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Abstract. Solvability of the rational contact with limited interpenetration of different
kind of viscolastic plates is proved. The biharmonic plates, von Karman plates, Reissner-
Mindlin plates, and full von Karmén systems are treated. The viscoelasticity can have the
classical (“short memory”) form or the form of a certain singular memory. For all models
some convergence of the solutions to the solutions of the Signorini contact is proved provided
the thickness of the interpenetration tends to zero.
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1. INTRODUCTION AND NOTATION

Despite a great amount of actual and/or possible applications, the theory of con-
tact problems remains still underdeveloped. The study of contact problems started
by Signorini [12], [13]. His model describing a contact of a deformable body with
a rigid foundation respects the impenetrability of mass. It was extended to dynamic
problems by Amerio, Prouse, Schatzman and further authors in late seventies and
early eighties of the last century. The monograph [6] summed up the development
in this field till its publication. The highly nonlinear Signorini model is complex.
Therefore, a bit later the so-called normal compliance approach was introduced. This
approach is nothing else than replacement of the original Signorini contact model by
some kind of its penalization. Although such kind of approximation is a suitable
auxiliary tool in the numerical investigation of contact problems, this approach has
brought no deep results to their theory. It is usually easy to derive properties of
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solutions of such approximate problems and the real hard work starts by the limit
process to the original problem.

However, the normal compliance approach has drawn the attention to the fact that
the complete impenetrability of mass need not be completely physically realistic, be-
cause from the microscopical point of view no material is flat or smooth enough. Just
in the medium advanced microscopes the seemingly perfectly flat or smoothly curved
surfaces are seen as a huge collections of asperities and small holes or cavities. The
asperities may be deformed or may fill the holes of the counterpart partially or com-
pletely. Hence, it has some good sense to study models where some interpenetration
between body and the foundation is allowed to describe macroscopically those phe-
nomena. However, to remain physically realistic, this interpenetration model must
include a certain bound after which the further penetration is not possible. And, as
well, it is realistic to assume that such a bound cannot be reached.

These are the premises of the rational contact model with a limited interpenetra-
tion which was introduced by [7] and [8], where the solvability of its static version
has been proved (it was then still called the normal compliance model with a limited
interpenetration). The first such dynamic (frictionless) rational contact has been in-
vestigated in [9]. It concerns a boundary contact of a body with a rigid foundation.
I am convinced that this contact model is obviously physically well based, i.e. ratio-
nal, if some interpenetration between the body and the foundation is admitted.

Since 2006 a series of papers about the solvability of dynamic Signorini contact
problems for different models of plates [1]-[4] has been published. The purpose of this
paper is to extend these results to the rational contact with limited interpenetration.
Unlike [9] we face here a domain contact.

Since we have no knowledge that anybody else has studied the presented rational
contact model or anything similar, there are no other relevant references to be cited
than those listed at the end of this paper.

In the sequel by W} (Q) the (Sobolev-Slobodetskii if k is not entire) spaces of
functions on a domain ) having their (possibly fractional) derivatives up to order k
integrable in the pth power are denoted. The symbol Wlf denotes the spaces of
functions from WI? (©) which have zero traces. If p = 2 those spaces are denoted by
H*(Q), H* (€2). Vectors are denoted by bold symbols; the same rule is used for spaces
of vectors. The symbol < denotes an embedding, while << an embedding which
is compact. For a function u: @ — R we denote by u; = max{u,0} its “positive
part” and u_ = max{—wu, 0} its “negative part”.
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2. TOOLS OF FUNCTION SPACES THEORY

Here we collect the results from the theory of function spaces needed in the sequel.
Here and in the sequel I = [0,7] is a nonempty time interval. The standard tool,

Lemma 1 (Aubin). Let By —— B — By be Banach spaces, the first reflexive
and separable. Let 1 < p < 0o, 1 < ¢ < co. Then

W ={v; ve L,(I;By), v € Ly(I;B1)} —— L,(I; B),

is not sufficient for our purpose. Hence, we will use the following facts, the proofs of
which follow from Chapter 2 of the monograph [6]:

Theorem 2 (Embedding theorem). Let M C RY be a bounded domain with
Lipschitz boundary. Let p,q € (1,00), v € [0,1], and o € (7, 1] be numbers such
that the inequality

1/N N
o LN Ny

a\p q
holds. Then the Sobolev-Slobodetskii space W(M) is continuously embedded into
W2 (M). If the above inequality is strict, then the embedding is compact for any
real ¢ > 1. For q = oo this is true under the convention 1/q = 0.

Corollary 3. Let M and I be as above. Let p;, q; belong to (1,00), «; belong to
(0,1] and ; to [0, i), ¢ = 1,2. Assume that (0) holds with i = 1 and N replaced by 1
and that it simultaneously holds for i = 2. Then W' (I; W2(M)) can be imbedded
into Wt (I; W)2(M)). If both the inequalities are strict, the imbedding is compact.
The last assertion still holds if ¢; is infinite, provided we use the convention 1/q; = 0,
i=1,2.

Theorem 4 (Interpolation theorem). Let M be as above, let ki, ko belong to
[0, 1], let p1, p2 belong to (1,00) and ©) to [0,1]. Then there exists a constant ¢ such
that for all u € W} (M) N W}2(M) the following estimate holds:

|9 1—0,

A
lelhwgan < el o a2,

with k = ©xk1 + (1 —0,)k2 and 1/p = ©5/p1 + (1 — ©)/p2. The assertion remains
true if k1 = ko = 0 and p1, p2 belong to [1, 0.
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Corollary 5 (Generalization). Let M, ki, ko, p1, p2 be as above. Let I be
a bounded interval in R, let k1, ko belong to [0, 1], let g1, g2 belong to (1,00) and ©
to [0,1]. Then there exists a constant ¢ such that for all u € Wi (I;WF(M)) N
Wr2(I; W)2(M)) we have

[SIN 1-0x

”uHWq’"(I,W}’f(M)) < CHUHW;?(I;W;? (M) HU'HW:;(I,W:; (M)’

where k = O,k + (1 — @)\)kg, K= Ox\k1 + (1 — @)\)Iﬁlg, ]./q = @)\/QI + (1 — @)\)/QQ
and 1/p = Ox/p1 + (1 —O,)/p2. If k1 = K2 = 0 and q1, g2 belong to [1,00], the
assertion still holds.

