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Abstract. We introduce fractional-order Bessel functions (FBFs) to obtain an approxi-
mate solution for various kinds of differential equations. Our main aim is to consider the
new functions based on Bessel polynomials to the fractional calculus. To calculate deriva-
tives and integrals, we use Caputo fractional derivatives and Riemann-Liouville fractional
integral definitions. Then, operational matrices of fractional-order derivatives and inte-
gration for FBFs are derived. Also, we discuss an error estimate between the computed
approximations and the exact solution and apply it in some examples. Applications are
given to three model problems to demonstrate the effectiveness of the proposed method.

Keywords: fractional-order Bessel functions; fractional operational matrix; error estima-
tion
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1. INTRODUCTION

Fractional derivatives started from a question when L’Hopital asked “what would
be the result of half-differentiating a function.” Then it was followed by Leibniz
(1695) and Heaviside (1871). To learn more about the history of fractional deriva-
tives, we refer to [27]. Recently, fractional derivatives have played a major role
in many areas of science, applied mathematics, engineering, and economics. The
applications are now far too many to list here. We propose only a few of them: col-
ored noise [26], earthquake [15], economics [2], electromagnetism [12], fluid-dynamic
models [14], [28], seepage flow in porous media [14], and continuum and statistical
mechanics [25]. We describe the application of fractional calculus in some of the
implement models.
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> The DC motor is a power actuator which converts direct current electrical energy
into rotational mechanical energy. The armature-controlled DC motor utilizes
a constant field current. This kind of DC motor will be controlled by a noncon-
ventional control technique which is known as a fractional-order control [4].

> A theoretical model of the spatiotemporal behavior of complex liquid-solid in-
terfaces bordered by the contact line formed between the liquid-like particle and
solid-rough substrate is presented by the fractional derivative. This model in-
volves a parameter «, which is the order of the fractional derivative with respect
to time (¢) and can be related to the roughness exponent of substrate later [34].

Many researchers have shown great interest in using effective techniques to
deal with various kinds of fractional problems. Therefore, they have presented
many numerical and analytical methods to find a more accurate approximate so-
lution of these problems such as Adomian decomposition method [29], Chebyshev
wavelet method [22], [39], homotopy perturbation method [48], Legendre wavelet
method [16], [17], Laplace transform method [18] and CAS wavelet method [40]
to study more about this topic (see for example [9], [21], [24], [44] and references
therein).

Orthogonal functions and polynomial series have been used when dealing with
various problems of the dynamical systems. The approach in using orthogonal
functions and polynomial series is based on transforming the underlying differen-
tial equation into an integral equation through integration, approximating different
signals involved in the equation by truncated orthogonal functions and polynomial
series and using the operational matrix of integration to eliminate the integral oper-
ations.

In 2013, Kazem et al. [19] introduced the fractional-order Legendre functions by
change of the variable ¢ to 2z (0 < a < 1) to get an efficient approach for solving
fractional differential equations. The paper [43] applied this definition and presented
the operational matrix of fractional derivative and integration for such functions
to construct a new Tau method for solving fractional partial differential equations.
Bhrawy et al. [3] defined the fractional-order generalized Laguerre functions based
on the generalized Laguerre polynomials for finding numerical solution of systems of
fractional differential equations. Yuzbasi [46] constructed the truncated fractional
Bernstein series by changing t to t* (0 < a < 1) for solving the fractional Riccati
type differential equations. In addition, the authors in [6] expanded the fractional
Legendre functions to an interval [0, h] and obtained a numerical solution of frac-
tional partial differential equations. Rahimkhani et al. constructed fractional-order
Bernoulli wavelets by using the change of variable t = z* (0 < a < 1) in Bernoulli
wavelets, and solved selected problems [36], [37]. Dehestani et al. [8] introduced
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fractional-order Legendre-Laguerre functions for solving fractional partial differen-
tial equations. More recently, the authors in [10] constructed Genocchi-fractional
Laguerre functions for solving variable-order time-fractional partial differential equa-
tions.

In this paper, we apply fractional-order Bessel functions to solve several prob-
lems of fractional order. In the past, many authors have used Bessel polynomials,
for example Yuzbasi et al. [45], [47] solved linear differential, integral and integro-
differential equations, Parand et al. [33] applied Bessel functions to solving nonlinear
Lane-Emden equations, Tohidi et al. [41] presented the Bessel collocation method
for solving fractional optimal control problems.

1.1. The aim of this work. The aim of this work is to introduce a new function
for approximating the solution of fractional differential equations, fractional delay
differential equations and system of fractional differential equations. Moreover, we
discuss the error bound and the rate of convergence for the proposed method.

The advantages of the proposed method are:

(1) Fractional-order Bessel functions (FBFs) constructed by change of variable ¢
to t* (0 < a < 1), which approximate the fractional function with more accu-
racy. This feature has made the FBFs more effective than Bessel functions in
solving the fractional problems.

(2) Operational matrix of fractional-order derivatives is a sparse matrix, which
makes a less error in computation.

(3) Since the coefficients in Bessel polynomials are smaller than the coefficients of
Chebyshev, Legendre and Bernoulli polynomials, the computational error in the
current method is less.

The effects of these features are shown in seven numerical examples.

The outline of the current paper is as follows. In the following section, we express
the basic definitions and properties of the fractional calculus theory. In Section 3, we
introduce FBF's and it’s properties. Section 4 is devoted to operational matrices of
fractional derivative and fractional integration of FBFs for solving fractional prob-
lems. In Section 5, we construct an algorithm for solving various kinds of problems
by using the FBFs. Error analysis is given in Section 6. In Section 7, we illus-
trate the accuracy of the proposed scheme by considering numerical examples. Also,
a conclusion is given in Section 8.
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2. PRELIMINARIES

We consider the essential definitions which are used further in this paper.

Definition 2.1. The Riemann-Liouville fractional integral operator of order
a > 0 is defined as (see [1], [5], [30], [31], [35])

) = 10 / S@— 0, 20, 020, IOf(x) = fla).

Below, we consider a number of properties for «, 8 > 0, v > —1 and constants p1, u2,
as

F(’Y + 1) T,

1 (@) + o)) = il (@) + I %g(r), 107 = gt

Definition 2.2. The fractional derivative of f(x) in the Caputo sense is defined
as (see [1], [5], [30], [31], [35])

D" () = 1" D" (o) = s [ an

I'(m-«
form—1<a<m,meN, x>0, where D = d/dt. It has the following properties:
D*C =0, (C isa constant)
0, a€Ng, v<a,

D7 =4 T(y+1)
F(y+1-a)

—Q

x7~%  otherwise.

