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KYBERNETIKA — VOLUME 56 (2020), NUMBER 3, PAGES 559-577

DISTRIBUTED OPTIMIZATION FOR MULTI-AGENT
SYSTEM OVER UNBALANCED GRAPHS WITH LINEAR
CONVERGENCE RATE

SONGSONG CHENG AND SHU LIANG

Distributed optimization over unbalanced graphs is an important problem in multi-agent
systems. Most of literatures, by introducing some auxiliary variables, utilize the Push-Sum
scheme to handle the widespread unbalance graph with row or column stochastic matrix only.
But the introduced auxiliary dynamics bring more calculation and communication tasks. In
this paper, based on the in-degree and out-degree information of each agent, we propose an
innovative distributed optimization algorithm to reduce the calculation and communication
complexity of the conventional Push-Sum scheme. Furthermore, with the aid of small gain
theory, we prove the linear convergence rate of the proposed algorithm.

Keywords: multi-agent systems, distributed optimization, unbalanced graph, small gain
theory, linear convergence rate

Classification: 90C33, 68W15

1. INTRODUCTION

Owing to many applications in multi-agent network systems, such as smart grids [31],
virtualized networks [9] and machine learning [16] etc., distributed optimization has
gained much research attentions and many distributed algorithms have been developed
[111, 03], 22l [33]. These distributed algorithms solve the optimization problem only using
local data and exchanging information with neighbors of agents.

Under the circumstance of undirected communication graphs, many excellent meth-
ods were proposed, such as subgradient[18], dual average [5], and ADMM [I0] and
corresponding extensions to some certain constraints [3, 17, 25]. Besides, some schol-
ars considered the distributed optimization problem with more general directed graphs
[2, [7, 19], but these graphs are also limited to balanced graphs. Although, for any
strongly connected directed graph, some balanced weights can be formulated [g], it may
be impossible in some practice or the corresponding computation burden may be larger
than that of solving the optimization problem [4] [6].

Recently, for the purpose of overcoming the constraints of unbalanced communication
graphs, some advanced approaches have been achieved. By learning the Perron vector,

DOI: [10.14736 /kyb-2020-3-0559


http://doi.org/10.14736/kyb-2020-3-0559

560 S. CHENG AND S. LIANG

[12] proposed the Push-Sum method to adjust the weight scalars to ensure the exact con-
vergence. By combining the Push-Sum scheme, [24] extended the dual average method
into the unbalanced circumstances. In order to accelerate the convergence rate with fixed
step sizes, some new techniques have come forth. Xi et. al., combining the EXTRA [23]
and the Push-Sum scheme, proposed the DEXTRA method based on the out-degree of
each agent [26]. Furthermore, Xin et. al., developed FROST by utilizing the in-degree
information [29]. With the aid of DIGing techniques, Nedié, et.al. achieved the Push-
DIGing to obtain the linear convergence [2I]. But almost all of the Push-Sum based
methods need to employ one or more auxiliary dynamics, which increases the burden of
computation and communication. Another way to overcome the unbalanced constraints
is the Surplus-based method [I], which ensures the average consensus by introducing a
surplus variable to eliminate the unbalance. By utilizing the surplus based method, Xi
et.al. extended the subgradient method with convergence rate 0(1“7%) [27, 28] and Liang
et.al, extended the quasi-monotone subgradient method with a increasing convergence
rate as O( %) [14]. But the convergence rate of the surplus based method is limited to
sublinear because of the necessary of diminishing step sizes.

Motivated by the above discussions, we devote to integrate the Push-DIGing and
Surplus-based method to reduce the auxiliary variables and communication burden of
Push-DIGing, achieve a linear convergence rate. The main contributions of this paper are
listed as follows. Firstly, we consider distributed optimization over unbalanced graphs,
which is not an easy problem because the graph can be directed and it is hard to construct
a doubly stochastic matrix. Secondly, we present a novel distributed algorithm to solve
the problem and the algorithm inherits all merits of the Surplus-based algorithm and
Push-DIGing algorithm. In particular, our algorithm can solve not only the average
consensus problem as the Surplus-based algorithm but also distributed optimization
problem as the Push-DIGing algorithm. Moreover, our algorithm utilizes less variables
than the Push-DIGing algorithm to reduce the computation and communication burden.

