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Abstract. With the idea of normal family we study the uniqueness of meromorphic
functions f and g when f"(f(k))m — p and g”(g(’“))m — p share two values, where p is
any nonzero polynomial. The result of this paper significantly improves and generalizes the
result due to A.Banerjee and S. Majumder (2018).
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1. INTRODUCTION, DEFINITIONS AND RESULTS

In this paper, by meromorphic functions we mean meromorphic functions in the
whole complex plane C. We adopt the standard notations of value distribution theory
(see [11]). Let T'(r) = max{T(r, f),T(r, g)}. The notation S(r) denotes any quantity
satisfying S(r) = o(T'(r)) as r — o0, outside of a possible exceptional set of finite
linear measure. A meromorphic function a(z) is called a small function with respect
to f(z), provided that T'(r,a) = S(r, f). We use the symbol o(f) to denote the order
of f.

Let f(z) and g(z) be two non-constant meromorphic functions. Let a(z) be a
small function with respect to both f(z) and g(z). We say that f(z) and g(z) share
a(z) CM (counting multiplicities) if the zeros of f(z) — a(z) and g(z) — a(z) have
the same locations and same multiplicities and we say that f(z) and g(z) share a(z)
IM (ignoring multiplicities) if the zeros of f(z) —a(z) and g(z) — a(z) have the same
locations but different multiplicities.

For the sake of simplicity, we use the notion (m)* defined by (m)* = m—1 when m
is a positive integer and (m)* = [m] when m is not integer but positive rational.
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Let h be a meromorphic function in C. Then h is called a normal function if there
exists a positive real number M such that h#(z) < M for all z € C, where

_ ()]
"= G

denotes the spherical derivative of h.

Let F be a family of meromorphic functions in a domain D C C. We say that F
is normal in D if every sequence {f,}, C F contains a subsequence which converges
spherically and uniformly on compact subsets of D (see [20]).

The following theorem well known in value distribution theory was posed by Hay-
man and settled by several authors almost at the same time (see [4]-[7]).

Theorem A. Let f be a transcendental meromorphic function, n € N. Then
f™f" =1 has infinitely many solutions.

To investigate the uniqueness result corresponding to Theorem A, both Fang and
Hua in [9], Yang and Hua in [24] obtained the following result.

Theorem B. Let f and g be two non-constant entire (meromorphic) functions,
n € N such that n > 6 (n > 11). If f*f’ and g"g' share 1 CM, then either
f(2) = c1e%®, g(z) = cae™*, where ¢, c1,c2 € C\ {0} satisfying 4(cic2)"1c? = —1,
or f =tg fort € C\ {0} such that t"*! = 1.

We say that a finite value z is called a fixed point of f if f(z9) = zo. Considering
the uniqueness question of entire or meromorphic functions having fixed points, Fang
and Qiu in [10] obtained the following result.

Theorem C. Let f and g be two non-constant meromorphic (entire) functions,
n € N such that n > 11 (n > 6). If f*(2)f'(z) — z and ¢g"(z)g’(z) — z share 0
CM, then either f(z) = e’ g(z) = coe=¢*", where ¢, c1,¢5 € C \ {0} satisfying
4(cre)"t1c? = —1, or f =tg fort € C\ {0} such that t"+! = 1.

Gradually the research work in the above directions gained pace and today it has
become one of the most prominent branches of uniqueness theory. During the last
couple of years a large amount of research papers have been published by different
authors (see [5]-[10], [17]-[21], [24], [28], [30], [31]).

We recall the following result obtained by Xu, Yi and Zhang, see [21].
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Theorem D. Let f be a transcendental meromorphic function, k € N, n € N\{1}.
Then f™f¥) takes every finite nonzero value infinitely many times or has infinitely
many fixed points.

Recently, Cao and Zhang in [5] proved the following result.

Theorem E. Let f and g be two non-constant meromorphic functions whose
zeros are of multiplicities at least k + 1, where k € N such that 1 < k <5 andn € N
such that n > 10. If f*f*) and g"g™ share 1 CM, f*) and g*) share 0 CM, f
and g share co IM, then one of the following two conclusions holds:

(i) f=tg, wheret € C\ {0} such that t"*! = 1;
(ii) f(2) = c1e%®, g(z) = cae™*, where ¢, c1,c2 € C\{0} such that (—1)*(czcq)" 1 x
d* =1.

Regarding Theorem E the following questions are inevitable.
Question 1. Can the lower bound of n in Theorem E be further reduced?

Question 2. Can the condition “Let f and g be two non-constant meromor-
phic functions whose zeros are of multiplicities at least k + 1, £ € N” in Theorem E
be further weakened?

Question 3. Does Theorem E hold for k£ > 67
We now explain the notation of weighted sharing as introduced in [13], [14].

Definition 1 ([13], [14]). Let k € NU {0} U {oo}. For a € CU {oo} we denote
by Ex(a; f) the set of all a-points of f, where an a-point of multiplicity m is counted
m times if m < k and k + 1 times if m > k. If E(a; f) = Ek(a;g), we say that f, g
share the value a with weight k.

We write f, g share (a, k) to mean that f, g share the value a with weight k. If
a(z) is a small function with respect to f(z) and g(z), we define that f(z) and g(z)
share a(z) IM or a(z) CM or with weight [ when f(z) — a(z) and g(z) — a(z) share
(0,0) or (0,00) or (0,1), respectively.

Keeping in mind the above questions, in 2018 Banerjee and Majumder obtained
the following result (see [3]).