3. ABSTRACT FORMULATION OF THE PROBLEM FOR THE CLAMPED OR SIMPLY
SUPPORTED VISCOELASTIC PLATE AND THE SCHEME OF ITS SOLUTION

Let © C R? be a bounded domain with sufficiently smooth boundary I'. Let X be
a Sobolev-type Hilbert space defined on €2, let Y be the space of traces of elements
from X onI". Let A,B: X — X™* be two linear symmetric strongly elliptic opera-
tors in the form 2*a2, 2*b2, respectively, where 2 is a differential operator and
a, b are positively definite matrices or tensors of time constant but possibly space-
dependent elements. Here the dual space X* is defined via the suitable generalization
of the Lo(2) scalar product. Let 2" = Lo(I; X). We introduce the bilinear forms
o A{u, v} = (aDu, Dv)g, B: {u,v} — (bDu, Dv)g, where (-, )q is the L2(Q)
scalar product and Q@ = I x Q. Let S = I x I'. Let E(t): X? — X* be another
operator E(t) = E(t)(u,u), u,t € X, let &(u,0): v (E()(u,u),v)q, u,t,v e X .

We will call the elements of v € X or v: I — X such that v € 2" displacements,
and their first time derivatives (denoted by dots) velocities. Let v be a negative real
number. Let p: R — R = RU {00} be a continuous and nonincreasing function such
that p(z) = 0 for x > 0, p(z) € R for z > ~, and }\r‘n p(x) = oo, where v € R
is a given bound of the interpenetration. Our problem ig to find u € 2 such that
u € Z for which the following set of relations holds:

(1) it =Au+ Bu— E(ut) +p(u+g)+ f in La(Q) on I,
D(u)=0€Y,
u(0) =up € X, u(0) =u; € X.

Here D is a general differential operator of a Dirichlet or somewhat combined type.

If X = H?(2), the space of square integrable functions having the first and second
generalized derivatives square integrable as well and A, B are differential operators
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of the fourth order then D(u) = {D;(u), D2(u)}, D1(u) = u — up for both cases,
Dy (u) = 0x(u — up) (the outer co-normal derivative) or Da(u) = M (u) a Neumann-
type operator, which ensures that after the integration by parts in the space variable
in the variational formulation of the problem no additional boundary term occurs.
The first couple describes a clamped plate while the second a simply supported plate.
Let us mention that p(u + g) stands there for the contact force, where g > 0 is the
time-independent and bounded gap function.

We will define a sequence of auxiliary approximate problems to (1) by adding
the following additional assumption on p: We assume the existence of a sequence
{01} C Ry such that 6 \, 0 and for each k € N there is a left derivative d'p
at the points v + 0k, k € N such that 9'p(y + 6x) = O'p(y + Sx11), k € N, and
khﬁn;lo O'p(y + 8x) = —oco. Then we define pi: y — min{p, p(y + dx) + O'p(y + ok) ¥
(y —v — 0x)} for y < v + Ok, pr = p elsewhere and the auxiliary problem is defined
by the replacement of p by pi in (1).

Let us denote by (-, -)q the duality pairing between X and X* derived from the
L2(9) scalar product and by (-, -)o the duality pairing between 2~ and 2™ derived
from the Lo(Q) scalar product. Let 2y be a subspace of elements of 2~ satisfying
the appropriate homogeneous Dirichlet boundary condition in (1). Moreover, let
2 ={ve Zo; ve LxQ)}.

Multiplying the first row of (1) by a test function v € 2, and performing the
integration by parts both in space variables and in time, we get the variational
formulation of the problem (1): Find u € ug + Zo such that @ € Z°, the initial
condition for u from (1) holds and for every v € 27 the equation

(2) — (0, 0)g + A (1, v) + B(u,v) + (&(u,u),v)q — (p(u+ g),v)o
+ <U(T, ')a U(Ta )>Q = <fa v>Q + <u1a U(Oa )>Q

holds. For an approximate problem p is replaced by p; and the integration by parts

in time for the acceleration term is omitted:

®3) (@) + (i,v) + Bu,v) + (&(u, 0),v)qQ — (Pr(u+ 9),v)Q = ([, v)q;

hence, it is sufficient to take the test functions from 2 here. Of course, we have to
require additionally that the initial condition for the velocity in (1) is satisfied.

In the sequel, we will assume that the operator &(v.0) = {E(t)(v,v); t € I}:
Z? — Z'* is completely continuous, or such that v — (&(v.9),v)q is weakly lower
semicontinuous on £ . Moreover, we assume that the initial conditions in (1) are
satisfied. Denoting I; = [0,t], Q; = I; xQ, t € (0,T], we assume that (& (v, ), )q, >
—const. (uo,u1) — k1||9|| 2 — kolv|r (1, x) for v € 2 such that v € 2 and t € I
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with all constants nonnegative (observe that an easy inequality gigo < g7/e + €92
for g; € R, i = 1,2, and € > 0 arbitrarily small as well as the Gronwall lemma are
needed here to derive an a priori estimate if the constants are not zero). Further,
we assume that

(4) ug € H*(Q) such that wg >co on Q.

Here ¢ is a positive constant.