Definition 2.3 (Generalized Taylor’s formula). Suppose that D™ f(x) € C(0, 1]
for n =0,1,...,N. Then we have (see [36])

_ - z DrefoF o+ pDW+Da
f(x)*Zm f( )+m f(Q),

xNJrl

N
'f(x)_ZF(na+1)Dnaf(0+) <Mar(Na+a+1)a

where M, > sup |[DWHDef(g)|.
z€[0,1]
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3. FRACTIONAL-ORDER BESSEL FUNCTIONS
3.1. Bessel equation. In 1732, Daniel Bernoulli credited the concept of Bessel
functions for the first time, however, the names of these functions are taken from

Friedrich Wilhelm Bessel. The Bessel equation is a special case of the Sturm-Liouville
problem written as (see [13], [32])

(3.1) 2y +ay’ + (2% —n?)y =0,
where n is any real number. The solution to the Bessel equation yields Bessel func-

tions of the first and second kind. The Bessel functions of the first kind J,,(x) are
defined as follows:

e (—1)k 2\2k+n
(32) Tn(@) = ; TR

The Bessel functions of the first kind are orthogonal with respect to the weight
function w(z) = x in the interval [0, 1] with the orthogonality property

(3.3) /0 T (A2) T (1) Az = L[ Togs (A2,

such that in the relation A, 1 are roots of the equation J,(z) = 0, and dy, is the
Kronecker function.

3.2. Fractional-order Bessel equation. Consider the fractional Bessel equa-

tion
(3'4) xQ(yy// T xay/ 4 0&2(.1320( _ n2)y — 07

where 0 < @ < 1 and n is any real number. If & = 1, then (3.4) is a classical Bessel
equation. We can investigate solutions by a fractional Frobenius series as follows:

Yy= B(ja)n(x) + C(Ya)n(x)7

where (Ju)n(x) are FBFs of the first kind of order n, so that

_ o) (_1)k Y\ 2k+n
(3.5) (Jo)n () =k2=0m(7) '
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The set of FBF's of the first kind (J, ), (z) are orthogonal with respect to the weight

2a—1

function wq(z) = x in the interval [0,1]. Using the change of variables ¢ = =,

a > 0, we have

1

(3.6) /O 2** 7 (Ja)n (M) (Jo ) (p) dz = 52 [Tt V0.

We introduce a number of FBFs features in the following, where n is a non-negative

integer number

The nth degree truncated FBFs of the first kind are defined by

m/l gy (a:(’ )%M
2

: = T L 1) < ) )
(3.7) (Jo)n () kzz:o HTE T n T 1) , 0<z<o00, neEN

where N is a positive integer such that N > n and n =0,1,...,N. For N = 2, we

have

an % an

(J(X)O(m) =1- Tv (Joc)l(x) = 77 (JOé)Q(x) = ?

Figure 1 illustrates graphs of fractional-order Bessel functions for various values of «
for N = 2.
A function f(x) € L?[0,1] may be expanded into FBFs as

f(z) = Z an(Ja)n ().
n=0

Also, we can consider the following truncated series for f(x)

N
f(z) ~ Z an(Jo)n(z) = ATJQ(J:)7 N >n,
n=0
where

(38) A= (/Olf(x)Ja(a:)da:>Q;1, Qaz/ole(’_lJa(x)JoT(x)dx.
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Figure 1. Fractional-order Bessel functions of first kind for N = 2.

4. OPERATIONAL MATRICES OF FRACTIONAL DERIVATIVE AND INTEGRATION

The main purpose of this section is to introduce the operational matrices of frac-
tional derivative and the integration of FBFs.

4.1. Operational matrix of fractional derivatives. The Caputo fractional
derivatives operator of order v > 0 of the vector J,(x) can be expressed by

(41) DVJOZ(x) :/n(avl/ax)‘]a(x)a

where n(a, v, z) is called the operational matrix of Caputo fractional derivatives of
order v > 0 for J,(x). In this case, we apply (3.7) and the properties of the Caputo
fractional derivative to obtain all elements of 7n(«, v, x) as follows:

(4.2)  D¥(Jao)n(z)
— 23: (_1)k Dv( a(2k+n))
T WDkt D2z

zs: (_1)k F(Zka + na + 1) pkotna—v
MT(k+n+ 1220 T (2ka +na —v + 1)

k=[(v—na)/2a]

S

N —
N Z Cz:Zkaa’ 5 — { > n},
k=[(v—na)/2a]
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where
(—1)*T'(2ka +na + 1)

KIT(k+n+1)22k+T(2ka +na — v+ 1)

2ka

a, v
cn,k -

The approximation of x<"* by fractional-order Bessel series yields

N
ke ~ Z i (Ja)j ().
=0

By replacing the above equation in (4.2), we obtain
(4.3) D¥(Jy)n(z)

N
~a TN @Y T dEY (Ja) ()

k=[(v—na)/2a] j=0
N s
—are (S Ut (e g2, = )
7=0 “k=[(v—na)/2a]

N
= 2" 2 (Ja);(2),
j=0

B - (—1)k Fka+na+1) .,

My = Z T 2kt — k-
b [ ) 26 ElT(n+ k+1)22+7 T'(2ka+na —v+1)

The fractional derivatives of FBFs given by (4.4) can be written in the matrix form
as

S

(4.5) D"(Jan(x):x"a-"[ S8
k=[(v—na)/2a]

)RR SRR DR A
k=[(v—na)/2a] k=[(v—na)/2a]

4.2. Operational matrix of fractional integration. The Riemann-Liouville
fractional integration of the vector J,(z) can be obtained as follows

(4.6) 1" Jo () ~ §(a, v, 2)Ja (@),

where (a, v, x) denotes the operational matrix of fractional integration of order v > 0
for the FBFs. Due to (3.7) and the properties of the Riemann-Liouville fractional
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integration, we have

- (=" 2k

4.7 IY(J, = I7 (g k+n)
( ) ( Oé)n(x) kz:;) ]{)'P(/f-i-n'f' 1)22k+n (.13 )

_ i: (_1)k P(2]€C¥ + na + 1) x2ka+na+u

B E'T(k +n + 1)22k+n T'(2ka + na +v + 1)

_ xnaJrV Zpgzzxmca’

k=0
where
(—1)k I'(2ka+na+1)

Prk = 1 ['(k+n+1)22tnT(2ka+na+v+1)

Also, 2% can be expanded in N + 1 terms of FBFs as
N

(4.8) xhe Z a5 (Ja
§=0

By substituting the above equation in (4.7), we obtain

(4.9) I (Jo)n( Nm”o‘Jr”ank a0y (Ja)j (@)
7=0

N s

=y (S ri, )t

=0 k=0
N

= 2" (o) (@)
=0

where R/ = p"/q,’;. Hence, each element of &7 can be expressed as

a,v > (_1)k F(Zka+na+ 1) a,v
4.1 = o
(4.10) Sn Z K'T(n+ k+1)226+7 T (2ka + na+ v + 1)qk3

The fractional integration of FBFs given by (4.9) can be written in the matrix form as

1) () ~"a+”[ZRm,ZRW,-. ZRMN]
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4.3. Error bound for the operational matrix of fractional integration.