Theorem F. Let f, g be two transcendental meromorphic functions whose zeros
are of multiplicities at least k, where k € N and n € N such that

(k2 +;4€k+4)*.
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Let p be a nonzero polynomial such that either deg(p) < n — 1 or zeros of p are
of multiplicities at most n — 1. If f*f*) — p and g"g™*) — p share (0, k;), where
ki = ((k+2)/(n—k))+3, and f, g share co IM and f*), ') share 0 CM, then
f=tg fort € C\ {0} such that t"*1 = 1.

Regarding Theorem F, it is natural to ask the following questions which are the
motive of the present paper.

Question 4. Can one remove the condition “deg(p) < n — 1 or zeros of p be

”

of multiplicities at most n — 1”7 in Theorem F?

Question 5. What happens when “f"(f*))™ —p and ¢"(g®¥))™ — p” share
the value 0 CM, where p is a nonzero polynomial in Theorem F?

Question 6. Can the lower bound of n be further reduced in Theorem F?

2. MAIN RESULT

In this paper, taking the possible answers of the above questions into background
we obtain the following result which significantly improves and generalizes Theo-
rem F.

Theorem 1. Let f, g be two transcendental meromorphic functions having zeros
of multiplicities at least k, where k € N and let m,n, k; € N such that

2
n> k* 4+ 2mk + 6.
k
Let p be a nonzero polynomial. If f*(f*))™ — p and g"(g®¥))™ — p share (0, k),

where k1 = ((3+ (k—1)m)/(n+m + (m —2)k — 1)) + 3, and f, g share oo IM and
f®) g*) share 0 CM, then f = tg, where t € C\ {0} such that t"t™ = 1.

We now explain some definitions and notations which are used in the paper.

Definition 2 ([17]). Let p € N and a € CU {c0}.

(i) N(r,a; f|>p) (N(r,a; f |> p)) denotes the counting function (reduced counting
function) of those a-points of f whose multiplicities are not less than p.

(ii) N(r,a; f|<p) (N(r,a; f |< p)) denotes the counting function (reduced counting
function) of those a-points of f whose multiplicities are not greater than p.

Definition 3. We denote by N(r,a; f |= k) the reduced counting function of
those a-points of f whose multiplicities are exactly k, where k£ € N\ {1}.
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Definition 4 ([26]). For a € CU{oo} and p € N we denote by N,(r, a; f) the sum
N(ra; f) + N(roa; f [>2) +...+ N(r,a; f [> p). Clearly Ni(r,a; f) = N(r, a; ).

Definition 5 ([1]). Let f and g be two non-constant meromorphic functions such
that f and g share 1 IM. Let zg be a 1-point of f with multiplicity p and a 1-point of g
with multiplicity ¢. We denote by N, (r,1; f) the counting function of those 1-points
of f and g where p > ¢, by N]{J) (r,1; f) the counting function of those 1-points of f
and g where p = ¢ = 1 and by Ng(r, 1; f) the counting function of those 1-points
of f and g where p = ¢ > 2; each point in these counting functions is counted only
once. In the same way we can define N (r,1;g), N]{J) (r,1; g),Ng(r, 1;9).

Definition 6 ([14]). Let f, g share a value a IM. We denote by N.(r,a; f, g) the
reduced counting function of those a-points of f whose multiplicities differ from the

multiplicities of the corresponding a-points of g. Clearly N.(r,a; f,g) = N.(r,a; g, f)
and N.(r,a; f,g) = Np(r,a; f) + Np(r,a;9).

3. LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Let F, G be two non-constant meromorphic functions. Henceforth, we shall denote
by H and V the following two functions:

(3.) i (77 (T 259)
and

, , , ’ ’ l
B2 V= (FF_1‘%)_(Gci1_%)_F(i_n_a(c?—l)'

Lemma 1 ([29]). Let f be a non-constant meromorphic function and k,p € N.
Then
Ny(r,0; f ) < Npi (7,05 f) + kN (r, 005 f) + S(r, f).

Lemma 2 ([16]). If N(r,0; f*) |f # 0) denotes the counting function of those
zeros of f*) which are not the zeros of f, where a zero of f*) is counted according
to its multiplicity, then

N(r,0; f®|f #0) < kN(r,00; f) + N(r,0; f |< k) + kN(r,0; f |> k) + S(r, f).
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Lemma 3 ([11]). Suppose that f is a non-constant meromorphic function, k €

N {1} If
N(r, 00, ) + NG 0: )+ N0 £) = 5 (n 7).

then f(z) = e¥*? where a,b € C, a # 0.

Lemma 4 ([23]). Let f be a non-constant meromorphic function and P(f) =
ao+arf+asf?+...+anf", whereag,a1,az...,an € C (a, #0). Then T(r, P(f)) =
nT'(r, f) + O(1).

Lemma 5 ([15]). Let f be a transcendental meromorphic function and o (o # 0,
o # o) be a small function of f. Then ¥ = a(f)"(f*)P is non-constant, where
keN,neNU{0} and p € N.

Lemma 6 ([25]). Let f;, j = 1,2,3 be meromorphic and f; be non-constant.
Suppose that

1

N

I

<.
Il
_

and
3

ZN r,0; fj) + Z (ry00; f) < (A4 0(1))Tu(r),

asr — oo, r € I, where I is a set of r € (0,00) with Infinite linear measure, A < 1
and Ty (r) = max, T(r, fj). Then fo =1 or f3 = 1.