The proof of solvability of the auxiliary problem (3) under the assumption (4) does
not differ from the proof of a penalized problem to the appropriate Signorini contact.
It is solved via the Galerkin approximation using just identical arguments, because in
this case the auxiliary contact term represents a completely continuous perturbation
of the appropriate problem without contact. By putting v = (ux — %o)xg, in (2)
with pg, where xps is the characteristic function of a set M (equal 1 on M and
vanishing elsewhere), t € (0,T], we get (after a certain small and obvious calculation)
the a priori estimate of the respective solutions uj to the approximate problems
with py

(5) ||uk||2Loo(I;L2(Q)) + HukH%x(I;X) + [linll % + 11Pe(ur + 9)ll L (12,2 < const.,

where Pyt s+ [ pi(2)dz, s € R. Let us take in mind that L; () C Leo(€2)* < X,
because for the primal spaces the compact reverse embeddings hold. Since

1Pk (ur + 9l Ly (@) < co ' (pr(uk + ), uo — ur)q

(observe that zpi(z) < 0, & € R), the use of (2) for p = py and v = up — ux and
the estimate (5) yield that the sequence {||px(ur + 9)llz,(@)} is bounded. Then we
derive from this and (1) the dual estimate

(6) l|tix] £, (r;x+) < const.

with the constant independent of k. Hence {1y} is bounded in Wll;;l (I; H=2723(Q))
for any €9 > 0, e3 > 0 and for &1 = €1(e2) N\, 0 if €2 N\, 0. Interpolating this space
with the space Ly(I; L2(Q2)) for ¢ =1+ 1/e3, we get that

(7) Nkl grrzcrm-1-00)y < € ie (ukllgsr2m-1-000)) < C
with 0 < 0 arbitrarily small.

Interpolating this result with the third term in (5), we get
(8) {1t} is bounded in HY(I; Ly(2)) for any 6 € (0,1/3),
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i.e. {uy} is bounded in the anisotropic space H't%2(Q), and with help of the exten-
sion of the functions from Q to R?, the Fourier transform, and the Holder inequality
we can find for any 6 € (0, 3) an index 6y > 0 such that

©)) {up} is bounded in HFD/2(1; H'+%(Q)) —— C,(Q).
By virtue of (5), (6), (8), and (9) we get certain u and ¥ such that the convergences

(10) up =" win Loo(I; X), G =" @ in Loo(I; L2(0)),

Up — U in LQ(Q), U — U in C()(Q),

<g(uk7uk)vuk>Q — <(§(U,’[L),U>Q or

hkm inf(g(uk, dk), ’U,k>Q > <§(u, ’it), ’LL>Q,
—00

pr(ux +9) =* 9 in L, (Q)

hold for a possible subsequence. Observe that if v is a function such that p(v+ g) €
L1(Q) then fQ pr(v+ g)wdz dt — p(v+ g)wdxdt e.g. for any function w € Loo(Q).
Indeed, if w > 0 this follows from the monotone convergence theorem. For a general w
we use its decomposition to the positive and negative parts.

Performing the integration by parts in time for the acceleration term and putting
v = up — up in (2) with px and v = u — g in the original (2), using the weak lower
semicontinuity of the elliptic operators and the strong convergence of the others, we
get (U, u)q > limsup(pg(ur + g), uk)g- In the sequel, we will denote the last fact

k—o0

as the upper semicontinuity of the contact term (py(ur + g), uk)q (i.e. with respect
to k) and we will see it is common for all problems treated in this paper.

Since py are monotone, k € N, this yields (¥ — p(v + g),u — v)g > 0 for every
v € Zp such that p(v) € L1(Q). Hence {¢¥,u} may be added to the graph of p so
that the extended graph remains monotone. Observe that u + g > ug on S, hence
its continuity ensures the existence of some neighbourhood % of S, where u + g is
bounded away from v and the Fatou Lemma ensures (J,v)g > (p(u+g), v)g for every
nonnegative v € Zy. Since it is surely possible to construct such nonnegative v € 2
that v = 1 on Q\ %, it is evident that p(u+g) € L1(Q). Moreover, the superposition
operator p is the derivative of the superposition operator P which is convex and lower
semicontinuous. Since every Hilbert space satisfies the corresponding requirements,
Theorem 5.1.7 of the monograph [5] ensures its maximal monotonicity taken as an
operator from 27 into 27*. This yields that ¥ = p(u + ¢), hence u is a solution of
the variational equation (2) and we are done. We have proved:

Theorem 6. Under the above mentioned assumptions for the employed operators
and the function p there exists a solution to the problem (2).
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Example 1. A biharmonic plate. Here 2 = A, a, b are positive constants and
& =0.

Example 2. A von Karman plate without rotation inertia. First we introduce
for two functions wu, v

(11) [u, ’U] = 0110220 + O92u011v — 2812u812v,

where here and in the sequel 0; = 0/0,,, i = 1,2, 0y = 0/0t and 0;; = 0,0,
i,j = 1,2. Then we define the bilinear operator @: H2(€2)2 — H2() by means of
the variational equation

(12) /A@(u,v)Agpdx: /[u,v]gpdx, u,v, 0 € H2().
Q Q

The equation (12) has a unique solution, because [u,v] € L1(Q2) — H?*(Q)*. The
well-defined operator @ is compact and symmetric. Let us recall Lemma 1 from [10]
due to which @: H?(Q)? — W2(Q) for any p € (2,00), and

(13) 19(u, v)lwze) < clullmz@llvliwie) Yu,ve H(Q)?,

i.e. w— @(w,w) is completely continuous from H°(Q)N 2 to 2 for any § > 0.