The rest of this paper is organized as follows. Section 2 presents related preliminaries
on basic notations, graph theory and formulates the distributed optimization problem.
Second 3 provides the proposed distributed algorithm and analyzes its convergence per-
formance. Section 4 gives an illustrative example and Section 5 concludes this paper.

2. PRELIMINARIES AND PROBLEM FORMULATION

In this section, we introduce necessary preliminaries and formulate the problem.

2.1. Basic notation and notions

The positive integer number set, real number set, n-dimensional real column vector set,
and n X m real matrix set are denoted as N*, R, R, and R"**™, respectively. 1,, € R" is
a vector with all of the entries are one with a proper dimension. I,, € R"*™ is an identity
matrix and I7, = 1] ® I, € R™*™"™ where ® is the Kronecker product operator. AT is
the transpose of matrix A, diag{a} denotes a diagonal matrix composed by the elements
of vector a in the diagonal position. a-b is the component wise multiplication of the two
vectors a and b. A = [a;;] € R™*™ denotes a nxm matrix with a,; is the corresponding i
row and j column entry. Considering n vector x,,--- ,x, € R™, the accumulated vector
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is x = [x{,---,x]]7, the corresponding average is X = 1I"x = 13"  x, and the
consensus violation among Xy, -+ ,x, isX=x—-1,®%x = Lx with L= 1, — 11, @I".

2.2. Graph theory

An unbalanced graph of a multi-agent system is denoted by G = (£,V) where V =
{1,2,--- ,n} and £ CV x V are the set of nodes and edges. (i,j) € £ with ¢ # j means
that node i can sent information to j. N = {j € V|(j,i) € £,i # j} is the in-neighbor
set of node i and N = {j € V|(i,j) € £,i # j} is the out-neighbor set of node i at
time t. The corresponding in-degree and out-degree of node 7 can be formulated as
di = |N{| and d! = |\, respectively. For the considered unbalanced communication
graph, following mild assumption is necessary.

Assumption 1. The considered unbalanced graph is connected.

2.3. Problem formulations

Consider an optimization problem with following global objective function

min  f(x,) = 3 fi(x,), (1)

x,ER™ i

where the local objective function f;(x,) is differentiable and convex. A multi-agent
system is adopt to solve the optimization problem in distributed manner. Problem
can be equivalently transformed as follows

x€Rmn : PR (2)

where x =[x ,x], - ,x}]T

should be given.

. For the problem in 7 following two basic assumptions
Assumption 2. Each local objective function f;(x) has L;-Lipschitz continuously gra-
dient, namely, for V a,b € R™,

IVfi(a) = Vfi(b)|| < L;fla = bl], (3)
where L, is the Lipschitz constant of f;(x).

Assumption 3. Each local objective function f;(x) is u,-strong convexity, namely, for
Va,beR"

fi(a) = f;(b) + (Vf;(a),a—b) + 5 a—b|? (4)

where p, is the strong convexity constant of f;(x).
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For the considered objective function with strong convex constants p; and Lipschitz
constants L, with i = 1,--- ,n, following lemmas can be introduced.

Lemma 2.1. (Nedi¢ et al. [21]) Under Assumptions 23] we have

(i) = =) < foc7) — ) = = x| 5

; 14+n)L, - 14+n)L | = -
3 [ Rl — =P+ S — ),

-

1
n
K3

2.4. Small gain theory

Following small gain theory is the basic scheme to analyze the convergence property of
the proposed algorithm.

Lemma 2.2. (Nedi¢ et al. [2I]) For a given sequence hy, hy,---  h, satisfies following
closed circle

||h(j\J)+1||§: < 5]'”th§: + ej’ (6)
where all of gains €,,€5,- -+ ,€; are positive constants. If € 2 €169 -+-€; < 1 holds, we
have

L2 J
Iy ll\ < = Z 0; IT e (7)

with definition €y =1

3. MAIN RESULTS

In this section, we present the distributed algorithm design and give the convergence
analysis.

3.1. Distributed algorithm

Firstly, we consider the distributed optimization problem over time-unvarying unbal-
anced communication graph, we propose the distributed algorithm as shown in Algo-
rithm 1.