<<

Lemma 7 ([25], Theorem 1.24). Let f be a non-constant meromorphic function
and let k € N. Suppose that f*) # 0. Then N(r,0; f(¥)) < N(r,0; f)+kN(r, 00; f)+
S(r, f)-

Lemma 8. Let f, g be two transcendental meromorphic functions, whose zeros
are of multiplicities at least k, where k € N and F' = f*(f*)™ /p. G = g"(g"®)™ /p,
where p is a nonzero polynomial and m,n € N such that n +m + (m — 2)k > 1.
Suppose H #£ 0. If F, G share (1,k;) and f, g share oo IM, where 0 < k1 < oo, then

k+1
kE(n+m+ (m—2)k—1)

1
+n—|—m—|—(m—2)kj—1

N(r,00; f) < (T(r, f)+T(r. 9))

N.(r, L F,G)+8(r, f) + S(r.9).
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Proof. First we suppose oo is a Picard exceptional value of both f and g. Then
the lemma follows immediately. Next we suppose oo is not a Picard exceptional
value of both f and g. We claim that V' # 0. If possible, suppose V = 0. Then by
integration we obtain

1

1—F:A(1—5), AecC\{o}.

Let 2y be a pole of f with multiplicity ¢ and a pole of g with multiplicity r such
that p(z9) # 0. Then from the definition of F' and G we have 1/F(z) = 0 and
1/G(z9) = 0. So A =1 and hence F = G. Since H # 0, it follows that F # G.
Therefore we arrive at a contradiction. Hence V' # 0. Also m(r,V) = S(r, f)+5(r, 9).

Clearly zg is a pole of F' with multiplicity (n + m)q + mk and a pole of G with

1

multiplicity (n + m)r + mk. Clearly

_ O((Z _ ZO)(n—i—m)q—i—mk—l)

and

O((Z _ ZO)(ner)rerkfl).
Consequently,
V(Z) — O((Z _ ZO)(ner)terkfl),

where ¢ = min{q, r}. Since f and g share co IM, from the definition of V' it is clear
that zg is a zero of V' with multiplicity at least n4+m+mk—1. So from the definition
of V and using Lemma 2 we have

(n+m +mk — 1)N(r, o0; f)
< N(r,0;V)+O(logr) <T(r,V) + S(r, f) + S(r,9)
r,00; V) 4 5(r, f) + 5(r, 9)
7,0; F) 4+ N(r,0;G) + N.(r,1; F,G) + S(r, f) + S(r, 9)
7,0, f) + N(r, 0 f ™ | f #0) + N(r,0:9) + N(r,0:9" | g # 0)
N.(r,1;F,G) + S(r, f) + S(r, g)
< N(r,0; f) + kN(r,00; f) + Ni(r,0; f) + N(r,0; g) + kN (r,00; g)
+ Ni(r,0;9) + N, (r,l;F G)+ S(r,f)+ S(r,9)
\k;:l (r,0; f) + —N(rOg)+2k‘N(roof)
+ N.(r,1;F,G) + S(r, f) + S(r,9)

< EEL@r, )+ T(r,9)) + 26N (1,005 )+ Nalr, 1 E, ) + (1, ) + 50 9).

Hence the lemma follows. O

(r,
(
(
(

INCINCIN N

N
N
N

+
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Lemma 9. Let f be a non-constant meromorphic function and let F = f™(f®)™,
where m,n,k € N such that n > m. Then

(n=m)T(r, f) < T(r, ) = mN(r,00; f) = N(r,0; (f*)™) + S(r, ).

Proof. Note that

N(r,00; F) = N(r,00; f") + N(r, 00; (f¥)™)
= N(r,00; f") +mN(r,00; f) + mkN(r, 00; f) + S(r, f),

N(r,00; f") = N(r,00, F) = mN(r, 00; f) — mkN(r, 00, f) + S(r, f).
Also
F 1
m(r, ") = m(r, W> < m(r,F)+m(r,W> +5(r, f)
= m(r, F) +T(r,(f*)™) = N(r,0; (fF)™) + S(r, f)
= m(r, F) + N(r,00; (f*)™) +m(r, (f®)™) = N (r,0; (fF)™) + S(r, f)
m(r, F) +mN (r,00; f) +mkN (r, oc; f)+m( (ff )" )+m(r ™
_N(T,O,(f( )m)-f—S(?“,f)
= m(r, F) +mT(r, f) + mkN(r,00; f) = N(r, 0; (f*)™) + S(r, f).
Now
nT'(r, f) = N(r,o0; f") +m(r, f")
< T(r, F) +mT(r, f) = mN(r,00; f) = N(r,0; (f*)™) + S(r, f),
(n—m)T(r, f) < T(r, F) = mN(r,00; f) = N(r,0; (f®)™) + S(r, ).
This completes the lemma. t

Lemma 10. Let f be a transcendental meromorphic function and let a(z)
(a(z) #0, a(z) # o) be a small function of f. If n > m+ 1, then f*(f*))™ —q has
infinitely many zeros, where k, m,n € N.
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Proof. Let F = f*(f*)™. Now in view of Lemma 9 and the second funda-
mental theorem for small functions (see [22]) we get

T(r, F) = mN(r,00; f) = N(r,0; (f*)™) + S(r, f)

N(r,0; F) + N(r,00; F) + N(r,a; F) — mN(r, oo; f)

= N(r,0; (f")™) + (e + 0(1)T(r, f)
N(r,
)+

(n—m)T(r, f)

<
<

SN0 )+ N(r, 0; (f*)™) + o0; f) + N(r,a; F)
—mN(r,00; f) = N(r,0; (f#)™) + (¢ + o(1))T(r, f)
N(r,0; f)+ N(r,a; F) + (¢ + o(1))T(r, f)

<
<TG, f) + N(r,a; F) + (¢ + o(1)T(r, f)

for all € > 0. Take € < 1. Since n > m + 1, from the above one can easily say that
F — a has infinitely many zeros. This completes the lemma. ([

Remark 7. By Lemma 10, one can easily say that f™(f*))™a=! —1 has in-
finitely many zeros.

