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Artinianness of formal local cohomology modules

SHAHRAM REZAEI

Abstract. Let a be an ideal of Noetherian local ring (R, m) and M a finitely gen-
erated R-module of dimension d. In this paper we investigate the Artinianness
of formal local cohomology modules under certain conditions on the local coho-
mology modules with respect to m. Also we prove that for an arbitrary local ring
(R, m) (not necessarily complete), we have Attr(¢(M)) = MinV(AnngFe(M)).
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Classification: 13D45, 13E99

1. Introduction

Throughout this paper, R is a commutative Noetherian ring with identity,
a is an ideal of R and M is an R-module. Recall that the ith local cohomology
module of M with respect to a is denoted by H’(M). For basic facts about local
cohomology refer to [3]. Let a be an ideal of a local ring (R, m) and M a finitely
generated R-module.

F(M) = @H;(M/MM) for each i >0

is called the ith formal local cohomology of M with respect to a.
It is known that if (R, m) is a regular local ring, then

34 (R) ~ Homp(Hy™ " (R), Er(R/m))

for all ¢ > 0, see [8, III, Proposition 2.2], also when (R, m) is a quotient of a local
Gorenstein ring formal local cohomology modules have been studied in [11]. The
basic properties of formal local cohomology modules are found in [11], [1], [4], [2],
[9] and [10].

A nonzero R-module M is called secondary if its multiplication map by any
element a of R is either surjective or nilpotent. A secondary representation for an
R-module M is an expression for M as a finite sum of secondary modules. If such
a representation exists, we will say that M is representable. A prime ideal p of R is
said to be an attached prime of M if p = (N :p M) for some submodule N of M. If
M admits a reduced secondary representation, M = S1+ S5+ -+ S, then the set
of attached primes Attg(M) of M is equal to {/(0:r S;):i=1,...,n}, see [5].
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Recall that Assh(M) denotes the set {p € Ass(M): dim(R/p) = dim(M)}. It
is well known that Artinian modules are representable and the local cohomology
modules H: (M) are Artinian for all i > 0 and Attz(HE™M (M) = Assh(M), see
[6, Theorem 2.2].

In this paper we investigate some Artinianness properties of formal local coho-
mology modules under certain conditions on the local cohomology modules with
respect to m. The following theorem is one of our main results:

Theorem 1.1. Let a be an ideal of a local ring (R, m) and M a finitely generated
R-module. Let i be an integer and H:™' (M /b M) be finitely generated for any ideal
b C a. Then there exists an integer ng such that (M) ~ H: (M)/(a™ Hi (M))
for all n > ng. Therefore §% (M) is Artinian and Attr(Fi(M)) = AttR(an (M))N
V(a).

Recall that ara(a), the arithmetic rank of a, is the least number of elements
of R required to generate an ideal which has the same radical as a. Also the
finiteness dimension of M relative to a, denoted by fq(M), is the least inte-
ger i such that H.(M) is not finitely generated. Here we define Lgq(M) =
inf{i: FL(M) is not Artinian} and we show that fm (M) — ara(a) < Lgq(M).

In [10] we showed that, if (R,m) is a complete local ring, a an ideal of R
and M a finitely generated R-module of dimension d, then Attr(F¢(M)) =
Min V(Anng §¢(M)). In this paper, we eliminate the complete hypothesis en-
tirely by proving the following:

Theorem 1.2. Let a be an ideal of a local ring (R, m) and M a finitely generated
R-module of dimension d. Then Attr(F4(M)) = Min V(Anng F¢(M)).

2. Main results

First we recall the following results which we will use in this paper.

Lemma 2.1. Let M be an Artinian R-module and N a finitely generated R-
module. Then Attg(M ®r N) = Attg M N Suppy N.

PROOF: See [7, Proposition 5.2]. O

Theorem 2.2. Let M be an Artinian R-module and S a multiplicative set of R.
Then Hompg(Rg, M) is a representable R-module and Attg(Hompg(Rg, M)) =
{peAttg M:pnN S =¢}.

ProOOF: By [7, Theorem 3.2], Homg(Rg, M) is a representable Rg-module and
Attp,(Hompg(Rs, M)) = {pRs: p € Attg M, pN S = ¢}. Now the result follows
by [12, Lemma 4.6]. O

The following result shows that every representable formal local cohomology
module with respect to a is an a-torsion module.
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Theorem 2.3. Let M be a finitely generated module and (R,m) a Noether-
ian local ring. If §%(M) is nonzero and representable for some integer i then

AttrFi (M) C V(a) and a C /(0 :g F1(M)).
PROOF: See [2, Theorem 2.3] and [2, Corollary 2.4]. O

We need the following lemma in the proof of the next theorem.

