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Abstract. In a nonflat complex space form (namely, a complex projective space or
a complex hyperbolic space), real hypersurfaces admit an almost contact metric structure
(p,€,1,9) induced from the ambient space. As a matter of course, many geometers have in-
vestigated real hypersurfaces in a nonflat complex space form from the viewpoint of almost
contact metric geometry. On the other hand, it is known that the tensor field h (= lﬁggp)
plays an important role in contact Riemannian geometry. In this paper, we investigate real
hypersurfaces in a nonflat complex space form from the viewpoint of the parallelism of the
tensor field h.
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1. INTRODUCTION

Let Mn(c) be a nonflat complex space form (namely, Mn(c) is congruent to either
a complex projective space CP™(c) of constant holomophic sectional curvature ¢ > 0
or a complex hyperbolic space CH™(c) of holomophic sectional curvature ¢ < 0).
It is well-known that real hypersurfaces M?"~! in Mn(c) admit the almost contact
metric structure (p,&, 1, g), see Section 2. It is not too much to say that the theory
of real hypersurfaces in Mn(c) have developed from the viewpoint of submanifold
theory and almost contact metric geometry.

In contact Riemannian geometry, the tensor h(= %Eggo) plays an important role,
where L is the Lie derivative, see [1]. In fact, it is known that the condition h = 0 is
equivalent to the condition of K -contact manifolds (namely, the characteristic vector
field € on a contact manifold is a Killing vector field with respect to the metric g).

DOI: 10.21136/CMJ.2020.0128-19 1059


http://dx.doi.org/10.21136/CMJ.2020.0128-19

On the other hand, a real hypersurface M2"~! in a nonflat complex space
form Mn(c) satisfies h = 0 if and only if M?"~! is locally congruent to a real
hypersurface of type (A) in M, (c), see [5)].

The purpose of this paper is to investigate the following problems with respect to
the parallelism of the tensor h of M?"1,

Problem 1.1. Classify real hypersurfaces in Mn (¢) satisfying the condition

(1.1) Veh =0 (§-parallelism).

Problem 1.2. Classify real hypersurfaces in M, (c) satisfying the condition
(1.2) Vxh=0 (T°M-parallelism)

for any tangent vector field X on M?*"~! orthogonal to the characteristic vector
field €.

Condition (1.1) frequently appears in contact Riemannian geometry. In fact, con-
dition (1.1) is equivalent to several conditions on contact Riemannian manifolds,
see [18]. In particular, it is well-known that there exists the relationship between
the structure Jacobi operator | and the tensor h, where [ is the tensor of type (1,1)
such that [X = R(X,&)¢ and R is the curvature tensor of the contact Riemannian
manifold. Also, in the theory of real hypersurfaces in Mn(c), many geometers have
studied real hypersurfaces from the aspect of the structure Jacobi operator, see [4].
Hence, it is natural that we investigate real hypersurfaces satisfying condition (1.1).
Pérez, Santos and Suh investigated the condition Vx! = 0 for any tangent vector
field X orthogonal to the characteristic vector field &, see [17]. They showed the non-
existence of real hypersurfaces in CP™(c) (n > 3) satisfying this equation. Hence,
Problem 1.2 is also a natural problem.

In the latter of this paper, we also consider the n-parallelism of the tensor h,
that is,

(1.3) g(Vxh)Y,Z) =0

for all tangent vector fields X, Y and Z on M?"~! orthogonal to the characteristic
vector field €. We emphasize that there exist real hypersurfaces satisfying n-parallel
condition of the tensor & but not those of type (A) in M,(c). In fact, real hypersur-
faces of type (B) in M,,(c) satisfy condition (1.3), see Theorem 5.1. We note that real
hypersurfaces of type (A) and (B) are examples of Hopf hypersurfaces with constant
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principal curvatures in M, (¢). Moreover, ruled real hypersurfaces in M, (¢) have the
n-parallelism of the tensor h. It is known that ruled real hypersurfaces in Mn(c) are
typical examples of non-Hopf hypersurfaces in Mn(c) We also give the classification
of 3-dimensional real hypersurfaces in My(c) satisfying (1.3).