Lemma 11 ([12]). Let f and g be two non-constant meromorphic functions. Sup-
pose that f and g share 0 and oo CM, f*) and ¢'*) share 0 CM for k = 1,2, ...,6.
Then f and g satisfy one of the following cases:

(i) f=tg, wheret € C\ {0},
(i) f(z) =e¥*T?, g(z) = e*T? where a, b, c and d € C, (a,c # 0),
(iit) f(2) = a/(1 —be*?), g(2) = a/(e~**) —b), where a,b € C\ {0} and « is a
non-constant entire function,
(iv) f(z) =a(l —be%®), g(z) =d(e”°* —b), where a, b, c and d € C\ {0}.

Lemma 12. Let f and g be two transcendental meromorphic functions having
zeros of multiplicities at least k, where k € N and let m,n € N. Let f*), g(*) share 0
CM and f, g share oo IM. If f*(f(®)™ = g"(g®*))™ then f = tg, wheret € C\ {0}
such that "7 = 1.

Proof. Suppose

(3.3) ™ = gn(g*hm,

ie.
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Since f and g share oo IM, it follows from (3.3) that f and g share co CM and so
f*) and g*) share oo CM. Again since f*) and ¢(¥) share 0 CM, it follows that f
and g share 0 CM also. Let hy = f/g and hy = f*)/g(®¥). Then h; # 0,00 and
hg # 0,00. From (3.4) we see that

(3.5) R R =

First we suppose h; is a non-constant entire function. Clearly hy is also a non-
constant entire function. Let Fy = h} and Gy = h3". Also from (3.5) we get

(3.6) FGi=1.

Clearly Fi # d1G1, where d; € C\ {0}, otherwise F; will be a constant and so hq
will be a constant.

Since Fy # 0,00 and G # 0,00, then there exist two non-constant entire func-
tions o and 3 such that F} = e* and G; = ¢”. Now from (3.6) we see that a+ 3 = C,
where C' € C. Therefore o' = —3’. Note that F| = a/e® and G = 8’e®. This shows
that F| and G} share 0 CM. Note that F}; # 0, Fi # oo, G1 # 0, G; # oo and
Fy # d1G1, where d; € C\ {0}. Now in view of Lemma 11 we have

Fi(z) =c1e® and Gi(z) = cee” %%,

where a, c1,co € C\ {0} such that ¢;co = 1. Since

< " az (k) z m —az
(%) = e and (ch(k)gz))> = coe 7,

it follows that

f(z) /
3.7 I = e/ = e
(3.7) oz ~he 1e
and
f(k)(z) —az/ d
3.8 = tge az/m — tge Z,
(3:8) g®)(2)

where ¢, d, t1,t2 € C\ {0} such that t} = ¢1, tJ* = c2, c=a/n and d = —a/m. Let

f(k+1) g(k+1)
(3.9) Py =" — .
JiQ) g(k)
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From (3.8) we see that
(3.10) ®y(z) =d.

Again from (3.7) we see that

. j . . . .

f(])(z) =t ZjCi(ecz)(]ﬂ)g(z)(Z%
i=0
where we define g(°)(z) = g(z). Consequently, we have
k(k+1 _
(3.11) fEHI(z) =14 (ck“eczg(z) + (k+1)cFeg (2) + ... + chewg(k b
(b 1eetg® (2) 4 o=+ (2))

and

(3.12) f® )=t (ckeczg(z) + ke le g (2) 4+ ... 4 ——L e b2
+ kceczg(kfl) (Z) + eczg(k) (Z)) )
Now from (3.9), (3.11) and (3.12) we have

. F2 — G2 + (k + ]_)Cg(k)g(k) — kcg(kil)g(k“"l)
B F3 + g(k)g(k) ’

(3.13) D,
where

kk+1) 5 o
Py = gg® 4 (k+1)cFg'g™ + .. + %029"“ Vg™,

(k= 1k

(k—2) (k+1)
5 g

Gy = FggFtD) 4 kg gD 4 4 g

and
Fy=cPgg® 4 4 kegDg®),

Let z, be a zero of g(z) with multiplicity p (p > k). Then the Taylor expansion of g
about z, is

(3.14)  g(2) = bp(z = 2p)P +bpr1(z — 2p)P T + bpya(z — Zp)erz +..., b #0.
We now consider the following two cases.
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Case 1. Suppose p = k. Then

(3.15) g (2) = kb 4+ (k4 D bpyi(z — z1) + ...
and
(3.16) g V() = (k+ 1) by + (k+2) bpgalz — 26) + ...

Now from (3.13), (3.15) and (3.16) we have

(k+1)(k")%;

(3.17) Dy (z5) = (k!)2b2

=c(k+1).

Therefore we arrive at a contradiction from (3.10) and (3.17).
Case 2. Suppose p > k + 1. Then

(k 2)( y=p(p-1). ..(p—k+3)bp(z_zp)(p—k+2)_’_.”
g V) =plp—1)...(p—k+2)by(z — 2,) P+
gM ) =pp—1)...(p—k+1)by(z — 2,) P + ...

and
g* () =pp—1) ... (p = k)by(z — 2,) P F D 4.
Therefore
(3.18) g (2)g® (2) = Kb2(z — 2p) P2k
(3.19) gF D (2)g "+ () = &Kbg(z —2p)?P %

p—k+1
where K = (p(p—1)...(p— k+1))% Also
Fy(2) = O((2 = 2p)"P7%), Ga(2) = O((z — 2) 725 11)
and
F3(2) = O((z — 2,)*P72FF1).
Now from (3.13), (3.18) and (3.19) we have

(k+1)eKb} —ke(p—k)(p—k+1)"'Kby  p+1

2 Oy (2) = - ,
(3.20) 1(2) K02 Pk +1

Therefore we arrive at a contradiction from (3.10) and (3.20).

