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Abstract. In this paper we study the incompressible inviscid limit of the full magnetohy-
drodynamic flows on expanding domains with general initial data. By applying the relative
energy method and carrying out detailed analysis on the oscillation part of the velocity,
we prove rigorously that the gradient part of the weak solutions of the full magnetohydro-
dynamic flows converges to the strong solution of the incompressible Euler system in the
whole space, as the Mach number, viscosity as well as the heat conductivity go to zero and
the domains expand to the whole space. Furthermore, we obtain the convergence rate.

Keywords: full magnetohydrodynamic flows; inviscid limit; expanding domain; incom-
pressible limit
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1. INTRODUCTION

Magnetohydrodynamic flows arise in science and engineering in a variety of prac-
tical applications such as in plasma confinement, liquid-metal cooling of nuclear
reactors, and electromagnetic casting. The fundamental concept behind MHD is
that magnetic fields can induce currents in a moving conductive fluid, which in turn
polarizes the fluid and reciprocally changes the magnetic field itself. The set of equa-
tions that describe MHD are a combination of the Navier-Stokes equations of fluid
dynamics and Maxwell’s equations of electromagnetism. These differential equations
must be solved simultaneously, either analytically or numerically. The compressible
magnetohydrodynamic flows appears in a variety of engineering and physical prob-
lems. We consider the motion of viscous compressible fluids in a family of domains
Qu C R3, M — oo, verifying the following properties:
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> Q) are simply connected, bounded and C? domains, uniformly for M — occ.
> there exists w > 0 such that

(1.1) {z € R?; |z| < wM} C Qu,
> there exists 8 > 0 such that
(1.2) |0Qur]2 < BM?,

where || is the surface measure.
A typical family of Q,; is MQ with Q a fixed simply connected C? bounded domain
including Bi, the unit ball in R3. The evolution of the fluids in €, is governed by
the scaled complete compressible magnetohydrodynamic flows:
(1.3) Oro+div(ou) =0,
1 1
(1.4) O(ou+div(ou®@u)) + E—QVP(Q, ¥) =e*divS(¥,Vu) + (H- V)H — §V|H|27

(1.5) 9 (os(o,V)) + div(es(o,9)u) + " div(@)
- %<52+a8(19, Vu) : Vu — EbW),

(1.6) OH+ (divu)H+ (u-VH—- (H-V)u=c“vAH.

Here the density o = o(t, z), the velocity u = u(t, z), and the absolute temperature
¥ = 9(t,z) are three typical macroscopic quantities describing the motion of the
fluids, while p = p(p, ) is the pressure, s = s(p, ") the specific entropy and S(¢, Vu)
denotes the viscous stress tensor satisfying Newton’s rheological law,

2
(1.7) S(0, Vu) = u(9, H) (Vu—l—Vtu— gdivun).
According to Fourier’s law, the heat flux q = q(«J, V¥) is of the form
(1.8) q(¥, V) = —k(9, H)VY.

Here the quantities u > 0, n > 0, kK > 0 are temperature dependent dissipative
coefficients and in the following we assume n = 0 for simplicity. Note that the
system contains a small parameter ¢ related to different nondimensional numbers
following from the scale analysis: Mach number e, Reynolds number ¢~ and Péclet
number ~° with suitable a,b > 0 to be chosen later. We supplement the system
with boundary conditions

(1.9) ulga, =0, Hlgg,, =0, V¥ nlsq, =0,
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where n is the unit outward normal to 92y, together with the initial data

(1.10)  0(0,) = 00.e(z) =T+ e0y 2 (x),  9(0,2) = Voo (z) =T + 0 (),
u(0,z) =ug(z), H(0,z)=Hg.(z),

where g > 0, ¥ > 0 is the anticipated constant density and temperature enforced by
the incompressible limit.
The goal of this paper is to rigorously investigate the limit
e — 0
0. =09, —— =T, u.—u, H.—-H
€
in some suitable sense as € tends to 0 and M goes to infinity such that the given limit

(u,H,T) represents the unique strong solution of the incompressible ideal MHD-
Boussinesq system in the whole space R3:

1
(1.11) ou+ (u-Vyu+ VI = (H~V)H—§V|H|2, divu = 0,
(1.12) OHA+ (u-VH- (H-V)u=0, divH=0,

(1.13) T +u-VT =0,

with suitable initial data. Note that the transport equation of 7 is decoupled from
the Euler equations (1.11).

We first notice that the global-in-time existence solutions for system (1.3)—(1.6),
supplemented with physically relevant constitutive relations, has been studied by Hu,
Wang [6]. For the incompressible limit problems, there are many recent works by
Lions, Masmoudi [10] for isentropic Navier-Stokes equations with constant viscosity
and by Feireisl, Novotny [3], [5] for the Navier-Stokes-Fourier systems. There are also
works on the inviscid incompressible limit problems by Masmoudi [11] for isentropic
compressible Navier-Stokes equations and by Feireisl, Novotny [5] for Navier-Stokes
Fourier systems. The models of compressible magnetohydrodynamic flows have been
also studied by Jiang, Ju, and Li [8], [9].

In a recent paper [2], Feireisl, Ne¢asova, and Sun have studied the incompressible
inviscid limit problem on expanding domains for isentropic Navier-Stokes equations
(1.3)—(1.6). In this paper, we study the inviscid incompressible limit of the com-
pressible magnetohydrodynamic flows (1.3)—(1.6) on the expanding domain when
the Mach number is very small and we use the ill-prepared initial data. Our contri-
bution of this paper is physically to derive a rigorous equations (1.11)—(1.13) from
compressible magnetohydrodynamic flows based on the relative entropy method and
we obtain the convergence rate. This paper is more a developed result than the result
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mentioned in [2] and the difficulty is to investigate the convergence of magnetic field
with the weight even though there is no oscillation of magnetic field.