Lemma 4.1. Suppose that H is a Hilbert space and Y is a closed subspace of H
such that dimY < oo and y1,¥o,...,Ym is any basis for Y. Let z be an arbitrary
element in H and y the unique best approximation to z out of Y. Then [20]

G(Z7y17y25 o aym/)

Iz = "3 = G o om)
where
(z,2)  Azp) o (zum)
ey = <y1'72> <y1,‘y1> <y1,'ym>
Um,2) Ymo¥1) oo (Y Ym)

Lemma 4.2. Suppose g € L?[0,1] is approximated by gn as (see [38])

N
g(x) =~ gN(J)) = Z "@n(Ja)n(x)v
n=0
and consider

Ln(g) :/0 [9(z) —gN(x)]2 dz.

Then we have

lim Ly(g) =0.

N —oc0
The operational matrix of fractional integration has the error vector
E" = IVJa - 5047”(]0”

where

EY =ley Jlviyx1, n=0,1,...,N.

Due to (4.8) and Lemma 4.1, we get

(4.12)

_( Gz (J
- \G((Ja)o(@), (Ja)1(@),- -, (Ja)n (@

N
2R =N g ()5 ()
j=0

Q
-
o
—
8
~
L
Q
N
2
—
8
N
=
N
=
——
i
~
%)

2
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Therefore, according to the above equations and (4.12), we obtain

I (@) ;Opnk(zq b))

(4.13) et 12 = \

, n=0,1,...,N,
2

Z I'2ka+na+1)
S “ KIT(k +n+1)22MT(2ka + na + v + 1)

Z qlw
S

I'(2ka + na+1)
<Zku
k=0

2

(
T(k+n+1)225+7T(2ka + na+v + 1)

><( Gz, (Ja)o(@), -+, (Ja)n (2)) )1/2
G((Ja)o(@), (Ja)1(@), ..., (Ja)n(2)) )

As a result, by considering the above discussion, we can conclude that by increasing
the number of the fractional Bessel bases, the error vector E¥ tends to zero.

5. METHOD OF SOLUTION

In this section we use the FBFs of the first kind to solve various kinds of fractional-
order differential equations such as

(51) Dl/y(x) = F(l‘, y(l‘), y(Tll‘), y(Tgl‘), DRI 7y(7—kx))a n—1<v g n, nc N7
with initial conditions
yD(0)=06;, i=0,1,....,n—1,

where 77, [ = 1,..., k, are constants, y is the unknown function and F' is the known
continuous linear or nonlinear function. To solve the problem, we expand the function
y™ (z) by FBFs as

(5.2) Y™ (x) ~ AT Ja(z).
By using the operational matrix of integration in (4.6), we have

(5.3) y (@) ~ AT (o, 1, 2) J0(2) + 6n1,
y(”*Q) (x) ~ AT (o, 1, x))QJa () + 20p—1 + On—2,
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Therefore, we have

(5.4) y(riz) ~ AT (E(e, 1,2))" Jo () + Z

On the other hand, by applying the fractional operational matrix of the derivative
and the properties of the Caputo fractional derivative, we obtain

1 .
(5.5) D y(x) ~ AT (&(a, 1, 2))"n(a, v, x) ) + Z T _’Z__;_’_ 0 V.

As a result, by substituting (5.2)—(5.5) in (5.1), we achieve the algebraic equation
with NV 4 1 unknown coefficients. Then we use collocation points (see [9]) defined by

1

i i=0.1....N.

T; =
Consequently, we can obtain the unknown vector A by solving the above system and

using Newton’s iterative method.

6. ERROR ANALYSIS

In this section we examine the upper bound of error for a sufficiently smooth
function, which is expanded in terms of FBF's.

Theorem 6.1. Suppose that D™ f(z) € C(0,1] forn =0,1,...,N,2a(N+2) > 1
and Y = span{(Ja)o(z), (Jo)1(2), ..., (Jo)n(2)}. If pi = AT J, is the best approx-
imation to f from Y, then the error bound is presented as

M, 1
I'Na+a+1)\ 2a(N+2)’

(6.1) £ (@) = PN (@)ll22,0,0) <

where M, = sup |DWHDef(g)].
z€[0,1]

Proof. Due to the generalized Taylor’s formula introduced in Definition 2.3, we

have
na

N
=Y ey PO,

n=0
for which we know that
Max(N-i-l)a

|f(z) —pn(2)| < m-
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Since AT, is the best approximation to f from Y and py f € Y, one has

1£ (@) = px (@)l Z2 10,1 < 1F (2) = P ()72 0.1

/ |f )|2 2c0— 1dl‘
1

< (2N+2)a 20(—1d
F(Na ety /0 v v
_ Mg

" I'(Na+a+1)2(2a(N +2))°

Now by taking the square roots, the theorem can be proved.

This theorem shows the approximate solution computed by the FBFs converges
to the exact solution.