Thus, in either cases one can easily say that g has no zeros. Since f and g share 0
CM, it follows that f and g have no zeros. But this is impossible because the zeros
of f and g are of multiplicities at least k. Hence h; is constant. Then from (3.3) we
get ™™ = 1. Therefore we have f = tg, where t € C\ {0} such that "*™ = 1.
This completes the lemma. (Il
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Lemma 13 ([6]). Let f be a meromorphic function on C with finitely many poles.
If f has bounded spherical derivative on C, then f is of order at most 1.

Lemma 14 (Zalcman [19], [27]). Let F' be a family of meromorphic functions in
the unit disc A and « be a real number satisfying —1 < a < 1. Then if F is not
normal at a point zg € A, there exist for each a with —1 < a < 1

(i) points z, € A, z, — 2o,

(ii) positive numbers o, 0, — 07 and
(iii) functions f, € F,
such that o, fn(zn + 0n() — g(C) spherically uniformly on a compact subset of C,
where g is a non-constant meromorphic function. The function g may be taken to
satisfy the normalisation g% () < g#(0) =1, ¢ € C.

Lemma 15. Let f and g be two transcendental meromorphic functions having
zeros of multiplicities at least k, where k € N. Also let f™(f*)™ —p, g"(g*)™ —p
share 0 CM and f*), g¥) share 0 CM and f, g share co IM, where p is a nonzero
polynomial and m,n € N. Then f™(f*)mgn(gk))m £ p?.

Proof. Suppose
(3.21) fn(f(k))mgn(g(k))m =p2.

Since f and g share oo IM, from (3.21) one can easily say that f and g are transcen-
dental entire functions. We consider the following cases.

Case 1. Let deg(p) =1 (> 1). Now from (3.21) it follows that N(r,0; f) = O(logr)
and N(r,0;9) = O(logr). Let

Sy and ng”(g(’“))’”’.

3.22 F=
(3.22) ’ ,

From (3.21) we get
(3.23) FG=1.

If F = C1G, where C; € C\ {0}, then F is a constant, which is impossible by
Lemma 5. Hence F' # C1G. Let

i)™ —p

3.24 b = .
(3.24) (g™ p
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Since f and g are transcendental entire functions, it follows that f(f*))™ —p # oo
and ¢g"(g*))™ — p # co. Also since f"(f*))™ —p and ¢g"(g¥))™ — p share 0 CM, we
deduce from (3.24) that

(3.25) O =e7,
where v is an entire function. Let f; = F, fo = —eYG and f3 = e7. Here f; is

transcendental. Now from (3.25) we have f; + fo + f3 = 1. Hence by Lemma 7 we
get

r 00; f;) K N(r,0; F) + N(r,0;e"G) + O(log )

H'Mw

3
> ON(r0:f5) +
j=1

< A+ o()Ta(r),

asr — oo, r€l, A< 1and Th(r) = max. T(r, f;).
VA

So by Lemma 6, we get either €YG = —1 or ¢” = 1. But here the only possibility
is that ¢7G = —1, i.e. g"(¢9®))™ = —e~7p and so from (3.21) we obtain

F=e"G, ie fr(f0)ym=engn(g®)m,
where 7 is a non-constant entire function. Then from (3.21) we get
(3.26) ™ = ce/2p and g™ (g®)™ = cem /2,

where ¢ = +1. This shows that f*(f*)™ and ¢g"(¢*))™ share 0 CM. Clearly
from (3.26) we see F' and G are entire functions having no zeros.

Let z, be a zero of f of multiplicity p (p > k) and z, be a zero of g of multiplicity ¢
(¢ = k). Clearly z, will be a zero of f*(f*))™ of multiplicity (n+m)p — km and z,
will be a zero of g"(g")™ of multiplicity (n + m)q — km. Since f*(f*)™ and
g™ (g™))™ share 0 CM, it follows that zp = zg and p = q. Consequently, f and g
share 0 CM. Since N(r,0; f) = O(logr) and N(r,0;g) = O(logr), we can take

(3.27) f(2) = h(z)e*® and g(z) = h(z)e®@,

where h is a non-constant polynomial and «, 3 are two non-constant entire functions.
We deduce from (3.27) that

(3.28) ™ = Pr(nb, . B ol o alR)entme
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where Py (h,h/,...,h®) o/ o” ..., a®) is a differential polynomial in h, &/, ..., h(*),

o, ..., a®) and
(3.29) g (g = Po(h b, BB g B B et ms

where Py(h,h',...,h\®) 3" 3" ... B%*))is a differential polynomial in h, &/, ..., h(*),
g.8", ..., 8%,

Let F = {F,} and G = {G,}, where F,,(z) = F(z +w) and G, (2) = G(z + w),
z € C. Clearly F and G are two families of entire functions defined on C. We now
consider the following two sub-cases.

Sub-case 1.1. Suppose that one of the families F and G, say F, is normal on C.
Then by Marty’s theorem F#(w) = F#(0) < M for some M > 0 and for all w € C.
Hence by Lemma 13 we have that F is of order at most 1. Now from (3.23) we have

(3.30) o(f*(f™)™) = o(F) = o(G) = o(g"(¢"™)™) < 1.

Since F' and G are non-constant entire functions having no zeros and o(F) =
o(G) < 1, we can take

(3.31) f"(f(k))m = ci1pe®  and g"(g(k))m = cope’®, where a,b, c1,co € C\ {0}.