Lemma 2.4. Let (R, m) be a local ring and M an R-module. Then the module

Hompg(R,, M) =0 for all z € \/Anng(M).

PROOF: Since # € \/Anng(M), there is an integer ¢ such that x'M = 0. If
f € Homg(R,, M) then f(1/x™) = z'f(1/2'*") € 2'M = 0 for all n € N. Thus
f(1/2™) =0 for all n € N. Therefore f = 0. O
Theorem 2.5. Let a be an ideal of a local ring (R, m) and M a finitely generated
R-module. Let i be an integer and x € R be an element. If x € /(0 : Hif ' (M),
then there exists an integer no such that §,, (M) ~ H (M) ((z)" an(M)) for
all n > no. Therefore §7,, (M) is Artinian and Attr(§},, (M)) = Attg(Hy, (M)) N
V({x))-

Proor: By [11, Corollary 3.16], there exists a long exact sequence
-+ — Homp(Ry, Hy, (M) 5 Hy (M) — §(, (M) — Homp(Ry, Hiy '(M)) — - -

If HiH (M) = 0, then Hompg(R,, HiMH (M) = 0. Thus from the above long exact
sequence we see that S’m (M) is a homomorphic image of Hy, (M), and so S’m (M)
is Artinian. Now assume that H:-' (M) # 0. By assumption z € /(0 : HH (M)

and so Homg (R, H:(M)) = 0 by Lemma 2.4. Thus from the above long exact
sequence, we conclude that there exists an exact sequence

0 — Im(p) = Hy, (M) = §,y (M) — 0.

Hence S’@) (M) is homomorphic image of an Artinian module and so is Artinian.

Thus there is an integer ng such that (x)"&’m (M) = 0 for all n > ng by Theo-
rem 2.3. Let n > ng. Then from the above exact sequence we have the following
exact sequence:

Tm HE (M) oy (M)
T @ me (x)" HE (M) - (2)" (M)

— 0,

and so we have:

L Ime | H.(M)
(@) " Imep ()" H, (M)

= iy (M) = 0.
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Attg (ﬁ) = V({z)) N Attr(Im ) C V({z)) N Attg(Homp Ry, H: (M))

and by Theorem 2.2, V((z)) N Att g(Homp(R,, H,, (M)) = ¢ we have Attp (Im ¢/
((z)"Im¢)) = ¢ and so Imp/({(z)" Imy) = 0. Now from the above exact se-
quence we conclude that 3”@ (M) ~ H: (M)/((z)" H. (M)) for all n > ng. But
H: (M) is Artinian and so SZM(M) is Artinian. Now Lemma 2.1 completes the
proof. O

Corollary 2.6. Let a be an ideal of a local ring (R, m) and M a finitely generated
R-module. Let i be an integer. If H.I (M) is finitely generated, then S’@ (M) is

Artinian for all x € R and Attg(§,,(M)) = Attr(H, (M)) N V((z)).

PrOOF: If z € R\ m, then SZ@)(M) = 0. Thus we can assume that © € m. By
assumption Hfjl(M ) is finitely generated and so there exists k& € N, such that

mP HL (M) = 0. This implies that € /(0 : H;F'(M)), the claim follows by
Theorem 2.5. d

Lemma 2.7. Let (R,m) be a local ring and M a finitely generated R-module.
Then Hompg(R,, M) =0 for all x € m.

Proor: If f € Homg(R;, M) then f(1/2") = aFf(1/28t") € 2FM for all
k,n € N. Thus f(1/2") € (N, 2*M = 0 for all n € N by Krull’s theorem.
Therefore f = 0. (]

Theorem 2.8. Let a be an ideal of a local ring (R,m) and M a finitely gen-
erated R-module. Let i be an integer and H.'(M/bM) be finitely generated
for any ideal b of R with b C a. Then there exists an integer ng such that
FL(M) ~ H. (M) /(a™ H. (M) for all n > ng. Therefore (M) is Artinian and
Attr(FL(M)) = Attp(Hy, (M) NV (a).

PROOF: Assume that a = (ay,...,a:). We use induction on ¢t. If £ = 1 then the
result follows by Corollary 2.6. Now suppose that ¢ > 1 and that the result has
been proved for t — 1. Set b := (ay,...,at—1). By [11, Theorem 3.15], there exists
an exact sequence

-+ Homp(Ra,, (M) % §4(M) = F4(M) — Homp(Ra,, 557 (M)) = - - .

