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On left ¢-biflat Banach algebras

AMIR SAHAMI, MEHDI ROSTAMI, ABDOLRASOUL POURABBAS

Abstract. We study the notion of left ¢-biflatness for Segal algebras and semi-
group algebras. We show that the Segal algebra S(G) is left ¢-biflat if and only if
G is amenable. Also we characterize left p-biflatness of semigroup algebra I*(S)
in terms of biflatness, when S is a Clifford semigroup.
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1. Introduction and preliminaries

A Banach algebra A is called amenable, if there exists an element M €
(A ®p A)** such that ¢ - M = M - a and 7*(M)a = a for each ¢ € A. It is
well-known that an amenable Banach algebra has a bounded approximate iden-
tity. For the history of amenability, see [12].

In homological theory, the notion of biflatness is an amenability-like property.
In fact a Banach algebra A is biflat if there exists a Banach A-bimodule g from A
into (A ®, A)** such that 74" o p(a) = a for each a € A. It is well-known that
a Banach algebra A with a bounded approximate identity is biflat if and only if
A is amenable.

E. Kanuith et al. in [9] defined a version of amenability with respect to a nonzero
multiplicative functional ¢. A Banach algebra A is called left p-amenable if there
exists an element m € A™* such that am = ¢(a)m and @(m) = 1 for every a € A.
Note that the Segal algebra S(G) is left p-amenable if and only if G is amenable,
for further information see [1], [8] and [7].

Motivated by these considerations, M. Essmaili et al. in [2] defined a biflat-like
property related to a multiplicative linear functional, called the condition W (here
called p-biflatness).

Definition 1.1 ([2]). Let A be a Banach algebra and ¢ € A(A). The Banach
algebra A is called left -biflat (right p-biflat or is said to satisfy the condition W),
if there exists a bounded linear map ¢: A — (A ®, A)** such that

o(ab) = p(b)o(a) = a-o(b)  (o(ab) = p(a)e(b) = o(a) - b)
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and
pomy oo(a) = p(a)
for each a,b € A, respectively.

They showed that a symmetric Segal algebra S(G) (on a locally compact
group G) is right ¢-biflat if and only if G is amenable [2, Theorem 3.4]. As
a consequence of this result in [2, Corollary 3.5] authors characterized the right
e-biflatness of Lebesgue-Fourier algebra LA(G), Weiner algebra M; and Fe-
ichtinger’s Segal algebra So(G) over a unimodular locally compact group.

In this paper, we extend [2, Theorem 3.4] for any Segal algebra (in left -biflat
case). In fact we show that the Segal algebra S(G) is left p-biflat if and only if
G is amenable. Using this tool we characterize left ¢-biflatness of the Lebesgue-
Fourier algebra LA(G). Also we characterize left ¢-biflatness of second dual of
Segal algebra S(G)** in the term of amenability G. We study left ¢-biflatness of
some semigroup algebras.

We recall some standard notations and definitions that we shall need in this
paper. Let A be a Banach algebra. If X is a Banach A-bimodule, then X* is also
a Banach A-bimodule via the following actions

(a- f)(x) = f(x-a), (f-a)(z) = fla-z), acA zeX, fe X"

Throughout, the character space of A is denoted by A(A), that is, all nonzero
multiplicative linear functionals on A. Let ¢ € A(A). Then ¢ has a unique
extension @ € A(A**) which is defined by @(F) = F(p) for every F' € A**.

Let A be a Banach algebra. The projective tensor product A ®, A is a Banach
A-bimodule via the following actions

a-(b®c)ab®c, (b®c)-a=>b® ca, a,b,c € A.

The product morphism 74: A ®, A — A is given by ma(a ® b) = ab for every
a,b € A. Let X and Y be Banach A-bimodules. The map T: X — Y is called
A-bimodule morphism, if

T(a-x)=a- T(x), T(x-a)=T(x)-a, a€ A zeX.

2. Left p-biflatness

In this section we give two criteria which show the relation of left y-biflatness
and left p-amenability.

Lemma 2.1. Suppose that A is a left p-biflat Banach algebra with Aker ¢ I
ker . Then A is left p-amenable.
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PrROOF: Let A be left p-biflat. Then there exists a bounded linear map g: A —
(A ®, A)** such that p(ab) = a - o(b) = p(b)e(a) and @ o 7" 0 p(a) = ¢(a) for all
a € A. We finish the proof in three steps:

Step 1: There exists a bounded left A-module morphism &: A — (A ®p kew)**
which £(I) = 0 for each [ € kergp. To see this, we denote idg: A — A for the
identity map. Also we denote ¢q: A — ke for the quotient map. Put

E=(da®q)™ 0p: A— <A®p ker<p) ,
where idA ®q(a®b) =ida(a) @ q(b) for every a,b € A. Clearly ida®q: A®p, A —
A®p g is a bounded left A-module morphism, it follows that (id4 ® ¢)** is also
a bounded left A-module morphism. So £: A — (A ®p W)** is a bounded left
I _

ker ¢, there exist two sequences (a,) in A and (I,,) in ker ¢ such that a,l, M‘% l.

