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Abstract. This paper deals with the finiteness problem of meromorphic funtions on an
annulus sharing four values regardless of multiplicity. We prove that if three admissible
meromorphic functions f1, f2, f3 on an annulus A(Ry) share four distinct values regardless
of multiplicity and have the complete identity set of positive counting function, then f; = f2
or fo = fg or fg3 = f1. This result deduces that there are at most two admissible mero-
morphic functions on an annulus sharing a value with multiplicity truncated to level 2 and
sharing other three values regardless of multiplicity. This result also implies that there are
at most three admissible meromorphic functions on an annulus sharing four values regard-
less of multiplicities. These results are a generalization and improvement of the previous
results on finiteness problem of meromorphic functions on C sharing four values.
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MSC 2010: 30D35, 32H30

1. INTRODUCTION

Let D be a domain in C and let f, g be two meromorphic functions on D. Let a
be a value in C U {oo} and k be a positive integer or co. We say that f and g share
the value a with multiplicities counted to level k if

min{l/?_a7 k} = min{yg_a, k} on D,

where z/g denotes the divisor of zeros of the meromorphic function ¢ and z/g_ oo 1S

regarded as z/? /o We will say that f and g share a regardless of multiplicities (or
share a counted with multiplicities) if £k =1 (or k = 00).
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In 1926, Nevanlinna in [12] showed that two nonconstant distinct meromorphic
functions f and g on C cannot have the same inverse images of five distinct values and
that g is a Mobius transformation of f if they share four distinct values counted with
multiplicity. These results are called Nevalinna’s five and four values theorems. After
that, Fujimoto in [5] improved the four values theorem of Nevanlinna by proving that
there are at most two meromorphic functions on C which share four distinct values
with multiplicities truncated by level 2. This kind of results are called finiteness
theorems for meromorphic function sharing values. For the case of meromorphic
functions on C, there are many extensions of the four values theorem by many
authors (we refer the reader to [1], [2], [6], [7], [10] and [13], [14]). However, as
far as we know, there is still no finiteness theorems for the case of meromorphic
functions on doubly connected domain sharing four values, for instance on annuli
A(Ro) = {Z: ]./Ro < |Z| < Ro}, Ry € (1,00]

Recently, Khrystiyanyn and Kondratyuk (see [8], [9]) proposed the Nevanlinna
theory for meromorphic functions on annuli. By using the second main theorem for
meromorphic functions on annuli, Cao, Yi and Xu in [4] proved a uniqueness theory
of meromorphic functions on annuli sharing values. The result of Cao, Yi and Xu may
be considered as a generalization of almost all uniqueness theorems for meromorphic
functions sharing finite values in the complex plane to the case of functions on annuli.
However, in their result the functions are assumed to share at least five values. The
purpose of this paper is to study the case where the functions on annuli share only
four values regardless of multiplicity. Firstly, we give the following definition.

Let fi,..., fr be meromorphic functions on an annulus A(Ry). We define the
“complete identity set” of f1,..., fr, denoted by C(f1,...,fr), as the set of all
points zg satisfying one of the following two conditions:

(i) 2o is a common zero with the same multiplicities of f — f(z0) and g — g(z0),

(ii) zp is a common pole with the same multiplicities of f and g. The funtions
f1,..., fr are said to have the “complete identity set of positive counting func-
tion” if the quantity N(r,C(f1,..., fr)) is not small with respect to some f;,
1<i<k, ie.

N(T,C(fl,...,fk)) =+ Sfl(’l“) +...—|-ka(7“).

Here, the counting function N(r,C(f1,..., fx)) and the quantities Sy, (r) are de-
fined in Section 2. Our main result will be stated as follows.

Theorem 1.1. Let fi, fa, fs be three meromorphic functions on an annulus
A(Rp), 1 < Ry < o0 and let a1, ag, as, aq be four distinct values in C U{cc}. Assume
that f1, fo, f3 share ai, as, as, a4 regardless of multiplicities. If f1 is admissible and
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f1, f2, f3 have the identity complete set of positive counting function, then f1 = fo
or fo = f3 or f3 = f1.