Theorem 6.2. Assume that yx(z) = A" J,(z) is the approximate solution ob-
tained by the method presented in the previous section. If jjn(x) = AT Jo(z) is the
FBFs of the first kind expansion of the exact solution y(x), where

A= [540; afla cee adN]Tv ja(x) = [(ja)O(x)a (ja)l(x)a ERE) (ja)N(x)]Ta
and (Jo)n(x), n = 0,1,..., N, is the fractional order of Bessel polynomials of the

first kind, which is defined in (3.5), then we obtain the upper bound of the error for
the solution obtained by the present method as

(6.2) ly(z) — yn (2)]

£2,[0,1]

- M, 1
S I(Na+a+1)\ 2a(N +2)

+ Oa,n||A — All2 + Yol All2,

where

0un = > ]

n=0

1 1/2

Ton = {Z Z ] 2k+n)2
=y BT+ 2P (dha + 2(n + 1)a)
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Proof. To prove (6.2), we write

(63)  ly(@) —yn(@)llzz 0. < () = Gy @2z 0.1 + 175 () = yn @)1z 0.1

According to (6.1), we have

(6.4) y(x) — gn ()| 22, F(Na]\iaaﬂ) 204(]\}+2)'

Also, we obtain

(6:5)  [lgn () — yn(@)llzz

gHz[an— (o) )H
Pt 2[0,1]
+H§:an[(fa)n(x)—(']) ( )]H .
2 2 [0,1]
_ (”i(— IEANE dx)m
11 N ? 200—
0 |&
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Then, by using the orthogonality property of FBFs of the first kind, we get

(6.6) [lgn(x) = yn ()] L2101

R N 1/2
<A =AY 5l (VP
n=0
N o1 0 1)k (2k+n)a 2 1/2
(=D)"z 200—1
A a-lq
+ || ”2[n§=:0‘/0 k:[(zg—:mm] KIT(k +n+ 1)22kn | © T
} N 1/2
< 1A= A e uss (]
n=0
N o1 oo pAka+2(nt+1)a—1 1/2
A
+ HQLZ;)/O k—[(]\]z:n)/Q] (KT (k + n + 1)2204m)2 dm]
. N 1/2
< 1A= ALY e us (]
n=0

N ) 1/2
1
ALY Y g "
T 1)22k+n)2(4 2 1
n=0 k=[(N—n)/2] (k (k—l—n—i— ) ) ( ka + (n—l— )04)

O

By means of (6.3)—(6.6), we determine the upper bound of the error.
According to FBFs properties and the above results, it can be inferred that by
increasing the number of FBF's, the upper bound of error tends to zero.

7. ILLUSTRATIVE EXAMPLES

In this section we test the performance of the scheme on some examples. The com-
putational results are presented in examples that were performed using MATLAB.

Example 7.1. Consider the fractional differential equation [36], [33]

D”y(x)+3y(a:):3x3+—a:', 1<rvr<2,0<x<1

)

subject to initial conditions

The exact solution of this problem when v = % is y(r) = x3. According to the
proposed method, we have

y'(z) ~ AT Jo(x).

651



Then
y'(x) ~ ATE(a,1,2) o (2),

and
y(x) = AT (E(a, 1,2)* Ja ().
Also, from (5.5) we have

D y(z) ~ AT(E(a, 1, x))zn(oz, v, ) Jo ().

Therefore, we get

AT (€l 1), 2) o (0) + AT (601,20 a(w) = 32° + 5

Due to the above process and the collocation points, we obtain the numerical re-
sults, which are illustrated in Table 1 and Figure 2. Table 1 shows the absolute errors

x  Present Method  Method in [36] Method in [33]
N=3 k=1, M=3 N=7 N=9
0.1  1.4183x 10717 226837 x 1071 1.67093 x 10719  3.65474 x 10~ 14
0.3  1.4734x107'7  4.75314 x 10716 1.67093 x 10719  4.21589 x 10~ 14
0.5  2.0193x 107"  9.43690 x 1016  1.06212 x 107  9.14555 x 10~ 13
0.7  4.2303x 1077  1.16573 x 10~  7.03957 x 1010 8.21475 x 10~4
0.9 1.0250 x 10716 555112 x 10716 1.92731 x 1071° 1.32512 x 10~ 13

Table 1. Comparison of the absolute errors obtained by the present method with the meth-

Figure 2. Approximate solutions for various values of v with N = 3, a = 0.5 for Exam-
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obtained by the fractional-order Bernoulli wavelets method [36], Bessel functions [33]
and the present method. The comparisons in Table 1 show that the present method
is more accurate compared to other methods. Also, Figure 2 shows the approximate
solution obtained for different values of «, v with N = 3.

Example 7.2. Consider the initial value problem [17]
D’y(x)+y(z) == —lx3—7x3_”+274x4_” 0<r<l,0<z<
LA N N ) NCED SHUSTS
subject to initial condition
y(0) = 0.

The exact solution of this problem is y(z) =
exact solution and the numerical solutions for different values of o and v are given
in Table 2. Results in Table 2 suggest the present method works well and is more

4

efficient than the Legendre wavelets method in [17].

— %a:‘?’. Absolute errors between the

Legendre wavelets

Present method Present method  method [17]

x N=12 N=28 M=8k=1

azuz% azu:% o=V = 0421/:% 1/:%

0 1.03x107' 1.66x107'7 9.07x107'6 1.72x10716 1.81 x 10712
0.1 4.98x107'2 7.46x 1071 854x10716 1.63x 10715 3.09 x 10712
0.2 252x10712 4.04x107% 7.50x 10716 7.25x 10716 2.07 x 10711
0.3 1.69x 1072 280 x107'* 6.89 x 10716 548 x 10716 3.64 x 10711
04 127x107'2 214x107™ 6.08x 10716 3.97x 10716 8.29 x 10712
0.5 1.02x107'? 1.72x 107 5.64x 10716 2.89 x 10716 1.34 x 10710
0.6 848 x 1078 143 x107'* 5.10x 107 270 x 1016 4.93 x 10710
0.7 7.25x10718 122x107'% 4.57x 107 235x 10716 1.20 x 1079
0.8 6.32x 10713 1.06x107'* 4.16 x 10716 1.11 x 10716 2.41 x 1079
0.9 560x1071 932x107" 444 %1076 555x%x 10717 4.32 x 1079
1.0 5.10x 10713 1.09x 1074 377 x 1071 8.88x 10716 7.15 x 1079

Table 2. Absolute errors for different values of N and «, v for Example 7.2.

Example 7.3.

Consider the fractional Riccati equation [17]
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The exact solution of this problem, with v =1 is

exp(2z) — 1
exp(2z) +1°

y(z) =

The errors of numerical solutions for different values of & and N are given in Table 3.
Also, the absolute errors for various values of v are presented in Table 4. From this
table, it is clear that with the values of v approaching 1, the absolute errors decrease.

« N L -error Lo-error
1 4 325x107* 6.33x107*
6 6.80x107% 1.37x107°
9 1.19x1077 2.69x 1077
05 4 943x107* 243 x1073
6 1.17x107* 276 x 1073
9 1.01x107% 242x107*

Table 3. Errors for different values of NV and a with v =1 for Example 7.3.