From (3.21) we see that a + b = 0. We claim that both (n + m)a(z) — az and
(n +m)B(z) — bz are constants. If possible, suppose both (n + m)a(z) — az and
(n + m)B(z) — bz are non-constants. Let a1(z) = (n + m)a(z) — az and f1(z) =
(n+m)B(z) — bz. Note that

T(r,a") = m(r,a') < m(r, (n + m)a’) + O(1) = m(r, o} +a) + O(1)
<m(r,af)+0(1) = m((e ) ) +0(1) = S(r,e*).

et
Clearly T(r,a?) = S(r,e®) for i = 1,2,... Therefore T(r, P;) = S(r,e®!) and so
T(r,p/P1) = S(r,e™). Similarly we have T'(r,p/P,) = S(r,e’).
Now from (3.28), (3.29) and (3.31) we conclude that T'(r,e*) = S(r,e*) and
T(r,e’1) = S(r,e”1). Therefore we arrive at a contradiction. Hence, both oy and 53,

are constants. Consequently both o and /3 are polynomials of degree 1. Finally, we
take

(3.32) f(z) =dih(z)e** and g¢(z) = dih(z)e”**, where dy,ds € C\ {0}.

Now from (3.32) we have

k m
fn(f(k))m — d?erhn (Z kciak—ih(i)) e(n+m)az7

=0
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where we define h(®) = h. Similarly we have

k
gn (g(k))m _ d;ﬂrmhn (Z kci(—l)k_iak_ih(i)) e—(n—i—m)az.
=0

Since f*(f*))™ and g™(g™*))™ share 0 CM, it follows that
k

kCia/kfih(i) =J* Z kcvi(_1)1971'0/19771]7)(71)7
i=0

(3.33)

s_
i Mx-
[}

where d* € C\ {0}. But relation (3.33) does not hold.

Sub-case 1.2. Suppose that one of the families F and G, say F, is not normal
on C. Now by Marty’s theorem there exists a sequence of meromorphic functions
{F(z+wj)} C F, where z € {z: |z| < 1} and {w;} C C is some sequence of complex
numbers such that F#(w;) — 0o, as |w;j| — oo. Then by Lemma 14 there exist

(i) points zj, |z;] < 1,

(ii) positive numbers g;, g; — 0T,
(iii) a subsequence {F(w; + z; + 0;¢)} of {F(w; + 2)}
such that
(3.34) hi(Q) = 0P Fwj + 25+ 0,0) = h(Q)
spherically uniformly on a compact subset of C, where h(() is some non-constant
holomorphic function such that h#({) < h#(0) = 1. Now from Lemma 13 we see
that o(h) < 1. Also by Hurwitz’s theorem we can see that h(¢) # 0. From the proof
of Zalcman’s lemma (see [19], [27]) we have

(3.35) %= )

and

(3.36) F7(b;) > F*(wy),
where b; = w; + z;. Let

(3.37) i(¢) = 0 *G(wj + 2 + 0;0).

From (3.23) we have
F(o.)j + z; + QjC)G(OJj +z; + Qj() =1
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and so from (3.34) and (3.37) we get
(3.38) hi(Oh;(Q) = 1.

Now from (3.34) and (3.38) we can deduce that

(3.39) hi(C) = h(C)

spherically uniformly on a compact subset of C, where E(C) is some non-constant
holomorphic function in the complex plane. By Hurwitz’s theorem we can see that
R(C) # 0. From (3.34), (3.38) and (3.39) we get h(C)h(¢) = 1. Since o(h) < 1, we
have o(h) = o(h) < 1. Again since h and T are non-constant entire functions having

~

no zeros and o(h) = o(h) < 1, we can take
(3.40) h(z) = c1e” and h(z) = ée™ 7,
where ¢, ¢1,¢3 € C\ {0} such that ¢;¢; = 1. Also from (3.40) we have

h;(<) F'(wj + 2 +0;,0) , M'(Q)

(3.41) Q) Y F(w 2 40,0 RO

:C,

spherically uniformly on a compact subset of C. Now from (3.35) and (3.41) we get

RO Flwy )| Lt [Pl + 2 [F (w + )]

I L AR e e T s T e
1+ |F(wj + 2)P R'(0)] .
= o ey

which implies that lim F'(w; + z;) # 0,00 and so from (3.34) we see that
J—0o0

(3.43) hi(0) = o) 2 F(w; + 2;) — .
Again from (3.34) and (3.40) we have
(3.44) hj(0) = h(0) = c;.

But from (3.43) and (3.44) we arrive at a contradiction.

Case 2. Let p(z) = b € C\ {0}. Then from (3.21) we get f™(f*))"g" (g™ = v?,
where f and g are transcendental entire functions. Clearly f and g have no zeros.
But this is impossible because zeros of f and g are of multiplicities at least k. This
completes the lemma. ([
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Lemma 16. Let f and g be two transcendental meromorphic functions having
zeros of multiplicities at least k, where k € N and let F = f*(f®)ymp=t G =
g”(g(k))mp_l, where p is a nonzero polynomial and m,n € N such that n > (mk +
k2 4+ k + 2)k~'. Suppose f*(f*F)™ —p, g"(¢"®)™ — p share (0, k), where k; €
NU{0}U{oco} and f, g share oo IM. If H = 0, then either f™(f*)mgn (g™ = p2,
where f"(f*))™ —p, g"(g*))™ — p share 0 CM or fr(f*))™ = gn(g*))m

Proof. Since H =0, on integration, we get

LECHL ie «E_—MECI—
(F—1)? (G-1)% (Fy —p)p~1)? ((G1 =p)p=1)*’

where C; € C\ {0}, Fi = f*(f®)™ and G; = f*(f®)™. This shows that
(Fy — p)p~! and (G — p)p~* share 0 CM and so F; — p and G1 — p share 0 CM.
Finally, by integration we get

1 _bG+a—b
F-1- G-1 '