From our result above, we will show that there are at most two meromorphic
functions sharing a value with multiplicities truncated by level 2 and sharing three
other values regardless of multiplicities. For details, we have the following corollary.

Corollary 1.2. Let f1, fo, f3 be three meromorphic functions on an annulus
A(Rp), 1 < Ry < oo and let a1, a2, a3, ayg be four distinct values in C U {oc}.
Assume that fi1, fa, f3 share ay with multiplicities counted to level 2 and share as,
as, aq4 regardless of multiplicities. If f; is admissible, then f1 = fo or fo = f3 or

f3= fi.

With weaker assumption that the meromorphic functions share all four values
regardless of multiplicities, our main result also implies the following corollary.

Corollary 1.3. Let f1, f2, f3, fa be four meromorphic functions on an annulus
A(Rp), 1 < Ry < oo and a1, a2, a3, as be four distinct values in C U {oc0}. As-
sume that f1, fa, f3, fa share all aq, as, as, aq regardless of multiplicities. If f is
admissible, then there are two functions among { f1, f2, f3, f1} identical to each other.

2. SOME DEFINITIONS AND RESULTS FROM NEVANLINNA THEORY ON ANNULI

In this section, we will recall some important basic notions of Nevanlinna theory
for meromorphic functions on annuli from [11] (see also [3], [8] and [9]).

For a divisor v on A(Ry), which we may regard as a function on A(Ry) with values
in Z whose support is a discrete subset of A(Ry), and for a positive integer M (maybe
M = o), we define the counting function of v as

> min{M,v(z)} if 1<t < Ry,

n[M]t - 1<zt
0 - 1
> min{M,v(z)} if — <t<1,
t<|z|<1 Ro
1, [M] r, [M]
N([)M](r,l/):/ L(t)dtq_/ nof(t)dt, 1<r<oo.
1/r 1

For brevity we will omit the character M if M = cc.
For a divisor v and a positive integer k (maybe k = 00), we define

ver(z) = {V(Z> () <& and  vsp(2) = {V(Z) ifv(z) >k,

0 otherwise 0 otherwise.
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For a meromorphic function ¢ we define

> v (or v®) the divisor of zeros (or divisor of poles) of ¢,
_,,0 _ 00
> vy =V, — VT,

> Vg,gk = (vQ)<ks Vg,>k = (1) >k
Similarly, we define Vor<ks Vo sk Vo, <k Vo, >k and their counting functions.

For a discrete subset S C A(Ry) we consider it as a reduced divisor (denoted again
by S) whose support is S, and denote by Ny(r, S) its counting function. We also set
xs(z)=0if z ¢ S and xs(z) =1if z € S.

Let f be a nonconstant meromorphic function on A(R). We define

1 2n 1 " 1 2n N o 1 2n N 0
mo(r, f) = —/ log*| (- )’d9+—/ log* |f(re')| d9——/ log* | £(€)|
2r Jo r 2r Jo T Jo
and
TO(Tv f) = mO(ra f) + NO(ra V_?O)
Throughout this paper, we denote by Sy(r) the quantities satisfying

(i) in the case Ry = oo,

S¢(r) = O(log(rTo(r, f)))
for r € (1, 00) except for the set Ag such that fAR P 1dr < oo, A > 0,
(i) in the case Ry < oo,

TO(T7 f)
RQ -Tr

Sf(r):O(log ) as r — Ro

for 7 € (1, Ry) except for the set A’y such that [,, (Ro —r)'~*dr < oo, A > 0.
R

The function f is said to be admissible if it satisfies

TQ(’I“, f)

limsup———= = oo in the case Ry = oo
r—ooo  logr
or -
limsupM =00 in the case 1 < Ry < 0.
r—Rog — 10g(R0 - 7’)
Thus, for an admissible meromorphic function f on the annulus A(Rj) we have
S¢(r) = o(To(r, f)) asr — Ry for all 1 < r < Ry except for the set A or the set A,

mentioned above, respectively.