T v=20.9 v =10.99 v = 0.999 v=1

0.1 2.76 x 1072 2.48 x 1073 2.45 x 1074 1.19 x 1077

0.3 4.25 x 1072 4.10 x 1073 4.10 x 10~* 1.02 x 1077

0.5 3.53 x 1072 3.68 x 1073 3.69 x 1074 8.76 x 10~8

0.7 1.87 x 1072 2.16 x 1073 2.19 x 104 7.08 x 1078

0.9 5.11 x 1074 3.15 x 1074 3.43 x 107° 5.49 x 1078
CPU 3.6783 x 1072 34125 x 1072  3.2087 x 1072  3.2825 x 1072

Table 4. Absolute errors for different values of v with « =1 and N = 9 for Example 7.3.

Example 7.4. Consider the linear pantograph differential equation [23], [11]

1 —1 —
D y(x) + y(z) — Ey(%) = Toexp(?x), 0<rv<l, 0<x<1,

subject to initial condition
y(0) = 1.

The exact solution of this problem, with v = 1, is y(z) = exp(x). Table 5 displays
the absolute error for different values of N and o« = v = 1 with results in [23], [11].
From Table 5, by increasing the number of FBFs, we see that the absolute error
tends to zero. Also, Table 5 shows that our results are more accurate in comparison
to results obtained by methods in [11], [23]. Figure 3 illustrates the numerical results
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for various values of v with N = 6 and the exact solution of the problem. Moreover,
according to the upper bound of error in Section 6 for N = 6, we have

a=05 = |ly(x) — ys(x)llr2 0,1 < 8.2602 x 1072,

and
a=1 = |y@)—ys(®)llrz20, < 1.3484 x 107
Present method Method [23] Method [11]
z N=4 N=6 N =10 N =12 N =64

271 3.13x107% 2.12x107% 2.52x107™ 1.86x10717 3.33x107 ! 3.93x10~
272 1.56x107° 2.26x107% 3.04x107 ™ 3.20x107'7 4.13x10~ 2.16x10"14
273 1.02x107° 2.92x107% 3.84x107™ 7.80x107'7 4.62x10~' 1.66x1071'
274 3.76x107% 1.48x107% 3.53x 107" 4.98x107'7 4.89x10~! 6.21x107 1
275 1.12x107% 5.12x107° 1.69x10~ 6.38x10717 5.05x10~ 3.86x10~14
276 3.05x1077 1.49x107° 5.81x107 1 5.33x10717 4.74x10~ 4.54x10714

Table 5. Absolute error for different values of N with « = v = 1 for Example 7.4.
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Figure 3. Approximate solutions for various values of & = v with N = 6 for Example 7.4.

Example 7.5. Consider the linear fractional pantograph differential equation
(see [37], [42], [7])

D¥y(z) = —y(z) + 0.1y(3z) + 0.5D"y(2x) + (0.32z — 0.5) exp(—0.8z) + exp(—z),
0<v<l, 0<z<l,

subject to initial condition
y(0) = 0.
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The exact solution of this problem, with v = 1, is y(z) = xexp(—z). Absolute
errors between the exact solution and the numerical solution for different values
of N with @« = v = 1 are given in Table 6. Figure 4(a) displays the comparison
of the approximate solution with the exact solution for various values of a = v =
0.8,0.85,0.9,0.95,1, with N = 3. Also, the absolute error between the exact and
approximate solutions for &« = v = 1 with N = 3 is plotted in Figure 4(b). From
Table 6 and Figure 4, it is clear that the approximate solutions converge to the
exact solution. Also, these results show that the present method is more accurate in

comparison to methods in [37], [42], [7].

x Present method Method in [37] Method in [42] Method in [7]
N=6 N=9 k=2 M=6

0.1 2.6377 x 1077 2.5606 x 10~ 1.98 x 1078 4.65x 1072 1.30 x 1073

0.3 2.7422x 1077 1.8959 x 10~1  7.78 x 10~9 257x 1072  2.63x 1073

0.5 1.9451 x 1077 1.2631 x 10~ 6.34 x 10~® 443 x 1072 2.83x1073

0.7 9.2527 x 1078 7.9481 x 1072 4.36 x 107° 5.37x 1072  2.39x 1073

0.9 1.0706 x 1077 4.3873 x 10712 2.80 x 107° 5.35x 1072 1.64x 1073

Table 6. Comparison of the absolute errors obtained by the present method with the meth-
ods in [37], [42], [7] for @ = v = 1 for Example 7.5.

0.4F T T T T - 3.5x1073 T . . .
0.35 _=_=_=_=_:_:_’. 3x1073
03} 3P o { 25x10°3
0.25 e 4 1 2x107®
0.2F '::;55 —— Exact solution - 1.5x1073
7004 e a=v=1 -3

015 .42 c--a=v=095 ] 110
0.1F ,',,'5' == a=v=09 1 05x1073
! a=v=0.85

0.05 o a—i—os 0

. . . . —0.5%x1073 . . . .

0 02 04 06 03 1 0 02 04 06 08 1
(a) v (b) x

Figure 4. (a) The comparison of the approximate solution with the exact solution for various
values of « = v = 0.8,0.85,0.9,0.95, 1, with N = 3 for Example 7.5.
(b) The absolute errors between the exact and approximate solutions for @ =
v =1, with N = 3 for Example 7.5.

Example 7.6.
tion [16]

Consider the fractional nonlinear pantograph differential equa-

D”y(x)=1—2y2(§), 1<v<2, 0<z<l,
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subject to initial conditions

y(0) =1, ¥'(0)=0.

The exact solution of this problem, with v = 2, is y(z) = cosz. In Table 7,
we compare the absolute errors obtained by the present method with the modified
Laguerre wavelets method for various values of N with o = v = 1. Also, the absolute
errors for various values of v are presented in Table 8. This table illustrates that
with the values of v approaching 2, the absolute error tends to zero. Figure 5 shows
the behavior of the approximate solutions for various values of v with N = 8 and
a=0.5.

