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MATEMATIKA

a3 + b3 + c3 − 3abc =
= (a+b+c)(a2+b2+c2−ab−ac−bc)

a2 + 2ab+ b2 = (a+ b)2,

a2 − 2ab+ b2 = (a− b)2,

a2 − b2 = (a+ b)(a− b).

a3 + b3 = (a+ b)(a2 − ab+ b2)

a7 − 7a6b+ 21a5b2 − 35a4b3 + 35a3b4 − 21a2b5 + 7ab6 − b7 = (a− b)7.

c

a3 + b3 + c3 − 3abc = (a+ b+ c)(a2 + b2 + c2 − ab− ac− bc).
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MATEMATIKA

(a + b + c)(a2 + b2 + c2 − ab − ac − bc)
a3 + b3 + c3 − 3abc

a3 + b3 + c3 − 3abc

a3 + b3 + c3 − 3abc = (a+ b)3 + c3 − 3abc− 3a2b− 3ab2 =

= (a+ b+ c)[(a+ b)2 − (a+ b)c+ c2]− 3ab(a+ b+ c) =

= (a+ b+ c)(a2 + 2ab+ b2 − ac− bc+ c2 − 3ab) =

= (a+ b+ c)(a2 + b2 + c2 − ab− ac− bc).

(a2 + b2 + c2 − ab − ac − bc)

(a2+b2+c2−ab−ac−bc)
R

a3 + b3 + c3 − 3abc

(a+ b+ c)(a2 + b2 + c2 − ab− ac− bc)

589 437 −1 026

−792 255 654
a b c

a3 + b3 + c3 = 3abc a b c
a + b + c = 0
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MATEMATIKA

(a+ b+ c)(a2 + b2 + c2 − ab− ac− bc)
a3 + b3 + c3 − 3abc

a3+b3+c3−3abc = (a+b+c)(a2+b2+c2−ab−ac−bc)

Cn,n =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c1 c2 c3 . . . cn−1 cn

cn c1 c2 . . . cn−2 cn−1

cn−1 cn c1 . . . cn−3 cn−2

c3 c4 c5 . . . c1 c2

c2 c3 c4 . . . cn c1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= Circ(c1, c2, c3, . . . , cn−1, cn).

A
A

{1, 2, . . . , n}

|An,n| =

∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n
a21 a22 · · · a2n

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣
=

∑
π

sgn(π)a1,π(1)a2,π(2)...an,π(n).
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MATEMATIKA

sgn(π)
π sgn(π) = 1

sgn(π) = −1 π
(i, j) i, j ∈ {1, 2, . . . , n} i < j π(i) > π(j)

1 × 1
a

∣∣∣∣∣a b

b a

∣∣∣∣∣ = a2 − b2 = (a+ b)(a− b).

a3 + b3 + c3 − 3abc∣∣∣∣∣∣∣∣
a b c

c a b

b c a

∣∣∣∣∣∣∣∣ = a3 + b3 + c3 − 3abc = (a+ b+ c)(a2 + b2 + c2 − ab− ac− bc).

a3 + b3 + c3 − 3abc

(a+ b+ c)(a2 + b2 + c2 − ab− ac− bc)

B A
|A| = −|B|

B A
c c|A| = |B|

B A

A B
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MATEMATIKA

∣∣∣∣∣∣∣∣
a b c

c a b

b c a

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
a+ b+ c b c

c+ a+ b a b

b+ c+ a c a

∣∣∣∣∣∣∣∣ = (a+ b+ c)

∣∣∣∣∣∣∣∣
1 b c

1 a b

1 c a

∣∣∣∣∣∣∣∣ =
= (a+ b+ c)(a2 + b2 + c2 − ab− ac− bc).

a4 − b4 + c4 − d4 − 2a2c2 + 2b2d2 − 4a2bd+ 4ab2c− 4bc2d+ 4acd2,

(a+ b+ c)(a2 + b2 + c2 − ab− ac− bc)

det(Circ(a, b, c, d)) =

∣∣∣∣∣∣∣∣∣∣

a b c d

d a b c

c d a b

b c d a

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣

a+ b+ c+ d b c d

d+ a+ b+ c a b c

c+ d+ a+ b d a b

b+ c+ d+ a c d a

∣∣∣∣∣∣∣∣∣∣
.
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MATEMATIKA

(a+b+c+d)

(a+ b+ c+ d)

∣∣∣∣∣∣∣∣∣∣

1 b c d

1 a b c

1 d a b

1 c d a

∣∣∣∣∣∣∣∣∣∣
.

(a+ b+ c+ d)

∣∣∣∣∣∣∣∣∣∣

1− 1 + 1− 1 b− a+ d− c c− b+ a− d d− c+ b− a

1 a b c

1 d a b

1 c d a

∣∣∣∣∣∣∣∣∣∣
.