The rest of this paper is organized as follows. Section 2 is devoted to introducing
the preliminaries and the notion of weak solutions of (1.3)—(1.6). In Section 3 we
present the main result. In Section 3 we give the rigorous proof of the inviscid
incompressible limit of weak solutions of compressible magnetohydrodynamic flows
(1.3)—(1.6).

2. PRELIMINARIES

In this section we introduce some preliminary results necessary to perform the
singular limit.

2.1. Structural restrictions imposed on constitutive relations. We study
the singular limit problem under certain physically motivated restrictions imposed
on constitutive equations. Although they might be slightly relaxed if only the con-
vergence towards the target system is studied, we list them in the form presented
in [4], Chapter 3, where the interested reader may find more information concerning
the physical background.

The pressure p = p(p,9) is given by the formula

_95/2 @ a 44 .
(2.1) p(o,¥) =9 P(—ﬁ3/2)+319, a>0;

the specific internal energy e = e(p,?) and the specific entropy s = s(o, ) read

(2.2) e(0,9) = gﬁ%/zp(ﬁg—g/z) +avt,

(2:3) s(e.9) = S( 555 ) + %M—;

where

(2.4) P e C'0,00)NC%(0,00), P(0)=0, P'(Z)>0 VZ=0,
(2.5) Zh_rgo ];(53) =P, >0,

(2.6) 0 sP2) _ZP/(Z)Z <c VZ>0,

and
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Relation (2.6) expresses positivity and uniform boundedness of the specific heat at
constant volume.
Integrating (2.7) and employing bound (2.6) we verify that

0<S(Z)<ce(l+ |logZ)).
Consequently, by virtue of (2.3),
(2.8) ols(0,9)| < c(o+9* + ollog of + ollog ¥]*).

This estimate will be needed later.
The transport coeflicients i and & are effective functions of the temperature, p, 1 €
C1[0,00) are globally Lipschitz in [0, 00), verifying |p/ (9, H)| < M,

(2.9) 0 < p(1+9%) < p(¥,H) <E(1L+9%) VI >0,
(2.10) K€ CH0,00), 0<k(l+9%) <k(o,d,H) <KL+ VI =0.
(2.11) 0<v(14+9) <v(o,d,H) <T(1+9%) V>0,

where 1 < o < 3.

2.2. Energy and dispersive estimates for the acoustic system. To continue
we now need to introduce some notations. Let

0o Lop@9)  ,_ 10p(e9)

(@12) =TI 5o D

Let (R, T, ®.) solve the acoustic equation

(2.13) edi(aRe + BT.) + wAD, =0,
(2.14) eV, + V(aR. + 8T.) =0

with the initial data
(2.15) Ro(0,) = xs*[0505"],  To(0,) = xsx[0s9"], o = xox[0sA" div[ug]],

and _ —
C_1op@d)  ,_ 10p(@.7)

7 00 2 o0 w=a(a+ ).

]

where {s}s>0 is a family of regularizing kernels, and 05 € C°(R?) are the standard
cut-off functions s * 1. From now on we assume w = 1. Indeed, since aRy ¢ + 870,
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and A®( . have the compact support together with the property of wave equation,
we have

4
(2.16) (aR: + BT:)(t,x) =0, AD(t,z) =0 for|z|>C+ \/_E

From now on we remove ¢ in order to proceed in the most convenient way. Then we
have the Strichartz’s estimates:

Theorem 2.1 ([1]). Let (sc, ge) be the solution of system (2.13)—(2.14) with initial
data (Se,0,4e,0) given in (2.15). Then, one has

(2.17) Ve (t, )[fpr(po pay + (@Re + BTt ) fyw2 oy

< V@0, (t, ) [Fr.2mssay + [1(@Ro,e 4+ BTo,e) (t ) fnz msy
(2.18) V| i @wrr(rsre)) + (@R + BT) (¢, )| Lt mows o (r2 3

< CeVN (Vo el rrerams) + (@Roc + BToe)(t, )| rive rasps))

with

1 1 1
2<p, <00, —+=-==, k=0,1,2,...
p L 2

Furthermore, we have

(2.19) IV (t, Mz ng ey + 1(@Re + BT ) [fez
<NV ®o,e (s ez (prsy + 1 (@Ro.e + BTo.) (s )2y

Let us consider the transport equation. It is a linearized version of the entropy
equation (1.5),

(2200 O(0T: — BR.) + (u+ V&) - V(§T: — fRe) + (6T. — fR.)A®. =0

with

0s(2,9)

0=0""%y

Then we have

(2.21) S[l(l)pT] HéTs_/BREHW“(Qm) < C(d, T)||5T075_/8R07€||W1'q(91\4)’ l<g< oo
telo,

In virtue of (2.16), we get
(2.22) V. loay = VPocloa, Vte(0,T).
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We introduce the cut-off functions
(2.23) wir = —nuu — VP .,
where
v € CX(R?), 0 < nar <1, narloa,, =1, marlaa,, =0 for dist[z, 0Qa] > 1.
It also has the boundary
(2.24) Wisloay = —(u+ V&:)loa,,-
Following the property of boundary of w§, in (4.7), we get
(2:25) [|0:wSs (7, M Lo(@nre) + 1Wi (75 Vw2 @uimsy < MPHP7D0 1< p < oo,
for any 7 € (0,T).