0.9

0.8

0.7

0.6

=19 N
0.5 -=-v=138 N

=17

1

T

Figure 5. The comparison of approximate solutions for different values of v =2,1.9,1.8,1.7
with N = 8 and a = 0.5 for Example 7.6.

x Present method Modified Laguerre wavelets method [16]
N=5 N=7 N =10 K=1,N=20

0 0 0 0 —

0.1 3.35x1078 6.06x10~11 2.44x10~15 2.11x1078
0.2 7.56x107% 1.22x10710 4.74x10~1° 2.09%x10°8
0.3 1.06x1077 1.75x10710 7.09x10~1° 2.09%x10°8
0.4 1.35x1077 2.28x10719 9.35x10~15 2.08x1078
0.5 1.63x1077 2.75x10719 1.14x10~14 2.06x1078
0.6 1.88x1077 3.17x10710 1.34x10~™ 2.04x 1073
0.7 2.06x1077 3.52x10710 1.53x10~™ 2.03x10°8
0.8 2.21x1077 3.79x1071° 1.70x10~14 2.00x1078
0.9 2.33x1077 3.98x1071° 1.86x10~14 1.99x 108

1.0 2.39%x10°7 4.09x10719 1.98x 1014 -

Table 7. The comparison of the absolute errors for different values of N and a« = v =1
with the modified Laguerre wavelets method [16] for Example 7.6.

657



T v =1.65 v=1.75 v =1.85 v=2
0 0 0 0 0

0.1 7.97x1073 4.86x1072 2.51x1073 1.20 x 1012
0.3 4.12x1072 269x 1072 1.47x1072 3.46 x 10712
0.5 7.34x1072 5.02x1072 287x1072 5.43x10712
0.7 9.12x1072 6.60x 1072 3.92x107* 6.94x 10712
09 892x1072 6.83x1072 4.28x1072 7.87x 10712
1 7.83x107%2 6.31x1072 4.11x1072 8.05x 10712

Table 8. Absolute errors for different values of v with « = 1 and N = 8 for Example 7.6.

Example 7.7. Consider the system of fractional differential equations (see [36])

{D"lyl(m)zyl(m)—l—yg(m), O0<ur <1, 0<z<1,
< ]-;

DV2yy(z) = —y1(x) +y2(x), 0<1e

subject to the initial conditions

¥1(0) =0, 32(0) = 1.

The exact solution of this system when vy = vo = 1 is y1(x) = expasinz and
ya(x) = expx cos x. We present the results for various values of N in Tables 9 and 10
and see that as the terms of FBFs IV increase the absolute error tends to zero. Also,
Figure 6 shows the curves of approximate solutions for various values of «, v with
N = 6. From this graph it is seen that the approximate solutions converge to the
exact solution.

Table 9. Absolute errors of y; (x) for different values of N with @ = v = 1 for Example 7.7.

Table 10. Absolute errors of ya(x) for different values of N with @ = v = 1 for Example 7.7.
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T N=5 N=7 N=9

0.1 2.3833x107% 21173x10% 1.0318 x 10~ 1'°
0.3 23087 x 1075 3.2095 x 108  9.6528 x 10!
0.5 4.4635x107° 4.9916 x 1078  9.3743 x 10~ !
0.7 8.2236x107° 7.2857 x 1078 7.9913 x 10~
0.9 1.4631x10~* 89388 x 1078 2.3875x 10~

T N=5 N=7 N=9

0.1  5.7927 x 10~° 3.9640 x 108  5.7870 x 10~
0.3 8.4909 x 107° 3.6275 x 1078  8.4769 x 10~
0.5 1.0162x107% 3.8998 x 108 1.2399 x 1010
0.7 9.8213x 1078 4.2169x 10~% 1.6991 x 10~1°
0.9 3.4325x 1073 2.7364 x 10%  1.8095 x 10710
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Figure 6. (a) The comparison of y;(x) with the exact solution for various values of o
v1 = v with N = 6 for Example 7.7.
(b) The comparison of y2(z) with the exact solution for various values of «
v1 = vg, with N = 6 for Example 7.7.

8. CONCLUSION

In the present work we introduced new functions called fractional-order Bessel
functions of the first kind. First, we presented the fractional Bessel functions op-
erational matrices of the Caputo fractional derivative and the Riemann-Liouville
fractional integration. Then, we used these functions and their operational matri-
ces to approximate the solutions of fractional-order differential equations, fractional
pantograph differential equations and systems of fractional differential equations.
Numerical examples show the validity and efficiency of the method. Also, it is
demonstrated that the present method in comparison to other methods works well
and achieves good accuracy.

References

[1] R. Agarwal, D. O’Regan, S. Hristova: Stability of Caputo fractional differential equations

by Lyapunov functions. Appl. Math., Praha 60 (2015), 653—-676. IMR]
[2] R.T. Baillie: Long memory processes and fractional integration in econometrics. J.

Econom. 73 (1996), 5-59. MR
[3] A. H. Bhrawy, Y. Alhamed, D. Baleanu, A. Al-Zahrani: New spectral techniques for sys-

tems of fractional differential equations using fractional-order generalized Laguerre or-

thogonal functions. Fract. Calc. Appl. Anal. 17 (2014), 1138-1157. IMR]
[4] G. W. Bohannan: Analog fractional order controller in temperature and motor control

applications. J. Vib. Control 14 (2008), 1487-1498. VR doif
[6] M. Caputo: Linear models of dissipation whose @ is almost frequency independent. II.

Geophys. J. R. Astron. Soc. 13 (1967), 529-539. | zblJMR] doi|

659


https://zbmath.org/?q=an:1374.34005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3436567
http://dx.doi.org/10.1007/s10492-015-0116-4
https://zbmath.org/?q=an:0854.62099
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1410000
http://dx.doi.org/10.1016/0304-4076(95)01732-1
https://zbmath.org/?q=an:1312.65166
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3254684
http://dx.doi.org/10.2478/s13540-014-0218-9
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2463074
http://dx.doi.org/10.1177/1077546307087435
https://zbmath.org/?q=an:1210.65130
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2379269
http://dx.doi.org/10.1111/j.1365-246X.1967.tb02303.x

[6]

[7]

8]

[9]

[10]

[11]

12]
13]
14]
[15]
[16]

[17]

18]
[19]
[20]
21]
22]
23]
24]

[25]

[26]

660

Y. Chen, Y. Sun, L. Liu: Numerical solution of fractional partial differential equations

with variable coefficients using generalized fractional-order Legendre functions. Appl.

Math. Comput. 244 (2014), 847-858. zbl MR} doi]
X. Chen, L. Wang: The variational iteration method for solving a neutral functional dif-

ferential equation with proportional delays. Comput. Math. Appl. 59 (2010), 2696-2702. IMR]
H. Dehestani, Y. Ordokhani, M. Razzaghi: Fractional-order Legendre-Laguerre functions

and their applications in fractional partial differential equations. Appl. Math. Comput.

336 (2018), 433-453. MR
H. Dehestani, Y. Ordokhani, M. Razzaghi: On the applicability of Genocchi wavelet

method for different kinds of fractional-order differential equations with delay. Numer.