Lemma 2.1 (Lemma on logarithmic derivatives [3], [8], [9], [11]). Let f be a
nonzero meromorphic function on A(Ry). Then for each k € N we have

(k)
7) :Sf(T'), 1<7’<R0.

mo (7“,
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Theorem 2.2 (First main theorem [3], [8], [9], [11]). Let f be a meromorphic
function on A(Ry). Then for each a € C we have

TQ(T,f)ZTo(T,ﬁ)—FSf(T), 1<’I‘<R0.

Theorem 2.3 (Second main theorem [3], [8], [9], [11]). Let f be a nonconstant
meromorphic function on A(Ry). Let ai,...,aq, ¢ > 3 be ¢ distinct values in
C U{oo}. We have

(g —2)To(r, f) < ZN(gl]rl/fa)—l—Sf() 1< r < Ryp.

i=1

Lemma 2.4. Let f be an admissible meromorphic function on A(Rp), 1 < Rg< 00
and let ay, ag, as be three distinct values in C U {oo}. Let g be a meromorphic
function on A(Ry) such that f and g share all a1, as, as regardless of multiplicities.
Then we have

To(r, f) = O(To(r.9)) + Sy(r) and To(r,g) = O(To(r, f)) + Sy(r) asr - Ro.

In particular, g is admissible.

Proof. By Theorem 2.3 we have

3
SN )+ Sp(r) Z NN 00 0) + 84(r) < 3To(r,g) + Sy (r).
i=1
Similarly, we have To(r, g) < 3To(r, f) + S¢(r). The lemma is proved. O

3. SOME PREPARATIONS

Throughout this section, let fi, f2, f3 be three meromorphic functions on A(Ry)
and let a1, as, as, a4 be four distinct values in C \ {0} satisfying the following two
conditions:

(1) fi1, fa, f3 share four values a1, ..., a4 regardless of multiplicities,
(2) f1 is an admissible meromorphic function.

By Lemma 2.4, we see that To(r, fr) = O(To(r, f1)) + Sr. (1), 1 < k,l < 3asr — Ry.
In particular, fs is admissible for every s = 1,2,3. Therefore the quantities Sy, (r),

167



Sy, (1), Sy, (1) are equivalent, and hence we denote them by the same notation S(r).
We set

TO(T) = TO(Tv fl) + TO(Tv fQ) + To(’l", fB)
Fori € {1,...,4} we put FF = (fx — a;)/fx. Then

To(r, FF) = To(r, fi) + S(r).

We define
> vy ={z: v}, (2) >0},
> Vs, 0 < 5 < 3: the set of all points z € v; satisfying that there are exactly s

values among {I/?S_ai (2)}3_, bigger than 1.
> C'" = C(f1,f2, f3) \ U wi, where C(f1, fa, f3) is the complete identity set of

1<i<4
flv f27 f3-

Lemma 3.1. If f1, fo, f3 are distinct, then the following assertions hold:

(1) 2To(r, fr) = 24: No(r,v;) +S(r), 1 < k <3,
i=1

(2) No(r,C") = S(r),
(3) No(r,v;s) =S(r) forall1 <i<4,2<s<3.

Proof. Suppose that each f; has a reduced representation fr = (fro : fr1),

where fro, fr1 are holomorphic functions without common zero. For k,l € {1,2,3},
k # 1, we have

4
No(r, C’) 4 Z No(r, min{y?kiai, V%*ai})

i=1

1 21
< No(r, frofir — frifio) = 2_11/ log | frofi1 — fr1fiol 40
0

1 2n 1 2n
< [ toullfol + 1) 2 a0+ oo [ ol + 1) 2 a6
T Jo 2n 0

1 27 2
< 1Og(|fko|

1/2 1 27
+1) d9+—/ log | f1| 6
27[ 0

= 2r | fr1]?
1 27 |flO|2 1/2 1 27
— 1 1 dé + — 1 de
+ 5 ) Og(|fl1|2 - ) + 271/O og | ful

= mo(r, fi) + No(r,v§,) +mo(r, fi) + No(r,v5) = To(r, fi) + To(r, fi)-

Therefore

4
(3.1) No(r,C)+ Y Y No(rmin{v},_, .19 .. }) <2To(r).
i=11<k<I<3
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3
It is easy to see that for every z € v; = | v; 5 we have
s=0

Z min {V?k*ai (Z)’V%fa,- (Z)}

1<k<I<3
min{l,1} + min{1,1} + min{1,1} =3 if z € v, 0,
min{l,1} + min{1,2} + min{1,2} =3 if z € v; 1,
min{1, 2} + min{1,2} + min{2,2} =4 if z € v; o,
min{2,2} + min{2,2} + min{2,2} =6 if z € v 3.