To avoid the introduction of the Airy stress function, we introduce directly the
variational formulation. For this we introduce

(14) Ap: {u, y} —> bo(&lu&”y + u(811u822y + 822u811y)
+2(1 — v)O12ud12y), by = const. > 0,

where v € (—1,1) is a material constant (the Poisson ratio) and the standard sum-

mation convention for the repeating index [ is applied. Then we define (&7u,v)q as
e1 Jo Ao(i,v) dzdt, (Bu,v)q as eo [, Ao(u,v)dzdt, &: u = b([u, e10,AP(u, u) +
eoAP(u, u)]), where e1, eg are other material constants (the Young moduli) which
are positive. With such defined mappings the variational formulation of the problem
has exactly the form of (2). It is easy to derive that

. 1

(15) (& (uk, ur), uk)g = 3 / (e1/2 0y (AD(up,ur))? + eo( AP (uy, ux))?) dz dt
Q

(cf. [1]). Hence it satisfies the corresponding requirements and the quadratic forms

generated by so defined &7, A, (&-,-)o are weakly lower semicontinuous and we are

done. We remark that M(u) = b(eym(w) + eom(u)), where m(u) = Au + (1 — v)

(2n112012u — n2020u — N3011u).
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Example 3. A simply supported von Kirmén plate with the rotation iner-
tia. Here the original structure (1) is enriched by the additional term Gu = goAi
on the right-hand side of the first row of (1). If gy is just a positive constant,
then this term contributes (after the obvious integration by parts) to the exten-
sion of the a priori estimate (5) by the term ||vuk|\%2(I;L2(Q)). The dual estimate
lgoAiix, — dir| 1,7, x+) < conmst. is here k-dependent. After integration by parts

this gives sup (4, goAv — v)g < const. The operator goA — I, where I
vELy (L;X), [lv]I<1

is the identity, is an isometry between the space X = H2(Q) N H*(Q) and Lo(Q),
hence the dual estimate yields iy € L2(Q). In further treatment an additional
lower semicontinuous term (goVu, Vi) occurs, which does not change the treat-
ment of the limit process from the approximate to the original problem. In fact,
from the k-independent L, (Q) estimate of the approximate contact term we get (us-
ing again the properties of the operator goA — I) the k-independent dual estimate
liix] L, (1;15(0)) < const. The strong convergences of u and 1y from (10) hold as well
as the upper semicontinuity of the contact term with respect to k. Hence, we are
in the same situation as above, and via the maximal monotonicity argument we are
done.

4. VoN KARMAN MODEL WITH A SINGULAR MEMORY

Let us introduce the kernel K of the singular memory term which is assumed to
be integrable over R, and to have the form

(16) K:t—t2%(t)+r(t), teRy=(0,00) with a € (0,3),
K:t—0, t<0.

Both ¢ and 7 belong to C'(R ), they are nonnegative and nonincreasing functions.
Moreover, we assume that ¢(t) > 0 for ¢ on an nonempty interval [0,%o]. Let us
denote d,,: v — fot K(t—s)(v(t,-) —v(s,-))ds for a function v on Q. Let us point
out that

(17) (o, 8) = /Q / '
o(t) -

/ —K(T — 5)(v(T) — v(s))? dzds

_/Q/O SK/(t=5)(u(t) = v(s))* dwdt ds

(D(K(t = s)(v(t) = v(s))?)
v(s))? K (t — s)) dz dtds

N =

o1



holds and the second term in this formula leads to the fractional time-derivative
norm of v. We recall that such a norm used in the sequel is for a Banach space X
defined as follows:

v |
e = [l [ [ IO g

We solve the problem

(18) i —erdmAu — egAu+ Su=f+plu+g) on @,
u=0, M(u)=0o0nS, u=1ug, &=u; on .

Here A is the fourth order elliptic operator of the form similar to that of Ay defined
n (14), i.e

(19) bo (O 0u + v (011022 + 022011) + 2(1 — v)012012)

and

&o: u [u,e1dm AP(u,u) + eg Ad(u, u)],

M(u) = egdm(u) + exm(u),
where m(u) = Au+ (1 — v)(2n1n201 2u — 1202 0u — n20; 1)
for a simply supported plate,

M (u) = Ou/On for the clamped plate.

To be able to handle the singular memory term it is necessary to assume its
smallness as follows

(20) / K(s)ds < o2
which ensures that the quadratic form

(21) Z: V»—)/(eldi+eOV)dedt, Ve Ly(Q),
Q

is strongly monotone.
We introduce the variational formulation of the problem. Let X = HZ(Q) N
H L(Q) for the simply supported plate and X = H? (Q) for the clamped plate. The
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formulation reads: Find u € Lo(I; X)NH(I; L2(2)) such that u(0,-) = g is satisfied
and for every y € Lo(I; Xo) N HY(I; Ly(Y)) the equation

(22) /Q(eldon(w y) + eoAo(u,y) — wy + Euy — p(u+ g)y — fy) dedt
+ [ ()T + s (50, ) do = 0
Q

holds with Ao from (14). We will solve this problem assuming that (4) holds.

We formulate the approximate problem again by replacing p by pi, but unlike (22)
no integration by parts in time for the acceleration term is applied, hence the test
function may be taken just from 2. However, the initial condition for @ from (18)
must be added, cf. the difference between (2) and (3). It is solved again by the
standard Galerkin procedure, for details cf. [2]. To get the k-independent a priori
estimate for their solution, y = @, — 1t must be taken. After some calculation we
finally obtain

(23) HukH%{ﬂ(I;HHQ)) + ”ulﬂHQLOO(I;LQ(Q)) + HukH%x(z;m(Q))
+ H@(ukvuk)H%N(I;HZ(Q))

+ 1 Pe(u + 9 Lo (1:2:(0)) < €= c(f,u0,u1).

The assumed smallness of the memory term yields again the uniform estimate of
{llpr(u + g)|lz, (@)} which leads to the dual estimate ||iix||z,(s;x+) < const. Hence,
the estimate (7) is valid also for this problem. Interpolating it with the fact that
{uy} is bounded in H*(I; H%(Q)), we get that {u} is bounded in H% (I; Lo(2)) for
61 € (0,/3). Interpolation of this space with the time-fractional derivative space
from (23) gives the space Lo(I; H%2(Q)) with 6 € (0,2a/(3 — 2a)), hence {1y} is
bounded in the anisotropic space H?1:%2 (Q). This space is compactly imbedded into
L2(Q), which ensures that (ug,u)q tends strongly to the limit (%, 7)¢g even for the
weak convergence of uy in the employed spaces. Moreover, we are able to prove the
relation (9) for 6 € (0, a/3), hence uy, — u in Cp(Q). Similarly to (15) we can derive
that

(Bt U)o = / (1A (uug, 1) AB (g, ) + co(AB(ug, u))?) da dt.
Q

The compactness of ¢ based on (13) and the fractional time-derivative norm in (23)
yield the needed strong convergence of this term. Hence, we are ready for the limit
procedure k — oo to prove again the upper semicontinuity of (px(ur + ¢),ux)q and
with the maximal monotonicity argument to prove pg(ur + g) — p(u+ g). Thus u
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is a solution of (22) and with the additional assumption (20) the existence theorem
is proved also for this problem.

