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Relative weak derived functors

PANNEERSELVAM PRABAKARAN

Abstract. Let R be a ring, n a fixed non-negative integer, #.¢ the class of all
left R-modules with weak injective dimension at most n, and #.% the class of
all right R-modules with weak flat dimension at most n. Using left (right) #.7-
resolutions and the left derived functors of Hom we study the weak injective
dimensions of modules and rings. Also we prove that — ® — is right balanced on
MR X M by WF x #F, and investigate the global right #.#-dimension of p.#
by right derived functors of ®.

Keywords: weak injective module; weak flat module; weak injective dimension;
weak flat dimension

Classification: 18G25, 16E10, 16E30

1. Introduction

Throughout this paper, R denotes an associative ring with identity and all mod-
ules are unitary. For a left R-module M, the character module Homgz (M, Q/Z) is
denoted by M and for a class of R-modules €, we denote by €T = {CT: C € C}.
Denote by p.# the category of all left R-modules and by .#r the category of right
R-modules. For unexplained concepts and notations, we refer the reader to [2],
(7], [9]-

We first recall some known notions and facts needed in the sequel.

Let C be a class of left R-modules and M a left R-module. Following [2],
we say that a map f € Hompg(C, M) with C' € C is a C-precover of M, if the
group homomorphism Hompg(C’, f): Homg(C’,C) — Hompg(C’, M) is surjective
for each C” € €. A C-precover f € Homp(C, M) of M is called a C-cover of M if
f is right minimal, that is, if fg = f implies that g is an automorphism for each
g € Endgr(C). Dually, we have the definition of C-preenvelope (or C-envelope).
In general, C-covers (C-envelopes) may not exist, if exists, they are unique up to
isomorphism.

A pair (&, C) of classes of left R-modules is called a cotorsion theory, see [2], if
FL =Cand € =7, where F* = {M € pa/: Extr(F,M)=0 VF € F} and
Le={M € ptt': Exth(M,C)=0 VC € €}. A cotorsion theory (F,C) is called
perfect, see [6], if every left R-module has a C-envelope and a F-cover.
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Let C, D and E be abelian categories and T: C x D — E an additive functor
contravariant in the first variable and covariant in the second. Let ¥ and G be
classes of objects of C' and D, respectively. Then T' is said to be right (or left)
balanced by F x G [2, Definition 8.2.13] if for every object M of C, there is
a T'(—, §)-exact complex

i s Fy—=M—=0 (or 0>M—=F' = F'—...)

with each F; (or F') in F, and for every object N of D, there is a T(F, —)-exact
complex

0>N-=G" -G — - (or -+ =Gy — Gy — N —0)

with each G* (or Gj, respectively) in G.

In [8], B. Stenstrém defined and studied F P-injective modules. A left R-mo-
dule M is called FP-injective (or absolutely pure) if Exth(F, M) = 0 for all
finitely presented left R-modules F'. The F P-injective dimension of M, denoted
by FP-id(M), is defined to be the smallest non-negative integer n such that
Ext" " (F,M) = 0 for every finitely presented left R-module F (if no such n
exists, set FP-id(M) = o0).

A left R-module M is called super finitely presented, see [4], if there exists an
exact sequence of left R-modules: --- — Fy — Fy — M — 0, where each F;
is finitely generated and projective. Recently, Z. Gao and F. Wang introduced
the notion of weak injective and weak flat modules, see [4]. A left R-module M
is called weak injective if Extp(F, M) = 0 for any super finitely presented left
R-module F. A right R-module N is called weak flat if Tor?(N,F) = 0 for any
super finitely presented left R-module F'. The class of all weak injective (or weak
flat) left (or right) R-modules is denoted by WI (or WF, respectively).

Accordingly, the weak injective dimension of a left R-module M, denoted by
widg(M), is defined to be the smallest n > 0 such that Ext’st (F, M) = 0 for all
super finitely presented left R-modules F. If no such n exists, set widg(M) = oo.
The weak flat dimension of a right R-module N, denoted by widg(N), is defined
to be the smallest n > 0 such that Tor§+1(N, F) = 0 for all super finitely pre-
sented left R-modules F. If no such n exists, set widg(N) = co. The left super
finitely presented dimension, denoted by lsp.gldim(R), of a ring R is defined as
Lsp.gldim(R) = sup{pdr(M): M is a super finitely presented left R-module}.