2.3. Weak solutions. We say that a family of functions {p,, u, H} represents
a dissipative weak solution of the Navier-Stokes-Fourier system (1.3)—(1.5) in (0,T) x
QM if:
> 0>0,9>0a.e. in (0,T) x Qu,

o€ L>®(0,T; L + L°3(Qyur)), 9 € L=(0,T; L* + L*(Qr)),
Vi, Vlog(¥) € L(0,T; L*(Qar; R?)),
uc LQ(O,T; Wl’Q(QM; [R3))7 ulsq,, =0;

> the density 0 € Cyeax ([0, T]; L'(Q1s) and the equation of continuity (1.3) holds as
a family of integral identities

(2'26) /Q [:Q(Ta ')90(7—7 ) - QO,ESO(O7 )] de = /OT/Q (98,54,0 + ou - Vga) dx dt

for any 7 € [0, 7] and any test function ¢ € C°([0,T] x Qar);

> the linear momentum gu € Cyeax ([0, T]; L*(Qar; R?)) and the momentum equa-
tion (1.4), together with the initial condition (1.10), are satisfied in the sense of
distributions,

e [ [outn)plne) - eneuop(0.)] da
T 1
= // (Qu “Orp +ou®u: Vo—p(o,9)divey
0JQnr €
1
+ —£S(0, Vu) : Vi + [(H V)H — 5V|H|2} : 35) da dt
for any 7 € [0, 7], and any o € C°([0,T] x Qar; R?), vloq,, = 0;
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> the entropy production equation (1.5) is relaxed to the entropy inequality

(2.28) /Q[90,58(90,67190,6%0(07-)—98(9,19)(77')s0(ﬂ~)]dw

+// l<<€2+‘18(19,Vu) : Vu—ebM)wdxdt
oJay ¥ 9

b q(197 V’l9)

—// (QS(Qaﬁ)atsﬁ'FQS(Q,ﬁ)U'VSO‘f'&? 3
0JQMm

: w) dedt

for a.e. 7 € [0, 7] and any test function ¢ € C°([0,T] x Qur), ¢ = 0;

)
> the Maxwell equation verifies

(2.20) H- 3(r, ) da — / (H)o - 3(0, ) da
Qn

// B- 8tgodxdt+// —vVH :Vg+ (H- V)u
Qur

(u-VH - — (H- F)divu)dzdt,

T
/ B -V¢dadt =0,
0 JQn

for all @ € [D([0,T) x Qur)]3, and ¢ € D([0,T) x Q).

3. MAIN RESULT

In this section we introduce the main result.

Proposition 3.1 ([12]). Let Q = R®. Assume that the initial datum ug(z), ®o(z)
satisfies

(3.1)  u(zr,0) =ug(z) € H°, T(x,0) =P¢(z) € H*, divug=0, s>5/2.

Then there exist a T* € (0, 00) and a unique solution u to the incompressible Navier-
Stokes equations

1
(3.2) ou+(u-Viu+VIl=H-V)H - §V|H|2, divu =0,
OH+ (u-V)H - (H-V)u =0,
5‘tT 4+u-VT = 0,
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satisfying the following estimate:

(3:3) sup ([l + l|0nullzre—2 + [0 VT |-
<i<

+ VTl s + [Hl| o2 + 10:H][ go—2) < C(T)

with C(T) > 0 a constant for 0 <T < T™*.

Theorem 3.1. Let the thermodynamic functions p, e, s, and the transport coef-
ficients p, n, K satisfy the hypotheses (2.7), (2.9), (2.10), (2.11) and {Qa} >0 be
a family of uniformly C? domains in R? such that (4.6) and (4.7) hold for M = M (¢),

(3.4) eM(e) = o0
as ¢ tends to 0. Let the exponents a,b satisfy

4 5
(3.5) O<a<§, 0 < b, O<c<1.

Let the initial data (1.10) be chosen in such a way that

1 1 1 1 ~
(3:6) ale) = llog2 — 06" 172 + W61 = 95”1132 + wo.e — Woll3 + |[Ho.- — Ho[32,
where

(3.7) oV, o) € 0> (R,
P[to] = up € C*(R*R?), Hy € C*(R*R?)
for a certain k > 3, where supp|uy], supp[g(()l)], supp[ﬁ(()l)] are compact subsets
in R3. Finally, let {0, Y., u., H.} be a dissipative weak solution of the MHD system
(1.3)—(1.6) in (0,T) x R3.
Then we have

(3.8) [Ves(ue = VO — ) (7, ) 120,099
HED) =B o
L~ H gy + ]| (20 (7 = T Le(@ae)
< C[se + afe) + gM;(E)} 1/2,
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where 7 € [0,T],0<a<1,1<¢<2and0 <e <egg verifying

. (2—-a 2—a—c¢c a b 4—-3a 1
(3:9) o=min{=5" =5 5 5 5 1)

and (u,H,T) verifies the ideal MHD system (1.11)—(1.13).
Furthermore, the velocity u, magnetic field H, and temperature T' have the initial
data

~ —85 (Ea 19) 1 1 8p(§7 19)
(310) Ug = H[UO], HO, T() = Qwﬁé ) — ETQ(()I)

To get the target space, we need the convergence of densities, velocity and magnetic
field on any compact set of R? and so we can easily show the following corollary.

Corollary 3.1. Assume that a(c) — 0 as € — 0 under the same assumption as
in Theorem 3.6, we get, for any T < T, that the weak solution (o, 9., u.,H.) of
system (1.3)—(1.6) satisfies

(3.11) V0 = L (o.1;22(x)) = 0,
(3.12) 19 = Al Loe (0,320 (x)) = 0,
(3.13) lVesue —ullrro,7;22(K)) — 0,
(3.14) [He = Hl| oo (0,7:22(x)) = 0

with 1 < p < 2 as ¢ tends to 0 for all 2 < r < oo and any compact K C R® and
(u,H, T) verifying the ideal MHD system (1.11)—(1.13).