5. THE PROBLEM FOR MORE COMPLEX VISCOELASTIC PLATE MODELS

In this section we will treat the Reissner-Mindlin plate model as well as the full von
Karman system. The plates are again in contact with the limited interpenetration
with the foundation.

5.1. Contact of Reissner-Mindlin plates. This 2nd order model besides the
vertical deflection w involves the 2D-vector ¢ of angles of rotations of the cross
sections of the plate. We denote by S the set of symmetric 2 x 2 tensors with the
product K © XA = K;;\i;, where the Einstein summation convention (summing over
repeated indices) is employed. Moreover, for w = {w;j, i, = 1,2} € S we denote
Divw = (Qiw14, Oiwa;) and trw = w1 + waa.

With the notation

(24) J(u,0) = ex(Vii+ @) + eo(Vu + ),
(w) =

] _CVQ (vitrw)ls + (1 —v)w), weS, i=0,1,

where Is is the unit matrix in S, ¢, ey, e; are given positive constants, and the
Poisson ratio v; € (—1,1/2), i = 0,1, the classical formulation of the viscoelastic
(“short memory”) problem is as follows: We look for (u, ¢) such that the system

(25) i —divJ(u, ) = f+plu+g), } on O,

@ — Div(%1(eo(#)) + Goleo(w))) + J(u, ) = M
the boundary value conditions

u = ug, @ = 0 for a clamped plate,
(26) o ¥ pecp } on S,

u = ug, (€1(e0(P)) + %oeo(p))-n =0 for a simply supported one
and the initial conditions

(0, ) = wuo, 4(0,-) = uy,
0 } on €

27
27 ©(0,) =@, (0,) =

are satisfied. Here gg is the standard 2D linearized strain tensor and n is the unit
outer normal vector. We assume that the function p satisfies all the assumptions
listed at the beginning of Section 3, we assume that (4) still holds, in particular

54



the positive function ug is again bounded away from 0. Moreover, we assume that
W € Ly(Q), ¢ € HY(Q) and M € Ly(Q).

The variational formulation of the problem based on appropriate integrations by
parts has the following form: Look for {u,p} € (uo + Lo(I; H () x X(Q) such
that u € Lo(I; HY(Q)), ¢ € La(I; X (), ¢ € L*(Q), the first condition in the first
row and the second row of the initial conditions (27) are satisfied and the system

(28) /Q (J(w, ) - Ty — i) — plu + g)y) da
= [ (0.~ (T Nas+ [ pydea
Q Q
/Q (@ + (Ba(eo(9)) + Goleo(9)) © o) + T (u, ) - ) dadt

:/M-wdxdt
Q

holds for any {y,v} € H(Q) x La(I, X()). Here X stands for H' and H' for
clamped and simply supported plates, respectively.

As in the previous cases we introduce the approximate problems by replacing the
original function p by the approximate function pg, by omitting the integration by
parts in time for the acceleration term in the first row of (28) and by adding the
initial conditions for @ from (27). Hence, it has the form

(20) /Q (ks 1) - Vy + iigy) dar dt = /Q (f + pi(us + )y de dt.

We put {y, v} = {dr — 1o, pr} as the test function of the approximate system and
integrate on the interval [0,s], s < T. Adding both lines of (28) and using the
standard integration by parts, we get

1, . )
(30) / (5@(”% + eo|Vur + il* + |¢xl* + Goleo(er)) © eo(pr) + Pri(u + g))

s

+ 1| Vi + @r|? + 61 (e0(9r)) © Eo(g'ak)) de dt

:/ (fi, + My)dzdt + [ R(io)da dt,
s Qs

where in R(ug) we sum up all the terms containing 1o, or its derivatives. From
the positive definiteness of the tensors %; and the last identity we derive after some
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calculation the a priori estimate

(31) k117 o i) + 19kl Lo (i) + NI 1111 )
+ @xllZ . rr ) + ||uk||20(7;H1(Q))
ekl 7. e ) + 1P (ke + 9l (1 (92))
<c= c(f,M,uo,uhsO(O)a‘aO(l))

Observe that this estimate is k-independent.
We continue with the estimates of the acceleration terms. After using {i—1o, Pr }
as the test function, we obtain

(32) 6817000
(33) k7,0

<6

<cg, keN.

From (31) it is easy to see that (32) is again k-independent. However, (33) depends
on k and for the limit process kK — oo it has to be replaced by the dual estimate of
i, based on the uniform estimate of ||px(ux +g)||L, (@) Which is obtained in the same
way as in Section 3.

These approximate problems are solved by means of the Galerkin approximation.
Since they do not structurally differ from the penalized problems for the Signorini
contact (in both described cases the approximate contact term represents a compact
perturbation of the noncontact problems) and we are focused here on the difference
between the rational contact with limited interpenetration and the Signorini contact,
we omit details of this well-known process here and refer the readers to [4] for them.