Let n be a fixed non-negative integer. In what follows, the symbols .#, #.¥
and #.% denotes the classes of all left R-modules with F'P-injective dimension
at most n, left R-modules with weak injective dimension at most n and right
R-modules with weak flat dimension at most n, respectively.
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In [10], Y. Zeng and J. Chen proved all left R-modules over a left coherent
ring R have % -preenvelope and .#-cover and they investigated the derived func-
tors of Hom using .#-resolutions. In [5], Z. Gao and Z. Huang investigated the
derived functors of Hom and ® using WJ and W3 -resolutions. Recently, T. Zhao
in [12] proved that over any ring R, #.¢ and #'# are preenveloping and covering
classes. Inspired by the above works and by [11], in this paper we investigate the
derived functors of Hom and ® using #.¢ and #.%-resolutions. This paper is
organized as follows.

In Section 2, we investigate the #.7-dimensions of modules and rings in terms
of left or right #.#-resolutions. We give some characterizations of right #.#-dim
M < m and right #.¢-dim rR < m. Also, we obtain some equivalent conditions
concerning the weak injective dimension of a module N.

In Section 3, we first show that — ® — is right balanced on .#r X r.# by
WF x #I. Then we investigate the global right #.¥-dimension of g.#Z in terms
of the properties of the right derived functors of “®”.

The following results proved by T. Zhao in [12] will be used frequently in this
paper.

Proposition 1.1 ([12, Corollary 2.4]).
(1) For a left R-module M, we have widr(M) = widg(M™).
(2) For a right R-module M, we have widgr(M) = widr(M™).

Theorem 1.2 ([12, Theorem 4.8 and Theorem 4.9]). The class #.¥ is preen-
veloping and covering.

Theorem 1.3 ([12, Theorem 4.4 and Theorem 4.5]). The class #.F is preen-
veloping and covering.

2. Left derived functors of Hom and right #.¢-dimension

By Theorem 1.2, all left R-modules have #.#-preenvelopes and #.7-covers.
Hence Hom(—, —) is left balanced on g x gt by WI x #F. Let Extp,(—, —)
denote the mth left derived functor of Hom(—,—) with respect to the pair
HI x WI. Then, for any two left R-modules M and N, Ext,, (M, N) can com-
puted by using a right #.#-resolution of M or a left #.7-resolution of N. For
a left #.¥-resolution of M : --- — Fy — Fy — M — 0 with each F; € #.7, write

KO = M, K1 = ker(Fo — M), and K,L = keI‘(Fi,1 — Fi,Q) for ¢ > 2.

The mth kernel K,,, m > 0, is called the mth #.7-syzygy of M.
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Let 0> M % FOL Fly . bea right #.#-resolution of M in r.#. Apply-
ing Homp(—, N) to the sequence, we get the deleted complex

-+ = Hom(F', N) 3 Hom(F, N) — 0.

Then Ext,, (M, N) is exactly the mth homology of the complex above. There is
a canonical map

o: Exto(M, N) = Hom(F°, N)/im(f*) — Hom(M, N),

which is defined by o(a 4+ im(f*)) = ag for each a € Hom(F°, N).

Following [2], the left #.#-dimension of a left R-module M, denoted by left
#.F-dim M, is defined as inf{m: there is a left #.#-resolution of the form 0 —
F,, — -+ —= Fy = M — 0}. If there is no such m, set left #.#-dim M = co. The
global left #.7-dimension of r.#, denoted by gl.left #.#-dim g.#, is defined to
be sup {left #.7-dim M : M € r.#}. The right versions can be defined similarly,
and they are denoted by right #.-dim M and gl.right #.7-dim g .

Definition 2.1. Let R be a ring and M a left R-module. Then #.7-dim(M) is
defined to be the smallest non-negative integer m such that Ext™ " (F, M) =0
for every super finitely presented left R-module F. If no such m exists, set #.#-
dim(M) = cc.

