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Abstract. In this work, the complete moment convergence and complete convergence for
weighted sums of negatively superadditive dependent (NSD) random variables are studied,
and some equivalent conditions of these strong convergences are established. These main
results generalize and improve the corresponding theorems of Baum and Katz (1965) and
Chow (1988) to weighted sums of NSD random variables without the assumption of identical
distribution. As an application, a Marcinkiewicz-Zygmund-type strong law of large numbers
for weighted sums of NSD random variables is obtained.
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1. INTRODUCTION

The concept of complete convergence was first introduced by Hsu and Robbins [13]
as follows: a sequence {Xn, > 1} of random variables is said to converge com-

pletely to a constant A if Z P(|X,— A >¢) < oo for all e > 0. In view of the

Borel-Cantelli lemma, this 1mphes that X,, — A almost surely (a.s.). The converse is
true if {X,,; n > 1} is independent. Hsu and Robbins [13] showed that the sequence
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of arithmetic means of independent and identically distributed random variables con-
verges completely to the expected value of the summands, provided the variance is
finite. Erd6s [11] proved the converse. The Hsu-Robbins-Erdés theorem is a fun-
damental result in probability theory, which has been generalized and extended in
several ways. One of the most important generalizations was provided by Baum and
Katz [4] for the following strong law of large numbers.

Theorem A. Let % <a<1landap>1. Let {X,X,; n> 1} be a sequence of
independent and identically distributed random variables with EX,, = 0. Then the
following statements are equivalent:

(1.1) E|X|” < 00,

ap—2
(1.2) zjl n P(lr%aécn
n—=

>z—:n><oo Ve >0.

From then on, many researchers investigated and improved the Baum-Katz the-
orem for independent and dependent random variables. Chow [6] first showed the
concept of complete moment convergence by generalizing the result of Baum and
Katz [4] as follows Let {X,,; n > 1} be a sequence of random variables, and a,, > 0,

by, >0,q > 0. IfZan (b Xn| — €)%} < ooforalle >0, then {X,; n> 1} is said

to have the property of complete moment convergence. It is well known that com-
plete moment convergence implies complete convergence. For more details about
complete moment convergence, we can refer the readers to Sung [21], Chen and
Wang [5], Wu [26], Wang and Wu [24] among others. In addition, Chow [6] obtained
the following complete moment convergence result for independent and identically
distributed random variables.

Theorem B. Let o > %, p>1,and ap > 1. Let {X,X,,; n > 1} be a sequence
of independent and identically distributed random variables with EX, = 0. If
E(|X[” 4+ |X|log(1 + |X|)) < oo, then for all € > 0,

o0 +
(1.3) Z nap_Q_aE< max —en ) < 0.
n=1

1<]<n

However, both of Baum and Katz [4] and Chow [6] did not consider the interesting
case ap = 1. In addition, Chow [6] did not discuss the necessary condition of complete
moment convergence.
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By weakening the assumptions on validity of limit convergence, we provide an
extension for possible applications of probability theory to various fields, especially
to statistics research field. In many theoretical statistical frameworks, we assume
that variables are independent. But in real studies, this assumption is not plausible.
Therefore, many statisticians have revised this assumption in order also to consider
dependent cases, such as negatively associated random variables, positively associ-
ated random variables, negatively orthant dependent random variables, negatively
superadditive dependent (NSD) random variables, and many others.

The main purpose of this paper is to extend and improve the results of Baum and
Katz [4] and Chow [6] for independent and identically distributed random variables
to weighted sums of NSD random variables without the assumption of identical
distribution. Inspired by the above important results, complete moment convergence
for weighted sums of NSD random variables is further studied, and some equivalent
conditions on the strong convergence for weighted sums of NSD cases are established.
In addition, the interesting case ap = 1 is also considered in our work. As an
application, a Marcinkiewicz-Zygmund-type strong law of large numbers for weighted
sums of NSD random variables is obtained.

Before introducing our work, let us recall some definitions of negative dependent
structures.

Definition 1.1. A finite family {X;; 1 < i < n} of random variables is said
to be negatively associated (NA) if for every pair of disjoint subsets A and B of

{1,2,...,n},
(1.4) Cov(f1(X;, i € A), f2(X;, j € B)) <0,

whenever f; and fo are real coordinatewise nondecreasing functions such that the
covariance exists. An infinite family {X,,; n > 1} of random variables is NA if every
finite subfamily is NA.