Then

A-module morphism. Let [ be an arbitrary element of ker . Since Aker ¢

(1) = (ida®g)™ oo(l) = lim(ida®q)™ 0 0(anln) = lim p(l,)(ida©q)" 0 o(an) = 0,

the last equality holds because (I,,) is in ker .

Step 2: There exists a bounded left A-module morphism 7: ke‘?w — A** such
that @ o n(a + ker¢) = ¢(a) for each a € A. To see this, in Step 1 we showed
that ¢(ker ) = {0}. It induces a map &: ke‘?w = (A®, ﬁ)** which is defined

by £(a + ker ) = £(a) for each a € A. Define

_ A A\
= 1 o) L A —
0:=(ida@P)" o& ker ¢ ( ®p ker gp) ’

where P is a character on kew given by ®(a + ker p) = p(a) for each a € A.
Clearly 0 is a bounded left A-module morphism. On the other hand we know
that kew = C and A ®, ﬁ =~ A. Thus the composition of ¢ and 6 can be

defined. Since

o (ida®®)™ = (p®p)", (p@P)"o0&(a) =pomy opo(a), acA,
we have
pobatkery)=go(ida®p)" of(a+keryp) = (p®P)™ 0&(a)
=@omy oo(a) = p(a)

for each a € A.
Step 8 We prove that A is left p-amenable. To see that, choose an element ag
in A such that p(ag) = 1. Put m = 0(ap + kerp) € A**. Since aag — p(a)ag €
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ker ¢, we have aag + ker ¢ = p(a)ag + ker . Consider

am = ab(ag + ker p) = 0(aag + ker ¢) = 0(p(a)ag + ker ¢)
= p(a)f(ao + ker p) = p(a)m

and
@(m) = @ ob(ag + kerp) = p(ao) =1
for every a € A. It implies that A is left ¢p-amenable. O

Theorem 2.2. Let A be a Banach algebra with a left approximate identity and
v € A(A). Then A** is left @-biflat if and only if A is left p-biflat.

PROOF: Suppose that A** is left p-biflat. Then there exists a bounded linear
map g: A** — (A** ®, A**)** such that Go mhop(a) = @(a) for all a € A**. On
the other hand, there exists a bounded linear map ¢: A* @, A** — (A®, A)**
such that for a,b € A and m € A** ®, A**, the following holds:

(i) Y(a®b) =a®b;
(i) $(m) - a = $(m-a), a-P(m) = (o - m)
(il) 74" (¥(m)) = ma-+(m),

see [4, Lemma 1.7]. Clearly
ool A (Aw, A
is a bounded linear map for which

™" o pla(ab) = (b)Y o pla(a) = a- 1™ o p|a(b)

and
seokoskok

éowA o o(a) = p(a), a,be A
By a similar argument as in the previous lemma (Step 1), we can find a bounded
left A-module morphism &: A — (A ®, ﬁ)**** such that &(ker ) = {0}. Now
following the same course as in the previous lemma (Step 2) we can find a bounded
ﬁ — A*** guch that @ o f(a + kerp) = ¢(a) for each a € A.
Choose ag in A which ¢(ag) = 1. Set m = 6(ap + ker ). It is easy to see that

linear map 6:

am = p(a)m, o(m) =1, a€ A
Applying Goldestine’s theorem, we can find a bounded net (m,) in A** such that

ameq — @(a)me 2% 0 and @(mg) — 1 for each a € A. On the other hand (mg)
is a bounded net, therefore (m,) has a w*-limit point, say M. It is easy to see
that aM = ¢(a)M and (M) =1 for each a € A. Define n: A — (A®, A)** by
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n(a) = p(a)M @ M for each a € A. It is easy to see that 7 is a bounded linear
map such that

n(ab) = a-n(b) = ¢(b)n(a), pomy on(a) = ¢(a), a,be A

It follows that A is left o-biflat.

Conversely, suppose that A is left p-biflat. Since A has a left approximate
identity, we have Aker ¢ I _ ker ¢. By the previous lemma A is left p-amenable.
Applying [9, Proposition 3.4] A** is left ¢-amenable. Thus there exists an element
m € A*** such that am = ¢(a)m and é(m) = 1 for each a € A**. Define
v: A= (A" ®, A™)* by v(a) = p(a)m @ m for each a € A. It is easy to see

that ~ is a bounded linear map such that

v(ab) = a-vy(b) = p(b)y(a),  Pomyuov(a)=¢la), abecA

It follows that A** is left ¢-biflat. O

3. Segal and semigroup algebras

A linear subspace S(G) of L!(G) is said to be a Segal algebra on G if it satisfies
the following conditions:
(i) subspace S(G) is dense in L*(G);
(ii) subspace S(G) with a norm |[|-[|s() is a Banach space and || f||z1(q) <
Ifllsc) for every f € S(G);
(iii) for f € S(G) and y € G, we have L,(f) € S(G) and the map y — L,(f)
from G into S(G) is continuous, where L, (f)(z) = f(y~'x);
(iv) [ILy(Nlls@ = Ifls) for every f € S(G) and y € G.
For various examples of Segal algebras, we refer the reader to [11].
It is well-known that S(G) always has a left approximate identity. For a Segal
algebra S(G) it has been shown that

A(S(G)) = {9156y ¥ € ALY G},
see [1, Lemma 2.2].

