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Abstract. This paper identifies a class of complex symmetric weighted composition op-
erators on H 2([D) that includes both the unitary and the Hermitian weighted composition
operators, as well as a class of normal weighted composition operators identified by Bourdon
and Narayan. A characterization of algebraic weighted composition operators with degree
no more than two is provided to illustrate that the weight function of a complex symmetric
weighted composition operator is not necessarily linear fractional.
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1. PRELIMINARIES

1.1. Complex symmetry. Let 1 be a complex Hilbert space and L(#) the
collection of all continuous linear operators on H. A map C: H — H is called
a conjugation over H if it is
> anti-linear: C(az + by) = aC(z) + bC(y), =,y € H, a,b € C;
> isometric: ||Cz|| = ||z||, x € H;

> involutive: C2 = I.

An operator T € L(H) is called complex symmetric if
CT =T*C

for some conjugation C and in this case we say T is complex symmetric with conju-
gation C.
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The general study of complex symmetric operators was started by Garcia, Putinar
and Wogen in [7], [8], [9], [10]. The class of complex symmetric operators turns to be
quite diverse, see [7], [8], [10]. In this paper, we focus on two classes: normal operators
and algebraic operators with degree no more than two. The spectral theorem states
that if a normal operator is unitarily equivalent to some multiplier My: L?(X,dv) —
L?(X,dv), then it is easy to check that My is complex symmetric with the usual
conjugation C'f(z) = f(z). An operator T € L(H) is said to be algebraic if it is
annihilated by some nonzero polynomial p and the minimal degree of p is called the
degree of T'. Garcia and Wogen in [10] proved that an algebraic operator with degree

no more than two is complex symmetric.

1.2. Hardy space. The classical Hardy-Hilbert space is defined by

2n

H(D) = {f e H(D); |fI’ = sup

0<r<1 2T Jo

|f(rei9)|2d9 < oo}7

where D denotes the open unit disk in the complex plane. The space H?(D) is
a reproducing kernel Hilbert space (RKHS); i.e., for any point w € D there exists
a unique function K,, € H?(D) such that

fw) = (f, Kuw),
where K,, = 1/(1 — @z) is called the reproducing kernel at w.

1.3. Weighted composition operator. Let H(D) denote the set of all holo-
morphic functions over the unit disk and S(D) the set of all holomorphic selfmaps of
the unit disk. For any ¢ € H(D) and ¢ € S(D), the associated weighted composition
operator is defined by

Wy o(f) =4 - (fop)

When v = 1, we write Wy, = C, which is called a composition operator. The
study of composition operators and weighted composition operators over various
holomorphic function spaces has undergone a rapid development over the past four
decades. For general background, see [4] and [14].

Composition operators on H?(D) are relatively well understood. For example,
every normal composition operator C, on H 2(D) must be induced by a dilation
©(z) = az, |a] < 1. However, the case for weighted composition operators is far more
complicated. There exist many nontrivial normal weighted composition operators,
and even nontrivial Hermitian weighted composition operators, on H?(D), see [1], [3].
We will discuss such examples later.
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The study of complex symmetric weighted composition operators on H?(D) was
initiated independently by Garcia and Hammond in [6] and Jung et al. in [11]. Their
idea is to consider the conjugation

o0 (o)
j< anz”> = E anz"
n=0 n=0

and to characterize when W, , is complex symmetric with conjugation J. Their
main result is the following theorem:

Theorem A. Let ¢ € S(D) and ¢ € H>*(D). Then Wy, is complex symmetric
with conjugation J if and only if

a1z

¥(2)

d = .
and ¢(z) =ap+ T~ agz

- 1—apz

By making unitary transformations, Jung et al. in [11] provided some more exam-
ples. For more work on complex symmetric composition operators, see [2], [5], [13],
[15], [16].

In this paper, we will make a slight generalization of Jung’s result. As a corollary,
we will give the conjugation with which a unitary weighted composition operator or
a Hermitian weighted composition operator is complex symmetry. It is a surprise
to us that the normal subclass of our complex symmetric weighted composition
operators coincides with that identified by Bourdon and Narayan, see [1]. We do not
know whether this is an accident or some hint that there may be no more normal
weighted composition operators. It is still an open question to find a complete
characterization of normal weight composition operators on H?(D). Besides, we will
also try to characterize the algebraic weighted composition operators of degree no
more than two, since by doing so we will show that the weight function of a complex
symmetric weighted composition operator is not necessarily linear fractional.