WV

Then we have

Z min{y?k—ai (Z)’ V%—(Li (Z)} 2 3X’/i,0 + 3XV7',,1 + 4XV7',,2 + 6XV7',,3
1<k<I<3

= 3Xl/7: + Xvi,2 + 3XV1‘,,3'
This yields that

Z No(r, min{y;)k_ai, V%_ai}) > 3No(r,v;) + No(r,viz2) + 3No(r, v5,3).
1<k<I<3

From (3.1) we have
4
(3.2) 2To(r) > > (3No(r,vi) + No(r,v;.2) + 3BNo(r, 3 3)).-
i=1
On the other hand, by the second main theorem we have

4
(3.3) 2To(r, fi) < > N (r,vi) +8(r), 1< k<3,

i=1

Summing-up both sides of (3.3) over all 1 < k < 3, we obtain

(3.4) 2Ty (r 3ZN[1] (r,vi) + S(r).

i=1

Then, combining (3.2), (3.3) and (3.4), we easily see that

4

To(r, fi) < S N (rv) + S(r), 1<k <3,
=1

No(r,vi2) +3No(r,vs3) = S(r), 1<i<A4,

No(r,C") = S(r).
This obviously implies the conclusions of the lemma. ([
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Now we recall the Cartan’s auxiliary function (see [5], Definition 3.1). Let F', G, H
be three nonzero meromorphic functions, we define Cartan’s auxiliary function by

1 1 1
(3.5) O(F,G,H):=F-G-H-| 1/F 1)G 1/H
1/F) (1/G) (1/H)

:F((l/H)’ (1/G)’)+G((1/F)’ (1/H)’)

1/H 1/G 1/F 1/H
(1/G)y  (A/F)
+H( /G 1/F )

It is easy to see that for every meromorphic function h we have the property
O(hF,hG,hH) = h-®(F,G,H).

Lemma 3.2. If f1, f2, f3 are distinct, then ®(F}, F?, F?) # 0 forevery 1 <1i < 4.

Proof. Suppose contrarily that ®(F}, F?, F?) = 0 for an index i € {1,...,4}.
We have

o 1111
o=| m m w5, R,
(L) (L) (&) (7)) (m-7)
Fil FiQ Fi3 7 7 i i

_(L_L)<L_L)’_<L_L)(L_L)’
S\ RN\ R \BRNE R

It follows that
1/F —1/F}

yrE-1jE € C

ie. 1/(fs —a;) = 1/(f1 — ai) =
1/(f2 = ai) =1/(fr — 1)

Since f1, fa2, f3 are supposed to be distinct, A ¢ {0, 1} and

1 1 1
1-A + A = .
( )fl_ai fo—a; fa—a;

Then for every z € A(Rp), one has vy , (2) = V?N_ai(z) > V?lfai(z) with
a permutation (s,t,1) of (1,2,3). We consider the meromorphic function ¢ =

(f2 —ai)/(fr — ai).

170



Suppose that ¢ = constant, i.e. (fo —a;)/(fi —a;) = a € C \ {0,1}. Then

U v; = 0. Therefore
J#i

To(r, f1) <Y No(r,vf, ) + S(r) = S(r).

J#i

This contradicts the fact that f; is admissible.