Remark 2.2. We note that if n = 0, then #.#-dim(M) coincides with wid(M)
and if R is coherent ring then ##-dim(M) coincides with .#-dim(M), see [10,
Definition 3.1]. Moreover, if R is a coherent ring and n = 0, then #.#-dim(M) is
coincide with FP-id(M).

Lemma 2.3. The following statements are equivalent for any M € g.# and
m > 0:
(1) #7-dim(M) < m;
(2) Ex‘c”“’“”rl(N7 M) = 0 for any super finitely presented left R-module N;
(3) if the sequence 0 — M — F° — ... F™ — 0 is exact with each F°, ...
Fm=l c#d then F™ € W.7;
(4) widg(M) <m +n.

PROOF: (1) = (2). We will proceed by induction on m. If ##-dim(M) = 0, then
it is clear. Suppose that m > 1 and N is a super finitely presented left R-module.
Let 0 = K — P —- N — 0 be a projective resolution of N with P finitely
generated projective. Then K is super finitely presented, and Ext™+™+! (N, M) =
Ext""" (K, M) = 0 by induction.

(2) = (1) is trivial.

(2) & (4) follows from [4, Proposition 3.3].
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(2) = (3). Note that Ext"™ (N, M) = Ext""!(N, F™) for all super finitely
presented left R-module N. Then the implication follows by [4, Proposition 3.3].
(3) = (2). Let 0 M — E° — ... — E™! — ... be an injective resolution
of M. Then we have K = coker(E™ 2 — E™~1) € #.#. From the isomorphism
Ext"™" (N, M) = Ext" (N, K), it follows that Ext"* (N, M) = 0 for all
super finitely presented left R-module N. O

Proposition 2.4. Let R be a ring. Then #.%-dim(M) = right #.¢-dim M for
any left R-module M. Moreover right #.9-dim M < m if and only if widg(M) <
m+n.

PROOF: It is trivial by Lemma 2.3. (]

Proposition 2.5. The following statements are equivalent for any M € p.# :
(1) widgp(M) < n;
(2) the canonical map o: Exto(M, N) — Hom(M, N) is an isomorphism for
any N € p#;
(3) the canonical map o: Exto(M, M) — Hom(M, M) is an isomorphism;
(4) the canonical map o: Exto(M,N) — Hom(M, N) is an epimorphism for
any N € p#;
(5) the canonical map o: Exto(M, M) — Hom(M, M) is an epimorphism.

PROOF: (1) = (2) is clear by setting F° = M.

(2)=3) = ( ) and (2) = (4) = (5) are trivial.

(5) = (1). By (5), there exists a € Hom(F°, M) such that o(a + im(f*)) =
ag = 1. So M is isomorphism to a direct summand of F°, and hence
widr(M) < O

Corollary 2.6. The following statements are equivalent:

(1) WldR(RR) § n;

(2) the canonical map o: Exto(R,N) — Hom(R, N) is an isomorphism for
any N € p#;

(3) the canonical map o: Exto(R, R) — Hom(R, R) is an isomorphism;

(4) the canonical map o: Exto(R,N) — Hom(R, N) is an epimorphism for
any N € p#;

(5) the canonical map o: Extg(R, R) — Hom(R, R) is an epimorphism.

PROOF: It follows from Proposition 2.5. (I
Proposition 2.7. The following statements are equivalent for any M € p.# :
(1) right #.9-dim M < 1;

(2) the canonical map o: Exto(M, N) — Hom(M, N) is a monomorphism for
any left R-module N.
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PRrROOF: (1) = (2). By assumption, M has a right ##-resolution 0 — M —
F%— F!'—0. Thus we get an exact sequence 0 — Hom(F!, N) — Hom(F°, N) —
Hom(M, N) for any left R-module N. Hence ¢ is a monomorphism.

(2) = (1). Let 0 = M — E — L — 0 be an exact sequence of left R-modules
with M — E being a #.#-preenvelope of M. It is enough to prove that L € #.7.
By [2, Theorem 8.2.3], we have the following commutative diagram with exact
rows:

Exto(L, L) —— Exto(E, L) —— Exto(M,L) —— 0

0 —— Hom(L, L) —— Hom(E, L) —— Hom(M, L).

