,t)

Ox

However, the anomalous diffusion is given by the generalized Fick’s law

H(x,t) = —k

(6.2) H(z,t) = —na{pRch‘*l - quafl}u,
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where ko, > 0, and p+ ¢ =1 for p, ¢ > 0 (the case in [12] is p=¢ =
ing (6.2) into (6.1) leads to

1). Substitut-

ou(z,t)

(6.3) o

= ’iavg,q + f(x)v
where
Vg,q = {pRDg - qua}a

still being meaningful when « tends to 2, and corresponding to the second order
derivative.

In other words, the space fractional diffusion equation, we consider in this paper
can describe the probability distribution of the particles having superdiffusion. Much
progress has been made for numerically solving space fractional partial differential
equations. Here instead of further pursuing research in this direction, we discuss
the space fractional inverse diffusion equation, i.e., to determine an unknown source,
which depends only on the spatial variable, in the one dimensional space fractional
diffusion equation. Determination of the unknown source is to obtain information
about a physical object or system by observed datum, and it is one of the most
important and well-studied problems in many branches of engineering sciences. It is
worth pointing out that, identifying the unknown source is an inverse and severely
ill-posed problem [15].

CONCLUSION

In this paper, we considered an inverse source problem associated with a space
fractional diffusion equation from the final overdetermination. Using the weak solu-
tion theory and the adjoint problem, we proved the existence and uniqueness of the
quasi solution and constructed a monotone iteration scheme based on a gradient like
method. To this end, we showed that the cost functional is Fréchet differentiable and
its derivative can be formulated via the solution of the adjoint problem. In addition,
Lipschitz continuity of the gradient and convergence of the iteration scheme were

given.
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