−1

(a+ b+ c+ d)

∣∣∣∣∣∣∣∣∣∣

0 −(a− b+ c− d) (a− b+ c− d) −(a− b+ c− d)

1 a b c

1 d a b

1 c d a

∣∣∣∣∣∣∣∣∣∣
,

0(a − b + c − d)

= (a+ b+ c+ d)(a− b+ c− d)

∣∣∣∣∣∣∣∣∣∣

0 −1 1 −1

1 a b c

1 d a b

1 c d a

∣∣∣∣∣∣∣∣∣∣
.
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MATEMATIKA

n
n − 1

∣∣∣∣∣∣∣∣∣∣

0 −1 1 −1

1 a b c

1 d a b

1 c d a

∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

0 −1 0 0

1 a a+ b b+ c

1 d d+ a a+ b

1 c c+ d d+ a

∣∣∣∣∣∣∣∣∣∣
.

(−1)(−1)1+2

∣∣∣∣∣∣∣∣
1 a+ b b+ c

1 d+ a a+ b

1 c+ d d+ a

∣∣∣∣∣∣∣∣ .
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MATEMATIKA

3×3
a2 + b2 + c2 + d2 − 2ac− 2bd

det(Circ(a, b, c, d)) =

= a4 − b4 + c4 − d4 − 2a2c2 + 2b2d2 − 4a2bd+ 4ab2c− 4bc2d+ 4acd2 =

= (a+ b+ c+ d)(a− b+ c− d)(a2 + b2 + c2 + d2 − 2ac− 2bd).

c

det(Circ(a, b, 0)) = a3 + b3 = (a+ b)(a2 + b2 − ab).

det(Circ(a, 0, c, 0)) =

∣∣∣∣∣∣∣∣∣∣

a 0 c 0

0 a 0 c

c 0 a 0

0 c 0 a

∣∣∣∣∣∣∣∣∣∣
= [(a+ c)(a− c)]2 = (det(Circ(a, c)))2.

det(Circ(a, 0, 0, d, 0, 0)) = [(a+ d)(a− d)]3 = (det(Circ(a, d)))3.

det(Circ(a, 0, c, 0, e, 0)) =

= [(a+ c+ e)(a2 + c2 + e2 − ac− ae− ce)]2 = (det(Circ(a, c, e)))2.
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MATEMATIKA

Am,n ⊗Bk,l =

⎛
⎜⎜⎜⎜⎜⎝

a11 a12 · · · a1n

a21 a22 · · · a2n

am1 am2 · · · amn

⎞
⎟⎟⎟⎟⎟⎠⊗

⎛
⎜⎜⎜⎜⎜⎝
b11 b12 · · · b1l
b21 b22 · · · b2l

bk1 bk2 · · · bkl

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

a11Bk,l a12Bk,l · · · a1nBk,l

a21Bk,l a22Bk,l · · · a2nBk,l

am1Bk,l am2Bk,l · · · amnBk,l

⎞
⎟⎟⎟⎟⎟⎠ .

Am,m Bn,n∣∣∣Am,m ⊗Bn,n

∣∣∣ = ∣∣∣(Am,m)
∣∣∣n ∣∣∣(Bn,n)

∣∣∣m .

Circ(c1, c2, c3, . . . , cn−1, cn)
k

det(Circ(c1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c2, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c3, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, . . . ,

. . . , cn−1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, cn))

k + 1

(det(Circ(c1, c2, c3, . . . , cn−1, cn)))
k+1.
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MATEMATIKA

Circ(a, 0, b, 0) =

⎛
⎜⎜⎜⎜⎝
a 0 b 0

0 a 0 b

b 0 a 0

0 b 0 a

⎞
⎟⎟⎟⎟⎠ .

2 × 2

(
a b

b a

)
⊗
(
1 0

0 1

)
=

⎛
⎜⎜⎜⎜⎝
a

(
1 0

0 1

)
b

(
1 0

0 1

)

b

(
1 0

0 1

)
a

(
1 0

0 1

)
⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
a 0 b 0

0 a 0 b

b 0 a 0

0 b 0 a

⎞
⎟⎟⎟⎟⎠ .

Circ(c1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c2, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c3, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, . . . , cn−1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, cn)

Circ(c1, c2, . . . , cn−1, cn)

k + 1 ⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c1 c2 c3 · · · cn−1 cn

cn c1 c2 · · · cn−2 cn−1

cn−1 cn c1 · · · cn−3 cn−2

c3 c4 c5 · · · c1 c2

c2 c3 c4 · · · cn c1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⊗

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 · · · 0 0

0 0 0 · · · 1 0

0 0 0 · · · 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
Ik+1

.

I
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MATEMATIKA

det(Circ(c1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c2, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, c3, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, . . . ,

. . . , cn−1, 0, 0, . . . , 0︸ ︷︷ ︸
k×

, cn)) =

= det((Circ(c1, c2, c3, . . . , cn−1, cn))⊗ Ik+1)

= det(Circ(c1, c2, c3, . . . , cn−1, cn))
k+1(det(Ik+1))

n

= det(Circ(c1, c2, c3, . . . , cn−1, cn))
k+1.
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