Linear Algebra Appl. 26 (2019), Article ID 2259, 29 pages. MR]

H. Dehestani, Y. Ordokhani, M. Razzaghi: Application of the modified operational matri-

ces in multiterm variable-order time-fractional partial differential equations. To appear

in Math. Methods Appl. Sci., 18 pages. doi

E. H. Doha, A. H. Bhrawy, D. Baleanu, R. M. Hafez: A new Jacobi rational-Gauss collo-

cation method for numerical solution of generalized pantograph equations. Appl. Numer.

Math. 77 (2014), 43-54. MR
N. Engheta: On fractional calculus and fractional multipoles in electromagnetism. IEEE
Trans. Antennas Propag. 44 (1996), 554-566. MR
E. Grosswald: Bessel Polynomials. Lecture Notes in Mathematics 698, Springer, Berlin,
1978. IMR]
J. He: Approximate analytical solution for seepage flow with fractional derivatives in
porous media. Comput. Methods Appl. Mech. Eng. 167 (1998), 57-68. IMR]

J. He: Nonlinear oscillation with fractional derivative and its applications. Proceedings

of the International Conference on Vibrating Engineering, Dalian, 1998, pp. 288-291.

M. A. Igbal, U. Saeed, S. T. Mohyud-Din: Modified Laguerre wavelets method for delay
differential equations of fractional-order. Egyptian J. Basic Appl. Sci. 2 (2015), 50-54.
H. Jafari, S. A. Yousefi, M. A. Firoozjaee, S. Momani, C. M. Khalique: Application of
Legendre wavelets for solving fractional differential equations. Comput. Math. Appl.

62 (2011), 1038-1045. MR
S. Kazem: Exact solution of some linear fractional differential equations by Laplace
transform. Int. J. Nonlinear Sci. 16 (2013), 3-11. zbl MR

S. Kazem, S. Abbasbandy, S. Kumar: Fractional-order Legendre functions for solving
fractional-order differential equations. Appl. Math. Modelling 87 (2013), 5498-5510. MR
E. Kreyszig: Introductory Functional Analysis with Applications. John Wiley & Sons,

New York, 1978. MR

P. Kumar, O.P. Agrawal: An approximate method for numerical solution of fractional

differential equations. Signal Process. 86 (2006), 2602-2610.

Y. Li: Solving a nonlinear fractional differential equation using Chebyshev wavelets.

Commun. Nonlinear Sci. Numer. Simul. 15 (2010), 2284-2292. MR]
X. Y. Li, B.Y. Wu: A continuous method for nonlocal functional differential equations

with delayed or advanced arguments. J. Math. Anal. Appl. 409 (2014), 485-493. IMR]
F. Liu, V. Anh, I. Turner: Numerical solution of the space fractional Fokker-Planck equa-

tion. J. Comput. Appl. Math. 166 (2004), 209-219. MR

F. Mainardi: Fractional calculus: Some basic problems in continuum and statistical
mechanics. Fractals and Fractional Calculus in Continuum Mechanics. CISM Courses

and Lectures 378, Springer, Vienna, 1997, pp. 291-348. IMR]
B. Mandelbrot: Some noises with 1/f spectrum, a bridge between direct current and
white noise. IEEE Trans. Inf. Theory 18 (1967), 289-298.


https://zbmath.org/?q=an:1336.65173
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3250624
http://dx.doi.org/10.1016/j.amc.2014.07.050
https://zbmath.org/?q=an:1193.65145
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2607972
http://dx.doi.org/10.1016/j.camwa.2010.01.037
https://zbmath.org/?q=an:07130448
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3812592
http://dx.doi.org/10.1016/j.amc.2018.05.017
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4011892
http://dx.doi.org/10.1002/nla.2259
http://dx.doi.org/10.1002/mma.5840
https://zbmath.org/?q=an:1302.65175
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3145364
http://dx.doi.org/10.1016/j.apnum.2013.11.003
https://zbmath.org/?q=an:0944.78506
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1382017
http://dx.doi.org/10.1109/8.489308
https://zbmath.org/?q=an:0416.33008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0520397
http://dx.doi.org/10.1007/bfb0063135
https://zbmath.org/?q=an:0942.76077
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1665221
http://dx.doi.org/10.1016/S0045-7825(98)00108-X
http://dx.doi.org/10.1016/j.ejbas.2014.10.004
https://zbmath.org/?q=an:1228.65253
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2824691
http://dx.doi.org/10.1016/j.camwa.2011.04.024
https://zbmath.org/?q=an:1394.34015
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3100782
https://zbmath.org/?q=an:06929800
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3020667
http://dx.doi.org/10.1016/j.apm.2012.10.026
https://zbmath.org/?q=an:0368.46014
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0467220
https://zbmath.org/?q=an:1172.94436
http://dx.doi.org/10.1016/j.sigpro.2006.02.007
https://zbmath.org/?q=an:1222.65087
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2602712
http://dx.doi.org/10.1016/j.cnsns.2009.09.020
https://zbmath.org/?q=an:1306.65225
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3095056
http://dx.doi.org/10.1016/j.jmaa.2013.07.039
https://zbmath.org/?q=an:1036.82019
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2057973
http://dx.doi.org/10.1016/j.cam.2003.09.028
https://zbmath.org/?q=an:0917.73004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1611587
http://dx.doi.org/10.1007/978-3-7091-2664-6_7
https://zbmath.org/?q=an:0148.40507
http://dx.doi.org/10.1109/TIT.1967.1053992

[27] K. S. Miller, B. Ross: An Introduction to the Fractional Calculus and Fractional Differ-

ential Equations. John Wiley & Sons, New York, 1993. MR
[28] K. Moaddy, S. Momani, 1. Hashim: The non-standard finite difference scheme for linear
fractional PDEs in fluid mechanics. Comput. Math. Appl. 61 (2011), 1209-1216. MR]

[29] S. Momani, K. Al-Khaled: Numerical solutions for systems of fractional differential equa-

tions by the decomposition method. Appl. Math. Comput. 162 (2005), 1351-1365. MR]
[30] S. Momani, Z. Odibat: Numerical approach to differential equations of fractional order.