Note that o2 is an epimorphism by Proposition 2.5 and o3 is a monomorphism
by (2). Hence o7 is an epimorphism by the Snake lemma. Thus L € #. by
Proposition 2.5. [l

Proposition 2.8. The following statements are equivalent for any M € r.# and
any m > 2:

(1) right ##-dim M < m;

(2) Extyik(M,N)=0 for any N € g.# and k > —1;

(3) Exty—1(M,N) =0 for any N € .

PROOF: (1) = (2). Let 0 - M — F° — .- — F™ — ( be aright #.#-resolution
of M. Then we have an exact sequence

0 — Hom(F™, N) — Hom(F™ ' N) — Hom(F™ % N)

for all left R-modules N. Hence Ext,,(M, N) = Ext,,—1(M,N) = 0. Tt is clear
that Exty,+x(M,N) =0 for all k > —1.

(2) = (3) is trivial.

(3) = (1). Assume that 0 - M — F° — F!' — ... — ™ — ... is a right
W.F -resolution of M with L™ = coker(F™~2 — F™~1). It suffices to show that
L™ e #7. Clearly, we have the following commutative diagram:

0 s M 'FO _>Fm2L>Fm 1—>Fm

N A

L’H’L

0/ \0
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By (3), we have Exty,—1(M,L™) = 0. The sequence
Hom(Fm, LT}'L) 9_*> HOHI(F"L_l, LT}'L) ﬁ; HOHI(F"L_2, LT}'L)

is exact. Since f*(r) = nf = 0, ® € ker(f*) = im(¢g*). Thus there exists
h € Hom(F™, L") such that = = g*(h) = hg = hAm, and hence hA = 1 since 7 is
epic. Thus L™ € #.7. O
Lemma 2.9. Let R be a ring. Then the following hold.
(1) If 0 = A - B - C — 0 is an exact sequence of left R-modules with
A, Be W7, then C € #F.

(2) If 0 - A — B — C — 0 is an exact sequence of right R-modules with
B,C e W%, then A€ WF.

PrOOF: (1). If 0 = A — B — C — 0 is an exact sequence, then we have a long
exact sequence

- = Ext""(F, B) — Ext"T!(F,C) — Ext"**(F, A) — - --

for any super finitely presented left R-module F. Because A,B € W.7,
Ext"™(F,B) = 0 = Ext"*?(F, A). This implies that Ext"*'(F,C) = 0 and
hence C € #.# by [4, Proposition 3.3].

(2). By hypothesis, the sequence 0 — C* — Bt — AT — 0 is exact with
C*,B* € #.# by Proposition 1.1. Then by (1), we have AT € #.#. Hence
A € WZ by Proposition 1.1 again. O

Theorem 2.10. The following are equivalent for a left R-module N and any
m > 2:

(1) left #7-dim N <m — 2;

(2) Extym+k(M,N) =0 for any M € p.# and k > —1;

(3) Extypm—1(M,N) =0 for any M € p#.
PRrROOF: (1) = (2). By (1), N has aleft #.7-resolution0 — F,,_g — -+ = F} —
Fy — N — 0. Then for any left R-module M, we have the following complex

0 — Hom(M, Fy,,_2) = Hom(M, Fy,,_3) — - -+ — Hom(M, Fy) — 0.

Hence, Exty, (M, N) =0 for all left R-module M and all k& > —1.
(2) = (3) is clear.
(3) = (1). By Theorem 1.2, N has a left minimal #.7-resolution

NG S LN R Lo S NG N L TN A (N VN

with each F; € #.. Put K,,, = ker(Fj,,—1 = F,—2) and H = F,,,_1/K,,. Let
A: K, — F,,—1 be the inclusion and 7: F,,,_1 — H the canonical projection.
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Then there exists p: F,, — K,, such that f,, = Ap, and there exists a monomor-
phism «: H — F,,_o such that f,—1 = ar. Put L = F,,_o/im(a) and let
B: Fn—o — L be the canonical projection. Then there exits a homomorphism
i: L — Fp_g via i(z + im(a)) = fm—2(x) such that f,,_2 = i8. So we have the
following commutative diagram:

fWL—l fm,—2
FnL—l 7 F7rL—2 Fm—S .