2. PRELIMINARIES

Let M?"~! be a real hypersurface with a unit normal local vector field N of
a complex n-dimensional non-flat complex space form Mn (¢) of constant holomorphic
sectional curvature ¢. The Levi-Civita connections V of Mn(c) and V of M?"~1 are
related by

(2.1) VxY = VxY + g(AX, V)N,
(2.2) VxN = —AX

for vector fields X and Y tangent to M2"~1, where g denotes the induced metric from
the standard Riemannian metric of M, (c) and A is the shape operator of M?"~!
in Mn(c) Equation (2.1) is called Gauss’s formula and equation (2.2) is called
Weingarten’s formula. Eigenvalues and eigenvectors of the shape operator A are
called principal curvatures and principal vectors of M?*~ ! in Mn(c), respectively.

In this paper, V! = {X € TM: AX = \X, X L ¢} is said to be a restricted
principal distribution associated with principal curvature A\, where T'M is the tangent
bundle of M?7~ 1,

It is known that M?2"~! admits the almost contact metric structure (p,&,1,q)
induced from the Kéhler structure J of Mn(c) The characteristic vector field &
of M?"~1 is defined as £ = —JN and this structure satisfies

(2.3) =T+ n(X)=g(X,€), nE) =1, ¢&=n(eX)=0,
9(PX,)Y) = —g(X,9Y) and g(pX,pY)=g(X,Y)—n(X)n(Y),

where I denotes the identity map of the tangent bundle TM of M?"~!. We call ¢
and 7 the structure tensor and the contact form of M?"~1, respectively.

The following equations are fundamental tools in the theory of real hypersurfaces
in My,(c):

(2.4) (Vxp)Y =n(Y)AX — g(AX,Y)E
and
(2.5) Vx€=pAX
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for any X and Y tangent to M2?~!. The tensor h of M?"~! is given by
1 1
(2.6) WX = 5 (Lep)X = S (n(X)AE — pApX — AX),
where L is the Lie derivative. The Codazzi equation is given by
c

(2.7) (VxA)Y = (Vy A)X = - {n(X)pY —n(Y)pX —2g(pX, Y)E}-
Let R be the curvature tensor of M2"~! in M, (c). Namely,

R(X, Y)Z =VxVyvZ -VyVxZ2Z— V[X’y]Z.
The Gauss equation is given by

(2.8) R(X,Y)Z = E{Q(Y, Z2)X —g(X, 2)Y + g(¢Y, Z)pX — g(pX, Z)pY
—29(p X, Y)pZ} + g(AY, Z2)AX — g(AX, Z)AY

for all vectors X, Y and Z tangent to M2~ !,

A real hypersurface M?"~! in Mn(c) is said to be a Hopf hypersurface if the
characteristic vector £ is a principal curvature vector at each point of M?"~ 1. The
following lemma gives a useful property of Hopf hypersurfaces in Mn (o).

Lemma 2.1. Let M?"~! be a Hopf hypersurface M?"~! with the principal cur-
vature « corresponding to the characteristic vector field £ in Mn(c) Then M2~ 1
has the following properties:

(1) The principal curvature « is locally constant on M?"~1.
(2) If X is a tangent vector of M?"~! perpendicular to ¢ with AX = A\X, then
(2A — a)ApX = (e + 3c)pX.

In Mn(c), Hopf hypersurfaces with constant principal curvatures are standard
examples. The following classification theorems are well known.

Theorem 2.1 ([3], [9], [19]). Let M?"~! be a Hopf hypersurface in a complex
projective space CP™(c) (n > 2). Then M?"~! has constant principal curvatures if
and only if M?"~! is locally congruent to one of the following:

(A1) a geodesic sphere of radius r, where 0 < r < n/\/c,
(Ay) a tube of radius r around a totally geodesic CP'(c) (1 < 1 < n — 2), where

0<r<mn/ve,
(B) a tube of radius r around a complex hyper quadric CQ"~!, where 0 < r <

m/(2V/¢),
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(C) a tube of radius r around a CP'(c) x CP™=1/2(¢), where 0 < r < 1/(2,/c)
and n (n > 5) is odd,

(D) a tube of radius r around a complex Grassmann CGs 5, where 0 < r < 1t/(2+/c)
and n =09;

(E) a tube of radius r around a Hermitian symmetric space SO(10)/U(5), where
0<r<mn/(2y/c) and n = 15.