To derive the crucial dual estimate of iix we can use the general abstract approach
of Section 2. However, the space H'(f2) is not imbedded into L., (£2), hence we must
use X = H'(Q) N Loo(2) here. The resulting estimate (6) yields the required strong
convergence of 1y in Lo(Q) in the process k — oo via the Aubin Lemma. We put
{y, ¥} = {ur — uo, px} in (28) and add both equations. We get
(34)

o (=1 + eo| Vur + @kl + [@x]? + Go(eo(pr)) © €0(pr) + pr(uk + g) (ur — uo))
T
+ 0i(e1|Vur + @r|* + 61 (e0(r)) O €0(epr)) dz dt

:/ (lek—f—Mgbk)dxdt—i—/ Ri(up, uq)da dt,

T T

where R; contains all the remaining terms. Obviously they contain wg or w; or
their derivatives. This identity shows again that it belongs to the abstract structure
described in Section 3. Besides weakly lower semicontinuous elliptic terms and weakly
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continuous terms as ui and R; the only remaining term, the contact one, must be
upper semicontinuous. Let {u, ¢} be the weak limit of {ug, ¢} such that all their
derivatives mentioned in (31) tend weakly or weakly* to the derivatives of u in their
respective spaces.

We have not the strong convergence of uy, in Co(Q), but we can reiterate from the
form of (28) with no integration by parts in time performed and with test functions
from 57 = {v € HY(Q);u|ls = 0} so that the sequence {p(uy + g)} is bounded
in s#* and we can assume that p(ux + g) — ¢ in J*. We take v € 5 such that
p(v+g) € L1(Q). Since up, — u in S, ur, — w in Lo(Q). Simultaneously, both
sequences of their respective positive and negative parts are bounded in S and they
have some accumulation points. However, their strong L2(Q) convergence shows
that the only accumulation points can be ur. We have 0 < (prp(v+g), (ur—u)1)g <
(p(v+g), (ur —u)x)o — 0, hence (prp(v+g), (ur—u))g — 0. and (px(v+g), ur)g —
(p(v + g),u)q. Moreover, p(u + g) € H*, because for a nonnegative v € S the
inequality (9,v)g = (p(u+ g),v)g = 0 follows from the Fatou Lemma, therefore the
last duality is finite for every v € . So we can use again the maximal monotonicity
argument on 7 to prove that ¥ = p(u + g). and u satisfies (28) and we are done.

In the classical formulation of the Reissner-Mindlin plate with singular memory
we replace all the “short memory” terms in J and %7 (i.e. the terms containing
the time derivatives) by the corresponding singular memory terms (the d,, versions
of the elastic terms), where we use again the kernel K defined in (16). There-
fore, J(u, ) = eo(Vu+ @) + e1dm(Vu + ¢). With this modification the structure
of (25), (26), and (27) remains preserved. We assume again the sufficient smallness
of the memory. To get it exactly in the form (20) we assume v; = vy.

We present explicitly its variational formulation which reads: Look for {u,p} €
(uo+H'(Q)) x La(I; X () such that ¢ € L*(Q), the first condition in the first row
and the second row of (27) are satisfied and the system

(35) /Q (J(u, ) - Vy — ) da dt
- / (ury(0, ) — (T, Yy(T, ) d + / (f + plu+ g)ydadr,
Q Q
/Q (-9 + (Gi(dmp) + Gol) © 0(h) + T (u, ) - ) da dt
:/ M - dzdt
Q

holds for any {y,¥} € Ly(I; H(Q)) x Lo(I, X (). Here again X stands for H!
and H! for clamped and simply supported plates, respectively.
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We formulate again the approximate problems by replacing the function p by py,
by omitting the integration by parts at the acceleration term and by adding the
initial conditions for u from (27). We solve this problem via the Galerkin method
as usual. We again omit here the details referring the readers to the paper [4].
Since it is not clear at the beginning whether the velocity ) possesses the required
qualities of the test function, the a priori estimates have been derived there for the
finite-dimensional space approximations and then the limit process to the original
infinite-dimensional space has been performed. However, the result is the same as if
we put formally {4y — o, o} as the test function.

Summing up the two equations and limiting the integration to the cylinder @ for
s < T, we obtain using the properties of the kernel function K the identity

(36) /QS(%at(uﬁ + eo| Vg + @il? + @2 + Cleo(pr) © eo(er) + Pelur + g))
+ LK (s = 019 (uk(s) — uxlt)) + 9(s) — er(t)
+ LK(s — 18 (e0(pr() — @u(0) © eo(n(s) — u()) drd
-3 / /Ot K{(t = 7)|9 (u () = un(7) + @i (t) = i (r)|* dr da dt
- % / S / K{(t = 7)8 (eo(pr(t) — pr(7)) @ €0k (t) — i (7)) d7 dz dt

:/ (Fin + M) dz dt.

s

By virtue of (16), (20) the identity (36) leads to the a priori estimates independent
of ke N:

(37) N3 Loy + 19817 o (1L + Ukl Frarm @)
+ H‘Pk”%{u(I;Hl(Q)) + ||uk||2Loo(I;H1(Q))
+ HSOkHQLOO(I;Hl(Q)) + 1P (uk + 9 Lo (1.2, (22))

The estimate of the accelerations is a straightforward consequence of the a priori
estimate (37) and the approximate system to (35) and has the form:

(38) 1801 L rsc 2y < 6

NN

w2 s ey < e
(the first of them is again k-independent).
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For the limit process k — oo we can get the dual estimate ||ix|z, (r;7-1-2(q)) <
const. via the L; estimate of the approximate contact term (cf. (6)) if we employ
the dual embedding H'™¢(Q) — Lo (Q) for any £ > 0. Then the sequence {1y} is
bounded in Wll_:;; (I; H=17%(Q)) for any 2 > 0 and e; = e1(e2) N\ 0 if g2 \ 0.
Simultaneously it is bounded in Ly(I; L2(Q2)) for any g > 2. After interpolating the
spaces W[ M (I3 H™1750(Q)) and Lg(I; L2(R)) for ¢ > 1+ 1/e5 we have

||’l:Lk||H1/2(I;H—1/2—a3 (Q)) < COHSt., ie. H’U,kHH3/2(I;H—1/2—53(Q)) < COIlSt.7 ke N,

where €3 > 0 is arbitrarily small. Interpolating this result with the fact that {uy} is
bounded in H*(I; H'(Q)) for the given o € (0, 1), we obtain that {us} is bounded in
the space H'19(I; Lo(Q)) for any 6 € (0,/3). Interpolating this result with the same
space, we get the boundedness of {ux} in H'(I; H%()) for any 6 € (0,a/(3 — 2a)).
The intersection of both resulting spaces is obviously compactly imbedded into
H'(I; L(£2)), hence the strong convergence of the velocities is proved. As earlier, the
resulting upper semicontinuity of the contact term and the maximal monotonicity
argument for p on the space ¢ leads to the fact that pi(ur +¢g) — p(u+g) and the
existence of a solution to the system (35) is thus ensured.