For the convenience of notations and subsequent convergence analysis, we define
Vi) = [V (%), V) (x), -, VT (xh)]" and formulate a row stochastic matrix @
and a column stochastic matrix ¥ as

P = [QSU] c ]Rnxn7
U =

[ ij] c ]Rnxn7
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Algorithm 1

Initialization: For each i € V,
pe(0,1), x} eR™, g} = -Vf(x]) € R™

Update flows: For each i € V,

xt = (1 - p)xt + 5 x} 4 agf, (1)
i jEN}”
e =g ¥ g - VAT + VD (S2)
JEN Ui
where
TP J=i
d ’ L i € NiUi
_ . _ ) @ JENUL
¢ij = 1-p j€ -/\[ia and wij - { 0 otherwise. (9)
0 otherwise,

According to above notations in —@, the proposed Algorithm 1 can be formulated
in a compact form

{ X = (@ ®I,)x"+ag’, (10a)
g = (T l,)g" - V") + V) (10b)

For the considered column stochastic matrix ¥, we have following result.

Lemma 3.1. For any column stochastic matrix ¥, we can obtain a row stochastic
matrix sequence as follows

U= (V)Y L)V (11)
where V! is governed by V! = diag{v'} ® I,,, and v!*! = (¥ ® [,,,)v! withv' =1,

The proof of Lemma can be obtained directly by extending Lemma 4 in [20] with
the Kronecker product.

Lemma 3.2. Under Assumptions [I]-[3] with @ = 1, following properties on objective
function’s gradient hold

1% 2 VAGD] < SLmlp'l (12a)
t
gh=—Y (U *terl,)y", (12b)
k=0
Ig'll < L. (12¢)
2mn?¢L

where y = —g°, L, = max{Ly,---,L,} and L = === + L,,.
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Lemma 3.3. Under Assumption [I| with Q = 1, for the introduced V! in Lemma
and W, following properties hold

I (VO™ = (V)T < ety (13a)
||\Ilt ® I \I/* ® ImH S 627t7 (13b)
v (v er,) =1, (13c)
—y)v/nm —y)v/nm d2
where ¢; = %7 o = 22 11)7 and vy = max{dl-i-l? Zi1 ,dn+1} with
vy, = min {vfv}, i € {1,2,--- ,nm},t € NT}.

3.2. Connection with other methods

For the balanced graphs, by combining a gradient tracking and inexact gradient method,
proposed the ing method with double stochastic weight matrix as follows,
21 d the DIGi hod with doubl hasti igh ix W as foll
x't = (W®I,)x" + ag'
gt =(Wal,)g" — VI + Vfx).

And then, the method was extended to following Push-DIGing method for the unbal-
anced graphs with the aid of two auxiliary variables v¢ and u?

(14)

=(PT®I,)vt

= (U ®I,)(x" + ag’)
(dlag{v”l}) 1 t+1
=(T®l,)g" - Vi) + Vi)

Apparently, the condition on the double stochastic weight matrix W in is weak-
ened as the column stochastic matrix ¥ in . However, the introduced two auxiliary
variables v? and u’ increase the computation and communication burdens of the multi-
agent system. In the proposed algorithm, we remove the two auxiliary variables by
introducing the cheap in-degree and out-degree information of each-agent.

Moreover, consider the following average problem

(15)

lim x! =x* =1 > x{. (16)
i=1

t—o0

In order to deal with the problem in under unbalanced graphs, [I] proposed the
Surplus-based method as follows

xtt! (0] el, x?
{SHI ]_({ I, =@ ¥ —el, }®Im){st] (17)
where s’ serves as the so-called surplus variable.

Transform the average consensus problem (L6) to be an optimization problem as
follows, whose optimal solution is the average consensus value,

n
min 3% = ). (18)
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By applying the proposed algorithm in (12) into the problem in , and inserting

(10a)) into (10b)), it yields

xt+l o al, x!
e ] (Ln e %, Jom) ] <19>
which is identical to the Surplus-based algorithm in with € = o and st = gt.

3.3. Convergence analysis

The convergence analysis can be organized based on small gain theory. Some basic
notations should be defined as follows

pt — Xt -1 ®X*7
y' = Vi) =V,

gt = (Inm - %171 & Iﬁl)gt, (20)
%t = (I, — 11, ®1")x".
1) The first arrow p — y.
Lemma 3.4. (Nedié¢ et al. [2I]) For p and y, if Assumption [2 holds, we have
IylIX <eddpl, (21)

where T € NT,0 < A< 1and e, = %
2) The second arrow y — Ww.