The rest of the paper is devoted to the proof of Theorem 3.1.
4. PROOF OF THEOREM 3.1

In this section, we focus on the proof of Theorem 3.1 based on the relative entropy
together with the dispersive estimate (2.18).

4.1. Energy bounds. We derive uniform bounds on the family of dissipative
weak solutions [oc,uc, He,¥.] independent of the scaling parameter ¢ — 0. For
0: (0,T) x Qu — (0,00), r,0,9: (0,T) x Qpr — (0,00) and u, U, H,B: (0,7T) x
Qu — R3, we define the relative energy functional

1 1 1
(4.1) ge(f)z/ [Sol~UP + 5 B(0.9 | r,0) + [ - B]?| dz,
Qnr
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where

M{@T@(Q—M — Heo(r,0),

He(o,9) = o(e(0,9) — ©s(0, 7))

(4.2) E(o,9|r,0)=Heo(p,9) —

are the relative energy function and the Helmholtz function, respectively. In virtue
of [7], we have the relative energy inequality

(4.3) & // “8 9, Vu) : Vu — Eb_QW) + EC|VH|2} dz dt
Qnr

0)+2Ag,
j=1
where
(4.4) Al = / / (505(19, Vu) : VU—EHMV@) da dt,
QM 19
A% = // (0(0;U +u-VU) - (U —u))dzdt,
Qe

CRET
82 Qe

Vp(r,© .
+ _2/ /QM QM (U —u) + (p(r,©) — p(p,9))div U) dz dt,

(r,©)dzdt

A = / /QM —5(r,0))0:0 + 0(s(0,9) — s(r,0))u- VO)dx dt,

bl
Qum
A5 = //m H——V|H|) )da:dt,

1
Al = _/ (H']3—H(Ls'13c)——|B|2+‘|B0|2)daj
Qur 2 2

5‘tp (r,©)dzdt,

holds for a.e. 7 € (0,T) and for any trio of continuously differentiable test functions
(r,0,U) defined on [0,T] x Qyy, such that

r>0, ©>0, r, O compactlysupported in Qy;,
U,B € O([0, T); WE2(Qar; R?)), 9,U € C([0,T); WrF12(Qar; R?), k>3,

with U|QQM =0, B|aQM =0.
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Taking r = 2, © = 9, U = 0, B = 0 as test functions in the relative entropy
inequality (4.3), we obtain

1
4. e|Ye —E >8] ) _H€2
(4.5) /Q[QQ|11|+ (02, Vel2.9) + 5 |}dx

+q9// (250, V)
Qur e

b2 q(¥e, VI,) - Vﬁe)
)

1 1 7+ L
< / [590,6|u0,6|2 + _QE(QQE’ Yo.cle,9) + _|H0’6|2} dz
Qum € 2

Vu. — + eC|VH€|2} da dt

for a.e. 7 € (0,T).

In accordance with the structural properties of the thermodynamic functions im-
posed through (2.7)—(2.11), the relative energy function enjoys the following prop-
erties: For any compacts N' C N C (0,00)? there exists a strictly positive constant
¢ = ¢(N,N"), depending only on N/, N’ and the structural properties of P, such
that for any (r,0) e N

(4.6) E(0,9|r,0) = c(lo—r]> + [0 — ) if (0,9) € N,
(4.7) E(0,9|r,0) > c¢(1+ 0" +9*) if (0,9) € (0,00)2 \ N".

Similarly to [4], Chapter 4.7, we introduce a decomposition of a function h:
h = [h]ess + [P]res for a measurable function h,

where
[Aless = h 1{5/2<gg<2§;5/2<195<25}7 [Plres = h — Ress.
Thanks to the hypothesis (3.6), the first integral including initial data on the
right-hand side of (4.5) remains bounded uniformly for & — 0.

Combining (4.5), (4.6), (4.7) with the hypothesis (2.10)-(2.11), we deduce the
following estimates:

(4.8)  esssup||\/o-uc(t, )||[L2(QM)]3\C,

te(0,T)
(4.9) ess supH {QS — Q(t, )} + ess supH [ ] < C,
te(0,T) ess| L2(Qr) te(0,T) esslL2(Qnr)

(4.10) ess sup/ 5/3 t,- fe/j + [9=(t, )] pes + Lres(t, ) do < £2C,
te(0,T) JQum
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(411) eSS( sup)) ||H€(t)||L2(QM) < C, HVH6||L2((O7T)><QAI) < C&ic/z,
te(0,T

a/2 p(9, H) t _Z :
€ \/719 (Vue—l—VuE 3dlvue)

(413) Hea/zueHLZ(O,T;[WL?(Q)]?’) <e H€(b_2)/2(195 — E)HLZ(O,T;WL?(QM)) < C,
(4.14) [[==D/2(l0g(9.) — 1og(@) | 20,1 2@y < C,

(4.12) <C,

L2(0,T;5[L*(2)]°)

where the symbol C' stands for a generic constant independent of ¢.
We remark that (4.11) follows from the generalized Korn’s inequality

1/2
2
IVw] L2 gC(/ g€|w|2dx> +CHVW+VtW——diVWHH
937 3 L

for w € Wh2(Qyr; R3), combined with the estimates (4.8), (4.10), (4.12), and the
Poincaré type inequality (4.16).