The concept of NA random variables was first introduced by Alam and Saxena [1]
and studied in detail by Joag-Dev and Proschan [15].

Another negative dependence structure is negatively superadditive dependence
(NSD), which is weaker than NA. To introduce the notion of NSD, we shall first
recall the class of superadditive functions as follows.

Definition 1.2. A function ¢: R™ — R is called superadditive if ¢(xVy) +
d(xNy) = o(x)+¢(y) for all z,y € R™, where V stands for componentwise maximum
and A stands for componentwise minimum.

Based on the class of superadditive functions introduced by Kemperman [16],
Hu [14] introduced the following concept of NSD random variables.
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Definition 1.3. A random vector X = (X3, Xo,...,X,,) is said to be NSD if

(1.5) E¢(X1,Xo,..., Xn) < EQ(XF, X5, ..., X5),

n

where X7, X5,..., X are independent such that X and X; have the same distribu-
tion for each i and ¢ is a superadditive function such that the expectations in (1.5)
exist. A sequence {X,; n > 1} of random variables is said to be NSD if for all
n>1, (X1, Xo,...,X,) is NSD.

Hu [14] gave an example illustrating that NSD does not imply NA, and posed
an problem whether NA implies NSD. Christofides and Vaggelatou [7] solved this
problem and indicated that NA implies NSD. Thus, the NSD structure is an extension
of the NA structure and sometimes more useful than the latter and can be used to
obtain many important probability inequalities. As pointed out and proved by Joag-
Dev and Proschan [15], many well-known multivariate distributions have the NA
property. Consequently, studying the probability limit convergence properties of
NSD random variables is of much interest.

Since the concept of NSD random variables was introduced by Hu [14], many appli-
cations for NSD random variables have been established. See, for example, Hu [14] for
some basic properties and three structural theorems, Eghbal et al. [9] for two maximal
inequalities and a strong law of large numbers of quadratic forms of nonnegative NSD
random variables, Eghbal et al. [10] for some Kolmogorov inequalities for quadratic
forms and weighted quadratic forms of nonnegative NSD uniformly bounded ran-
dom variables, Shen et al. [18] for the almost sure convergence and strong stability
for weighted sums of NSD random variables, Wang et al. [22] for the complete con-
vergence of arrays of rowwise NSD random variables and the complete consistency
for the estimator of nonparametric regression model based on NSD errors, Wang et
al. [23] for the complete convergence for weighted sums of NSD random variables and
its application in the EV regression model, Shen et al. [20] for some applications of
the Rosenthal-type inequality for NSD random variables, Zhang [27] for the strong
convergence property of Jamison weighted sums of NSD random variables, Naderi et
al. [17], Deng et al. [8] and Zheng et al. [28] for the complete convergence of weighted
sums for NSD random variables, Shen et al. [19] for the complete moment conver-
gence for arrays of rowwise NSD random variables, Amini et al. [2] for the complete
convergence of moving average processes based on NSD sequences, among others.

Definition 1.4. A sequence {X,; n > 1} of random variables is said to be
stochastically dominated by a random variable X if there exists a positive constant C'
such that

P(|Xu| > z) < OP(|X] > ),

forallz >0 and n > 1.
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Definition 1.5. A real-valued function I/(z), positive and measurable on (0, c0),
is said to be a slowly varying function if

(1.6) lim {2)

=1 for each XA > 0.
z—>00 l(x)

Throughout this paper, the symbols C, Cy,Cs, ... represent generic positive con-
stants which may be different in various places, and a,, = O(b,,) denotes a,, < Cb,,
for all n > 1. I(A) is the indicator function on the set A. Set logz = Inmax(z,e).
The symbol [z] stands for the integer part of  and a V b stands for max(a, b).

2. PRELIMINARY LEMMAS

Lemma 2.1 (Hu [14]). If (X1, X2,...,Xy) is NSD and fi, fa, ..., fn are all nonde-
creasing (or all nonincreasing) functions, then (f1(X1), f2(X2),..., fn(Xy)) is NSD.