7”/ H L
/ Ny / \ \
0 0 0
Hom (K, Fy) 223 Hom(Kpm, Fn_1) "5 Hom(Kn, Fy_s)

By (3), Exty—1(Km, N) = 0. Thus, the sequence

is exact. Since fr—14(A) = fm—1A = 0 and X € ker(fim—1+) = im(fm«), we have
A= fims(l) = finl for some | € Hom(K,,, F,,). But f,, = Ap, and hence A = Apl.
We obtain pl = 1 since A is monic, and so K,, € #.#. Since 0 — K,,, — F,,_1 —
H — 0 is an exact sequence, H € #.¢ by Lemma 2.9. Similarly, L € #.#.

Next we will show that the complex

0—+F,o—F,3—>-—F —>Fp—N—=0

is a left #.#-resolution of N. First we show that 3: F,,_o — L is an isomorphism.
Let T = ker(fm-3), ¢: Fn—o — T be an #F-cover of T and ¢: T — Fy,_3
the inclusion mapping. Then f,,—2 = ¥p. Consider the following commutative
diagram:

fm—2 fm—3
T)’L 1 7 — FT}'L 3—>F7n 4 -

\/
/\ \/

Set 0: L — T via z +im(a) — fr—2(x). It is easy to verify that o is well defined
and ¢ = ¢o. We have Yp = f,_2 = i = Yof, and ¢ = of since ¢ is monic.
Hence, there exists a homomorphism n: L — Fj,,_o such that o = ¢n for ¢ is an
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W -cover and L € #. So we have ¢ = o8 = ¢nf and nf is an automorphism
of Fi—o for v: Fp,,_o — T is an #.#-cover. Hence, [ is a monomorphism and so
F,,_o = L. Consider the exact sequence

0HSE, w3100,
then « = 0 and H = 0. So the complex
0—>Fno—Fns3s—--—>F—=>F—>N-=0

is a left #.#-resolution of N, as desired. O

Remark 2.11. We note that Theorem 2.10 is a generalization of [5, Proposi-
tion 4.10] and [10, Theorem 4.2]. In fact, if n = 0, then this is [5, Proposition 4.10]
and if R is a coherent ring, then this is [10, Theorem 4.2].

Theorem 2.12. The following are equivalent for m > 2:

(1) glright #7-dim g < m;

(2) glleft #.7-dim gt <m —2;

(3) Extpmix (M, N) =0 for all left R-modules M, N and k > —1;
(4) Extp—1(M,N) =0 for all left R-modules M, N;

(5) Lsp.gldim(R) < m +n.

PROOF: By Proposition 2.8 and Theorem 2.10 the statements (1)—(4) are equiv-
alent and (1) < (5) follows from Lemma 2.3 and Proposition 2.4. O

Corollary 2.13. For any ring R we have gl.left #.%-dim r.# = gl.right #.#-dim
rRA — 2, and is zero if gl.right #.%-dim g4 < 2.

Lemma 2.14. The following statements are equivalent for any M € r.# and
m > 0:

(1) widp(M) <m+mn;

(2) for any left W7 -resolution -+ — Fy, = Fpyo1 — Fpeo — -+ = F} —
Fy - N — 0 for each N € p#, Homg(M, F,,) - Hom(M, K,;,) — 0 is
exact, where K,, is the mth W.9-syzygy of N.