These real hypersurfaces are said to be of types (A1), (Az), (B), (C), (D) and (E).
In this paper, summing up real hypersurfaces of type (A;) and (Az), we call them
real hypersurfaces of type (A). The principal curvatures of these real hypersurfaces
in CP"(c) are given in the following table, see [15]:

(A1) (A2) (B) (C), (D), (E)
A 3Veceot(3yer)  yecot(Syer) 3y /ccot(Ry/er — im) 1i/ccot(y/er — in)
A2 — —1/ctan(iyer) 1y/ccot(iver +in) 1y/ccot(i/er + in)
A3 — — — 1 /ccot(%/er)
A4 — — — —1/ctan(1/er)
o« Jecot(yEr)  \Ecou(yer) VEcot(yer) Vot (yer)

Theorem 2.2 ([2], [13]). Let M?"~! be a Hopf hypersurface in a complex hyper-
bolic space CH™(c) (n > 2). Then M?"~! has constant principal curvatures if and
only if M?"~! is locally congruent to one of the following:

(Ap) a horosphere in CH™(c),
(A1)
(A11) a tube of radius r around a totally geodesic CH"~!(c), where 0 < r < oo,
(A2) a tube of radius r around a totally geodesic CH'(c) (1 < 1 < n — 2), where
0<r<oo,
(B) a tube of radius r around a totally real totally geodesic RH"%C, where 0 <

a geodesic sphere of radius r, where 0 < r < 00,

r < o0.

These real hypersurfaces are said to be of types (Ap), (A10), (A11), (A2) and (B).
Here, type (A;) implies either type (Aig) or type (A;1). Summing up real hyper-
surfaces of type (A1) and (Ag), we call them real hypersurfaces of type (A). The
principal curvatures of these real hypersurfaces in CH™(c¢) are given in the table
below, see [15].

(Ao) (A1o) (A11) (A2) (B)
A1 2\/|7 2\/\?coth le|r) %\/Htanh(% le|r) 2\/_coth(% ) 3v/]¢] coth(%\/ﬂr)
A2 — |c| tanh(3+/]c|r) ]| tanh(%\/Hr)
a \/H \/\?coth le|r) Vel coth(y/]efr) \/|?coth le|r) \/Htanh( le|r)




It is known that real hypersurfaces of type (A) have many properties. In particular,
the following conditions (2) and (3) give the characterization of real hypersurfaces
of type (A) in M, (c).

Lemma 2.2 ([5], [14], [16]). Let M?"~! be a real hypersurface in Mn(c) (n > 2).
Then the following two conditions an equivalent:
(1) M?"~! is locally congruent to a real hypersurface of type (A),
(2) pA = Ap on M1
(3) h=0.

Remark 2.1. Obviously, real hypersurfaces of type (A) in M, (c) satisfy the
condition Vh = 0.

Next, we define ruled real hypersurfaces in a nonflat complex space form Mn(c)
It is known that ruled real hypersurfaces are examples of non-Hopf hypersurfaces
in Mn(c) A real hypersurface M?"~! is called a ruled real hypersurface of a non-flat
complex space form M,(c) (n > 2) if the holomorphic distribution T°M defined
by T°M = {X € TM: n(X) = 0} is integrable and each of its maximal integral
manifolds is a totally geodesic complex hypersurface M,_1 (c) of Mn(c) A ruled real
hypersurface is constructed in the following way: Given an arbitrary regular real
smooth curve v in M, (c) which is defined on an interval I, we have at each point ~(t)
(t € I) a totally geodesic complex hypersurface M,(ltzl(c) that is orthogonal to the
plane spanned by {%(t), J¥(t)}. Then we have a ruled real hypersurface M?"~1 =
U M, Y(Lt_)l(c) in M, (c). The following lemma is a well-known characterization of ruled
tel

real hypersurfaces concerning the shape operator A, see [10] and [15].

Lemma 2.3 ([10], [15]). Let M?"~! be a real hypersurface M*"~! in a non-flat
complex space form M, (c) (n > 2). Then the following three conditions are mutually
equivalent:

(1) M?"~! is a ruled real hypersurface.

(2) The shape operator A of M>*"~1! satisfies the following equalities on the open
dense subset My = {x € M?"~': B(z) # 0} with a unit vector field U orthogo-
nal to &:

A =0+ U, AU =p¢ AX=0

for an arbitrary tangent vector X orthogonal to & and U, where «, 3 are differ-
entiable functions on My by o = g(A&,€) and B = || A¢ — aé]|.