Lemma 2.2 (Hu [14]; Wang et al. [22]). Let {X,; n > 1} be a sequence of NSD
random variables with E|X,|™ < oo for some M > 2 and each n > 1. Then for all

)2 (S (L) ),

i=1

J

(2.1) E(lmax Z:Xi

<j<n ;

Lemma 2.3 (Bai and Su [3]). Let{(x) > 0 be a slowly varying function as z — cc.
Then the following statements hold:
(1) lim l(x +u)/l(x) =1 for each u > 0;
(2) hm sup 28 <z < 28 (2)/1(2%) = 1;
(3) hm 2°l(z) = oo, xlirlgo x7%(x) = 0 for each § > 0;

Tr—00

k: . .
(4) C12Fr1(2Fe) < 3° 2071(27e) < Co2F71(2F¢) for all r > 0, all € > 0, any positive
j=1
integer k, and some positive constants C7 and Cy;

S} . .
(5) C32kT1(2Fe) < 3 29m1(27e) < C42F71(2%¢) for all v < 0, all € > 0, any positive
i=k
integer k, and some positive constants Cs and Cy.

Based on Lemma 2.3, Zhou [29] obtained the following result.

Lemma 2.4. Let [(x) > 0 be a slowly varying function as x — oco. Then the
following statements hold:
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NE!

nt=(n) < Cmtl(m) for t > 0 and a positive integer m;

(1)
(2)

n=1

nt=1l(n) < Cm!l(m) for t < 0 and a positive integer m.

18

n

m

Lemma 2.5 (Zheng et al. [28]). Let {X,,; n > 1} be a sequence of NSD random
variables. Then there exists a positive constant C such that for any x > 0 and all
n>1,

n

(2.2) (1 - P(lmaéxn X;] > x))2 3 P(IXi| > ) < CP( max |X;| > x)

‘ 1<i<n
=1

i<

Lemma 2.6 (Sung [21]). Let {X,; n > 1} and {Y,,; n > 1} be sequences of
random variables. Then for alle > 0, M > 1 and a > 0,

+
- €a>

<(1 + 1 ) 1 1>
= EM M—-1 aM—1 1Iélgagxn

J

@3).E<mm Y (Xi+Y))

1<jsn |4
i=1

J

>
1

i=

M
>+E<max
1<j<n

Lemma 2.7 (Wu [25]). Assume that {X,; n > 1} is a sequence of random
variables which is stochastically dominated by a random variable X. Then for all
a >0,z >0, and n > 1, the following two inequalities hold:

(2.4) E| X" I(|Xn| < 2) < CL(E|X|"I(1X] < 2) + 2" P(|X] > 2));
(2.5) E|X,["I(1X,| > 7) < CLE|X[*I(|X]| > ),

where Cy and Cy are positive constants. Consequently, E|X,|* < CE|X|".

360



3. MAIN RESULTS
In this section, we state and prove the main results of this paper.

Theorem 3.1. Let o > %, p > 1, and ap > 1. Suppose that I(z) > 0 is

a slowly varying function, and {X,,; n > 1} is a sequence of NSD random variables
with EX, = 0, which is stochastically dominated by a random variable X. Let

n
{ani; 1 <i<n, n>1} be an array of real numbers such that Y |a,;|? = O(n) for

some 1 =t
ap —
LRy
If
(3.1) EIXPL(X["*) < oo,

then for all € > 0,

[e’e) 7 +
3.2 noP=2=(p E( max Ani X; 6na) < 00,
32 St [5°
and
00 J
3.3 n?=2|(n P( max Api X;| > 6na> < 0
(3.3) n; ()P ( max ;

Proof of Theorem 3.1. First, we prove that (3.1) implies (3.2). Without loss of
generality, assume that a,; > 0for 1 <i<nandalln>1. Foralln >1andi > 1,
define

Xni = —naI(Xi < —’I’La) + X1[(|X1| < no‘) —+ nO‘I(Xi > ’I’La); Ynz = Xz — Xn'i-

Noting that EX,, = 0 and by Lemma 2.6 (for M > 2), it follows that

Jo = Z n(’p_Q_(’l(n)E< max
n=1

J
¢ § (anani - Eanani)
1<j<n

n=1 i=1

+ Z no‘p_Q_o‘l(n)E< max
n=1

1<j<n

<C Z no‘p_Q_o‘Ml(n)E( max

)

Z (am'Yni - EaniYm’)

i=1
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To prove (3.2), it suffices to show that

oo
= E n(’p_Q_“Ml max
1<]<n

n=1

and 4
J

o0
= nz::lnap—%&l(n)E <1I£ja<xn ; (aniYni — EaniYn;) ) < 0.

n
Actually, by the Holder inequality and Y |a,:|? = O(n), it is easy to check that
i=1

(3.4) D lanil®=0(n) Vs<gq, s>0.