PrOOF: We proceed by induction on m. For m > 1, we consider the exact
sequence 0 — M — F — H — 0, where F is an #.7-preenvelope of M. Then we
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have the commutative diagram

Hom(F, F,;,) —— Hom(F, K,;,) — 0

| |

Hom(M, F,,,) — Hom(M, K,,)

|

0

and

0 — Hom(H, K,,) — Hom(H, F,;,_1) — Hom(H, Kp,_1)

0 — Hom(F, K,,,) — Hom(F, Fy;,—1) — Hom(F, K;,—1) — 0

0 — Hom(M, K,,) — Hom(M, F,;,—1) — Hom(M, K,;,—1)

|

0

Hence widg(M) < m + n if and only if widg(H) < m +n — 1 by Lemma 2.3
if and only if Hom(H, F,,—1) — Hom(H, K,,,—1) is surjective by induction if and
only if Hom(F, K,,,) — Hom(M, K,,) is surjective by the second diagram if and
only if Hom(M, F,,) — Hom(M, K,,) is surjective by the first diagram.

For m = 0, let Ky = M in the first diagram. Then Hom(M, Fy) — Hom(M, Kj)
is surjective. Thus Fy — M splits, and hence M € #.¢. If M € #.¥, it is clear
that Hom(M, Fy) — Hom(M, K) is surjective. O

Corollary 2.15. The following conditions are equivalent for any m > 0:
(1) if -+ = Fy = Fy = M — 0 is a left #.7 -resolution of a left R-module M,
then the sequence is exact at Fy, for k > m — 1, where F_1 = M;
(2) right #.7-dim rR < m;
(3) WidR(RR) <m-+4mn;
(4) if K,, is the mth syzygy of M, then the #.#-precover F,, — K, is
surjective.

PROOF: (1) = (4). By the assumption, --- — F; — Fy — M — 0 is exact
at F,_1. Thus F,,, — K, is surjective.
(4) & (2). It follows by Lemma 2.14.
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(3) & (2) is clear.

(2) = (1). Suppose m > 2, andlet 0 > R — F* — F' — ... - F™ — 0 be
a right #.7-resolution of R. Then Exty(R,M) = 0 for k > m — 1. Computing
Extg (R, M) by using a left #.#-resolution - -- — F; — Fy — M — 0, we see that
the sequence is exact at F for any k£ > m — 1.

If m=1land 0 = R — F° = F' — 0 is a right #.#-resolution of R, then
0 — Hom(F*, M) — Hom(F°, M) — Hom(R, M) is exact. Thus Exty(R, M) =0
for k > 1 and Exto(R, M) — M is a monomorphism. But computing Extq (R, M)
by using a left #.7-resolution --- — Fy — Fy — M — 0, we see that the sequence
is exact at Fy. So --- — F} — Fy — M — 0 is exact at Fy for any k& > 0.

Now let m = 0. Then rR € #.¥, and so every #.¥-precover is surjective.
Thus --- — F; — Fy =& M — 0 is exact. O

3. Right derived functors of ® and right #.#-dimension

In this section, we prove that — ® — is right balanced on .#r xgr .# by
WF X W .

Proposition 3.1. The following hold for any ring R:

(1) If f: A = B be a #.%-preenvelope of a module A in r#, then f*:
Bt — AT is a W% -precover of AT in .#z.

(2) If f: A — B be a #%-preenvelope of a module A in Mg, then f*:
Bt — At is a W.#-precover of At in A .

PROOF: By Proposition 1.1, we have ##+ C #.% and #.F+ C #.#. Now both
the assertions follows from [3, Theorem 3.1]. O

The following proposition is the generalization of [5, Proposition 5.1] and [2,
Example 8.3.9].

Proposition 3.2. — ® — is right balanced on .#gr X r# by WF x WI.

PROOF: Assume that M € .#r and 0 = M — F° — F' — ... is a right #.Z-
resolution of M in .#r. Let E € #.#. Then ET € #.% by Proposition 1.1. So
we get the exact sequence:

-+ = Hom(F', EY) — Hom(F°, EY) — Hom(M,E™) — 0
which gives the exact sequence:
s (FreE)Yr 5 (F'2E)T - (M®E)T —0.