2. MAIN RESULTS

2.1. The conjugation. The main difficulty in constructing complex symmetric
weighted composition operators is to find a conjugation which is amenable to calcu-
lation. If C; and Cs are two conjugations, then C1Cs is a unitary operator. So any two
conjugations are related by some unitary operator, i.e. C3 = C1(C1C2). Following this
idea, we would get a new conjugation if we composite a unitary operator with the
conjugation J. Our choice of the unitary operator is a unitary weighted composition
operator of the following lemma.
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Lemma 1 ([1], Theorem 6). A weighted composition operator Wy, ,, is unitary
on H?(D) if and only if ¢ is an automorphism of the unit disk and

Kp V 1- |p|2

=K s
(e 1-pz

Y=
where p = ¢~ 1(0) and |u| = 1.

Lemma 2. Suppose that

1—1|pP

o(z)=A -

p—z
e € Aut(D) and ky(z) =

where p € D and |A| = 1. Then JWj,, , defines a conjugation on H*(D) if and only
if p=Ap.

Proof. By Lemma 1, JWy, , is anti-linear and isometric, so it remains to
analyze when J Wy , is involutive.
For any f € H?(D), we have

IWh, o f(2) = T (kp(2)f(0(2))) = kp(2) £ (0(2)),

and then

(TWiy o) f(2) = TWi, o (ki (2) f(0(2))) = kp(2)kp(0(2)) f(0(0(2))).

If TWy, o is involutive, then by taking f = 1 we have

— _ /1—|p? V1 —p[? _ 1—|p|?

1 =kp(2)ky(0(2)) = 1—pz 1_]55\(]3—2)/(1—192)_1—>\—pQ—(p—P_>\)Z,

which implies Ap = p.
Conversely, if we assume that Ap = p, then

kp(2)kp(0(2)) = 1,

and _
o(o0@) = A\ 2= AP=2)/(L=pz) _ Ap— Wz —pte
1—-pAXp—2)/(1—pz) 1—pz—Ap%2+ A\pz
_z—1pPPz _
TP 2.
So (jVVkP’U)2 = I; that is, 7W}, » is a conjugation. O
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Remark 1. Throughout the paper, the symbol JWj, , is always referred to the
conjugation constructed above; that is, A = p/p if p # 0 and A is any unimodular
number if p = 0.

2.2. Complex symmetry of Wy .. Now we will investigate when a weighted
composition operator Wy, ,, is complex symmetric with conjugation JWy, . Having
the result of Jung et al. at hand, this is not a difficult question to answer. We state
the result in the following theorem.

Theorem 1. Let ¢ € S(D), ¢ € H*(D). Then Wy, ,, is complex symmetric with
conjugation J Wy, -, where

o(z)=A P™ % ond kp(z) = el i

1 —pz 1—pz

with p € D, |\| =1 and Ap = p, if and only if

c ai(p — \2)
= = and zZ)=ag+ = .
1—app— (p— Aag)z () 0TI aop — (p — Aag)z

¥(2)

Proof. By definition, Wy, , is complex symmetric with conjugation JWj,, , if
and only if

(2.1) IWioWpo = Wi, oI Wi, o
Note that JWy, » is a conjugation and Wy, is unitary, so
IWiy o =Wyl =W,
and then (2.1) is equivalent to
Wiy poo,000d = TWi o oo

It follows from Theorem A that Wi 400,000 i complex symmetric with conjuga-
tion J if and only if

airz

k() - (0(2) = —— and (o)) = ao +

1—apz 1—apz’

Consequently, we have

. — T2
_k woaoa_l(z)— by/1—|p| B c

(= = = -
(2) k, 1—agp—(p—Aag)z 1—aop— (p— Aag)z
and 5
(P(Z):QOOO'OO'_l(Z):G,O—|— al(p_ Z)_ )
1—agp— (p— Aag)z
This completes the proof. O
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2.3. Relation with the normal class. We have mentioned that the class of
complex symmetric operators includes the normal operators, particularly the unitary
operators and the Hermitian operators. In this subsection, we will apply Theorem 1
to give a conjugation with which a unitary (Hermitian, normal) weighted composition
operator is complex symmetric.

We first consider the unitary class and Hermitian class. For the unitary weighted
composition operator listed in Lemma 1, the conjugation is given by the following
theorem.

Theorem 2. A unitary weighted composition operator Wy, ,, where

q—z 1—1ql?
o) =m A and w(z) = p T
—qz 1—qz

with ¢ € D and |p1| = |p2| = 1, is complex symmetric with conjugation JWy, .