For J;, note that |Y,;| < |X;|I(|X;] > n®). By (2.5) of Lemma 2.7, (3.4) (for
s =1) and Lemma 2.4, we have that

(3.5) C’Zn"p = (n ZE|amYm|

CZnO‘p =2 (n Z|am|E|X [I(|X:] > n®)

i=1

<C Z nP=1=(n) B|X|I(|X| > n®)

—CZnO‘p =(n ZE|X|I] <XI<@G+1DY

] n

=CY EIX|I(j* <|X|<(+ D" Znaf’laz

j=1

Z PTG EIX|I(G < X< G+ 1))

< CE|X|”Z(|X|1/“) < 0.

For J;, we shall consider the following three cases.
Case 1: a > %,ap>1andp>2
Taking M = q. Note that

ap —1
(221 5)
1 max(a—1/2
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implies ¢ > p and ap — 2 — aq + q/2 < —1. It follows from Lemma 2.2 that

(3.6) C’Zno‘p Zmaa)(p ZE|am Xnil?

+CZ7’LQP 2= aql <ZE|anz n1,| > _J11+J12'

n=1

For Jy1, by (2.4) of Lemma 2.7 and Lemma 2.4 analogously to the proof of (3.5),

(3.7) Jii < cznaﬂaqz Z|am| (B|X|"I(|X;| < n®) +n*P(|X;]| > n®))
i=1

<C Z noP~1= () B X |1I(|X| < n®)

+C > P (n) EIX|I(|X| > n®)

n=1

cznap 1=aqy(p, ZE|X|QI((]—1) <X < 7%

j=1
+ cE|X|p1<|X|”“>

CZEIXI" (G =D <X <) Zn‘”’ (n)

j=1 n=j
+ CEIXPU(|1X|™)
<O PTG EIX (G - 1)* < |X] < j) + CE|IX[P1(|1X[V)
j=1
< 2CEIX|PI(IX|Y?) < .

For Jy, note that E|X|* < oo if E|X|pI(|X|1/a) < oo for p > 2. Tt follows that
(3.8) Jiz <C Y 0720 ()

n q/2
x <Z Jan|* (B X *T(1X,] < n®) + n**P(1X,] > n“)))

i=1

<O norm2merta2)(n)(B|X|%)7? < co.

n=1
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On the other hand, E|X|*™° < 0o with 0 < § < (2aq — ¢ — 2ap + 2)/(aq) can be
proved if (3.1) holds for p = 2. It also follows that
(3.9)

q/2
T < CZW“” (35 o PELX I <) 42 P >0

=1
<C Z nP=2=24](p)
n=1

n q/2
X (Z |ani > (BIXi)* 0 1(|1Xi] < n®) +n>*P(|X| > na»)

i=1

<O 0P 2 ()t 2(BIX P 0 I(| X | < n®) + 202 P(IX| > n®))V/?

> E|X|2—(5 q/2
<03 w1 e EEXE)
nele—

%)
< C«Zn(yp—Q—(yq+q/2+(y5q/21(n) < 0.

n=1

Case 2: a>%,ap>1and1<p<2.
Taking M = 2, by Lemma 2.2 and (2.4) of Lemma 2.7, analogously to the proofs
of (3.7) and (3.5), we have
)

Z anz ni nz)
n

oo
< ap—2—2«
<C Z n l(n <1121ja<x
cznap 2=2aq(p ZE|am Xoil®

= CZn"p 22 (n Zlaml2<E|Xi|21<|Xi| < n®) +n2P(|1X,] > n®))

i=1

o ap—2—2«
(3.10) 1=CY n I(n E<lmax

< €30 nor ) (BIXI(X] < 1) + 202 P(X] > )
<CY 0P 72 () EIXPI(|X] < n®)

+C > n () E|X|I()X] > n)

n=1

< CE|XPPIIX|M) < oo.
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Case 8: a > %, ap=1and p>1.
Take M = 2. Note that % <a<1forap=1andp>1. Similarly,

2
(3.11) Czn—l 2(n (fgjagcnz:am ni — EXni) )
Czn_l 20(1 ZE|anz nz|

—CZTFI 2 (p Z|am| (B|IX:P1(1X:| < n®) + n**P(1X,]| > n®))

i=1

< CZ n=2*(n)E|XPI(|X| < n®) + CZZ P(|X| > n®)
n=1

<CY nIm)EIXPI(IX] < n®) + CZn*al(n)E|X|I(|X| > n®)
n=1

< CEIX|M1(X M) < .