For the second arrow, because V¥ is column stochastic, we do not deduce the ar-
row between y and g directly, but the w = Lw instead, where w! = (V!)~lgt. The
relationship between y and w can be achieved as follows.

Lemma 3.5. For y and w, if sup{||[¥||,} < A and 0 < sup{||¥|| .} < A holds, we have
T T
1wl < eIyl (22)

where T € N*,0 < A < 1 and & = 3% with &, = sup{||(V**")7"[| .} and 6, =
sup{[[¥| - }-

3) The third arrow w — X.

Lemma 3.6. For X, w and p, if sup{||® ® I,,,|| .} < A and v < A hold, we have

%1% < ar[[W][§ + ar|lp|} + 75, (23)
where T € N0 < A< 1, 7, = Ai—gs T, = <C2C4ji§A+1> L;gl and 75 = \;‘%Tg‘;) with

0y = sup{[|® ® I, ]| .} and &, = sup{[|v"[| .}-
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Remark 3.7. Lemma shows the relation between ||X||T" and ||[w||Z but perturbed
by the third part ||p||%. That is to say, it is not the pure arrow w — x. Fortunately, we
present the relationship between the [|x[|1 and ||p||1 in Lemma Therefore, based
on Lemma Lemma [3.8| will be exhibited the pure arrow w — x.

Lemma 3.8. For x and w, if sup{||® ® I,|| .} < A holds, we have

%[5 < esl WX + 03, (24)
6
where 7€ N¥,0 < A < 1, g5 = =22 — and §; = 200,

4) The last arrow X — p.

Lemma 3.9. For p and %, if 1 — a(1 +n)L >0, koA < /0, and x; < A < 1 hold with
certain £ € (0,1), n € R, and 8 € R, we have

IPIIY < eall[IX+ 6, (25)
14K A _ % .
where T € N+,0 < A< 1, gy = #7 and 04 = 17}{2>\#H){0 — X H with
2 _ 1 Bi 2 _ 1 2 2 _ Ly,(4n)+Bunnn
o = et~ (B, = e, and of =

Remark 3.10. As shown in the second and third arrows of the small gain theory, we
introduce the variable w® to replace the dynamics of g for the convenient of formulating
the circle of the small gain. However, the auxiliary variable w! just need the existence
rather than need to be computed and let alone to be communicated with other agents.

Based on these basic Lemmas and we are ready to develop the main
result, which establishes the convergence rate and the corresponding valid step size.

Theorem 3.11. Under Assumptions f with @ = 1, if V ¢ € (0,1) and £ € (0,
(1*3)2}

o

max{1,
as

) hold, x* converges to x* with linear rate O(A!), and we can estimate A

[3—2ah 1.5(\°—3)>
A= 3(1775’ Veas - Ae (26)

< 2ah0  1.5(\°—9)? 1.5(1—98)2
6 + 3 o <« S o )

= —2 :
where § = max{ég, 537 7}7 2\ = 6+\/[1_§i_(§)_65§:(1_5)‘72 and o = 354Lm(1+”3)[\if51+(6264+1)]_

Proof. Combining Lemmas and we have

I¥IX < elpllX
IWIIX < exllyllx
XX < eslwlX + 65

IplS < ealxl5 + 0,
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o )\+1 A6, o aTy o 1+kgA _ aTyf,4T,
— At = = = — Tl = —2473 gnd
where 51 Lins €2 = 35570 €3 = Toane,r 4 = 1= PV 03 T—arye,

_ (cocy +H)(A+1) L1y _ _acycgdy
04—1 n/\f r||X p— o and7’3_\/ﬁ()_63).
For the purpose of ensuring the convergence of the proposed algorithm, according to

purp g g prop g ) g

the small gain in Lemma we have

%0 fx*|| W1th71—/\ 5o T2 =

£1696384 < 1. (28)
Submitting some related parameters into , we have

V(A—=85)(A=65)(A—7)

= EBa L [Vt A=)+ (e O3, [ ) (29)
Defining § = max{d,,d3,7} and § = min{d,, 65,7}, it follows
[Vndi (A =) + (e + (A = 8)](A +1) < 2[Vndy + (e + DI(A=0).  (30)

Furthermore, considering all of the conditions on step size « in Lemmas [3.4]-[3.9]

6y = sup{[[ ] .} < A (31)
1—a(l+n)L >0, (31b)
K= ﬁ [1- %] <\ (31c)