Thus we get the exact sequence 0 + M @ E - FOQ E - F'®@FE — ---.
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On the other hand, let N € r# and let 0 -+ N — E° — E! — ... be
a right #.#-resolution of N. Then --- — E't — E% — Nt — 0is a left
W .F -resolution of N* by Proposition 1.1. Hence

-+ — Hom(F, ') — Hom(F, E°") — Hom(F,N*) = 0
is exact for any right R-module F' € #.%, this is equivalent to the sequence
e (FRENYT 5 (FRE)T - (FRN)T =0

being exact. S0 0 = FQN - F® EY - F® E' — --- is exact for any right
R-module F' € #%, as desired. O

We denote by Tor™(—, —) the nth right derived functor of — ® — with respect
to WF x WI.

Proposition 3.3. The following are equivalent for a left R-module N and m > 2:
(1) right #.7-dim N < m;
(2) Tor™ (M, N) =0 for all M € Mr and k > —1;
(3) Tor™(M,N) = Tor™ *(M,N) =0 for all M € Mr;
(4) Tor™ (M, N) = 0 for any finitely presented right R-module M.

PROOF: (1) = (2). Assume 0 - N — F* — F! — ... — F™ — ( is a right
W7 -resolution of N. Then the sequence

MRF" 2 S MF" ! S M F™ >0

is exact for any M € .#g. It follows that Tor™ (M, N) = Tor™ *(M,N) = 0. It
is clear that Tor™ (M, N) = 0 for any k > 1. Hence, (2) holds.

(2) = (3) = (4) are trivial.

(4) = (1). Let 0 > N — F° — F! — ... be a right #.#-resolution of N.
Then for any finitely presented right R-module P,

PRQF" 2?2 3 PQF" ' 3 PF™ 5P F™!

is exact by (4). Hence, K = ker(F™ — F™*"1) is pure in F™ by [2, Lemma 8.4.23],
and K € #. by [12, Corollary 4.7]. So 0 - N — FY — F! — ... —» pm~1
K — 0 is a right #7-resolution of N and hence (1) follows. O

Theorem 3.4. The following are equivalent for a ring R and m > 2:
(1) glright #7-dim g < m;
(2) Tor™ ™ (M,N)=0 forall N € p.# and M € My and k > —1;
(3) Tor™(M,N) = Tor™ (M,N) =0 forall N € p.# and M € .Mr;
(4) Tor™ *(M,N) =0 for all N € g.# and all finitely presented right R-
module M.

PROOF: The result follows from Proposition 3.3. [l
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Theorem 3.5. Let R be a ring and m > 0. Then the following are equivalent:

(1) for every flat left R-module F, there is an exact sequence 0 — F — A% —
Al — ... - A™ - 0 with each A® € #.7;

(2) there is an exact sequence 0 — R — A% — Al — ... — A™ — 0 of left
R-modules with each A* € #.7;

(3) if 0 - M — F° — F!' — ... is a right #.Z-resolution of a right
R-module M, then the sequence is exact at F* for k > m — 1, where
F~'=M.

PROOF: (1) = (2) is immediate.

(2) = (3). By Proposition 3.2, we know that — ® — is right balanced on
Mg Xg M by WF x I with right derived functor To1rk(—7 -).

If m > 2, there is a right #.#-resolution 0 - R — B’ — B! — ... —
B™ — ... with B® € #.#. Moreover the above sequence is exact. Let K =
coker(B™~2 — B™~1). Since there is an exact sequence 0 — R — A° — A! —
<o = A™ — 0 with each A® € ## by (2), we have the following commutative
diagram with exact rows:

0 R BO .. Bm—2 Bm—l K 0
0 R A° A2 s AmTl A )

Hence, there is an exact complex:
0R—-B®R—-B'@A’ ... s B" @A™ 2 s K@ A" 5 A™ =50

with exact subcomplex 0 -+ R — R — 0 — --- — 0. We have the exact quotient
complex:

0B 5B'¢A" 5 ... 5 B 1A 2 5 KpA™ ! -5 A™ = 0.

Since #.# is closed under cokernels of monomorphisms, extensions and direct
summands. It follows that K € #.#. Hence, there is a right #.7-resolution 0 —
R—+B"—5B'— ... B™"! 3 K0 with B}, K € ##. It is easy to check
that Tork(M,R) =0 for k > m — 1. Computing by 0 = M — FO = F1 — ...,
as in (3), we see that Tor” (M, R) is just the kth homology group of this complex,
giving the desired result.