Next, we will prove that (3.2) implies (3.3). Actually, it is easy to check that for
any t > 0 and all € > 0,

00 +
o0 > z_: nap*Q*al (1I£]a<xn Zam il = ana>
oo
= n®P=2=(n ma; a —en® >t |dt
S en) [ (K]gnz
n=1
oo en®
> n®P=2=(n ma. a —en® >t |dt
> were) [ (K]gnz e
n=1
oo en® i
> n®P=2=(n P( ma a > 2en® | dt
Sonertein) [P mas S
n=1 im
J
ap—2 . «
>¢ Z n l(n <1I£]a<xn z; an; X;| > 2en >
im

Since € > 0 is arbitrary, the desired result (3.3) follows from the above statement
immediately. The proof of Theorem 3.1 is completed. 0

Theorem 3.2. Suppose that the conditions of Theorem 3.1 are satisfied. Then
equation (3.2) is equivalent to equation (3.3).
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Proof of Theorem 3.2. By Theorem 3.1, it follows that (3.2) implies (3.3).
Hence, it needs only to be proved that (3.3) implies (3.2). In fact, for any ¢ > 0, we

have that
+
— z—:na>

o ap—2—a«
JO z_: " ! (n) (lglja<xn

s [e'e]
_ nz::lnap 2 al(n)/o P(fgﬁgn ;am —en® >t> &
S " j
_ nz::lnap I(n) /0 P<lléljagxn ;am et s t) a
J

oo 0o j
ap—2—a B ' a
+ Zn I(n) /a P<1I£]a<xn Zasz en® > t> dt
n=1 n i=1
00 J
ap—2 Y. [e%
z:ln l(n)P <1r£]a<xn z;asz > en >
n=

ap=ia P X

N

Therefore, it suffices to show that

o 00
o ap—2—«
(3.12) Jg = nz::ln P l(n) /na P<1121ja<xn

For any ¢t > 0 and all ¢ > 1, define
Xp=—tI(X; < —t)+ X, I(| X;] <) +tI(X; > ¢); Yiu=Xi— Xu.

Noting that EX; = 0, it follows that

oo oo
Jy = Zna”*%al(n)/ P(lgl]ag Zam Xi + Yay)
n=1 ne "
oo oo
< ap—2—a«
< z:ln l(n) /na P(1I£]a<xn
n=

(o) o0
ap—2—«
+ Eln I(n) ~/n” P(1I£]a<xn
n=

:J4+J5.

>t) dt
5 )t
5 ) e

Zanz th EXt’L)

Z ani(Yei — EYyi)| >

366



For Js, note that |Yz;| < |X;|I(]X;| > t). By the Markov inequality and (2.5) of
Lemma 2.7, we obtain that

ap—2—a« 1 _
(3.13) CZn I(n / t E<1g1ja<xn Zam Yii — EYii) ) dt
Cznap 2— Oél / t (Z |am|E|Ym|> dt
i=1
< CZ n‘”’—Q—“l(n)/ tt (Z |ani | B| X3 T(1X;| > t)) dt
n=1 ne i=1

oo o0
< cznapflfaz(n)/ T EIX|I(|X] > t)dt
n=1 ne
oo oo a(kt+1)*
— Y per-isay(y) Z/ BIX|I(X] > £) dt
n=1 : ku
CZnap 1=2q(n Zk LE|IX|I(|X] > k)

k=n

CZk“” H(K)EIX|I(|X]| > k%)

= CZ ker=e=1(k) Z E|X|I(m® < |X| < (m+1)%)

m=Fk

<O EIX[I(m® < |X| < (m+1)")m*P l(m)

m=1

< CEIXIPIIX|M®) < .

