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Abstract. The concept of measures of noncompactness is applied to prove the existence
of a solution for a boundary value problem for an infinite system of second order differential
equations in ¢, space. We change the boundary value problem into an equivalent system of
infinite integral equations and result is obtained by using Darbo’s type fixed point theorem.
The result is illustrated with help of an example.
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1. INTRODUCTION AND PRELIMINARIES

In 1930 Kuratowski (see [12]) introduced the concept of measure of noncompact-
ness which was further extended to general Banach spaces by Banas and Goebel
(see [3]). In 1955 Darbo (see [7]) proved a fixed point theorem for condensing opera-
tors using the concept of measures of noncompactness, which generalized the classical
Schauder fixed point theorem and Banach contraction principle. The method of fixed
point arguments has been widely used to study the existence of solutions of functional
equations, like Banach contraction principle in [1] and Schauder’s fixed point theo-
rem in [11], [13]. But if compactness and Lipschitz condition are not satisfied these
results cannot be used. Measure of noncompactness comes handy in such situations.

The Hausdorff measure of noncompactness is used frequently in finding the exis-
tence of solutions for various functional equations and is defined as follows:

Definition 1.1 ([3]). Let (£2,d) be a metric space and A a bounded subset of 2.
Then the Hausdorff measure of noncompactness (the ball-measure of noncompact-
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ness) of the set A, denoted by x(A), is defined to be the infimum of the set of all
real € > 0 such that A can be covered by a finite number of balls of radii < ¢, that is

X(A):inf{5>0: AcC UB(%‘,H), g, €Q, ri<e i=1,...,n, neN}

i=1
where B(z;,r;) denotes the ball of radius r; centered at x;.

Let (X, ||]) be a Banach space; for any E C X, E denotes closure of E and
conv(E) denotes the closed convex hull of E. We denote the family of nonempty
bounded subsets of X by My and the family of nonempty and relatively compact
subsets of X by Dtx. Let N denote the set of natural numbers and R the set of real
numbers; for Ry = [0, 00), the axiomatic definition of measure of noncompactness is
given below

Definition 1.2 ([5]). A mapping p: Mx — Ry is said to be the measure of
noncompactness in X, if the following conditions hold:
(i) The family Kery = {E € Mx: p(F) = 0} is nonempty and Ker p C Nx;
(ii) By C By = p(Er) < p(E2);
(1) 1u(E) = u(E);
(iv) plconv E) = pu(E);
(v) WOE: + (1= NE2) < Ma(Br) + (1 — N(E) for 0 < A< 1;
(vi) if (E,) is a sequence of closed sets from SDTX such that En,4+1 C E, and

lim p(E,) = 0 then the intersection set Eo = ﬂ E,, is nonempty.

n—o00 n=1

Further properties of measures of noncompactness can be found in [3], [5].
The fixed point theorem of Darbo’s (see [7]) is stated below:

Lemma 1.3 ([7]). Let E be a nonempty, bounded, closed, and convex subset of
a Banach space X and let T: E — E be a continuous mapping. Assume that there
exists a constant k € [0,1) such that u(T'(E)) < ku(E) for any nonempty subset E
of X. Then T has a fixed point in the set E.

The idea of equicontinuous sets is defined as follows:

Definition 1.4. Let (1,d) and (€2, d) be two metric spaces, and T the family
of functions from €7 to 5. The family 7 is equicontinuous at a point mg € 1 if
for every € > 0, there exists ¢ > 0 such that d(f(m), f(mo)) < € for all f € T and
all m € Qy such that d(m,mg) < 0. The family is pointwise equicontinuous if it is
equicontinuous at each point of €2;.
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For fixed p > 1, we denote by ¢, the Banach sequence space with a norm defined

lzllp = [[(zn)llp = (nio:l Ixn|P>1/p

for x = (xy,) € £p. In order to apply Lemma 1.3 in a given Banach space X, we need

as:

a formula expressing the measures of noncompactness in a simple manner. Such
formulas are known only for few sequence spaces (see [3], [5]).