)

For (31d)), if we choose k|| = % Vornit with ¢ € (0,1), we have 1 — KQA\/H_l =
Then

14Kz 14-rg
1—;@2)\\/571 < ¢ (32)

Therefore, combining and the up bound of « in can be decreased as

54:

OB A 150-37 A
R AN () vy e vyl o L (33)

39 L"‘(H”S)[\fé Hleaeat D g U,, means the upper bound of «.

where o =

By choosing n =1 and 8= 2L > 2, standing on , we have

o> M 21, (34)
L, means the lower bound of a.

to 1, U, increasing from 0 to 15(;70_6 and L,

. Therefore, for the purpose of ensuring and

Considering A increasing from

decreasing from L5[1-(1-€)5°] to
are compatible, we need

Al
‘ﬁ’; cw

¢ < 19 (35)

o b
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and

_ /1-0-9F)+0-00* (36)

A? T 160

Therefore, if the step size chosen as

1.5(\°—3)2
po

/3—=2apn

0<a<

we have

and if the step size chosen as

1.5(\°—5)2 1.5(1—6)2
SR <a < (39)
we have
A =0+ /2, (40)
Therefore, the proof is completed. O

Remark 3.12. We became aware of a recent work to apply the algorithm to solve
linear algebraic function Ax = b in [30] and gave the up bound of the step size under
the double stochastic weight matrix. However, as pointed out in the Remark 7 of [30], it
is challenge to obtain the up bound of step size in the unbalanced graphs circumstance
because of the mix row stochastic and column stochastic matrices. In this paper, for the
general strongly convex objective function, the valid step size range is achieved for the
unbalanced graphs.

4. NUMERICAL EXAMPLE

In order to illustrate the effectiveness of the proposed algorithm, we give a numerical
example on distributed solving algebraic equation Ax = b with 4 = [A],---,A]] €
R®*5 and b = [by, - - - ,bS}T € R®. The multi-agent system is connected by unbalanced
communication graph (See Fig.1) and the ith agent has access the information of A;, b,,

Fig. 1. The communication graph.
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e; of agent i
3

>

I

!

10»15 =

1020 1 1 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

number of iteration

Fig. 2. The convergence result.

and g; with j € N, Ui. The entries of A and b are randomly generated according
o N(0,5). As shown in Fig.2, the proposed algorithm can obtain the optimal solution
With a linear convergence rate.

J)

5. CONCLUSIONS

In this paper, a novel distributed optimization algorithm were proposed to handle unbal-
anced communication graphs. The conventional and universal push scheme was replaced
by utilizing the in-degree and out-degree information, which can reduce the complexity
of the algorithm and communication burden of the multi-agent system extensively. For
a given strongly convex objective function, it was proved that the proposed algorithm
converges to the optimal solution with a linear convergence rate. In the future, we will
concentrate on extending the proposed method to the online distributed optimization
[32] and remove the assumptions on strong convexity of the objective functions [15].
APPENDIX

Some related proofs of these intermediate lemmas are presented in this section.

Proof of Lemma [3.2]
Considering the equilibrium of the proposed algorithm, we have
L3 Vi) =0, (41)
Therefore, we obtain
4 3 Va6 = 14 z V1,6x) = V5,6
IIVf (xf) = VL)

(42)

IN

IN
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where the last inequality is deduced by the Lipschitz gradient of each f;(x}) and p' =
xt —1®x*.

Besides, According to the definition of y! in and the updating of g’ in (10D)), we
have

= (\I’ ® Im)gt71 - yt- (43)

Applying the recursive of ([43), (12Db)) followed.
In addition, submitting y* = V f(x!) — Vf(x!~!) into (12D)), yields,

= Y (U8 L)V () V()

=1
= > [t =R @ L [V f(xF) - V().
k=0
Therefore, we have
t—1
gl < mLy, 3 (|0 — @+ + L,
k=0
t—1
< 2mn%€L,, 5 €5+ L, (45)
2mn? 2mn“¢L,,
< ot L
which implies (12d]). O
Proof of Lemma [3.3]
Based on Lemma 3 in [I8], we have
2(2—y)
Wt — v < 22y (16)

Therefore, (13b]) can be obtained with ¢, = = 2@2-y)vnm ’Y) VALLL
Since v! is governed by vit! = (¥ ® I,,,)v? w1th vi=1
sponding equilibrium

we consider the corre-

nm?