In order to get the second estimate of (4.13) and (4.14), we deduce from (4.5),
(1.8), (2.10),

(4.15) E(b_z)/Q(HVﬁE||L2(07T;[W1,2(QM)]3) -+ HVlogﬁeHL2(07T;[W1,2(Q]W)]3)) < C.

Now, the bound (4.12) involving 9. — 9 follows immediately from (4.15) and (4.9),
(4.10). To get (4.12) involving log . — log? we report the following Poincaré type
inequality on the layer Qps: For any M > 0 there exists C = C(M, Q) > 0 such
that for all w € WH2(Qpy) and all V. C Qyy, |V| < M it holds that

(4.16) 11120y < C{IVENT2 (000508 + ¢ da |,
QA{\V

see e.g. Lemma 3.1 in [7]. To conclude, we take in (4.16), £ = log9. — log®, V =
{9. < ¥9/2} and the desired bound follows by virtue of (4.15), (4.9), (4.10).

4.2. Computation of relative entropy. Our aim is to employ the relative
energy inequality (4.3) to prove the convergence of the sequence of weak solutions
(0c,9¢,uc, H.) to the target system. To this end, we take

0=0:, V=9, u=u, H=H.
and choose the test functions {r, ®, U} in the following way:
(417) r=r.,=0+¢R., =0, =94¢eT., U=U. = u+Ve,. +wj,, B=H.
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This will be carried over in several steps. We omit the subscript n whenever no
confusion arises.
Step I. In virtue of the second estimate of (4.13), we first estimate the dissipation

term of Al:

(4.18) 5“/ S(¥e, Vu,) : VU da dt
0JQn

< Cga/Q /T/ 5(1/2”(796;}16)
0/Qn Ve

+caa/2/0/Q [1(9e, Ho )V ]ess| VUL |2 dz dt

2 2
Vu. + Vi, — 3 divu.l| dzdt

oRY / / (0, )9 Jree| VUL |2 dar it
0JQnm

< Ce/? / / ([Wres + [0c]2,) dadt 4+ Ce¥/? < CeV? + Ce?/2+2,
0JQn

where we have used (2.9). We also have

(4.19) —eb=2 / / A0e, V) - VO 4 g
0JQn

Ve
— Eb/2// [5(b72)/2wv(§6 _ @)} VT de dt
0JQu & ess

T €9 E7HE q

+ b/ / / [e@—?)/QMvwe - 19)} VT dzdt < Ceb/?
0 Q]\/I 196 res

while (4.15) implies that
gb/2// {6(b72)/2’€(9671967 HE)V(ﬁE _ 5)} CVT. dxdt < Oe¥?
0Jau € ess

and

T ey Ve HE q
£b/2 // {E(b—z)ﬂ Mvws _ 19)} VT dzdt
0 QA{ & res

< et / / ¢22Y(In 0, — n9)|| VT o da
0JQxn

+e¥/? / / 0PV W, = D) |VT| L~ dedi < C2,
0JQn

where we have used the estimates in (2.19) and (2.21).
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Step II. We next control A5. For the first term of it, we have
// 0-(AU. +u. - VU)(U. —u.) dz dt
Qum
= // 0:(U; —u) ® (U; —u.) : VU da dt
Qnm

+ // (0:(Us —u.) - 0:U. + 0.(Uz —u.) : VU, ) dx dt
Qunr

- 5
< C/ E-(t)dt+ Y T,
0 k=1

where
Ji = // 0:(Uz —u.) - (Opu+u - Vu) de dt,
Qs
Js = // 0:(Ue —u.) - 0:(VP, + wiy) de dt,
Qnr
Js = // 0:(Us —u.) ® (VO + why) : Vudadt,
Qnr

Ji = // 0-(U. —u.) ®@u: (V2. + Vws,) dzdt,
Qs

// Qs 5_ V|V<I> +WM|2dJ)dt
Qum

For J; we have

(4.20) |J5| < 0:(Us —u.) - (su+u-Vu)de dt'

QM

(¢ —2)U. - VIldz dt‘ + (VP. + w5,) - VIIdz dt

0JQn

o-u. - VIIdz dt‘.

0JQnm

For the first term of the right-hand side of (4.20), we use estimates (4.9) and (4.10)
to obtain that

. —0)U. - (VII - (VxH)xH)dxdt‘

QM

CH( — )1\.95 §\<1/2||L2L2||VH_(VXH)XH||L2L2

+ 0// res + [0:]2/3)[[UL — (V x H) x H]| poo poo | VII|| o e dzz di
Qur

< C(e+¢€%).
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The second term of the right-hand side of (4.20), using equation (2.13) and the
dispersive regularity (2.1), can be estimated as follows:

|55||H|dx} +5//|55||8tH|dxdt
0 0JQ

<e(lIsellpeor2 | Loor2 + [|S0,ell oo r2 Mo oo 22

(V¢€+w§\4)-Vdedt‘ < 5[/
Q

0JQnm M

1
+ llsellzez 900 or2) + Cllwiglwie < C(e+ 573)

where we have used divu = 0 and U, = 0 on 0);. Similarly, we obtain

1

(Vo. + ws,) - (V x H) x dedt} < C(z—:+
0JQnm
Furthermore, we here denote s. by s. := aR. + 51-.

Third term of the right-hand side of (4.20), using the continuity equation (1.3),
(4.9) and (4.10), can be bounded as follows:

0eUg - Vdedt' =

(0. — ) - O, dz dt‘
0JQn

<ce (=]
essl|lL2L2

e / / s+ [0 L) U e e 94T e e dl it
Qe

< Ce+¢?).