For the Banach sequence space (¢, ||-||,), Hausdorff measure of noncompactness
is given by

1/p
(1.1) X(E) = lim { sup < |ek|p> }
n—oo (ek)EE ];l

where I/ € 9M,,. The above formula will be used in the sequel of the paper.

In recent years many researchers have worked on the infinite system of second
order differential equations of the form
d2ui
de?
and obtained conditions for the existence of solutions of (1.2) in different Banach
spaces (see [2], [6], [18], [19]).

Measures of noncompactness has been used to obtain conditions under which an

(12) = —fi(t,ul,u2, .. .), uz(O) = uz(T) =0, ieN, te [O,T]

infinite system of differential equations has a solution in the given Banach space
(see [2], [4], [5], [6], [15], [16], [17], [19], [20]).
We consider the infinite system of second order differential equations of the form
dQUj

(13) S — i = fit, o)

where t € [0, 7], v(t) = (v;())52; and j =1,2,...
The above system will be studied together with the boundary conditions

(1.4) v;(0) =0, v;(T) =0.

The solution is investigated using the infinite system of integral equations and Green’s
function (see [10]). Such systems appear in the study of the theory of neural sets,
theory of branching processes and theory of dissociation of polymers (see [8], [9]).

In this paper, we find conditions under which the system given in (1.3) under the
boundary conditions (1.4) has a solution in the Banach sequence space £,,, for that
we define an equivalent infinite system of integral equations. The result is supported
by an example.
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2. MAIN RESULTS

Let I =1[0,T], by C(I,R) we denote the space of continuously differentiable func-
tions on I and by C2(I,R) we denote the space of twice continuously differentiable
functions on I. A function v € C?(I,R), is a solution of (1.3) if and only if v is a
solution of the infinite system of integral equations

(2.1) )= [ G s tel

where f;(t,v) € C(I,R), j =1,2,3,... and Green’s function G(s,t) is defined on I*
as:

sinh(t) sinh(T" — s)

< <
sinh(T)  0Ss<t<T,
(2.2) Gt,s) =4 :
sinh(s) sinh(T" —t) O<t<s<T
sinh(T) LT S

Using standard methods, it can be easily shown that
1
(2.3) G(t,s) < 3 tanh (17)

for all (t,s) € I
From equations (2.1) and (2.2) we have
v(t) = /Ot Sinh(ts)iii}?(hjg? =5 fi(s,v(s))ds + /T smh(ss)lzlhn(l;()T —Y) fi(s,v(s))ds.

t

Differentiating the above equation, we get

dv; (" cosh(t)sinh(T — s) T _sinh(s) cosh(T — t)
=, R e [ =R () e

Further differentiation gives

d2vj ! sinh(¢t) sinh(T — s cosh(t) sinh(T — ¢t
= [ st as ¢ SRR p o)

T sinh(s) sinh (T — t)
* /t sinh(T)

sinh(t) cosh(T — t)
sinh(7T) fi(tv(®)

fi(s,v(s))ds +

T
= | cso)as
1 . .
+ Soh(T) (sinh(t) cosh(T — t) + cosh(t) sinh(T — t)) f; (¢, v(¢))
= v (t) + f5(t, v(t)).
Thus v;(t) given in (2.1) satisfies (1.3).
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Hence, finding existence of a solution for the system (1.3) with boundary condi-
tions (1.4) is equivalent to finding the existence of a solution for the infinite system
of integral equations (2.1).

The functions v = v(t) act continuously from the interval I into the space ¢,, the
class of such functions C(I, ¢,) is a Banach space endowed by the classical supremium
norm

[vlle = sup{[[o(®)l|p: t € I}.

Remark 2.1. If X is a Banach space and xx denotes its Hausdorff measure
of noncompactness, then the Hausdorff measure of noncompactness of a subset E of
C(I,X) in the Banach space of continuous functions is given by (see [3], [14])

X(E) =sup{xx(X(t)): t € I},

where E is equicontinuous on the interval I = [0, 7.

In order to find conditions under which the system (2.1) has a solution the following
assumptions are made:

(A1) The functions f; are real valued, defined on the set I x R>, j =1,2,3,...
(A2) The operator F defined on the space I x £, as

(tav) = (]:U)(t) = (fl(tvv)va(tav)afB(taU)a . )

transforms the space I x ¢, into £p,.