Proof. Letap=0,p=¢q, ag = Ay and ¢ = pa+/1 — |q|? in Theorem 1, the
result then follows. O

The class of Hermitian weighted composition operators on H?(D) is completely
characterized by Cowen and Ko, see [3]. For this, we have:

Theorem 3. A Hermitian weighted composition operator Wy, ,, where

z b2
= b = d = —
SO(Z) ot 1-— bQZ an w(Z) 1-— bQZ

with by € D and by1,bs € R, is complex symmetric with conjugation JC,, where
)\BO + by = 0.
Proof. Letag= by, c=0bs, p=0and )\, a; be such that by = —bg, a A= —by

in Theorem 1, then the result follows. O

The case of the normal class is a bit more complicated. Bourdon and Narayan
in [1] studied the normality of weighted composition operators on H?(D). Their
main results are the following two theorems.

Theorem B ([1], Theorem 10). Suppose that ¢ € S(D) has a fixed point p € D.
Then Wy, acting on H?(D) is normal if and only if

KP
v=ygts and p=ay0(ay),

where a,(z) = (p — z)/(1 — pz), v, 0 are constants with § satisfying |0| < 1.
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Theorem C ([1], Proposition 12). Suppose that

az+b
e
P = Z0 i be#0
is a linear fractional selfmap of the unit disk and ¢ = K-, where ©*(z) =

(az — €)/(—bz + d). Then Wy, acting on H*(D) is normal if and only if

|d?
|d]Z — b2 — (ba — do)z

|d]?

(2.2) |d|2 — |c|2 — (bd — ca)z

Cprop = Cpop-

The above two theorems list all the normal weighted composition operators known
up to now: Theorem B gives a complete characterization in the case when ¢ has an
interior fixed point; Theorem C gives some partial results in the case when ¢ is
a linear fractional transformation. In the remainder of this section, we will give
a conjugation with which a normal weighted composition operator in the above
theorems is complex symmetric.

For Theorem B, checking its proof, one can find that W , is actually unitarily
equivalent to the composition operator Cs, via the formula

W'L/)#P = Wkpva;n © C‘SZ ° Wk;}ap = Wk;ma;n © C‘SZ ° Wl/(kpoap)

yQp

Hence it is easy to give a conjugation for Wy, ., in this case.

Theorem 4. A normal weighted composition operator Wy, ,, where ¢ has an
interior fixed point p, i.e.,

Ky
w_,proap and ¢ =a, o (dayp),

where ap(z) = (p—2)/(1—pz), v, § are constants with ¢ satisfying |§| < 1, is
complex symmetric with conjugation JWy, ,, where ¢ = (p — p)/(p* —1).

Proof. It is obvious that Cs, is complex symmetric with the classical conjuga-
tion J. So Wy, ,, is complex symmetric with conjugation Wy, o, © T o W1,k 0a,),a,-
Elementary calculation shows that

Wkp,ap oJo Wl/(kpoozp),ozp = ,Ufjqu,av

where ¢ = (p—p)/(p* — 1) and p = [1 - p?|/(1 — p?). 0
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For Theorem C, we will only consider the case when ¢ admits a boundary fixed
point since the case when ¢ admits an interior fixed point is already answered in
Theorem 4. Another reason is the following.

Lemma 3. Suppose that

az+b

= — d—b
pla) =" ad—bc#0
is a linear fractional selfmap of the unit disk, which admits a boundary fixed point
n € T, and 1 = Koy, where ¢*(z) = (az —¢)/(—bz +d). Then Wy, acting on

H?(D) is normal if and only if |b| = |c|.

Proof. We need to show that equation (2.2) is equivalent to |b| = |c|. If (2.2)
holds, then by taking the test function f =1, we get

|d? _ |d?
|d|2 — [b]2 — (ba —dc)z  |d|2 — |e|]? — (bd — ca)z’

Since d # 0, we have |b| = |c|.

If |b] = |¢|, since

( )_an—i—b_
3077 _C77+d_ 9
we get

a—d=cn— by,
and then

(ba— dc) — (bd— ca) = B(a—d) + c(a— d) = blen—b7) +e(@m—bn) = (jef” ~ [o]2)7 = 0,

Hence
|a]? _ |a]?
|d|2 — [b]2 — (ba —dc)z  |d|2 — |e|]? — (bd — ca)z’

Elementary calculation shows that

(la]? = |c|?)z + ba — de
(de — ba)z + |d|2 — |b]2’

(la® — |b]?)z + bd — ac
(ac —bd)z + |d|2 — |c|?’