0JQn

010|212

Thus, we get
1

il < e+ 175)

for small number 0 < e < 1.
Next, we have
(4.21)

— // 0eUe - 0y (V. + wi,)dedt + // o-u - 0(VP, + wh,)dxdt
Q]\/[ Q]\/I

- // oeue - [(V x H) x H) dz dt + %// 0:0,|V®. + w3, |* dw dt.
Qur 0JQn

Using estimate (2.25) together with (4.8), (4.9) and (4.10), it is easy to show

—// geug-atwi/[dxdt—l—// 0:V - Opwi da dt
Q]\{ QJ\{

1
2
//QM@EW Opw, dzdt + //Q .01 i [P dedt < O + = ).
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In virtue of (2.1), (4.9), and (4.10), we get

// g€u~8tV<I>€dxdt‘

0Ju

// QE_Qu~Vs€dxdt‘+
oJaoy €

<[[#=]
3

C
+ ?”[Hres + [QE]fe/sg||L°°(O,T;L1(QM)) < 0(61/4 +e),

<

// u-no Ve, dzdt
0J0Q

L>(0,T;L2(Qn1)) Hu||L4/3(O,T;L4(QM)) HVS€||L4(O,T;L4(QM))

€ss

where we have used (2.22) for large M >> 1/e. Similarly, we have

1 _ .
_// 0:0:[ V. [* dwdt < g{/ |Vo,|? dx] + C(eY* +¢).
2.Jo Qe 2 Qu 0

Thus, the term J5 is also bounded by:

5=[] ge(U—uE»atwedxdtsé’U |v<1>€|2d4
0JQMm 2 Qnr

0

T 1 1
- Qsllg~5‘V<I>6dxdt+C<€1/4+€+—+—).
/o/g ! M2

Using the regularity (3.3), the dispersive regularity (2.18), (4.8), (4.9), and (2.25),
the term J5 can be estimated as:

Js = // (0: —0)U ® (VO + wi,) : Vudzdt
0JQn
+/ U® (VP +wj,): Vudzdt
0JQn
+ // (Vo: — VO)Vorue ® (VO, +ws,) : Vvdzdt
0JQu

+// Vou: ® (VO +wi,) : Vvdadt
0JQn

1
1/4
<C(E/ +E+W).

Similarly, we get

1
IS+ J <0(51/4+6+W).
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So, the term A§ can be estimated as follows:

Aggg[/ |Vc1>€|2dx} —// o-u. - VP, dz dt
Qe 0 0JQn
—// o:-u: - [(V x H) x H] dz dt
0JQn
+C/T€(t)dt+0(51/4+6+i+ ! ).
, M Tz

Step III. In this part, we handle the pressure A2.
Notice that

—// (p(ge,f}e)—p(@,@))A@dedt—// p(0e, V) divwi, dz dt
Q]\/[ 0 QZW

3
// —u6 Vp(re,0:) dedt := ZA§_j
Qn Te j=1 '

for big M > 1/e.
We now estimate A5 ,. Using the estimate of (4.9), it follows that

(4.22) 312 = — / A [p(oe,9:) — p(o, 5)]655 divw§, dedt
0 M
- / [p(0e,9:) — p(o, E)hes divw, dedt
0JQn
- / / p(0,9) divw$, dz dt
Qe

C
< 37+ Clwislwrmian [ (08l + [0k + 1))
1
<
(3 + 31

for small number € < 1, while the divergence Theorem implies that

// p(@ﬁ)divw%dxdt:// p(2,0)V®, -ndS,
0 JN 0J0Qnm
:// p@ﬁ)v‘bo,e'ndxdtZ// p(@,@)divuoﬁdxdt
0JoQn 0JQMm
:// p(2,9)ug - ndrdt = 0,
0 JoQu

where we have used (3.6) and uy € C2°(R3).
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Finally, it remains to estimate A5 ;. Note that

- 1 1 1 0 1
A3 = 50U - —Vp(re,0:) = ——p-u. - <_ - 1)V55 — —0:U: - Vs,
’ S Te 9 r 9

g

1 '%{(829(7%,@5) 8p(@,5))VRE+ (31?(7“5,@6) B 3p(§ﬁ))vﬂ}

oo Do v v

For Bj, we can compute the estimate

// Bf dzdt
Qunr
// uE_ ngdxdt—f—// gug_ Vsedxdt
Q]u QZW

< Ce?|[o. — .@]essnmmns“”

el 2o [ Vsell L2
+Ce™2(||[oclvesl| oo £3/s + | Wres | Lo )l el 26| Ve | 2 psore
+ O™ 2| Pue | g2 o || Rel| oo 12| Vel 210
< Ce(1-a)/2
for small number € < 1, where we have used estimates (4.8), (4.9), (4.10), and (2.18).
Following (2.14), the term of Bj is the same as

BS = OeUg - atvq)ev

which adding the second term of A2 and Bj vanishes. Using the Taylor expansion,
we get

// Bgdxdtg// o-u. - (W1 VR? + woV(R.T.) +w3VT2) dadt + Ce
0JQn Qpnr

- // (0: = 0) - O (w1 VRZ + woV(R.T:) + wsVTIZ) dedt + Ce
0JQnm

< Ce+¢?)
with _ _
19%p(g,9) 9%p(2,9) 19%p(z,9)
_77 (J\)Q - 7’ w?’ )
2 0p? 0007 2 092
where we have used estimates (4.9), (4.10), (2.17), and transport equations (2.20),
(2.21). Consequently, we get

w1 =

1
. ¢ L AS il
(4.23) A5 <45, +C(e+ =)
for small0 < e < 1and M > 1.
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Step IV. In this part, we estimate Aj. Our intention in this section is to “re-

place” u. by U, in the remaining (last) convective term in Aj. To this end, we

// 5(0z,9:) (rs’@) u, - VI.dzdt
Qe

// s(0s,Ve) (7'5; @E)UE -VT.dzxdt
Qum
// s(0, V) (7“5, O (u. — U.) - VT.dzdt,
Qe

while the estimates of (4.6) and (4.9) together with Taylor expansion provide

write

ge 5(0e, ) (TE,G))]