5.2. Contact of viscoelastic plates described by full von Karman system.
This model of plates describes the vertical deflection u as well as the horizontal ones
denoted by w = {u1,us}. We assume that the potential contact is both with the
foundation of the plate and on the boundary I'. We preserve the notation of %;
from (24), but the physical meaning of some terms may differ here from the previous
parts. Denoting

(40) o = ep%o(e(u) + ¥(Vu)),
¢ =e1%61(e(v) + 0,9 (Vu)), Y(a)= %a ®a, a € R?

we state the classical formulation of the problem:
We look for {u,u} such that the system

@) i — Div(€; + &) = F, } o

il — alii 4 b(eg A% + egA?u) — div((€) + €o)Vu) = f + plu + g)
holds, the boundary value conditions

(€1 +C)n-n=q(u,), (G1+&)n -7=0, u= U(O)}
on S

(12)
e1(At+ (1 —vy)Bu) + eo(Au+ (1 —vp)Bu) =0
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with

Up =u-n, Bw=2n1n.012w — n%(‘)ggw — n%@llw

are satisfied, and the initial conditions
43)  u(0,) =, w(0,") =u®, uw0,)=u?, 40,)=u on Q

are valid. Both functions p and ¢(—-) are assumed to satisfy all the conditions
for p in Section 2. We note that we assume our plate to be simply supported,
because it does not seem physically reasonable to consider the clamped plate with
the possible limited interpenetration on the boundary. The constants a, b, eg, e; are
positive, the nonnegative function g is again the gap function. Of course, we can
introduce another gap function to the boundary contact, but it seems to have little
use in practical applications. Let us point out that the problem defined in this way
describes the behaviour of a cover of a fully recessed stack.
For z,y € Lo(I; H*(Q2)) we define the following bilinear forms:

(44)  Ai: (2,9) = bei(Okk20ky + vi(O112022y + D222011Y)
+ 2(1 — 1/7;)8122:812:(]), = 07 1.
Then our problem has the following variational formulation:
Look for {u,u} € HY(Q) x (La(I; H2(Q)) N (u(® + Ly(I; HY(Q)))) such that © €

Lo(I; HY(2)), 1 € Lo(I; H?(RY)), the initial condition (43) holds for u and w and
the system

(45) /Q (€1 + C)e(y) — i) dedi + /Q (- 9)(T, ) —u - y(0, ")) dz

:/ F-ydxdt—/q(fn)yndxs dt,
Q s
/ (A1 (u, z) + Ao(u, 2) + [(€1 + €)Vu] - Vz) —uz —aVi - Vi) dedt
Q
+ / ((4z + aVi - V2)(T,-) —uP2(0,-) — aVuV) - V2(0,-)) dz
Q
= / (f +p(u+g))zdrdt
Q
is satisfied for every {y,z} € Y with

(46) Y =Y,NYy with Yo = {Lo(1; H' () x (La(I; H () N La(1; H2(Q)))},
Yi={z€Yy; 2 € Ly(Q;R)}.
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The approximate problems are defined as usual by replacing p, ¢ by px, ¢k, respec-
tively, and keeping acceleration terms in such modified system (45) in their original
form. Since this problem is remarkably more complex that all the previous ones and
leads to more complex formulae, we will denote the solution of this problem also by
{w,u}. Similarly to the previous problems this approximate problem is again solved
with help of the Galerkin approximation. Since there is no substantial difference
between it and the penalized problem treated in [3], we refer the readers to that
paper for details. To derive a priori estimates for the solutions of the approximate
problem we put xo, {%, % — 4} for s € (0,T] as a test function of the appropriate
variant of (45). We obtain after integration and summation
(47)

/Q (%@(QQ +a| Vi + [a)* + 6o (e(u) + (V) - (e(w) + ¥ (Vu)) + Ag(u, u))
+ Ay (1, 0) + 61 (e(@) + 0¥ (V) - (e(w) 4+ 0, ¥ (V) + Oy Pr(u + g)) dadt

+/0t@k(ﬁn)dxs dtz/ (F -4+ fu)dzdt + R(u®),
S

s

where @: T fjoo q(¢)d¢ and R(u(®) sums up all the terms containing u(*) or its
derivatives. Using the coercivity of the form A; and the form of the operators %;,
we obtain the estimate

48)  lla(s)1 3 () + () Fz) + 12()117, 0 + le(@)(s) + ¥ (Vu)(s)[17, s
+ ||u||2L2(IS;H2(Q)) + [le(w) + 8t\1’(vu)”2L2(Qs;S)

+ || Pe(u() + 91y (@) + | Qk(@n(5)) . (s)
< C® u® @ O F f) Vse(0,T]

Applying the continuous imbedding H?(Q) < W/} (), we obtain the estimate

[ (Vu)($)l Lo (ess) + 10: ¥ (V)| Ly (1522(055)
< CWw D u® @ D F f) Vse(0,T]

which implies
lle(w)($)ll Laess) + @ L2228 < C@?,u® u® W F f) Vs e (0,T].
Using the coerciveness of strains (see e.g. [6], Theorem 1.2.3) we obtain

lw(s)llers () + Il L, mrr () < C(w@uD @ W F, 1)) Vs e (0,T],
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which together with (48) implies the a priori estimate

(49) 9] Lo ;L2 (0)) + 1l o mr () + |0l Lo (i mr (@) + 10 Loe (15200
+ ] Ly m2 ) + Nl Lo (a2 )
F 1Pe(u + Ol o520 (@)) + 1@k (@n)ll Lo (121 (5))
< O, u® 4 O F ).