Then ¢ is not constant. We see that if z is a zero of some functions among
{©,1/0,0 + A\/(1 —A)}, then z is zero of only one function among them and
ll?s_ai (2) = l/?,gia (z) > l/f, o (2), and hence z € v;2 U, 3. Then by the second
main theorem and by Lemma 3.2 we have

1
N[l](’r 14 ) + N(g ](’r, V?/@) + N([)l](’r, V8+)\/(17)\)) + S(’I“)
NQ(’I“, Vi72) + No(T, 1/7;73) + S(T) = S(T)

To(r, )

<
<
On the other hand, again by the second main theorem we have

To(r,) > No(r,vg-0) +8(r) > D0 No(rvf_,) + 50) > To(r, f1) + S(r).

Therefore we have Ty(r, f1) = S(r). This contradicts the fact that f; is admissible.
Then the supposition is untrue and the lemma is proved. O

Lemma 3.3. Let i be an index in {1,...,4} and let ® := ®(F}, F? F?). If fi,
fa2, f3 are distinct, then

No(r, vi0) +2 Z N (r,v7) < No(r,v3) < To(r) + S(r).
J#i, j=1

Proof. Without loss of generality we may assume that ¢ = 1. From Lemma 3.2

we see that ® # 0.
4
a) We prove the first inequality of the lemma. Let S = v 0U |J v;. For a fixed
j=2

point zg € S, we consider the following two cases.

Case 1: Suppose that zp € v . Then there exists a neighborhood U of zy such
that all Ff/(z — 2), 1 < k < 3 are nowhere zero holomorphic functions on U. We
rewrite the function ® on U as

P K FY )

@z(z—zo)@( , ,
Z—2Z)0 Z— 20 22— 2
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Then, it yields that

4

V%(ZO) = V?z—zo) (ZO) =1= Xvi0 (ZO) + Z XVj (ZO)
=2

Case 2: Suppose that zg € vy with ¢ > 1. We rewrite the function ® as

1 1 1 _1
e T A
(=-7) (m-7)
ai(fo— f1) ai(fs — f1)
= Fl.F2.F? (fQ_al)(_fl_al)/ (f3—a1)(_f1—a1)/
( ai(fo — f1) ) ( ai(fs — f1) )
(f2 —a1)(f1 —a1) (fs —a1)(f1 —a1)

= (2 —2)*F! - F?-F}
ai(fz — f1) ai(fs — f1)
(z = 20)(f2 — a1)(f1 — a1) (z = 20)(f3 —a1)(fr — a1)

a1(f2 = f1) ' a1(fz — f1) an
<(Z — 20)(f2 2— al)l(fl - al)) <(Z - Zo)(1f3 3— al)l(fl - al))

We note that all functions a1(fx — f1)/((z — 20)(fx — a1)(f1 — a1)), k = 2,3 are
holomorphic on a neighborhood of zy. Therefore it follows that

4

Vg (20) = 200, y(20) = 2= 2X0, (20) + 2 ) _ X, (20)-
j=2
From the above two cases, we have
4
V3(2) = Xvio +2) Xu,
j=1
for all z € S. This implies that
4
No(r,vg) = No(r,v10) +2 ) No(r,v;).
j=2

Then we have the desired inequality.
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b) We prove the second inequality of the lemma. We have

No(r, Vg,) < To(r, @) = mo(r, ®) + No(r,vg)
3 3 3
<Y mo(r, FY) 4+ No(r,vgs) + No(r,ve?) = > No(r,vge) + S(r)

1 s=1 s=1
3
= To(r) + No(r,vg ) — ZNO(TW%%) +S(r).

s=1

Then it suffices for us to prove that

No(r,vg) <

M

NO(T7 V%?b)
1

@
I

In order to prove the above inequality, it is enought to show that the inequality

3
(3.6) vg < Z Vs
s=1

holds for every z outside an analytic subset of counting function equal to S(r).

For fixed point zg, we consider the following two cases:

Case 1: Suppose that zp € v1 9 Uvq,1. Similarly as in Case 1 of the above part,
we see that ® is holomorphic on a neighborhood of zj.