=0 L)V =nyp*®1, (47)
where each column vector of ¥* is ¥*. Then, we can establish (V*)~1 as
(V¥)~! = 5 (diag{y*}) " (48)
Therefore, we have

LV (Y @ 1,,) ® 1,,)[% (diag{y"}) "' ® L,](¥* ® 1,,)

(1,
%[ (diag{yp*}) "1 1T @ I, (49)

Then, (13c) can be formulated.
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Since vt = (V'@ I,,)v’ = (V' @ I,,)1
is the ith sub-vector of v?

nm and v = (U* ®1I,,)1,,,,, consider v,, which

(vf—v)1,, = (\Ilgj =)L, (50)
j=1
Furthermore, we have
1 1 1 N-(pt
(Fg — E)lm = Vive J;l(q/ij -V, (51)

1oLl @I, | < 2Emmat - (59)

3 (1=7)op,
Then (13a)) can be obtained and the proof of Lemma is completed. |
Proof of Lemma [3.5]

According to Lemma U = (V) ~1(W®I,, )V is a row stochastic matrix. Therefore,
by multiplying matrix (V**1)~! at both two sides of (10b]), yields

witl — \ilwt _ (Vt-',-l)—lyt-&-l’ (53)
where w! = (V!)~lg!. Then, we have
W = Wi < w4+ (VI Ty < 108w+ 6y [y L, (54)

where §; = sup{|[(V**1)~|+}. Since ¥ is a row stochastic matrix, it is easy to derive

LY =LYL. (55)
Submitting into , we have
W] < G [[WE | + 6y [y, (56)
where 0, = sup{||¥||.}. Considering s [WiT |, we obtain
- 5 -
serr W < R 5w (W) + 0y sy (57)

Taking maximization on the two sides of fromt=0tot=T —1, it yields
T .\ T— T T T
Iy < %Wl +allylly < 2w+ 8yl (58)

Rearrange some related terms, the desired results can be followed. g
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Proof of Lemma [3.6]
Considering the fact w' = (V)™ can be transformed as follows
xtt :(<I>®Im)x +avt - wt, (59)

¢ is the component wise multiplication of v and w?. Note that

[ = [Ix"* .
= (@@ I,)x" +av'-w'|,
< (@@ L)x | +allvh-w'l,
< &)X+ allvt - wh

where v - w

where the last inequality can be achieved similar to (56)) with 63 = sup{||® ® I,,,]| .}
By defining v = 11, @ (I2v') and w' = 11, ® (I7w?), it follows

7n

=[|L(vt - wt— vt wh+viwh)|
<t w0 + v - )] o

< 0, W] + o

t ., tH
||V Wil

where &, = sup{||v'|| .} < nm since the largest eigenvalue of £ is 1 and v’ is governed
by vitl = (U ® I,,)v! with v0 = 1.
Combining w' = (V*)~'g’ and w' = 1(1,, ® I, )w', we have
W =171, @ L))~ gl
FI v = (v gl + = Im (v~
For the first term of . we have
FIE VO™ = (v e! | < ZI V)™ = (v < 2 (63)

where the first inequality follows from ||g!|| < c¢; and the last one follows from Lemma

B3l
For the second term of , we have

(62)

| /\

t
||In V* H _ HIn V* -1 Z (\I,tfk ®Im)ka < ‘]\4'1 +M27 (64)
k=0
where My = [|I,(V") o (UL, — UL, )y F || and My = | I, (V)T DL (0T

L, )y"|l-
For M, we have

t
ye My = L) kZ (T eI, - @ L,)y"|
t
el L (v~ 2 (2% — ) & L, [[lly"]

IN

Z fl(wt- ‘“A )L, | ||y [ (65)

\ /\

t

—k
cacqllylX ZO(%)

L2y,

IN

| /\
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where the second inequality is obtained by considering the bound || I (V*) ™| = ¢, and
decomposing % as ﬁ%, the third inequality is attained by taking the maximization

for ”"/’\'ﬁ from k =0 to T and combining Lemmato bound ||(¥*~* —¥*)® 1, ||. For
M,, we have

t
My = B S (0 @ L)y

= || kgoykl\

= [ [VF(x") = V]|
= Ly [x" — x|
= Ly 0],

where the second equality is obtained according to (13¢) in Lemmal3.3] the third equality
is achieved by expanding y* = Vf(x!) — Vf(x!~1) and the fact IV f(x*) = 0, and the
fourth equality is deduced from the Lipschitz of V f(x!).