By assumption H.MH(M/b"M) is finitely generated for all n € N and so by
Lemma 2.7 we have Homp(R,,, HS'(M/6"M)) = 0 for all n € N. On the
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other hand

Homa(R, 557 () = Hom (R, I 3 ((37))

~ @HomR (Rat,Hfj{l (b”iM))

Therefore Homp(Rq,, 35" (M)) = 0 and we get the following exact sequence:
0= Imep — (M) = Fo (M) — 0.

But by the inductive hypothesis § (M) is Artinian and from the above exact
sequence we conclude that Fi (M) is Artinian. Thus by Theorem 2.3, there exists
an integer ko such that a*Fi(M) = 0 for all k > ko. Let k > ko. Then from the
above exact sequence we have the following exact sequence:

Im ¢ i (M) Su(M)
T aFImg | akFL(M)  abgi(M)

— 0,

and so we have:
Imo R 3% (M)
akIme = akFi (M)

— (M) — 0.
On the other hand,
Imp

Attp ( ) = V(a) N Attg(Im ) C V(a) N Attg(Homp(Ra,, 3, (M)).

ak Im ¢
Since a; € a by Theorem 2.2, we have V(a) N Attg(Hompg(R,,,T,(M)) = ¢.
Hence Attrp(Im¢/(a*Imp)) = ¢ and so Imp/(a¥Imy) = 0. Now from the
above exact sequence we have Fi(M) ~ Fi(M)/(aFFi(M)) for all k > ko.
But by the inductive hypothesis there exists an integer ug such that §j (M) ~
H: (M)/(b* H: (M)) for all u > ug. Assume that ng = max{ko,up}. Thus we
have § (M) ~ HL (M) /(6™ HL (M) + a” HE (M) for all n > ng and since b C a
we get §i (M) ~ H: (M)/(a™ H:, (M)) for all n > ng. Thus F%(M) is an Artinian
module and Lemma 2.1 completes the proof. (I

Corollary 2.9. Let a be an ideal of a local ring (R, m) and M a finitely generated
R-module of dimension d. Let i > dimaM be an integer and Hy, (M) be finitely
generated. Then § (M) is Artinian and Attg(Fi (M) = AttR(an_l(M)) N
V(a).

PROOF: Let b C a be an ideal of R. The exact sequence
0—bM—-M— M/bM —0
induces the exact sequence

s HL (M) — HL (M/6M) — HE (bM) — - - -
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Since dimbM < dimaM < i+ 1, by the Grothendieck’s vanishing theorem 3,
Theorem 6.1.2], HiH (6M) = 0. From the above exact sequence we conclude that
H; (M/bM) is finitely generated. Now the result follows by Theorem 2.8. O

Now we can obtain the following corollary which is an improvement of [2,
Theorem 3.1].

Corollary 2.10. Let a be an ideal of a local ring (R, m) and M a finitely generated
R-module of dimension d. Then there exists an integer ng such that (M) ~
HY (M) /(a™ HE (M) for all n > ng. Thus (M) is Artinian and

Attp F4(M) = Assh(M) NV (a) = {p € AssM: dim% =dimM, pD a}.

ProoOF: By the Grothendieck’s vanishing theorem [3, Theorem 6.1.2] we have
HEY (M /N) = 0 for any submodule N of M. Thus by Theorem 2.8 there exists an
integer no such that §4(M) ~ HE (M) /(a™ HE (M)) for all n > ng. Since HE (M)
is Artinian, §¢(M) is Artinian and Attg F¢(M) = AttR(Hdm(M)/(a” Hdm(M))) =
Attp HE (M) NV (a). But Attg HL (M) = {p € Ass M: dimR/p = dim M} and
so we have Attr §4(M) = {p € Ass M : dimR/p = dim M} N V(a). Therefore the
proof is complete. (Il

Theorem 2.11. Let a be an ideal of a local ring (R, m) and M a finitely generated
R-module. Suppose that a can be generated by t elements. For every i > 0, if
HAY(M), HEP2 (M), ..., H-Y(M) are finitely generated, then § (M) is Artinian.

