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ON THE 2-CLASS GROUP OF SOME NUMBER FIELDS
WITH LARGE DEGREE

MOHAMED MAHMOUD CHEMS-EDDIN, ABDELMALEK AZIZI,
AND ABDELKADER ZEKHNINI

ABSTRACT. Let d be an odd square-free integer, m > 3 any integer
and Ly, 4 := Q({2m, V/d). In this paper, we shall determine all the fields
Ly, ,q having an odd class number. Furthermore, using the cyclotomic
Zo-extensions of some number fields, we compute the rank of the 2-class
group of L,, 4 whenever the prime divisors of d are congruent to 3 or 5
(mod 8).

1. INTRODUCTION

Let K be an algebraic number field. For a prime integer p, let Cl,(K) denote
the p-class group of K, that is the p-Sylow subgroup of its ideal class group
CI(K) in the wide sense. The class group Cl(K), its subgroup Cl,(K) and
their orders and structures have been investigated and studied in many papers
for a long time, and there are many interesting open problems related to these
topics which are the object of intense studies.

One classical and difficult problem in algebraic number theory is the deter-
mination of the rank of the p-class group of a number field K. When p = 2 and
K is a quadratic extension of a number field £ having an odd class number, the
ambiguous class number formula can be used to determine this rank, involving
units of k£ which are norms in K/k and ramified primes in K/k (cf. [6]). This
fact is practically one of the most important means for structuring the 2-class
group of a given number field of small degree (cf. [T, 12]). Our contribution
in this article is to study the 2-rank of an infinite family of number fields,
with large degree over Q. Comparing with other papers tackling this problem,
the main novelty of this article is the combination of ramification theory,
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ambiguous class number formula and the theory of cyclotomic Z,-extensions
of some number fields.

Let d be an odd square-free integer, m > 3 any integer and L,, 4 :=
Q(Cam,V/d). In the present paper, we are interested in studying the parity of
the class number of all the fields L, 4. Furthermore, we compute the rank of
the 2-class group of L,, 4 assuming the prime divisors of d are congruent to 3
or 5 (mod 8). Since the unit group of Q((am), with m > 7, is not described
until today, the methods using unit groups for computing the rank of the
2-class group of a given number field are not valid for treating such problem in
our case when m > 7. For this, we will call some results from Iwasawa theory
to overcome the problem. In the appendix, we compute the rank of the 2-class
group of L;, 4» the maximal real subfield of L,, 4, in terms of the number of
prime divisors of d.

Finally, to sum up, let us highlight the importance of some parts of the
present work. Note that the layers of the Zs-extensions of k = Q(\/&, V—=1)
were subject of some recent studies (e.g. [8, [10]); and in this paper, we give
more arithmetical properties of L, 4 (resp. L;Z, 4)> the layers of the cyclotomic

Zs-extension of k (resp. Q(v/d)). Furthermore, we discuss the interesting
question of the parity of the class number of L, 4, and we explicitly give the
rank of its 2-class group which is strongly related to the interesting problem of
the structure of the Iwasawa module (see for example Corollary [4.5[or [3]). The
authors of [3] used this paper with some other techniques of Iwasawa theory
to determine the structure of the 2-class group of some fields L, 4.

Before quoting some preliminary results, let us fix the following notations
which will be used throughout this paper.

NOTATIONS

d: An odd square-free integer,

m: A positive integer > 3,

Cn: An n-th primitive root of unity,

Ky = Q(Cam),

Lm,d = Km(\/g)a

k*: The maximal real subfield of a number field k,
Cly(k): The 2-class group of a number field k,

koo: The Zo-extension of a number field k,

kn: The nth layer of ks /k,

Xoo: m(cb(kn))a

L D S S S T . . .
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Op: The ring of integers of k,
h(k): The class number of k,
ha(k): The 2-class number of k,

N: The norm map of the extension Ly, 4/ Ky,

b S

*

E}: The unit group of k,
€m,d: Defined by (EKm : EKm n N(Lm’d)) = 20m.d_

*

* (O‘T’d): The quadratic norm residue symbol for Ly, 4/ Ky,

* ¢;: The fundamental unit of the quadratic field Q(v/1),
* ho(d): The 2-class number of the quadratic field Q(v/d),
* ranko(Cl(Ly, q)): The rank of the 2-class group of Ly, 4.

2. PRELIMINARY RESULTS

Let us collect some results that will be used in the sequel. Let k be an
algebraic number field and k., a Zs-extension of k, that is a Galois extension
of k whose Galois group is topologically isomorphic to the 2-adic ring Z5. For
a non-negative integer n, denote by k,, the intermediate field of ko, /k with
degree 2™ over k. Begin by the following theorem which deals with ranks and
class numbers of the intermediate subextensions of ks, /k.

Theorem 2.1 ([B]). Let koo /k be a Zs-extension and ng an integer such that
any prime of koo which is ramified in koo [k is totally ramified in koo [k, -

1. If there exists an integer n > ng such that ha(k,) = ha(kp41), then ho(k,) =
ho(km) for all m > n.

2. If there exists an integer n > ng such that ranks (Cl(ky,)) = ranks(Cl(kp+1)),
then ranks(Cl(k,,)) = ranks(Cl(k,,)) for all m > n.