Qe €

e — Te
<c/ ||VT€||LW(Q>/ (el — U2+ |[=—=]
0 Q £ ess

gc/ja@m
0

and by using (2.8), (4.9), and (4.11), it follows that

(ue = U.) - VI.dz dt‘

LS

€ess

) at dz

// 967 6 8(7’5, @E) (u6 o UE) VT.dzdt < 0(62/3711/2 + 6),
Qum

g res

where

1 1
g”[@sls(&)svﬁs)]res”Ll (0,7 LY (Qar) — |[Q€| (TE;66)]resl|L1(0,T;L1(QM)

—// ([9%ces + [02/%)res + [1res) dzz dt < Ce
Qn

and

1 1
(4-24) g H [Qe'S(QEa ﬁE)]TGSHEHLI(O,T;Ll(QM) - g H [Q€|S(T€, ee)HresueHLl(O,T;Ll(QM)

< O D210 res pors () + oz 10 0cvesll o5 ()

+ [/[oe 1n196]reSHL6/5(QM) + ”[1]reSHL6/5(QM))||5a/2u6HW1>2(QM;R3)
< 062/370,/2.

Indeed, for (4.24), we can choose § > 0 such that

0:|In | < Col™0 < C 218
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for o, > 2p and so we get

5/6
llee I eelsesllorsq@n) < Cllled *luesllZ i) < C™/2.

Furthermore, we can estimate the term of [o: In . ];es as follows:
5/6 5/6

[0 In QE]reS||L6/5(QM) < C|H92/3]re5||L1(QM) + C”wg]reSHU(QM) < Ce®

for p. > 25,7. > 210, where we have used Young’s inequality. Thus, we have

425) AS<C [ E()dt+ 0. 2000 0e) =80, ) 5 G,y
(4.25) 1
0 0JQnm €
1 T
—g// 0-(5(00,02) — 5(r-, ©)A T, dz dt + C(e@/3-/2) 4 ¢).
0JQn

Step V. We first handle the residual part of the remaining integrals. To this end, we
employ estimates (3.3), (2.18) together with the system of equations (2.13), (2.14),
and (2.20), to deduce

(4.26) sup el|0cR=(t, )| Lo () sup €l|OTL(t, )| Lo (u) < O,
te(0,T) te(0,T)

(427) EH&REHLm(QM) — 0, EHEJ}TEHLx(QM) — 0 in LP(O,T), 1< p < oo.

Using the same method as in Step IIT and Step IV, we finally get the desired result,

namely
429 =2 [ felsten ) = strn @)0T: s

[ st = st )0 Tz <
and
(4.29) - 6—12/0/QM [‘95;“ Op(r.,©.)] dadt

5 [ 0lee) = p(@T)AVU L de < Ce
0JQn

In view of the preceding section, we have to handle solely the essential part of
the integral of the pressure and the entropy part whose integrands can be, roughly
speaking, replaced by their linearization. We now handle the remaining terms of
A5, ..., AS. We start with the following observations that can be obtained by using
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Taylor formula and Definition (4.17) as many times as needed—to express R. and T
as a linear combination of aR. 4+ 871: and Z. = 6T — BR., together with estimates
(3.3), (4.9), (4.10), (2.18), (2.21), (2.25), together with using equations (2.20), (2.13),
and (2.14).

> First,
1 ! Te = Oe
(4.30) 2 /0 /QM " Op(re, ©c) da dt
S // ( e QE_Q)at(aRﬁBTE)ddece
0JQn €
/3 T
TR tas //QM (6T — BR:)0:(aR. + BT.) dx dt
// c% aR. + BT.)dzdt + Ce.
Qum
> Second,

(4.31) 6—12 /T/Q (p(re,©.) — p(3,9))Ad, dr dt

0c — 0 Ve
,82+a5//QM( +5 )c%(ocR + BT.) dzdt + Ce.

> Third,

(4.32) // 0:(5(re, Oc) — 5(0e,V:)) (01O + Ue - VO, ) da dt
Qum

5__ 796_E
g// <6T€—BR6+6‘Q - e 5 - )(8tT€+UE~VTE)dxdt+Ce
Qur

! 0-—2 W.—1
e TE_ e — . TE
524-04(5/0/QM (5 BR. + 5 - g . )(&:(ozR + BTy:)
+ U 'V(aRe +/8T5)) dzdt
’ 0-—0 V-—10
< — —
S 62_’_0&5//QM (6T€ /8R6+6 - ) - )5‘t(aR€+6T€)dxdt

+o(e

i)
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Summing together formulas (4.30)—(4.32), we get

(4.33) Elz // (7’6 ~ & Op(re, ©c) + (p(re, ©c) — p(oe, 9:))divU, dx) dz dt
0JQn

Te
1 T
+?// 0-(5(r2,0.) — 5(00,9.))(2,0. + U. - VO.) dw dt
0JQnm

1 1 5 T

1
< (et — — Ve .+ BT.2dz| .
C(E —l—€+€ r+.“+"r2)+2(ﬁ2+a6){/QM|aR + BT dx]o

Step VI. In this section we will handle the magnetic field terms A§, A7. We first
compute the first part of A. Applying integration by parts yields that