Case 2: Suppose that zg € 1. Then 1/F} is holomorphic at zg for all s. Hence,
we have

for all z outside the set v1 9 U vy 2, which has the counting function equal to S(r).
Then we have the desired inequality. (I
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4. PROOFS OF RESULTS

By using Mobius transformation if necessary, we may assume that all values aq,
as, as, a4 belong to C. We will use the same notations given in Section 3 for the
proofs of Theorem 1.1 and Corollary 1.2 below.

Proof of Theorem 1.1. Let f1, f2, f3 be distinct. Then ®(F}!, F2 F3) # 0 for
every ¢ = 1,...,4. Lemma 3.3 yields that

4
No(rvio) +2 > N(rvy) < No(r,v§) < To(r) + S(r), 1<i<4
Jj=1, j#i

Summing-up both sides of these inequalities, we get

ZNQ(’I", Vi,O) + GZN([)I](T, l/j) < 4TQ(7") + S(T)

On the other hand, by the second main theorem we have

ZTO r, fx) < ZN[%« v;) + S(r).

i=1
The above two inequalities imply that
4
Z No(r,vio) = S(r)
=1

Therefore, by Lemma 3.1 we have

No(r, C(f1, f2, f3)) = No(r,C") + Y~ No(r,C(f1, fa, f3) Nvie)

0<s<3
1<i<4

—|—Z No(r,vio) + No(r,viz)) = S(r)
i=1

(here we note that C(f1, f2, f3) Nvys = 0 for all 1 < s < 2). This is a contradiction.
Then the supposition is impossible. Hence, we must have f; = f; or fo = f3 or
f3 = f2. The theorem is proved. O

Proof of Corollary 1.2. Suppose that f1, fo, f3 are distinct. By the assumption,
we see that if z is a simple zero of some functions (f; —a1), then it will be a common
simple zero of all funtions (f; —a1), 1 < j < 4. This implies that v1; = v12 = 0.
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Also by Lemma 3.1(3), the set v 3 is of counting function equal to S(r). On the
other hand, v1 o C C(f1, f2, f3) and from Theorem 1.1 we have

No(r,v1,0) < No(r,C(f1, f2, f3)) = S(r).

These facts imply that

3

No(r,v1) =Y No(r,v1,6) = No(r, v1,0) + No(r,v1,3) = S(r).
5=0

Now, from Lemma 3.3 and the second main theorem we have

3

2To(r) =23 To(r, fi) <3 Ng'(r,v) + S(r)

k=1 i=1

4
3
=35 NYr v+ 507 < 2T S(r).
> M)+ 00) < 5T00) + 50
Letting r — Ry, we get 2 < % This is a contradiction.
Then the supposition is impossible. Hence, we must have f; = f; or fo = f3 or
f3 = f2. The corollary is proved. O

Proof of Corollary 1.3. Suppose that f1, fo, f3, f4 are distinct. Similarly as in
Section 2, we set

To(r) =Y _To(r, fx)
k=1

and denote by S(r) the quantities Sy, (1), 1 < k < 4 (these quantities are equivalent).
Denote by v; s the set of all points z which are common zeros of { fr —a;: 1 < k < 4}
such that there are exactly s values in {l/(;k_ 0, (2)1 1 <k < 4} exceeding 2. From
Lemma 3.1 (3) we see that v; s consists of counting functions equal to S(r) for all
s 2 2. On the other hand, for each i € {1,...,4} we see that if z € v; o U; 1, then
there are at least three distinct indices s, k,t € {1,...,4} such that z is a common
simple zero of {fs — a;, f — ai, fx — a;}, and hence z belongs to C(fs, ft, fx). This

yields that
4

UwioUvin) € C(fs, frs i)
i=1

Therefore, from Theorem 1.1 we have

4 4
> No(r,vi) =Y (No(r,vio) + No(r,vi1)) + S(r)
o1 i=1
<Y No(n Cfs, fu f) + S(r) = S(r).
1<s<t<k<4
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Then by the second main theorem, we have

2To(r, f1) Z (ryv;) + S(r) = S(r).

This contradicts the fact that f; is admissible. Then the supposition is impossible.
Hence, there are two funtions among {fi, fo, f3, f4} identical to each other. The
corollary is proved. (I
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