(3) The shape operator A of M*"~1 satisfies g(AX,Y) = 0 for arbitrary tangent
vectors X,Y € TOM.
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3. ¢-PARALLELISM

In this section, we investigate real hypersurfaces satisfying condition (1.1). First,
we prepare a fundamental tool. By (2.3), (2.4), (2.5) and (2.6), the equation

(Vxh)Y =0 VX, YeTM
is equivalent to saying that

(3.1) g(PAX,Y)AE +n(Y)(VxA)§ +n(Y)ApAX — n(ApY)AX + g(AX, ApY )
—p(VxA)pY —n(Y)pA’X + g(AX,Y)pAS — (VxA)Y =0

for all vectors X and Y tangent to M?"~1,
By using this equation, we obtain the following result:

Theorem 3.1. Let M?"~! be a real hypersurface in a non-flat complex space
form M, (c) (n > 2). Then M*"~ satisfies V¢h = 0 if and only if M2~V is locally
congruent to one of the following:

(i) a real hypersurface of type (A) in M,(c),
(ii) a non-homogeneous Hopf hypersurface with A =0 in Mn(c)

Proof. By using (3.1), we obtain

(32)  (Veh)X = g(pAE, X)AL +n(X)(VeA)E + n(X)ApAL — n(ApX )AL
+ g(AE, ApX)E — (Ve A)pX — n(X)pA%E + g(AE, X)p AL
— (VgA)X =0.

Suppose that there exists a non-Hopf hypersurface in Mn(c) satisfying V¢h = 0.
Then the shape operator A forms A{ = a&+ SU, where the function [ satisfies 5 # 0
and a unit vector U is orthogonal to the characteristic vector field &.

Putting X = U in (3.2), we have

(33) 9(AE, ApU)E — (Ve A)pU + B2U — (Ve A)U = 0.

Taking an inner product of equation (3.3) with the vector U, we obtain

(34) B* = 29((Ve AU, V).

Next, we set X = ¢U in (3.2). Then we have

(3.5)  glpAE @U)AE—n(Ap*U) Ag+g(AE, Ap*U)E—p(VeA)p* U~ (Ve A)pU = 0.
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Taking an inner product of equation (3.5) with the vector U, we obtain
(3.6) B = g((VeA)U,@U).

This, combined with equation (3.4), yields 42 = 0, which is a contradiction.

Hence, there is no non-Hopf hypersurface satisfying V¢h = 0 in Mn(c)

Next, we suppose that M?"~1 is a Hopf hypersurface (with A¢ = af) in Mn(c)
We take a vector V € TOM with AV = AV. By (3.2), we can see that

(3.7) (Veh)V = —p(VeA)pV — (Ve A)V = 0.
From the Codazzi equation (2.7) we can see
(88)  (VeAlpV = (Vo A)§ — 7V = Vo (A8) — AV — 2V
— APV — ApApV — gv (using (2.5) and Lemma 2.1).
On the other hand,
(89)  (VeAV = (VvA) + TV = Vv (4§ — AVvE + 1oV
— AoV — ApAV + %av (using (2.5) and Lemma 2.1).
It follows from (2) of Lemma 2.1, (3.8) and (3.9) that
(3.10) 2\ — &) (Veh)V = —a<2>\2 — 2a\— g)apV.
From (3.7) we can see that
(3.11) a(2A2 — 20\ — g) =0.

If 2)2 — 20\ — %c = 0, then we have (2A — o)\ = a) + %c. If 2X\ — a # 0, then we
can see that A = (X + $¢)/(2X — a). This implies that ¢Vy = V). This, combined
with A& = 0 = Ap¢, yields pA = Ap. By Lemma 2.2, M?"~! is locally congruent
to a real hypersurface of type (A) in M, (c). If 2X — a = 0, then M2"~! is nothing
but a horosphere in CH™(c). This is included in the class of real hyperusrfaces of
type (A) in Mn(c)

If « = 0, M?"~1 is locally congruent to either a real hypersurface of type (A) of
radius r = 1/(2+/¢) in CP™(c) or a non-homogeneous Hopf hypersurface with A = 0
in Mn(c) Needless to say, the former is included in the class of real hypersurfaces
of type (A) in CP"(c).

Conversely, if M?"~! is a Hopf hypersurface with a = 0, then \ # 0 (see (2) of
Lemma 2.1). Hence, from relation (3.10), Hopf hypersurfaces with & = 0 in Mn(c)
satisfy (V¢h)X = 0 for any vector X € TOM. Clearly, Hopf hypersurfaces also satisfy
(Veh)€ = 0. Therefore Hopf hypersurfaces with a = 0 in M, (c) satisty Veh =0. O
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Remark 3.1. There exist non-homogeneous Hopf hypersurfaces with A( = 0
in M, (c) (for detail, see [4]).