Since there is no substantial difference between the proof of the solvability of our
approximate problem and that of the penalized problem treated in [3], we refer the
readers to that paper for details. Via the standard method it is proved that such
a solution is unique.

As in all previous problems the main task is to perform the limit process £ — oo for
which the k-independent estimates of the acceleration terms are needed. To estimate
iy € Lo(I; H1(Q)) we put an arbitrary w € Lo(I; H*(Q)) in the approximate
variant of (45) and use (49). To get the estimate ii € L1 (I; H*(Q)*) we have to
assume (4) which yields the uniform estimate for ||px(ur + g)||, (@) as in Section 3.
Then we are in the same situation as in Example 3, the Aubin Lemma gives us the
crucial strong Ly (Q)-convergence of all components of velocities.

We take the space 25 = Lo(I; H2(2)) N Lo(I; H(2)) for the operator p and the
trace space % = H'/*1/2(S) for the operator q. Let ¥ be the weak limit of py (uy +g)
both in 2y and in L% (Q) and w the weak limit of gx((ug),) both in #* and in
L% (S). As earlier the upper semicontinuity of (px(ug)ur)q and (qk(@)@ﬁ

has been proved with ¥ and w, respectively. Using the same consideration as in
Section 3, we prove the maximal monotonicity of p on Z3. The operator q is evidently
maximal monotone, too, cf. [9]. This yields that in fact 9 = p(u+ ¢) and w = q(uy).
The existence of solutions to (45) is proved.

Similarly to the previous sections we can formulate the full von Karman system
with the singular memory replacing all “short memory” terms in (41) and (45) by
the corresponding singular memory ones. As in the previous cases under the as-
sumption (20) it is possible to pass from the appropriate approximate problem to
the original one in such a way that the crucial strong convergence of velocities holds,
which leads to the same conclusion as mentioned in the previous paragraph. We take
the liberty of leaving this case to kind readers as an exercise.
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6. RELATION TO THE SIGNORINI CONTACT

In this section we will prove that for a sequence of the problems with the thickness
of the interpenetration

(50) w0, leN,

there is a subsequence of their solutions called u; tending to a limit w which is
a solution of a problem without interpenetration, i.e. of the appropriate Signorini
version of the problem. Since there is the well-known generic nonuniqueness of
the solutions to the dynamic contact of the Signorini type related to the lack of
information about the amount of the energy conservation in the contact and thus
about the development of the solution after the contact, probably nothing more can
be proved in general.

The common feature of the problems treated in the previous sections is that the
estimates performed there as k-independent are also v independent. Hence, if we
have a sequence wu; tending weakly or weakly* to u in the spaces for which the
a priori and dual estimates have been derived, we have the strong Lo convergence
i — . Obviously, for the full von Kdmén system @; — 4 in L2(Q) holds as well
(ct. [7]). Since u; + g > ; a.e. in @, we have u+ g > 0 a.e. there. Moreover, for the
full von Karmén system we get similarly u,, < 0. We define

(51) A ={ve Xy, v=—gae. in Q} for problems in Sections 2, 3,
A ={{v,w} € (uo+ H'(Q)) x X(Q); v > —g ae. in Q}
for Reissner-Mindlin plates,
H ={{w,v} €Yy; w, <0ae. in S, v>—gae in@Q}

for the full von Karméan system,

where X (Q) = L2(I; X (2)), cf. (2), (28), and (46). Obviously in all cases p(v+g) = 0
if v is (possibly a component) from J# and, moreover, g(w,) = 0 in the last case.
Denoting © = ll_igl@(pl(ul +9),w)g and ¥ = ll_iglopl(ul + g), the monotonicity of p;
used for the couple {u;, u} yields © > Ju. On the other hand, we can derive from (2)
(the solution there has to be denoted by w;) with v = w; — y, y € £ the opposite
inequality, because in general for y € J# the lower semicontinuity of &/ and £ in
the limit process | — oo yields

(52) —<ﬂ,y - u>Q + <'Q{u7y - u>Q + <*@uay - U>Q + <@@u7y - u>Q + <197y>Q -0
+ <U(T, ')7 (y - U)(T, )>Q 2 <fa Yy — U>Q + <U1,y(0, ) - U1>Q,
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and putting y = u we are done. Hence, (52) holds just without the terms with o
and © and this is the exact formulation of the corresponding Signorini problem
with u being its solution. This pattern can be exactly followed also in all the other
cases, because their variational formulations contain only some lower semicontinuous
parts, strongly converging terms and linear terms for which the weak convergence is
sufficient. Hence, we prove everytimes © = (), u)g and then we can see that the re-
sulting limit variational inequality is the variational formulation of the corresponding
Signorini problem indeed. Of course, for Reissner-Mindlin plates we keep the second
equation of (28) in the original form observing that the convergences, which remain
weak there, are sufficient.
We only mention the full von Karman system more in detail. We denote

—_—~  —~— —

A = lim (q((w)n), (w)n)s and A= lim g((ur)n)-

=00 l—o0

and derive immediately that A > (\, u,,)s. Denoting the solution of (45) by {u;, u;},
we put {v — u;,w — u;} as a test function in (45) for an arbitrary {v,w} € .
Then we perform the limit process I — oo, denote by {u, u} the limit of {w;,u;} and
put {w,v} = {u,u} as a test function into the resulting inequality. Thus we find
A = () up)s from the first row of it while © = (J,u)q. From this we get that the
resulting inequality is in fact the variational formulation of the Signorini contact for
the full von Karmén system and {w,u} is its solution.

7. CONCLUSION

The existence of solutions has been proved for the dynamic contact problems with
limited interpenetration for viscoelastic variants of several classical models of plates.
These results are now available for technical practice. Probably the most challenging
task for the application is the determination of the function p which describes the
interpenetration. Performing some sensitivity analysis with respect to its choice may
help here.
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