The class of all functions {(Fv)(t)}ter is equicontinuous at each point of the
space {p, that is for each v € ¢, fixed arbitrarily and for a given € > 0 there
exists 0 > 0 such that

(2.4) [(Fu)(t) = (Fo)D)llp <€

for each ¢ € I and for any u € ¢, such that |ju — v||, < 4.
(As) For each t € I, v(t) = (v;(t)) € £p, the following inequality holds:

(2.5) |fi(tv@))IP < gj(t) + hi(t)|v;P, neN

where h;(t) and g;(t) are real valued continuous functions on I. Moreover, we
assume that the function g;, 7 = 1,2,... is continuous on [ and the function

series ) gr(t) is uniformly convergent, while the function sequence (h;(t));en
k>1
is equibounded on 1.

195



o0

The function g = g¢(¢) defined on the interval I as g(t) = > g,(¢) is continuous
j=1

under the assumption (As), and the constants defined as

G =max{g(t): te€ I}, H=sup{h;(t): tel, jeN}
are finite.

Theorem 2.2. Under the assumptions (A1)—(As), with H'/PT tanh(37T) < 2, the
infinite system of integral equations (2.1) has at least one solution v(t) = (v;(t)) in
the space £p, i.e. (v;(t)) € {p, for each t € I.

Proof. We consider the space C(I,¢,) of all continuous functions on I = [0, 7]
with supremum norm given as

o]l = sup{{lv(®)|l5}-
tel

Define the operator F on the space C(I,/,) by

@6)  (Fo)t) = (Fo), (1) = ( | e s)fj<s,v<s>>ds)

- ( / C Gt )i (s,0(s)) ds. / " Gt ) fals,v(s)) ds,... )

The operator F as defined in (2.6) transforms the space C(I,¢,) into itself, which
= (v;(t)) in C(I,¢p), then for arbitrary ¢ € I using
assumption (As), inequality (2.3) and Holder’s inequality we have

we will show. Fix v = v(t)

p

)fi(s,0(s)) ds

<>(/ ' Gl nras) ([ ' ds>p/q

oo

<y (f UG P (g55) + (o)) as)

Jj=1

IFo®lE =3

oo

< (ranny)) 7 "Z( [ aass [ hj<s)|vj<s>|pds)
<(T;/qtah§ (/ Z(gj( ds+/

oyl ds ).
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Now, using the Lebesgue dominated convergence theorem we get

P Tl/q 1 P g ' . P
IFNOI < (T tannD)" ([ aeas+ 1 | > as)
1/q P
< (55— tann(37))"(@T + HT (o], )7)
= ( tanh(3T))" (@ + H([ol,)").
Therefore,
(2.7) IF@OIE < (5 tanh(3T) ) (G + H(Jol,)).

Hence, Fv is bounded on the interval I. Thus F transforms the space C(1,¢,) into
itself. From (2.7) we get

T
(2.8) I(F@NOp < 5 tanh(3T)(G + H(|[v]lp)?) P
Now, using (2.1) and following the procedure as above we get

oy < (% tanh G7))' (@ + H (o))
= (2" — H(T tanh(57))")(||v[l,)? < G(T tanh(5T))"
G(T tanh(37T))?
20 — H(T tanh(37))?
Gl/p(Ttanh(%T))
(2» — H(T tanh(37))P)1/»’

= [lvll; <

= Jlvlly <

Thus, the positive number

Gl/p(Ttanh(%T))
(2» — H(T tanh(37T))?)'/»

is the optimal solution of the inequality
T
5 tanh(37)(G + HRP)'/? < R.