¢ (p(2) = p(p*(2)) =

so we also have ¢* o ¢ = ¢ o p*. Therefore, equation (2.2) holds.
The proof is complete. O
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Theorem 5. Suppose that

az+b
cz+d’

o(z) = ad —be # 0, [b] = |c|

is a linear fractional selfmap of the unit disk which admits a boundary fixed point
n € T, and ¢ = Ky«(), where ¢*(z) = (az—¢)/(—bz+d). Then Wy, acting
on H?(D) is complex symmetric with conjugation IWk,z.0, where p is any nonzero
number such that bp(p — 1) = cn’p(p — 1).

Proof. From Lemma 3, we know Wy ., is normal and hence is complex sym-

metric. If we denote
a1z + by

z+d; ’
where a1 = a7j/c, by = bij?/c and d; = dfj/c, then ¢1(1) =1, |by| = 1 and it suffices
to prove that C,, Wy ,Cx. is complex symmetric with conjugation C,.J W, . +C5-.

p7 0

Direct calculation shows that
C’fizwil”@cﬁz = Wil)l,tPl and anjWkpﬁ,acﬁz = jWkp,Ulv

where 1(2) = d1/(z + d1) and o1(2) = (Ip|* — pz)/(p — |p[*2).
Now, we will prove that

jWkafl Wﬂ)hs@l = lehtmjwkp:”l
which is equivalent to
Wkp,(fl Wlbl;@ljwkpﬁl = lethpl'

Since the span of reproducing kernels forms a dense subset of H?(D), it suffices to
check that

(2'3) Wkpvo'l WwI:WIJWkPrUI (Kw) = jW’LZl,gol (Kw)

for all w € D.
For the right-hand side of (2.3), we have
TW;, oK) 2) = T 100K o)) (2) = 1 (0) Ky (2)
dy 1 di

T wtd 1—(ayw+b1)z/(w+dy)  w+dy — (ayw+by)z’
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For the left-hand side of (2.3), we have

Wkpvo'l le,wl jkaUl (Kw)(z)
V1= |pf? 1
= W, UW .
fr wwj( 1-pz 1-pwp~t(p—2)(1—pz)~!
py/1—pl? )
(p— |pl*®@) + (pw — |p|?)=
py/1—pl? )

p— [p[*w) + (pw — [p[?)z

= Wkp,(fl Wll’l,tp1j<

= Wk}nal W’L/Jhtpl ((

W ( dq Py 1—pl? )
7\ z+di (p— |plPw) + (pw — |pl?)(arz +b1)(z +dy) !
— W, ( dipy/1— |p|? >
77\ (dip — bi|p[? — da|p[Pw + bipw) + (arpw — |pPw — a1 |p|? + p) 2
V1=1Ipl*
= 17_||d1p 1- |]0|2
s V
2 _ Dz -
* (dlp— b1p|? — di|p|*w + bipw) + (a1pw — |p|*w — a1 |p|? +P)M>
(p—Ip*2)
_ di|p*(1 = Ip|*)
(d1p —b1[p[? — di[p[Pw + bipw)(p — |p|?2) + (arpw — |p[*w — a1 |p|* + p)(|p|? — pz)
_ APl
(Aw+ B) — (Cw+ D)z’
where
A=p*(by + a1p - P* — dip), B = [p]*(di + p — ar|p|? = bip),

C = |p(a1 +bip—p—di|p]*), D =p*(dip+1—aip—bip?).

Using the conditions ¢1(1) = 1 and bip(p — 1) = p(p — 1), one can easily verify
that (2.3) holds. This completes the proof. O

Remark 2. The equation

bipp—1)=pp—1), |]=1

has many nonzero solutions in the unit disk. In fact, if we write p = 7'’ # 0, then

by = p(p B 1) — r—= eiie — e2i arg(r—e %)
p(p—1) r—e¥ ’

which has exactly two solutions 6 for any fixed r € (0, 1).

826



2.4. Algebraic W, , of degree < 2. So far, all complex symmetric weighted
composition operators have had linear fractional symbols. In this section, we will
show that the weight function 1) need not be linear fractional, even when the compo-
sition symbol ¢ is. The counterexample is a weighted composition operator that is
algebraic of degree two. Recall that each algebraic operator of degree no more than
two is complex symmetric. The following theorem characterizes when a weighted
composition operator is algebraic with degree no more than two.