For J4, by the Markov inequality (for M > 2) and Lemma 2.2, we have that

M
ap—2—« —-M
(3.14) <C Z n*7" Y (n / t E<11£1ja<xn ) dt
n
<C Z naP*%%(n)/ M <Z |an:|M E| Xy — EX“|M> dt
n=1 ne i=1
oo o)
+C Z nP=2=(n) /

a
n=1 n

Zanz th Eth)

n M/2
t=M (Z |ani > B| X1 — EX”P) dt

i=1
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< CZnap*Q*al(n)/ t~ M<Z |am| E| Xy )dt
n=1

=1
o] oo M/2
+C Z nap—Q—al(n) / t—M (Z |am‘|2E|Xti|2> dt
n=1 n i=1
=CJy + CJys.

Analogously to the proof of J; < oo, we will proceed with the following three
cases.

Case 1: a > %,ap>1andp>2

Take M = q. For Jy;, note that

ap —1
> ,2)
1 max(a— 1/2

implies ¢ > p and ap — 2 — ag + ¢/2 < —1. By (2.4) of Lemma 2.7 and Lemma 2.4,
analogously to the proof of (3.13), we have

(315 J41 Znap 2= al / t q(Z|anz|qE|th|q>
i=1
< C’Znap_Q_al(n)
n=1

y / 05 (Jam {BIXGT(X] < 1) + 91P(X] > 1)) dt

“ i=1
cznap 1=2i(n / IE|IX|T(|1X] < t)dt

o0

+CZn°‘p_1_°‘l(n)/ P(IX| > t)dt

n=1 ne

(k+1)*
Cznap oy Z/ tT9E|IX|UI(|X| < t)dt + CE|[X[P1(|X|")

n=1

<C Zn‘”’ ) 3 KRB XX < (k1))

k=n

CZka g X)X < (k+1)" Znap 1= (n
k=1

CZW’ 21 (k) B| X |T(|1X] < (k +1)°)
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—CZkap A L(E)E|X|)T(E* < |X| < (k+1)%)
+ CZk(’p_“q_ll(k)E|X|qI(|X| < k%)
k=1

CZk Uk)EIXPIk® < |X| < (k+1)%)

k
£ O R S EIXI(G - 1) < X] < )

k=1 j=1
< CEIX[PI(IX]Y*) + CY EIXI((j— )" < [X] < j*) ) kP17 (k)
j=1 k=j

< CEIXPUIXY) + 0D o UG)BIX|"I(( - 1)* < |X| < j%)
j=1

<2CEIXIPIIX M%) < .

For Jyg, note that E|X|* < oo if E|X|pI(|X|1/a) < oo for p > 2. Tt follows that
o n (1/2
(3.16) Jyo = anw 2=a(n / t—(I(Z Iam|2E|Xti|2) dt
ne i=1
< CZ nap—Q—al(n)
n=1

N . q/2
f e (Z|am|2(E|Xi|21<|Xil <O+EPIX] > )

i=1
q/2

< cznap—Q—a+q/21(n)/ tUE|X[%)

a
n=1 n

< Czna’)*?*a*q/?l(n)/ t9dt

n=1 ne
o0
< C’Z noP2-eata/2)(n) < 0o
n=1
Note that E|X|>7° < oo if (3.1) holds for p = 2, where

200 —q —2ap + 2
aq '

0<d<

By an argument similar to that in the proof of (3.9), Js2 < oo also follows.
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Case 2: a>%,ap>1and1<p<2.
Taking M = 2, analogously to the proof of (3.10), gives

Zanz th EXt’L)

2
)t

e 00
< ap—2—« —2
(3.17) L < Cg:ln I(n) /a t E(lgljagcn

<cznap*2*a1(n)/ t~ 2Z|am| E| Xy dt

=1
C’Zn(’p 1=ay(n Zk LEIXPI(X] < (k+1)%)
k=n
CZW 2-YREIXPI(X] < (k+1)%)

CZk Uk)EIXPI(k® < |X| < (k+1)%)

k
£ O R S BIXPI(G - 1) < 1X] < )

k=1 j=1
< CEIXPIIX|Y) + Y BIXPI(G - 1)™ < [X] < %)Y kP27 (k)
j=1 k=j

<CY PTG EIXPIG -1 < [X] < %)
j=1
< CE|XIPI(IX|Y*) < .