PRrROOF: We use induction on t. When ¢ = 1, the claim follows by Corollary 2.6.
Now suppose, inductively, that ¢ > 1 and the result has been proved for ideals
that can be generated by fewer than ¢ elements. Suppose that a = (aq,...,as).
Set b := Rai+---+ Ra;—1 and ¢ := Ra;. By [11, Theorem 5.1], there exists a long
exact sequence

+ = Fone(M) = Ty (M) © Fe(M) = Ty o(M) = Fopho(M) — -

By the inductive hypothesis, §¢ (M) and F¢(M) are Artinian. Since be can be
generated by ¢ — 1 elements, it follows from the inductive hypothesis that Sf:l (M)
is Artinian. Since the be-adic and the b N c-adic topology on M are equivalent,
by [11, Lemma 3.8] it follows that Fy5L(M) = Fit' (M), also we have a = b + c.
Now the above long exact sequence completes the inductive step. (Il

Let a be an ideal of a local ring (R, m) and M a finitely generated R-module.
Recall that the finiteness dimension fq(M) of M relative to a is defined by

fa(M) :=inf{i € Ng: H.(M) is not finitely generated}.

We define Lgq(M), the lower Artinianness dimension of M with respect to a, as
the least integer 7 such that §% (M) is not Artinian. In the next result we obtain
a lower bound for Lg,(M).
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Theorem 2.12. Let a be an ideal of local ring (R, m) and M a finitely generated
R-module. Then fo(M) — ara(a) < Lqgqa(M).

PROOF: Set t := ara(a). Suppose that b is an ideal of R such that b can be
generated by t elements and /a = vb. By [11, Lemma 3.8], §4(M) ~ § (M) for
all i > 0. Hence Lqqa(M) = Lqy(M). Since H% (M), HL (M),--- ,Hi=D=1(pr)
are finitely generated, by Theorem 2.11, § (M) is Artinian for all i < fu (M) —t.
Therefore fo(M) —t < Lgs(M) = Lgq(M), as required. O

Theorem 2.13. Let a be an ideal of local ring (R, m) and M a finitely generated
R-modul di>0 int . Th (M)~ F : M).
module and i > 0 an integer en §. (M) S‘HﬂjZi AnnR(S{,(M))( )

PROOF: Let # € (5, \/Amng(§4(M)) . Thus Homp(R,, §4(M)) = 0 for all
j > 1 by Lemma 2.4. Hence the exact sequence

+ = Homp(Ra, §o(M)) = §o(M) = §lg 4y (M) = Homp(Ry, § (M) — -+

implies that Sfl(M) ~ S{WI) (M) for all j > 4. For any y € (5, Anng(FL(M)),
by replacing 4 (M) with S’Zu ) (M) for all j > i in the above long exact sequence,

we get S’Zu z>(M) ~ S{a o) (M). Continuing in this way completes the proof. O

Corollary 2.14. Let a be an ideal of local ring (R,m) and M a finitely generated
R-module and i > 0 an integer. If Fa(M) is Artinian for all j > i then 4 (M) ~

i —(M).
njzi V An“R(&'a(M))
PROOF: By [2, Theorem 2.9], a C \/Anng(Fi(M)) for all j > i. Thus a C

N> Anng (L (M)) for all j > i. Therefore Theorem 2.13 implies that

(M) ~F : M) ~F : M
Sa(M) ga+nj2i \/AnnR(S'{,(]\/I))( ) N> AnnR({‘;’Z‘(Z\/I))( ),
as required. O

The following result is an extension of [10, Corollary 2.7] for an arbitrary
Noetherian local ring (R, m). Here R is not necessarily complete.

Corollary 2.15. Let a be an ideal of a local ring (R, m) and M a finitely generated

R-module of dimension d. Then F4(M) ~ gdAnnR(Sg(M))(M)'

PROOF: By [l, Lemma 2.2] the module §4(M) is Artinian and by [11, Theo-
rem 4.5] the module §¢ (M) = 0 for all i > d. Thus by Corollary 2.14 we have

d ~ d ~ xd
Sa(M) = § ArlnR(gg(JVI))(M) - gAnrm(@‘s.’(M))(M)’

as required. O
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In the next result we provide a generalization of [10, Theorem 2.11 (ii)] by

eliminating the complete hypothesis.

Theorem 2.16. Let a be an ideal of a local ring (R, m) and M a finitely generated
R-module of dimension d. Then Attg(F(M)) = Min V(Anng F¢(M)).

PROOF: Since §¢(M) is Artinian we have

Min V(Anng §4(M)) = Min Att(F2(M)) C Attx(F4(M)).

On the other hand, by Corollary 2.15 and Corollary 2.10

Attr(§a(M)) = AttR(F Aun(zear) (M) = V(Anng §5(M)) N Assh(M).

It is easy to see that, by using definition of Assh(M), V(AnngF¢(M)) N
Assh(M) C Min V(Anng F4(M)) and so the proof is complete. O
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