Remark 3.2. By the work of [18], for contact Riemannian manifolds, the fol-
lowing four conditions are mutually equivalent:

(i) Veh =0,
(i) Vel =0,
(iii) Ver =0,
(iv) ol =1y,

where [ X = R(X,£)¢, R is the curvature tensor on the contact Riemannian manifold
and 7 = L¢g. In the theory of real hypersurfaces, Cho and Ki classified Hopf hyper-
surfaces in M, (¢) satisfying condition (ii), see [6]. Moreover, many geometers have
investigated the classification of real hypersurfaces satisfying condition (ii) under an
additional condition, see [4]. Recently, Ghosh studied real hypersurfaces in Mn(c)
satisfying condition (iii), see [7]. Condition (iv) was investigated by many geometers
under additional conditions, (for detail, see [20]).

4. TOM PARALLELISM

In this section, we investigate condition (1.2). To prove Theorem 4.1, we prepare
the following results with respect to ruled real hypersurfaces.

Lemma 4.1 ([11]). Every ruled real hypersurface M>*"~1 in Mn(c) (n > 2) admits
the n-parallelism with respect to the shape operator A. Namely, M?"~! satisfy the
condition

9(VxA)Y,Z)=0
for all vectors X,Y and Z in TOM.

Remark 4.1. In general, for a tensor field T of type (1, 1), the condition
g(VxT)Y,Z)=0 forany X,Y,Z cT°M
is equivalent to the condition
(VxT)Y € span{¢} for any X,Y € TOM.

Lemma 4.2. None ruled real hypersurface in M, (c) (n = 2) does not satisfies
condition (1.2).
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Proof. Suppose that there exists a ruled real hypersurface in Mn(c) satisfying
condition (1.2). From case (2) of Lemma 2.3, we set X = U and Y = ¢U in (3.1).
By using the properties of ruled real hypersurfaces (see [8], page 404), we have

0= —p(VyA)p?U — (Vy A)pU
—(VuA)pU  (from Lemma 4.1)
= ApVyU (from (2.4))

-~

Hence, there is a possibility that the case when 32 = %c satisfies (1.2). We only
check whether a ruled real hypersurface having 82 = ic satisfies condition (1.2) or

not. Again, from case (2) of Lemma 2.3, we put X = U and Y = U on the left side
of (3.1). By using the properties of ruled real hypersurfaces (see [8], page 404), we
have

~(Vou AU = =V, (B) = —(82 + 7)§ = —5€ #0.

Therefore ruled real hypersurfaces in Mn(c) do not satisfy (1.2). O

Theorem 4.1. Let M?"~! be a real hypersurface in a non-flat complex space
form M, (c) (n > 2). Then M?"~! satisfies Vxh = 0 for any vector X € T°M if and
only if M?"~! is locally congruent to a real hypersurface of type (A) in M,(c).

Proof. Suppose that there exists a non-Hopf hypersurface in Mn(c) satisfying
Vxh = 0 for any vector X € T°M. Then the shape operator A satisfies A =
af + BU, where the function ( satisfies 8 # 0 and the unit vector U is orthogonal
to the characteristic vector field £. For any vector X € TM we set Y = U in (3.1).
Then we have

g(PAX, U)AE + g(AX, ApU)E — o(Vx A)pU + g(AX,U)pAE — (Vx A)U =0

for any vector X € T°M. We take the inner product of this equation with U and ¢U,
respectively. Then we can see that
(42) 29((VxA)eU,U) = Byg(X, AU)

for any vector X € TOM. Similarly, we set Y = ¢U in (3.1) and take the inner
product with U and U, respectively. Then we have

(4.3) g(Vx AU, eU) = Bg(X, AU),
(4.4) 269(X, ApU) + g(Vx AU, U) — g((Vx A)pU,oU) =0



for any vector X € T°M. From equations (4.2) and (4.3) we have g(AU, X) = 0 for
any vector X € T°M. This implies that

(4.5) AU = B¢,

Next, from equations (4.1) and (4.4) we have g(ApU,X) = 0 for any vector
X € T'M. Noting that g(ApU, £) = 0, we obtain

(4.6) ApU = 0.

We take a unit vector V€ T'M = T°M N span{U, pU}* such that AV = \V.
For any vector X € T°M we set Y = £ in (3.1). Then we have

(4.7) ApAX — pA?X + B%g(X,U)pU =0
for any vector X € T°M. Putting X =V in (4.7), we get
A(ApV — ApV) = 0.