Theorem 3.1. Let G be a locally compact group. Then the following statements
are equivalent:
(i) subspace S(G)** is left @-biflat;
(ii) subspace S(G) is left p-biflat;
(iii) group G is amenable.
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PROOF: (i) = (ii) Let S(G)** be left g-biflat. Since S(G) has a left approximate
identity, by Theorem 2.2, S(G) is left y-biflat.

(ii) = (iil) Suppose that S(G) is left p-biflat. Since S(G) has a left approximate
identity, S(G) ker ¢ I S(G). Applying Lemma 2.1, it follows that S(G) is left
p-amenable. Now by [1, Corollary 3.4] G is amenable.

(iii) = (i) Let G be amenable. By [1, Corollary 3.4] S(G) is left p-amenable.
Thus S(G) is left p-biflat. Using Theorem 2.2, S(G)** is left ¢-biflat. O

Let G be a locally compact group. Define LA(G) = L*(G)NA(G), where A(G)
is the Fourier algebra over G. For f € LA(G) put

(LA =11z + 1 fllae),

with this norm and the convolution product LA(G) becomes a Banach algebra
called Lebesgue-Fourier algebra. In fact LA(G) is a Segal algebra in L'(G),
see [3]. Following corollary is an easy consequence of the previous theorem:

Corollary 3.2. Let G be a locally compact group. Then the following statements
are equivalent:
(i) algebra LA(G)** is left g-biflat;
(i) algebra LA(G) is left o-biflat;
(iii) group G is amenable.

Let G be a locally compact group and let G be its dual group, which con-
sists of all nonzero continuous homomorphism (: G — T. It is well-known that
ALYG)) = {pc: ¢ € G}, where oc(f) = [ ¢(@)f(z)dz and dz is a left Haar
measure on G, for more details see [5, Theorem 23.7].

Using the previous corollary, we can easily show the following result.

Corollary 3.3. Let G be a locally compact group. Then the following statements
are equivalent:
(i) algebra L'(G)"" is left @-biflat;
(ii) algebra L'(QG) is left p-biflat;
(iii) group G is amenable.

A discrete semigroup S is called inverse semigroup if for each s € S there exists
an element s* € S such that ss*s = s* and s*ss* = s. There is a partial order on
each inverse semigroup S, that is,

s <t & s=ss"t, s,tesS.

Let (S,<) be an inverse semigroup. For each s € S, set (z] = {y € 5:
y < z}. Semigroup S is called uniformly locally finite if sup{|(z]|: z € S} < oc.
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Suppose that S is an inverse semigroup and e € E(S), where E(S) is the set of
all idempotents of S. Then G. = {s € S: ss* = s*s = e} is a maximal subgroup
of S with respect to e. An inverse semigroup S is called Clifford semigroup if for
each s € S there exists s* € S such that ss* = s*s, for more details see [6].

Proposition 3.4. Let S = (J.cp(s) Ge be a Clifford semigroup such that E(S)
is uniformly locally finite. Then the followings are equivalent:
(i) Algebra I'(S)"™ is left @-biflat for each p € A(I*(S)).
(ii) Algebra I*(S) is left @-biflat for each p € A(I1(9)).
(iii) Each G. is an amenable group.
(iv) Algebra I'(9) is biflat.

PROOF: (i) = (ii) Suppose that [1(S)** is left p-biflat for all ¢ € A(I'(9)).
By [10, Theorem 2.16], 1*(S) = ' — Decres) I'(G.). Since each '(G,) has an
identity, [1(S) = It — @eeE(S) I*(G.) has an approximate identity. Applying
Theorem 2.2 gives that [1(9) is left o-biflat.

(ii) = (iii) Suppose that I(S) is left o-biflat for each ¢ € A(I1(S)). Since
S) =it - Decrs) I*(G,) has an approximate identity, Lemma 2.1 implies
that [1(S) is left p-amenable for each ¢ € A(I*(S)). We know that each I*(G.)
is a closed ideal in ['(S), so every nonzero multiplicative linear functional ¢ €
A(I'(Ge)) can be extended to [1(S). Thus by [9, Lemma 3.1] left p-amenability
of [1(S) implies that each I'(G,) is left p-amenable. Using [1, Corollary 3.4]
each G, is amenable.

(iv) = (i) It is clear by [10, Theorem 3.7]. O
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