T 1
(4.34) // [~(H.- V)H. + JV[HLP] - Udzdi
0JQn 2
:// {—(HE-V)H6~u—1|HE|Qdivu} da dt
0JQn 2
+// [(H€~V)V<I>E-HE - l|H€|2A<I>€} da dt
0Jau 2
T 1
+// [(HE -V)wg, -H. — —|H5|2divw§w} dr dt
0JQn 2

T 1
< - H. V)H. udzdt+C(e"/* + —),
L, (74 35)

where we have used the dispersive regularity (2.18) and (2.25).
Adapting H as a test function to equation (1.5), we obtain that

(4.35) — /OT/Q (H‘S -H — H07€ . HQ) dx dt
= /T/ (He - [(u-V)H- (H-V)u] +vVH, - VH) dz dt
0JQn

+ / H-[divu.H, + (u. - V)H. — (H. - V)u.]dz dt,
0JQn
while

(4.36) // 5CVVHE-VHda:dt<€—V// IVHL |2 dz dt + Ce°.
0 Q]u 2 0 Q]\/I
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Applying integration by parts and using div H, = 0, divH = 0, we get

(4.37) A4 AT — / / oo, - [(V x H) x H] dz dt
Qnr

<[] @ ou - visasder 5 [ [ (- g VIHP doa
0JQnr 2 0J
+// o(H. —H)-Vu- (H. — H)dzdt
0JQn

+// oH, —H) - VH: (u; —u)dedt
Qp

// -VH - (HE—H)dxdt+// 2(u-V)H-Hdzdt
Qn 0/ QN

+C/ Sg(t)dt+C(ee+LM)
::ZD +C/£ YAt +C (e + —

> (4 )

where we have used

(VxH)xH=H-V)H-iVH

C/E t)dt.

For the term Dy, from (2.17), (2.18), ), (4.9), (4.11), and (4.13) together with
the Sobolev embedding and Holder’s 1nequahty, it follows that

For D3, we can easily show

(4.38) /T - (H. —H) - VH - (u. — u)dzdt
= /OT QM(HE —H)-VH: /o:(u. - U)dzdt
+/OT o (vVe—+ve:)(H. —H)-VH - (u. — u)dz dt
+/OT QM(HE —H)-VH- (yo: — 0) (Vo +w§,)dzdt

T 4
+/ Veo(H. —H) - VH - (V. + wj,) dedt := > K.
0JQn

Jj=1

It is easy to show
K!+ K< C/ E.(t)dt + C(el/Q + W)
0
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We use the Sobolev imbedding theorem and interpolation of the Lebesgue integral
to obtain the estimate of K2:

Kf:// (V- Vo) (H. —H) - VH - (u. — u)dzdt
0JQn
</0 172 = /2 | Fie | o VH o | o
+C/O H\/:—\/ElleIIHsHdetJrC/O V2 — Va2 |[H]| 2 dt

+ C/o IV/3 = v/ oo 1L ol VEL o e o dt

< Cllvo — voellpoor2IVH: [ 22 | Vug| p2r

+ CH\/:_ Veellper2||Vue|lp2rz + CH\/:_ Vel Lo
< O(eltma+e)/2 4 glma/2 4 o,

For the term of K2, we can also use interpolation of the Lebesgue integral and the
dispersive estimate (2.18):

K? SC(&I/Q—I—%).

Thus, we get

" 1
1—(a+c)/2 l1—a/2 1/2
D4<C/O 5€(t)dt+c(e (ate)/2 | 1-a/2 | 1/ +W)'

Similarly, the term D5 can also be controlled by

T 1
(4.39) Ds < C/ E.(t)dt + C(EH‘”CW +elmal2 f /2 4 W)
0

Finally, we estimate D; and can also bound D, with the same method. From esti-
mates (4.8), (4.9), (4.10) and (4.13), we get

(4.40) D1 < C|vo: = Vol =12 luell 20,102 < C' /2,

So, we prove that

(4.41) AS 4 AT — // o-u. - [(V x H) x H]dz dt
0 QM

! —(a+ 1
1 2 1 2 1/2
<C/O Ee(t)dt+c(5 (a+e)/2 4 1-a/2 | 1/ +_2>

<C/075€(t)dt+C<69+EiM).
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Consequently, we get the following relative entropy:

(4 42)
// aw Vu) : Vu Eb_QW) +eC|VH|2} dz dt
Qe

< C/O Eg(t)dt+c<e"+ m)

Step VII. From (3.6), the initial data part of A can be handled as follows:

||\/ 00, (110,5 —Uup — V(I)O,E - Wg/js) ||i/2(91\4

— 2
< CH (\/ 00,e — \/E) (uO,s — o — vq)O,e - W?\}IE)HLz(QM)
+ Cllug,e — ﬁOH%Q(QM) + C|[V®o e — x5 * Vo |l z2(2p) + Clwirliz

< C(eQ—i—a( )+ M2> +x(9)

2(Qar)

with
(4.43) lim x(8) = 0,
6—0
1
/ [;E(g,ﬁ | r,0)| dx
Qe
1
< CHQo — Rocl 220y + CWBQ — To.cl1 720
< Cale) + x(9),
and

[ Ho.e = HollZ:(q,,) < ale).

Let us apply Gronwall’s inequality to (4.36) in order to obtain

(4.44) (1) < 0(5‘9 +ale) + eMl(E))

for any 7 € (0, T%], where the number 6 is defined in (3.9). The constant depends on

and it is uniformly bounded by a constant number when § — 0. This completes the
proof of Theorem 3.1. O
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