If m =1, we can assume that 0 = R — A% — A! — 0 is a right #.#-resolution
of R by the proof above. Hence, T01r1(]\47 R) = 0, so that FO — F! — F? is
exact and M ® R — Tor’(M, R) is onto. Computing the later morphism using
0= M — F° = F' we obtain that M — F° — F! is exact.
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If m =0, then (2) means that widr(grR) < n. But we have the exact sequence
0 >M®R—-F°®R— F!®R — --- since the functor — ® — is right balanced.
That is, 0 = M — F® = F' — ... is exact.

(3) = (1). Assume (3) with m > 2. Let F be a flat left R-module and
0= F — A% - Al — ... a right #.#-resolution of F. Obviously, this complex
is exact. Then by (3), we get Tor®(M,F) = 0 for k > m — 1 since F is flat.
Computing using 0 — A% — A' — ... and using [5, Lemma 5.6], we get K =
ker(A™ — A™*1) is pure in A™, so K € ##. Hence 0 — F — A% — Al —
o3 AmTl 5 K — 0 gives the desired exact sequence.

Now let m = 1. Then (3) says M — F®— F'—. .. is exact, so Tor* (M, F) = 0
for k>0 and M ® F — Tor’(M, F) is onto. Hence, if 0 — F — A° — A* — ...
is exact, then M @ F - M @ A° - M @ A' = M ® A? is exact for any finitely
presented right R-module M. By [5, Lemma 5.6] again, we get the desired exact
sequence 0 — F — A° — K — 0 with K = ker(A! — A2).

If m=0,then 0 - M — F° — F' — ... being exact means Tor" (M, F) =0
for k >0and M ® F — TorO(M, F) is an isomorphism. This gives that 0 —
M®@F - M®A®° - M ® Al is exact for all M which implies that F is a pure
submodule of A%, so F € #.7. O

Corollary 3.6. The following are equivalent for a ring R:
(1) every flat left R-module has weak injective dimension at most n;
2

(2)
(3) rR has weak injective dimension at most n;
(4) (W7, W7+ is a perfect cotorsion theory.

every injective right R-module has weak flat dimension at most n;

PrOOF: (1) & (2) & (3) follows from Theorem 3.5.

(3) = (4) is proved in [12, Proposition 4.17].

(4) = (3). Tt follows from the fact that if #.# = L (#.7"), then each projective
left R-module is in #.7. O

Recall that a C-envelope ¢: M — C is said to have unique mapping property,
see [1], if for any homomorphism f: M — C’ with C' € @, there is a unique
homomorphism g: C — C’ such that go = f. Dually, we have the definition of
C-cover with unique mapping property.

We end this paper with the following result.

Theorem 3.7. The following are equivalent for a ring R:

(1) Lsp.gldim(R) < n;
(2) widg(R) < n and every left R-module has a monomorphic #.%-cover;
(3) every left R-module has an epimorphic #.%-cover with the unique map-

ping property;



Relative weak derived functors

(4) every left R-module has a #.%-envelope with the unique mapping prop-
erty.

PRrROOF: (1) = (2), (1) = (3) and (1) = (4). Let M be a left R-module. Then
M € #% by (1). Then it is easy to verify that the identity homomorphism on M
is a #.¥-cover with the unique mapping property. It is also a #.#-envelope of M
with the unique mapping property.

(2) = (1). Let M be any left R-module. By (2), M has an epimorphic #.7-
cover f: F'— M. Since widg(R) < n, it is easy to see that f is an epimorphism
and hence M € #.¥.

(3) = (1). For any left R-module M, let f: E — M be a #.7-cover of M
with the unique mapping property, where E € #.¢. By (3), K = ker(f) has
an epimorphic #.#-cover g: E' — K. So we obtain the following row exact
commutative diagram:

0 K M 0.

Since f(ig) = 0, we have ig = 0 by uniqueness. Note that g is an epimorphism.
Hence K = ker(f) = im(g) C ker(i) = 0. Hence M € #.# and so (1) follows.
(4) = (1). The proof is similar to that of (3) = (1). O
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