This equation implies the following two cases:

(1) ApV =XV (A #0),

(2) A=0.

Now we shall show that case (1) does not occur. We suppose that ApV = AV
(A #0). By using the Codazzi equation, we get
c
(Vv A)pV — (Vv AV = =&

On the other hand, by (2.4), we have

(Vv A)pV — (Vv AV = (VN)pV + (@)X = A2)E + (M — A)pVyV
+ BAU — (VA)V — (A — A)V V.

These two equations yield
c
(48)  ad =M+ Bg(Vy Vo) + (@ = Ng(Vov V) + Bg(Vor V.U) = —3.

Next, we compute g(Vv'V,oU), ¢(V,ovV,§) and g(V,vV,U) one by one. By us-
ing (2.5), we have

(4.9) g(VevV, &) = —g(V,Vyové) = —g(V, pApV) = A
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We put X = ¢V and Y = V in (3.1), and take the inner product with £. By
using (4.9), we can see that

—aX+ A% — /\g(vcpvva )+ Q(AVWVa §) = BQ(VWV U) =0.
Since 8 # 0, we have
(4.10) GV V.U) = 0.
By using (2.4), we then have
g(VvV,oU) = —g(V,(Vve)V + Vv U) = —g(V,oVvU) = g(VvU, V).
Hence, we shall calculate g(Vy U, ¢V). By the Codazzi equation, we obtain
(Vv AU — (Vg A)V =0.
On the other hand, we have
(Vv AU — (VyA)V = (VP)E+ BA\pV — AVyU — (UN)V — (A — A)Vy V.
These equations imply that S\ — Ag(Vy U, V) = 0. Since X\ # 0, we have
(4.11) g(VvV,oU) = g(VvU,pV) = B.
Equations (4.8), (4.9), (4.10) and (4.11) give
(4.12) —2)2 + 20\ + B% = —g.
By the Codazzi equation, we have
(Vv A)E = (VeA)V = =26V
On the other hand, we can see that
(Vy A)E— (Ve AV = (Va)e+(ar =)oV + (VAU +BVyU — (EN)V — (A — A) V¢ V.
By using equation (4.11), these two equations yield
—9)2 4 20\ + 242 = —g
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This, combined with (4.12), gives 8 = 0, which is a contradiction. Hence, case (1)
does not occur. Namely, we only consider case (2) for the distribution 7M. This
implies that AX = 0 for any vector X € T'M. This, together with (4.6), gives
AX = 0 for any vector X L & U. Hence, this case means that M?"~! is locally
congruent to the ruled real hypersurface in Mn(c) However, by Lemma 4.2, ruled
real hypersurfaces do not satisfy condition (1.2).

Finally, we consider the case of Hopf hypersurfaces in Mn(c) We suppose that
M?"~1 is a Hopf hypersurface (with A¢ = af) in Mn(c) For any vector X € T°M
we put Y = ¢ in (3.1). Then we obtain

ApAX — pA?X =0

for any vector X € T°M. We take a vector V € TYM with AV = A\V. By Lemma 2.1
and the above equation, we can see that

)\(2>\2 — 20\ — g) —0.

This equation implies that the function X is locally constant and A = 0 or 2\% —
2a) — 3¢ = 0. The former does not occur (see the tables in Section 2). By the
discussion of Theorem 3.1, the latter gives that M?"~! is locally congruent to a real
hypersurface of type (A) in M, (o). O

5. M-PARALLEL CONDITION

Motivated by the discussion of Theorem 4.1, we would like to find the condition
which ruled real hypersurfaces satisfying a certain parallelism of the tensor h. In
this section, we investigate real hypersurfaces satisfying condition (1.3). We note
that ruled real hypersurfaces in Mn(c) satisfy condition (1.3). First, we classify Hopf
hypersurfaces in M, (c) satistying condition (1.3). In the latter half of this section,
we classify 3-dimensional real hypersurfaces in M, (¢) satisfying condition (1.3).

From (3.1), condition (1.3) is equivalent to saying that

(5.1) 9(pAX,Y)g(AE, Z) — n(ApY)g(AX, Z) — g(p(Vx A)pY, Z)
+9(AX,Y)g(pAL, Z) — g(VxA)Y, Z) =0

for any X, Y and Z orthogonal to the characteristic vector field £. It follows from
equation (5.1) that we obtain the following lemma:
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Lemma 5.1. Let M?"~! be a Hopf hypersurface in Mn(c) (n > 2). Suppose that
M?*n=1 satisfies condition (1.3). Then M?"~1 satisfies

(5.2) I(VxA)pY,pZ) = g((VxA)Y, Z)

for any X,Y and Z orthogonal to the characteristic vector field &.