J. Comput. Appl. Math. 207 (2007), 96-110. zbl MRl doi
[31] K. B. Oldham, J. Spanier: The Fractional Calculus. Theory and Applications of Differen-

tiation and Integration to Arbitrary Order. Mathematics in Science and Engineering 111,

Academic Press, New York, 1974. MR
[32] K. Parand, M. Nikarya: Application of Bessel functions for solving differential and in-

tegro-differential equations of the fractional order. Appl. Math. Modelling 38 (2014),

4137-4147. MR
[33] K. Parand, M. Nikarya, J. A. Rad: Solving non-linear Lane-Emden type equations using

Bessel orthogonal functions collocation method. Celest. Mech. Dyn. Astron. 116 (2013),

97-107. MR
[34] I. Petras: Fractional-order feedback control of a DC motor. J. Electr. Eng. 60 (2009),

117-128.
[35] I. Podlubny: Fractional Differential Equations. An Introduction to Fractional Deriva-

tives, Fractional Differential Equations, to Methods of Their Solution and Some of

Their Applications. Mathematics in Science and Engineering 198, Academic Press, San

Diego, 1999. MR
[36] P. Rahimkhani, Y. Ordokhani, E. Babolian: Fractional-order Bernoulli wavelets and their
applications. Appl. Math. Modelling 40 (2016), 8087-8107. MR]

[37] P. Rahimkhani, Y. Ordokhani, E. Babolian: Numerical solution of fractional pantograph
differential equations by using generalized fractional-order Bernoulli wavelet. J. Comput.

Appl. Math. 809 (2017), 493-510. MR
[38] T.J. Rivlin: An Introduction to the Approximation of Functions. Dover Books on Ad-

vanced Mathematics, Dover Publications, New York, 1981. IMR]
[39] U. Saeed, M.ur Rehman, M. A.Igbal: Modified Chebyshev wavelet methods for frac-

tional delay-type equations. Appl. Math. Comput. 264 (2015), 431-442. IMR]

[40] H. Saeedi, M. M. Moghadam, N.Mollahasani, G. N. Chuev: A CAS wavelet method for

solving nonlinear Fredholm integro-differential equations of fractional order. Commun.

Nonlinear Sci. Numer. Simul. 16 (2011), 1154-1163. MR]
[41] E. Tohidi, H.Saberi Nik: A Bessel collocation method for solving fractional optimal

control problems. Appl. Math. Modelling 39 (2015), 455-465. MR]
[42] W.-S. Wang, S.-F. Li: On the one-leg 6-methods for solving nonlinear neutral functional

differential equations. Appl. Math. Comput. 198 (2007), 285-301. MR
[43] F.Yin, J.Song, Y. Wu, L. Zhang: Numerical solution of the fractional partial differen-

tial equations by the two-dimensional fractional-order Legendre functions. Abstr. Appl.

Anal. 2013 (2013), Article ID 562140, 13 pages. MR
[44] L. Yuanlu, Z. Weiwei: Haar wavelet operational matrix of fractional order integration

and its applications in solving the fractional order differential equations. Appl. Math.

Comput. 216 (2010), 2276-2285. MR
[45] S. Yiizbagi: Bessel Polynomial Solutions of Linear Differential, Integral and Integro-

Differential Equations. M.Sc. Thesis, Graduate School of Natural and Applied Sciences,

Mugla University, Kotekli, 2009.
[46] S. Yiizbagi: Numerical solutions of fractional Riccati type differential equations by means

of the Bernstein polynomials. Appl. Math. Comput. 219 (2013), 6328-6343. MR doi

661


https://zbmath.org/?q=an:0789.26002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1219954
https://zbmath.org/?q=an:1217.65174
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2770523
http://dx.doi.org/10.1016/j.camwa.2010.12.072
https://zbmath.org/?q=an:1063.65055
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2113975
http://dx.doi.org/10.1016/j.amc.2004.03.014
https://zbmath.org/?q=an:1119.65127
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2332951
http://dx.doi.org/10.1016/j.cam.2006.07.015
https://zbmath.org/?q=an:0292.26011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0361633
http://dx.doi.org/10.1016/S0076-5392(09)60219-8
https://zbmath.org/?q=an:06992772
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3233834
http://dx.doi.org/10.1016/j.apm.2014.02.001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3061372
http://dx.doi.org/10.1007/s10569-013-9477-8
https://zbmath.org/?q=an:0924.34008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1658022
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3529681
http://dx.doi.org/10.1016/j.apm.2016.04.026
https://zbmath.org/?q=an:06626265
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3539800
http://dx.doi.org/10.1016/j.cam.2016.06.005
https://zbmath.org/?q=an:0489.41001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0634509
https://zbmath.org/?q=an:1410.65286
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3351623
http://dx.doi.org/10.1016/j.amc.2015.04.113
https://zbmath.org/?q=an:1221.65354
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2736623
http://dx.doi.org/10.1016/j.cnsns.2010.05.036
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3282588
http://dx.doi.org/10.1016/j.apm.2014.06.003
https://zbmath.org/?q=an:1193.34156
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2385784
http://dx.doi.org/10.1016/j.amc.2007.03.064
https://zbmath.org/?q=an:1291.65310
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3129359
http://dx.doi.org/10.1155/2013/562140
https://zbmath.org/?q=an:1193.65114
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2647099
http://dx.doi.org/10.1016/j.amc.2010.03.063
https://zbmath.org/?q=an:1280.65075
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3018474
http://dx.doi.org/10.1016/j.amc.2012.12.006

[47] S. Yiizbasi, N.Sahin, M. Sezer: Numerical solutions of systems of linear Fredholm
integro-differential equations with Bessel polynomial bases. Comput. Math. Appl. 61

(2011), 3079-3096. MR
[48] X. Zhang, B. Tang, Y. He: Homotopy analysis method for higher-order fractional integro-
-differential equations. Comput. Math. Appl. 62 (2011), 3194-3203. MR

Authors’ addresses: Haniye Dehestani, Yadollah Ordokhani (corresponding author),
Department of Applied Mathematics, Faculty of Mathematical Sciences, Alzahra Univer-
sity, Tehran, P. Code: 1993893973, Iran, e-mail: h.dehestani@alzahra.ac.ir, ordokhani@
alzahra.ac.ir; Mohsen Razzaghi, Department of Mathematics and Statistics, Mississippi
State University, Starkville, MS 39762, USA, e-mail: razzaghi®math.msstate.edu.

662


https://zbmath.org/?q=an:1222.65154
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2799833
http://dx.doi.org/10.1016/j.camwa.2011.03.097
https://zbmath.org/?q=an:1232.65120
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2837752
http://dx.doi.org/10.1016/j.camwa.2011.08.032

		webmaster@dml.cz
	2020-07-02T15:26:50+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