(3.45)

where a,b € C (a # 0). We now consider the following cases.
Case 1. Let b#0 and a # b. If b = —1, then from (3.45) we have

—a

F=———.
G—-—a-1

Therefore N(r,a + 1;G) = N(r,00; F) = N(r,00; f) + N(r,0;p). So in view of
Lemma 9 and the second fundamental theorem we get

(n—m)T(r,g) < T(r,g"(¢")™) = mN(r,00; g) = N(r,0; (¢")™) + S(r, g)
< T(r,G) —mN(r,00;9) — N(r,0; (9")™) + S(r, 9)
< N(r,00;G) + N(r,0;G) + N(r,a + 1;G)

—mN(r,00;9) — N(r,0; (¢™)™) + S(r, 9)
<N(r,0;9) + N(r,0;9%) | g # 0) + N (r, 005 f)
= N(r,0; (g")™) + S(r, g)
< N(r,0;9) + N(r,00;9) + S(r, 9)

kE+1
N(r,0:9) + N(r,00; g) + S(r. g) < “—2T(r, g) + S(r.g),

<
k

> =

which is a contradiction since n > (mk + k + 1)k~!
If b # —1, from (3.45) we obtain that

1 —a

b) D2(G + (a—b)b 1)’

F— (1+

298



So N(r,(b—a)b~';G) = N(r,00; F) = N(r,00; f) + N(r,0;p). Using Lemma 9 and
the same argument as used in the case when b = —1 we can get a contradiction.
Case 2. Let b # 0 and a = b. If b = —1, then from (3.45) we have F'G = 1, i.e.
frfEN)mgn (g™ = p?, where f(f*)™ —p and g"(9*))™ — p share 0 CM.
If b # —1, from (3.45) we have

1__ G
F  (1+bG-1

Therefore N(r, (1+b)~!;G) = N(r,0; F). So in view of Lemmas 2, 9 and the second
fundamental theorem we get

(n—m)T(r,g) < T(r,G) = mN(r,00;9) = N(r,0; (™)) + S(r, 9)
_ _ — 1

<N(r,oo;G)—I—N(r,O;G)—l—N(r,l—_’_b;G)
) = N(r,0; (g™)™) + S(r,9)

<N(r,0;9) + N(r,0; 9% | g # 0) + N(r,0; F)

= N(r,0;(¢")™) + S(r, 9)

(r,059) + N (r, 05 ) + N (r,0; f*) | f #0) + S(r, 9)

(r,0;9) + N(r,0; ) + kN (r,0; f |= k) + kN (r,00; f) + S(r, 9)

T(r,9) + 1T £) + T(r, )+ KT( f) + (0 ) + S0 9).

—mN(r,00; ¢

<
<

2l =l

<

e

Without loss of generality, we suppose that T'(r, f) < T(r,g) for r € I. So for r € I
we have

K2+ k+2
(n - m)T(r, g) < TT(T’ g) + S(?", g)v

which is a contradiction since n > (mk + k? + k + 2)k~!
Case 8. Let b= 0. From (3.45) we obtain

G+a-—1
" )

(3.46) F

If a # 1, then from (3.46) we obtain N(r,1 —a;G) = N(r,0; F). We can similarly
deduce a contradiction as in Case 2. Therefore a = 1 and from (3.46) we obtain
F=aG,ie.

This completes the lemma. O
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Lemma 17 ([2]). Let f and g be non-constant meromorphic functions sharing
(1, k1), where 2 < k1 < co. Then

N1 f|=2)+ 2N f |=3)+ ...+ (ki = V)N(r, 1; f |= k1) + by NL(r, 1; )

P _k P
+ (b + )N 1L g) + kN T (r, 1;9) < N(r, 1;9) — N(r, 1; g).

4. PROOF OF THE THEOREM

Proof of Theorem 1. Let F = f*(f®))™/p and G = g™(¢g™®)™/p. Clearly F
and G share (1, k1), except for the zeros of p, and f, g share co IM.

Case 1. Let H # 0. From (3.1) it can be easily calculated that the possible
poles of H occur at (i) multiple zeros of F' and G, (ii) those 1 points of F' and G
whose multiplicities are different, (iii) those poles of F' and G whose multiplicities
are different, (iv) zeros of F’ which are not the zeros of F(F — 1), (v) zeros of G’

which are not the zeros of G(G — 1). Since H has only simple poles, we get

(41) N(?“,OO;H) < N*(r,oo;f,g) -I-N*(T, 1;F7 G) +N(7’,0;F |> 2)
+ N(r,0;G |>2) + No(r,0; F') + No(r,0; G'),

where No(r,0; F') is the reduced counting function of those zeros of I’ which are not
the zeros of F(F — 1) and No(r,0; G') is similarly defined. Now from Nevanlinna’s
fundamental estimate of the logarithmic derivative we obtain m(r, H) = S(r, F) +
S(r,G).

Since T'(r, F) < (n+ (k+1)m)T(r, f)+S(r, ), T(r,G) < (n+ (k+1)m)T(r,g) +
S(r,g), then m(r,H) = S(r, f) + S(r,g). Let zo be a simple zero of F' — 1 but
p(20) # 0. Clearly 2 is a simple zero of G — 1. Then an elementary calculation
gives that H(z) = O((z — 2z9)), which proves that zj is a zero of H. Now by the first
fundamental theorem of Nevanlinna we get

(4.2) N(r,;F|=1) < N(r,0; H) <T(r,H)+ O(1)
= N(r,o0; H) + m(r, H) + O(1)
< N(r,00;H) + S(r, f) + S(r, g).
Using (4.1) and (4.2) we get
N L F = 1)+ N(r 1 F > 2)
N.(r,00; f,9) + N(r,0; F [> 2) + N(r,0;G |> 2) + N (r, 1, F, G)
+N(r,1;F |>2)+ No(r,0; F') + No(r,0; G") + S(r, f) + S(r, )

(4.3) N(rLiF)<
<
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< N(r,00; f) + N(r,0; F |>2) + N(r,0;G |> 2) + N.(r, 1; F,G)
+N(r,1;F |>2)+ No(r,0; F') + No(r,0; G") + S(r, f) + S(r, ).