Hence, by (2.8) the operator F transforms the ball B, C C(I,4,) into itself.
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We now show that F is continuous on B,.. Let € > 0 be arbitrarily fixed and let
v = (v(t)) € B, be any arbitrarily fixed function, then if v = (u(t)) € B, is any
function such that ||u — v||, < €, then for any ¢ € I we have

p

[(Fu)(t) = (Fo)®)f = Z /0 G(t,s)(fi(s,uls)) — fi(s,v(s))) ds

Z/ Glt,5) P15, u(s)) —fj<s,v<s>>|pds(/OT ds)m
< Tp/qz / G(t,8)PLfy (5, u(s)) — f(5,w(s)) P s

Now, by using (2.3) and the assumption (Az) of equicontinuity, we get

2.9)  (Fu)t) = (Fo)@®II7
<T”/q( tanh(17) Z/ |fi(s,u(s)) — fi(s,v(s))|P ds

m—o0

1/
= (T2qtanh (7)) lim Z/ |fi(s,u(s)) — fi(s,v(s))|P ds

m—o0

1
= (55— tann(37)) 1im / Zm s,u(s)) — f;(s, v(s))|? ds.

Define the function d(¢) as

d(e) = sup{[f;(s,u(s)) = fi(s,v(s))|: w,v € by, [lu—vl, <e,t 1, jeN}

Then clearly d(¢) — 0 as € — 0, since the family {(fv)(t): ¢t € I} is equicontinuous
at every point v € £,,.
Therefore, by (2.9) and using the Lebesgue dominated convergence theorem, we

have
1/q

0 - Eol < (G wnan) [ eera
z(gtanh(% ) (6.

This implies that the operator F is continuous on the ball B,..

Since G(t, s) as defined in (2.2) is uniformly continuous on I?, so by the definition
of the operator F it is easy to show that {Fu: u € B,} is equicontinuous on I.
Let B,, = conv(FB,), then B,, C B, and the functions from the set B,, are
equicontinuous on I.
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Let E C B,,, then E is equicontinuous on I. If v € E is a function then for
arbitrarily fixed ¢ € I we have by assumption (As)

2 [T = Z(/ G(t, )35, (s >>|ds>p.

j=
Using Holder’s inequality and (2.3), we get

= > /(T T \P/d
;k [(Fo); ()P < Z(/O |G(t,s)|p|fj(s,v(s))|pds) (/0 ds>

=k

< Tp/q(2 tanh(37 ))p i (/OT |fi(s,v(s))P ds).

Jj=k

/ G(t,s)f;(s,v(s)

Again, using the Lebesgue dominated convergence theorem and the assumption (As),
we get

§|(]‘—U)j(ﬂ|p < (T; tanh(37) p/ Z g;(s (s)[v;(s)|") ds
= (T;/q tanh(37') (/ Zg] ds+/ (8)|v;(s)P ds)
< (T;/q tanh(37) (/ Zg] ds+H/ Z|vj |pds>

Taking supremum over all v € E, we obtain

sup Z [(Fv); (T;/q tanh(37 ))p

(/ Zg] ds+Hsup/ Zm |pds)

Using the definition of the Hausdorff measure of noncompactness in the ¢, space and

noting that E is the set of equicontinuous functions on I, by applying Remark 2.1,
we get

T P
((FE)P < (5 tanb(31)) ((B)P = X(FE) < H'/? (% tanh (7)) x(E).
Hence, if
Hl/pgtanh(%T) <1= HYPTtanh(37) < 2

then, by Lemma 1.3, the operator F on the set B, has a fixed point, which completes
the proof of the theorem. O
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Note. The value of T is chosen in such a way that the condition
Hl/thanh(% )< 2

is satisfied.
The above result is illustrated by the following example:

Example 2.3. Consider the infinite system of second order differential equa-
tions in /o

(2.10)

d*v, o 37 N i cost Cue(t)(d — Vk —nuvg(t))
@ T T Pl Gl VEoaad

forn=1,2,...

Solution: Comparing the infinite system of differential equations (2.10)
with (1.3) we have

ﬂ_’_i cost vg(t)(1 — Vk—nvk(t)).

(211)  falt,v) = — k:n(Hzn)m' VE—n+1

Clearly f;, j =1,2,...is areal valued function, so assumption (A;) of Theorem 2.2
is satisfied. We now show that assumption (As) of Theorem 2.2 is also satisfied, that
is

(2.12) [fa(t, 0)[* < g (t) + B (8) vn]*.