Theorem 6. Suppose that ¢ € S(D) and v € H(D) is not identically zero.
Then Wy, is algebraic with degree < 2 exactly when one of the following holds:
(1) ¢ is a constant function,
(2) ¢ is the identity map and 1 is a constant function,
(3) ¢(2) = ap(—ap(z)) with p € D and

Poay(z) = cexp{z a2k+122k+1} € H(D).

k=0
Proof. Suppose that Wy , satisfies the equation
AW}, —BWy,—C =0

with |A]> + | B> + |C|* £ 0.

Obviously, the degree of Wy, , is at least one.

If the degree is one, then we have BWy, , + C' = 0; thus ¢ = —C/B and ¢ is the
identity map.

If the degree of Wy, ,, is two, we may assume without loss of generality that A =1
and then divide the proof into three cases.

Case I: If B # 0, C =0, that is

W; ., — BWy, =0.
Taking test functions f =1 and g(z) = z, we get

{w-ww—szo,
Ypop-pop—By-p=0,

which is equivalent to
w oY — B = 0)
pop—p=0.
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If ¢ is constant, then 1 is any holomorphic function such that 1 (p(0)) = B; other-
wise, ¥ = B and ¢ is the identity map since ¢(D) is a nonempty open set.
Case II: If B =0, C # 0, that is

Wy, =C.

Taking test functions f = 1 and g(z) = z, we get

bbop=0,
pop=id.

If o is the identity map, then ¢ = +1/C is constant.

If ¢ is not the identity map, we first consider the simple case when the fixed point
of ¢ is zero. In this case, p(z) = —z and 9(z) - ¥(—2) = C # 0. Setting ¢ = e”
yields

h(z) + h(—=z) = log C,

which implies that the even terms in the series expansion of h — %logC’ vanish.
Consequently,

Y(z) = VCexp <§: a2k+1z2k+1) .

k=0

For the case where p(p) = p # 0, set ;Z =1Yoa, and ¢ = ap 0oy, then Wy, is
similar to Wy ~ and hence P(Wj ~) = 0. So we have

QZ(Z) =VCexp <i a2k+1z2k+1) .

k=0

Case III: If B # 0, C' # 0, that is
Wy, —BWy, —C=0.
Taking the monomials {2"}22 , as test functions, we get
(2.4) Y-pop-(pow)t =By " +Cz", n=0.

For n = 0, if we let z = 0, then we get

thus 1(0) # 0.
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For n > 1, if we let z = 0, then we get

P((0)[p(p(0))]" = Be(0)",

that is,

So we must have p(p(0)) = ¢(0) and B = ¢(¢(0)). Evaluating (2.4) at ¢(0) yields

D(9(0))*¢" (¢(0)) = Bib((0)¢" (2(0)) + Cep(0)" = 1((0))*¢™ (12(0)) + Cep(0)",

so we get ¢(0) = 0.
It follows from (2.4) that

2))n 2)\"
@5) 0 v 22— pye(BD) e w0
z z
Since ¢(0) = 0, equation (2.5), along with the Schwartz lemma, imply that p(z) = Az
for some |A| = 1.

Now, equation (2.4) is equivalent to

(2.6) P(2)P(A2)A?" = Bap(2)A" +C, n = 0.

If A=1, then
V*(2) = B(2) + C,
where v has to be constant and then Wy , is a multiple of the identity map.
If A= -1, then
P(2)¥(Az) = C = By(z) = —By(z).
Since B # 0 and ¢ is not identically zero, this is impossible.

If ) is rational and AN = 1 with N minimal and N > 3, then summing (2.6) with
respect to n, we get

N—-1 N—-1
B(2)(A2) D A =Bi(z) > A"+ CN.
n=0 n=0

Since
MW_1l=QA-1DA+X+X2+...+ N =0,

AN 1= (2 =D+ A2 M Ny =,

we have C' = 0, which is a contradiction.

829



If A is irrational, then
Y(2)p(\2)w? = By(2)w +C, z€D, weC.

This is obviously impossible.
The proof is complete. O

Example 1. Let p(z) = —z and 91(2) = €%, ¥o(2) = e"%; then Wy, , and
W, are complex symmetric on H?(D).

2.5. Open problem. We have shown that the weight symbol ¥ of a complex
symmetric Wy, , need not to be a linear fractional map. We also want to know:

Problem 1. Is it necessary for a complex symmetric weighted composition oper-
ator Wy, to have its composition symbol ¢ being linear fractional?

We are also interested in a similar problem concerning normality, see also [12].

Problem 2. For a normal weighted composition operator Wy, , with ¢ a linear
fractional map, must 1 be also linear fractional? Ultimately, can we obtain a com-
plete characterization of normal weighted composition operators on H?(D)?
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