By virtue of this lemma, we shall classify Hopf hypersurfaces M2"~! satisfying
n-parallel condition of the tensor h of M?"~! in M,/(c).

Theorem 5.1. Let M?"~! be a Hopf hypersurface in M, (c) (n > 2). Suppose
that M*"~! meets condition (1.3). Then M?"~1 is locally congruent to one of the
following:

(i) a real hypersurface of type (A) in M, (o),
(ii) a real hypersurface of type (B) in Mn(c)

Proof. We suppose that M?"~! admits condition (5.1). Then we shall show that
M?"1islocally congruent to a Hopf hypersurface with constant principal curvatures
in Mn(c)

Since M?"~! is the Hopf hypersurface (with A¢ = af), we take a unit vector field
V € T'M with AV = \V. First, we consider the case when (2\ — a)(p) # 0 at some
point p on M?"~ !, It follows from the continuity of the function X that 2\ — a # 0
on some sufficiently small neighborhood U of the point p. By case (2) of Lemma 2.1,
we can see that ApV = pupV on U, where p = (aX + 3¢)/(2A — ).

Then we have

(5.3) G(Vx AV, V) = g(Vx(AV) — AVxV,V) = X\

for any vector X € TM. On the other hand, we can see that

(5.4) g(VxA)pV,pV) = g(Vx(ApV) — AVx(¢V), V)
a? +c
=Xu= —X/\m

for any vector X € T°M. From (5.2), (5.3) and (5.4) we obtain
XA(4X? —daX+2a% +¢) =0

for any vector X € TOM. If 40\ — 4o\ +2a% + ¢ = 0, by case (1) of Lemma 2.1, X is
locally constant.
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Next, we shall consider the case when
(5.5) XA=0
for any vector X € T'M. By the Codazzi equation, we get
(VeA)V — (Vy A)E = Z@V.
On the other hand, by using Lemma 2.1, case (1), we have
(VeA)WV — (Vv A)E = (EN)V + AV V — AVV — adpV + AupV.

Taking the inner product of these equations and the vector V', we have
(5.6) EXN=0.

Hence, equations (5.5) and (5.6) imply that the function A is locally constant.
Thus, M?"~! is locally congruent to a Hopf hypersurface with constant principal
curvatures M, (c).

Next, we consider the case when (2)A — «)(p) = 0 at some point p on M?"~1. Then
we can see that 2\ — a = 0 on some sufficiently small neighborhood V of the point p.
Hence ) is constant on V. Namely, in this case, M?"~! is locally congruent to a Hopf
hypersurface with constant principal curvatures Mn(c)

It is well-known that real hypersurfaces of types (A) and (B) have n-parallel shape
operator A (see [3] and [15]). By this fact, we can see that real hypersurfaces of
types (A) and (B) in M, (c) satisfy condtion (5.1).

Finally, we shall show that real hypersurfaces of types (C), (D) and (E) in CP"(c)
do not satisfy condition (1.3). Let M>?"~! be a real hypersurface of either type (C),
type (D) or type (E) in CP"(c). Suppose that the operator h of M?"~! is n-parallel.
The holomorphic distribution is decomposed as T°M = V/\O1 &) V/\O2 &) V)?S &) V)?4 (see
the table of Section 2). Each principal distribution satisfies oV =V oV = V),
goV)?g = V)?S and goV)?4 = V)?4. We take vectors X € V)?S and Y € V)?l. By the left
side of equation (3.1), we can see that

(Vxh)Y = %(—@(VXA)goY (VX A)Y) = %(((AQ AT+ AVAY + pApV Y.

Since h is n-parallel, (Vxh)Y € span{¢} for any X € V) and Y € V{ (see Re-
mark 4.1). Here we note that pApVxY € T°M. The above implies that

(A2 = M)+ A)VxY € span{}.
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Thus, we have

(5.7) VxY € span{¢}

for any X € V/\O3 and Y € V>?1' Moreover, by equation (2.5), we can see that
9(VxY.§) = —g(Y,pAX) = —A39(Y,pX) =0

for any X € V/\O3 and Y € V>?1' This, together with (5.7), yields

(5.8) VxY =0

for any X € V/\O3 and Y € V)?l.
For any X € V) (A = A1, A2, A3 or \y), from the Codazzi equation (2.7), we have

c
(5.9) (VxA) — (VeAX = —Z<pX.
On the other hand, we obtain

(VxA) — (VeA)X = Vx(AE) — ApAX — Ve (AX) + AV X

a)\—i—%c
2\ —

=a pX — A X — (M —A)VX.