Case 3: a > 1 ap=1and p>1.
Take M = 2. Note that 5 <a <1 for ap=1and p > 1. Similarly to the proof
of (3.11), we also prove
2
> at

n"tT “I(n / t~ 2E(max
1<j<n |4

1= (n) / t_QZE|athi|2dt

“ i=1

(3.18) Ji < Zam (Xvi — EXy:)

MX ||M8

<C

3
I
-

7
Q
()¢

0o n
n_l_“l(n)/ 72> " Jani*(BIXPI(X| < 1)+ 2 P(1X;] > 1)) dt
o

i=1

3
Il
-

I
Q
(¢

n=°1(n) /oo 2(BIXPI(|IX| < t) + 222P(1X] > t)) dt

3
Il
—
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Z nln / 17 BIX(1(X| > 1) dt < CBX|*1(1X]*) < oo.

The proof of Theorem 3.2 is completed. (I

Theorem 3.3. Let a > 5 L and ap > 1. Suppose that I(x) > 0 is a slowly varying
function, and {X,,; n > 1} is a sequence of NSD random variables. Suppose that
there exist a random variable X and some positive constants C; and Cy such that

P(X|>x) < Tllgfl P(|X,| >z) < iliIIP(|Xn| >x) < CoP(|X| > x) forallz > 0

Assume further that l(x) > C for some positive constant C' if ap = 1. If

J

3.19 n“=2l(n P< ma. X;
19 e P (s |3

>5na><oo Ve >0,

then expression (3.1) holds.

Proof of Theorem 3.3. For 1 < i< nandalln > 1, it is easy to check that

J Jj—1
o 1< [ |+ o 2, X
By (3.19), it follows that
ap—2
(3.20) Zn l(n)P (1121ja<xn | X;| > en ) < 0.

For ap > 1 and I(z) > C > 0 if ap = 1, we have that

l(n)P( max |X;| > en ) < Cl(n)n*P~ 1P< max |Xj;| > en )

1<j<n 1<j<n
CZzap 21(4) (max |X|> ),
which together with (3.20) implies that
(3.21) P( max |X;| > Ena) —0 asn— oo.
1<j<n
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Hence, for n large enough,

1
(3.22) P( max |X;| > en ) <3

1<j<n

By Lemma 2.5, (3.22) and C1 P(|X| > z) < mf P(|X,| > x) for all x > 0, we can
get that

« X [¢] . o
(3.23)  nP(X|>en®) <CY P(X;| > en®) < Cp(lrélﬁé‘n 1X;| > en )

J=1

Taking ¢ = 1, by (3.20), (3.23), Lemma 2.3 and some standard computation, we
have that

(3.24) 00 > Zn(’p 2I(n (max | Xl >n )
C’Znap Hn)P(IX| > n%)

—CZn‘”’ Hn) Y PG < IXI<(G+1)Y)
j=n

=C

M8i

PG < |X|<(j+1)" Znap U(n

<.
Il
—

[logyj] 2f—1

PR <IXI<GHDY) Y Y ner i)

11%2’1

Y
Q
(]2

<.
Il
—

P(j* < |X| < (7 + ) )2lomilery(lond)

WV
Q
M 1

Il
—

>C) PG* <|X|<(G+1)")50)

J
> CE|X|PL(IX|V™).
The proof of Theorem 3.3 is completed. (]

Corollary 3.1. Under the conditions of Theorem 3.1,

1 n
lim — an; X; =0  a.s.
n—oo N
i=1
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Corollary 3.2. For the case a,; = 1, under the conditions of Theorem 3.1, for all
e>0,

J

(3.25) Zn(’p l(n (sup - il > E) < 00.
jzn i=1
Proof of Corollary 3.2.  For writing convenience, denoted by I the expres-

sion (3.25). Inspired by the proof of Theorem 12.1 of Gut [12], we get

>Q

J

ain

i=1

oo 2M—1
- Z Z n°P=2[(n)P (sup

jzn

(3.26) I= Zn‘”’ I(n (Sup

jizn

s —Q

|>e)

m=1p=2m-1 i=1
oo j om_1
<C P< sup j*az ) Z gmlar=2)j(gm)
m=1 jz2mt i n=2om-—1

Xi
1

[ee]
C Z gmiep=1)] P< sup

m—1 ]>27n 1

>g

—CE gm(ap—1) 1(2™)P| sup max
k>m 28~ 1<]<2k

)

m=1
)
C'mz:l gm(ap— 1)Z 2™ Z P<1§;a<)§k ZX ‘ > g20(k= 1))
00 J
< C;Zk((’p_l)l@kﬂ) linjzi)ék ;Xz‘ > 62“(k_1)>
oo 2+l _1
C’; nz;k n°P=2|(n (1rgja<xn > —n )