Submitting into (60), and dividing A" both sides, yields

(66)

%t 5 t A L
>\t+1 %] < Ts H’;t” + 9% {HW I 6\1/53 zt 4 cf/cﬁ()\\lyﬂ; 4 \mﬁl\r/\)t\l]. (67)

If v < A hold, taking maximization from ¢t =0 to t =T — 1, it follows

- - el T—
%I < fIIXII LWL 5 e g T el
5 _
< Px [ w :,\F 0103 + %Hyllx n P||:‘\F]

Submitting the results of Lemma into and rearranging related terms, we have

I%[I3 < ar[[W[f + an[plX + 73, (69)
where 7o = [C2c§\(_Ajl) + 1] L Tl < (6264;\ri),y()‘+1) Lfl =T, because A — vy < A+ 1.
Therefore, the desired results followed. O
Proof of Lemma [3.9]

Considering ||x! — x*|| with x* = LI"x?, we have
nim

H)—Ct _ x*||2 — ”)—(t — gt 4ot X*H2 (70)
= ||%! — R 4 R — x| 2(E — %L g - x),
therefore
[ =2 = = — a2 [l - %2 (st - XL ). (7))

Multiplying 277 on the both sides of (I0a]) in the proposed algorithm, we have

xt+1 — %I;Ll(cp ® Im)xt + agt =xt+ agt + %kpt, (72)
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where k = I (P ® I,

m — Loym)- Submitting xt*1
of , we have

%' = ag' + 1kp' into the third term
||)—(t+1 _

X2 = %t — x*||? — ||%F — %P2 + 2<k b gt x*) )
+2a(g!, %! — x*).
Standing on gf = —+
in Lemma %+t —

PR, f (z!) and according to the results on convex function
X ||2 in can be bounded by
_X*HQ < ||5(t _ X*HZ _ H)—( t+1||2 + 2<k t —t+1

+2a[f(x") = FE)] - 7 I - x|

[xi —x

e+

—*)

+1 Z (B + LH")L]

(74)
7+ a(l + ) L=+t — =
Submitting 2(1kp?,x'*

x*) < el Ip? + €l —
and rearranging some related terms, we have

*||? with 0 < £ < 1 into
(1 ==+t —x*||?

NIE * aL, (1+ noo
< (1= ) IK = 1P+ kIt [ 4 a2 1% x|
i=
~[1-a(1 + ][ -

X'||? = 2a[f(x") — f(x")]

(75)
< (1 SB[ — x| 20[F(& )~ ()] + e Ik[2]pt 2
alL_ (1 « n Il
+ m +7772:]r Blm 77||XtH2

>y 1% = x|

where the last inequality come from the condition on step size 1 — «(1 +n)L
the fact |x'[|? =
For Vt € Nt if following inequality holds

> 0 and

||)—(t+1 _ X*HQ Z

L (14n)+ ~
L k||| pt |2 + Sl Bt 2,
we have

apl|R - x|?

2
> e lkl?Ip? + =

w(I+n)+aBu,nn ||)~(tH2 (77)
nn
Combining with , it follows
Hit+1 —-x

P < Rt - x?,

(78)
(1+6)]
Otherw1se 1f not holds, it yields

- x| <

where k7 = [1 -

nZ 52||p ||2 + HBHXtHQ

] 2 ( E)
11 3 = n

where 3
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Based on and , if k1 <1 holds, we have

5 — x| < max{r, [|x* — x|, S2[[p*]l + T2}

< max{w{ R0 x|, max {200 AT (s0)
< RPRY o e, {5+ St ),
where the second inequality can be obtained by recursing the first one.

Dividing A**! on the both sides of with k; < X\ and taking maximization from
t=0tot=T —1, we obtain

_ — A g
Il — =[5 < 1= —x* + == [plIX + 5 1% (81)

Considering pt = x* — 1, ® x*, yields

Pl < IIx" =1, @ + 1, ®X" =1, @ x|

. s (82)
=% + vnlx* = x*||.
Apparently, we have
IplIX < %X + vnllx — x5 (83)
According to and 7 the desired results can be achieved. (|
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