Using the Cauchy-Schwarz inequality and equation (2.10) we have

t3—nt & cost ’Ulc(t)(l — Vk —nu(t)) |2
|falt, 0)* = +
‘ ];l (1+2n) \/T Vk—n+1 ‘
£23—2nt s cost v (t)(1 — Vk —nug(t)) ?
<2 +
( ; To oD Vil ) )

> cos? t v (0)(1 — VEk —nog(t))\2
2> (1 +2n)2 1)"Z(k k—n—f—lk )

t23 2nt
<2

k=n

Again, using the fact that

a(l —ap) 1
(2.13) 70 < s B0
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for any real «, 8 we have

23— 2nt 5 cos?t (Ui n i ve(t)(1 = VE —nog (t)))2>

PR FET P k—ntl

|fn(ta U)|2 <2

k=n+1
o 2t23f2”1t 42 ecos? t <v2 N i ve(t)(1 — Vk — nvk(t)))2>
e (1+2n)2\\" Rt VEk—n
t23—2nt ecos?t ecos?t 1 2
<2 +2 02 4 SO (7)
n? (1+ 2n)? (1+2n)? k:zn;l (2vEk —n)?
. 2t23f2”1t N 1 ecos’t 2 492 ecos?t .2
ST op2 8(1+2n)26 (1+2n)2 ™
Hence, by taking
23727t 12 ecos?t ecos?t
) =2 U ha(t) = 225 1
9n(t) TRy Y=t

it is clear that g,(t) and h,(t) are real valued continuous functions on I.

Also, for each t € T

48

g (0)] < 2 + =

T2 2 e ey 1
(o217 )
n? 18 (11 2n)2 (272 +

Thus, by Weierstrass test for uniform convergence of function series we see that

>~ gk(t) is uniformly convergent on I.
k=1
Further, we have
2e

hit)| < ————= Vtel.
Hence, the function sequence (h;(t)) is equibounded on I.
Thus (2.11) is satisfied and hence the assumption (Aj3) is satisfied.

Also
2 2

stup{Z%(ﬂi te I} = (2T2+ 7;_26)%

k>1

and 9
H =sup{h;(t): tel}= ge.

The assumption (A;) is also satisfied as for fixed t € T and (v;(t)) = (vi(t),
va(t),...) € €3 we have

DG = g0+ Y b (O <G+HY o, (1))
j=1 J=1 j=1

j=1
Hence, the operator f = (f;) transforms the space (I, ¢2) into {5.
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Also, for € > 0 and u = (u;),v = (v;) € {2 with ||u — v||2 < &, we have

= 1+2n)VEk—n+1/(k—1! (1+2n)Vk—n+1/(k-1)!
i up(t)(1 — vk —nuk(t)) —op(t)(1 — (k — n)ug(t)) ‘2
= VEk—n+1/(k—1)!

- 1 N (e () — v () (1 = (k = n) (uk(t) + ve()) [\
<27(Z‘ N E RS D

i (cost)up(t)(1 — vk —nug(t)) (cost)vg(t)(1 — vk —novg(t)) ‘2

Using Holder’s inequality we get

oo

I = GO < - 5 > T
n=1 k=n
| (0) =o)L~ V(0 + ()

X

= k—n+1
s enz::l (1 +12n)2 <|un(t) un(t)]?
o ol 1= VE — n(uk(t) +vi(t)) |2
+ |ug(t) — vi ()]

gﬂ;l 4(0) = okl Vi—n H
_ s 1 2 3 ing (2.13
\enz:: T an? <|un(t) — Vn(t)] +4_8) using (2.13)

oo TE2 e
<e<z |un(t)—vn(t)|2+gzm>'

Thus, for any ¢t € I, we have

4
I(f)(®) = ()l < e + 555):
Therefore, the family {(fv)(¢): t € I'} is equicontinuous.
Finally, we see that the condition H'/2T'tanh(37') < 2 is satisfied for all T So,
by Theorem 2.2 there exists at least one solution to the given infinite system of
differential equations (2.10) in C(I, {2).
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