>_n>

Since € > 0 is arbitrary, the desired result (3.25) follows from the above statement
and (3.3) with a,; = 1 immediately. The proof of Corollary 3.2 is completed. O

1<]<n

< CZna”*Ql( <max
n=1

For p =1 and I(z) = 1, the following specific result can be established.
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Theorem 3.4. Let « > 0. Suppose that {X,; n > 1} is a sequence of NSD
random variables with EX, = 0, which is stochastically dominated by a random
variable X. Let {an;; 1 < i < m, n > 1} be an array of real numbers such that

n
S Jani|* = O(n). If E|X|(1 +1log|X|) < oo, then for all e > 0,
i=1

+
) < o0,

E anz

o0
(3.27) nz_:l <1r£]a<xn

and

a—2
(3.28) Z n P(lmax

Proof of Theorem 3.4. Similarly to Theorem 3.1, it needs only to be proved
that (3.27) holds. By using the same notation as in the proof of Theorem 3.1, we

+
na)
J

o0
C’E n *2F( max
1<ji<n |4
n=1 1=

Z (aniXm' - Eam'Xm')
1

easily get that

J
Z ani X

o0
E n 2FE| max
1<j<n

)
)

J

o0
C E n2E( max
— 1<j<n
n=1 1=

Z (aniym' - EaniYni)
1

In the following, we need only to show that

J
Z AniXni — EaniXm')

2
)<oo,

oo
JGZE n~*2E( max
1<j<n|*

n=1

and

J
Z OniYni — EaniYni)

o0
:E n2E|( max
1<j<n|“

n=1

) <o
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For J7, note that |Yy;| < |X;|I(|X;| > n®). Thus,
o0 n
(3.29) .]7 < CZ n72 ZE|amYm|
n=1 i=1
<CY 0 ) an|BIX[I(1Xi] > n®)
n=1 i=1

<CY n'EIX|I(X]>n®)

n=1

=CY n' Y EIXI(GY < |X|<(G+1)%)
n=1 j=n

<O logjE|X|I(j* < |X| < (5 +1)%)

j=1
< CE|X|(1 4+ log|X]) < 0.

For Jg, analogously to the proofs of (3.10) and (3.29), it follows from Lemma 2.2

that
)

oo J
(3.30)  Je<C> n_a_2E< max
n=1

1<j<n

anani
1

<O 02y Elani Xuil?
n=1 =1
o0 n

= O3 023 Jan PEIXPI(X] < n®) + 02 P(IXi] > n®))
n=1 =1

[ee] oo
<CY n*EIXPI(X|<n®)+C Y n* ' P(IX| > n)

n=1 n=1

[ee] oo
<CY n*EIXPI(IX|<n*)+C Y nT'EIX|I(IX] > n®)
n=1 n=1

< CE|X|(1+log|X]) < 0.
The proof of Theorem 3.4 is completed. (I

Remark 3.1. Compared to the result of Baum and Katz [4], the slowly varying
function /() is added in Theorems 3.1-3.3 and the assumption of identical distribu-
tion of the random variables is not needed in the main results; while taking [(x) = 1,
Theorems 3.1-3.3 yield the corresponding results of Baum and Katz [4]. In addi-
tion, complete moment convergence for weighted sums of NSD random variables is
considered for the case o > % and p > 1 with ap > 1.
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Remark 3.2. Compared to the result of Chow [6], the generalizations and im-
provements are as follows: (1) the slowly varying function [(x) is added and the
assumption of identical distribution of the random variables is not needed; (2) the
sufficient and necessary conditions of complete moment convergence for weighted
sums of NSD random variables are established; (3) the case a > %, p = 1 with
ap > 1 is extended to the case o > %, p > 1 with ap > 1 and the case a > 0,
p = 1, respectively; (4) the moment condition of the main results in this work is
much weaker than that of Chow [6].

Acknowledgements. The authors are most grateful to the editor and the
anonymous referees for carefully reading this manuscript and for offering valuable
suggestions that greatly enabled them to improve this paper.
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