Now in view of Lemmas 2 and 17 we get

(4.4) No(r,0;G')+ N(r,1;F |>2)+ N.(r,1; F,G)
<No(r,0;G)Y+N(r,;F |=2)+ N(r,1; F|=3)+... + N(r, 1, F |= k1)

SN G L) £ N 1L F) + No(r, 1, G) + Nu(r, 1, F, G)
<No(r,0;G') = N(r,1;F |=3) — ... — (k1 — 2)N(r, 1; F |= k1)

(k1 — )N L F) = 5y NL(r 1G) — (k1 — DN

+ N(r,1;G) = N(r,1;G) + N.(r,1; F,G)
< No(r,0;G")+ N(r,1;G) = N(r,1;G) — (ky —2)Np(r,1; F)
— (k1 = 1)Nz(r, 5G)
<N(r0;G" |G #0) — (ky —2)Np(r,1; F) — (ky — 1)N1(r,1;G)
<N(r,0;G) 4+ N(r,00;9) = (k1 = 2)Np(r, 1; F) — (k1 = 1)NL(r,1;G)
N(r,0;G) + N(r,00;9) — (k1 —2)N.(r,1; F,G) — N(r,1;G).

1 F)

Hence using (4.3), (4.4) and Lemma 1 we get from the second fundamental theorem
that

(4.5) T(r,F) < N(r,0;F)+ N(r,00; F) + N(r,1; F) — No(r,0; F")

<

< 2N(r,00, f) + Na(r,0; F) + N(r,0;G |> 2) + N(r,1; F |> 2)
+ Nu(r,1; F,G) + No(r,0;G’) + S(r, f) + S(r, 9)

< 3N(r,00; f) + Na(r,0; F) + Na(r,0; G) — (k1 — 2)N.(r,1; F,G)
+S(r, f)+ S(r,9)

< 3N(r,00; f) + 2N(r, 0; f) + Na(r, 0; (f™)™) + 2N (r, 0; g)
+mNa(r,0;g%)) — (k1 — 2)N.(r, 1, F,G) + S(r, f) + S(r, 9)

<3N (r,00; f) + 2N(r, 05 f) + N (r, 0; (f*)™) + 2N(r, 0; g)
+ mNp12(7,0; 9) + mkN(r,00;9) — (k1 — 2)N.(r, 1; F, G)
+ S(r, f)+ S(r,9)

< (34+mk)N(r,00; f) + 2N(r,0; f) + 2N(r,0; g) + mN(r,0; g)
+ N (r, 05 (f*)™) = (k1 = 2)N.(r, 1; F, G)
+ S(r, f)+ S(r, g).
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Now using Lemmas 8 and 9 we get from (4.5) that

(4.6) (n—m)T(r, f) <T(r, f"(f(k)) ) —mN(r,00; f) = N(r,0; (f*¥)™) + S(r, f)
< T(r, F) —mN(r, 00 ) N (r,0; (f*)™) + S(r, f)
<3+ (k- ) )N(roof)+2N(rOf)+2N(r09)

+mN(r,0;9) = (k1 = 2)N.(r, 1, F,G) + S(r, f) + 8(r, g)
(E+1)(3+ (k—1)m)

< o BB (16 )+ Tir9)

3+ (k—1)m

2
TR T ) T ) e k=1

+mT(r,g) = (k= 2)N.(r, 1, F,G) + S(r, f) + S(r, g)
(mk + 4)n +m?k% + (m? + 3m — 2)k +2(m + 1)
S k(n+m+ (m—2)k — 1) Tr)+ 5.

N.(r,1;F,G)

In a similar way we can obtain

(mk + 4)n +m?k? + (m? +3m — 2)k +2(m + 1)

(4.7) (n—m)T(r,g) < Rt m s+ (m =2k = 1) T(r)+ S(r).
Combining (4.6) and (4.7) we see that
m n +m2k? + (m? + 3m — m
(n—m)T(r)g( k+4)n +m7k* + (m* + 3m — 2)k + 2( +1)T(r)+5m7

En+m+(m—2)k—1)

(4.8) k(n — K1)(n — K2)T'(r) < S(r),
where
Ky = @omk (m;g— Dk+4+vIn
o — (2—m)k*+ (m+ Dk+4— Ly
2 2k

and Ly = ((2—m)k? + (m+ 1)k +4)% +8k((m? —m)k? + (m? + m — 1)k + (m +1)).
Note that
Ly = m?k* + 9m2k? + 2mk® + 6m?k> — 6mk>® + 4k*(1 — m)
+ 16k(m + 1) + 9k? + 4k> + 16
< m?k* + 9m?k% + 6m2k> 4+ 10mk? — 2mk® + 16(3m — 1)k
+ k% 4 64 4 8k%(1 — m) + 4k3(1 — m) + 32k(1 — m)
< (mk? + (3m — 1)k + 8)2.
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Therefore

(2—m)k*+ (m+ Dk+4+VL;
2k
_ 2-m)k>+ (m+1Dk+4+mk*+ (Bm—1)k+8 k*+2mk+6
2k B k ‘

K =

Since n > (k? 4+ 2mk + 6)k~1, (4.8) leads to a contradiction.
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Case 2. Let H = 0. Then the theorem follows from Lemmas 16, 12 and 15. O
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