This, combined with (5.9), gives

(5.10) (A = A)7eX = (Aa- O;it %ac) + z)saX

Now we take a unit vector X € V)?l. From equation (5.10) we have
o o
(5.11) 9(VeX, pX) = Sg(pX,0X) = 7.

Next, we take unit vectors X € V)?B and Y € V)?l. Then the Gauss equation (2.8)
gives the following;:

(5.12) 9(R(X, pX)Y,9Y) = —gg(sz, pX)g(pY,¢Y) = —%

On the other hand, it follows from (5.8) that we have

(5.13) R(X, gaX)Y:VXV@XY—wava—V[X7¢X]Y
= —va(wx)y + vaxxy.
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We here remark that
Vx(pX),Veox X € V/\O3 @ span{{}
for any X € V)?B, see [12]. Hence, equation (5.13) is expressed as
R(X,0X)Y = =V(vy(ox)2Y = V@xex)eY +V(voxx)3,Y + V(voxx) Y,

where (%)), and (x)¢ are the V)?3—component and the £&-component of (), respectively.
This, together with equations (2.4), (2.5), (5.8) and (5.11), gives us

(5.14) G(R(X, pX)Y, Y ) = 249(VeY, 9Y) = as.
By (5.12) and (5.14), we obtain cot?(3+/cr) = —1, which is a contradiction. Therefore

M?"~! does not satisfy condition (1.3). O

In the rest of this paper, we consider the case of 3-dimensional non-Hopf hyper-
surfaces Ma(c). Obviously, by Lemma 2.3 and Lemma 4.1, ruled real hypersurfaces
satisfy equation (5.1). Namely, we have the following:

Lemma 5.2. Every ruled real hypersurface in Mn(c) admits the n-parallelism
with respect to the tensor h.

By using this lemma, we can establish the following proposition:

Proposition 5.1. Let M? be a non-Hopf hypersurface in MQ(C). Then M?3 satis-

fies condition (1.3) if and only if M? is locally congruent to a ruled real hypersurface
in Ms(c).

Proof. We suppose that M3 is a non-Hopf hypersurface satisfying condi-
tion (1.3) in Ma(c). Since M? is a non-Hopf hypersurface, we can take a local
fields of orthonormal frame {&, U, U} such that

A§ = al + U,
AU = BE+ U + 69U,
ApU = U + epU,

where 8 # 0.
Setting X =U,Y = U and Z = U in (5.1), we have

(5.15) By =9((VuA)pU,U).
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On the other hand, putting X =U, Y =U and Z = ¢U in (5.1), we have
By =29((VuA)pU,U).

This, together with equation (5.15), gives 7 = 0.
Similarly, we set X = U, Y = U and Z = U in (5.1), and get

(5.16) pé = g(VouA)eU, U).
On the other hand, we put X = U, Y =U and Z = ¢U in (5.1), and we obtain
B8 =29((Vou AU, U).

This, combined with equation (5.16), yields 6 = 0.
Moreover, we set X = U, Y =U and Z = U in (5.1), and we obtain

(5.17) e+ (Vo AU, 9U7) — g((V s YU, U) = 0.
On the other hand, we put X = U, Y = ¢U and Z = U in (5.1), and we get
2e + g(Vou A)U,U) = g((Vou AU, oU) = 0.

This, together with equation (5.17), yields ¢ = 0. Hence, we have A{ = af + SU,
AU = B¢ and ApU = 0. These imply that M? is locally congruent to the ruled real
hypersurface. O

By this proposition and Theorem 5.1, we have the following:

Corollary 5.1. Let M? be a real hypersurface in Mg(c). Suppose that M? sat-
isfies condition (1.3). Then M? is locally congruent to one of the following:
(i) a real hypersurface of type (A) in M, (o),
(ii) a real hypersurface of type (B) in MQ(C),

(iii) a ruled real hypersurface in M(c).
We do not know the case when n > 3. Hence, we pose the following problem:
Problem 5.2. Does there exist a non-Hopf hypersurface M*"~! in Mn(c) (n>3)
satisfying condition (1.3) but being not a ruled real hypersurface in M, (c)?
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