Theorem 2.2 ([14, Theorem 10.1]). If an extension of number fields L/ K
contains no unramified abelian subextensions F/K, with F # K, then h(K)
divides h(L).

Lemma 2.3 ([I4, Lemma 8.1]). The cyclotomic units of K,, (resp. K,,) are

_ (1-k)/21-Chn .
generated by (om (resp. —1 ) and &g m = (om T where k is an odd

integer such that 1 < k < 2m~1,

The following result is a consequence of ramification theory in a Kummer
extension.
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Theorem 2.4 ([7]). Let K/k be a quadratic extension and p € k prime to 2
such that K = k(\/p). The extension K/k is unramified at finite primes if and
only if p verifies the following properties:

1. The principal ideal generated by u is a square of a fractional ideal of k.
2. There exists £ € k such that p = €2 (mod 4).

Lemma 2.5 ([I]). Let p be a prime integer and pg, a prime ideal of K3 lying
over p.

1. If p=3 mod 8, then (CSJ) =1 and (w) -1
PKj3

PKj3

2. If p=5 mod 8, then (%p) =—1 and (ﬂ) -1,
3

PKj3
Proposition 2.6. Let m > 3 be an integer and d an odd square-free integer.
The ring of integers of Ly, q is given by
Z[Com, Y4 if d=1 mod 4,
OLa = Lv=d
Z[Com,¥=%] if d=3 mod 4.

Furthermore, the relative discriminant of Ly, qf Ky, is 6Lm,d/Km =d0Oy,

m,d *
Proof. Assume that d = 1 (mod 4), then dg, A dqvay = Ls0o O, , =
Ok..Oqvay = ZlGam, 1‘*‘2\/3] = OK"L[H'Q‘/E]. So the relative discriminant of
Ly.a/ Ky, is generated by discr,, ,/x,. (1, 1+2\/3) (1+2\/3 - 1_2\/3)2 =d. If

d=3 (mod 4), then —d =1 (mod 4). As we have Or,, , = Or,, _,, so by the
previous case we easily deduce the result. O

Proposition 2.7. Let m > 4 be an integer and p a prime integer. Then, p
decomposes into the product of two prime ideals of K,, if and only if p =3 or
5 (mod 8).

Proof. Let p be a rational prime and pOg, = p1 ... P, its factorization in O, .
Denote by f the residue degree of p in K4, and by k the positive integer less
than 16, such that p = k (mod 16). Then, by the theorem of the cyclotomic
reciprocity law (see [I4, Theorem 2.13]), we have:

k 1 3 5 7 9 11 13 15
f 1 4 4 2 2 4 4 2
g 8 2 2 4 4 2 2 4

It follows that the rational primes that decompose into the product of two prime
ideals of K4 are exactly those which are congruent to 3 or 5 (mod 8). So a prime
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p decomposes into the product of two prime ideals of K,,, is congruent to 3 or 5

(mod 8). For the converse, assume that p = 3 or 5 (mod 8) and pOg,, = p1p2,
for m > 4. As K1 = Kin(v/(am), then (%) = (CQ’;%) = —1. So the result
comes by induction. ([l

Let us propose a new simple proof of the following well known result.

Theorem 2.8. For all m > 2, the class number of K,, = Q({am) is odd and
every unit of K., is a norm of an element of K, 11.

Proof. Note first that K, 11 = K,,(/Cam ). Suppose h(K,,) is odd for some
m > 2. As K41/ Ky, is quadratic extension, so the well known ambiguous
class number formula (see [6]) implies that ranks (K1) = tm — 1 — €, where
em is defined by (Fk,, : Ek, N Nk, ,,/k, (K1) = 2°" and t,, is the
number of ramified primes in K,,1/K,,. Since 2 is the only rational prime
that is ramified in K,,+1 and it is totally ramified (in K,,+1), hence t,, = 1.
Thus, ranks(K,,4+1) =1—1— e, = —e,,. From which we deduce that e,, =0
and ranks (K,,+1) = 0. So the result comes by induction. O

3. THE PARITY OF THE CLASS NUMBER OF THE FIELDS L, g

In this section, we investigate the parity of the class number of fields L, 4
without relying on results of Iwasawa theory.

Theorem 3.1. Let d be an odd square-free integer and m > 3 any integer.
Then h(Lp,q) is odd if and only if d is a prime congruent to 3 or 5 (mod 8).

Proof. Suppose that d is odd, and denote by L ., H,, 4 the genus field and

m,d’

the Hilbert 2-class field of L,, 4 respectively. It is known that:

[Lra: Q= H e(p) and Cla(Lpmq) = Gal(Hp a/Lim.d)
plor

m,d
where e(p) is the ramification index of p in Ly, 4. So
Lia: Q=]]e®) =Lha: LmallLma: Q =2"[L}, 4 L.l
p|2d
Since e(2) = 2™~ and e(p) = 2 for any prime divisor p of d, we have
[etw) =250 Limdl-
pld

Hence, if d is not a prime, then L,, 4 C Ly, 4 € Hma and ho (L, q) is even.



18 M.M. CHEMS-EDDIN, A. AZIZI AND A. ZEKHNINI

Suppose now that d = p is a prime. We distinguish the following four cases:
e Assume d = p =1 (mod 8). Set p = a® + 160> = €2 — 32f2 and 7, = a + 4bi,
Ty = e+ 4f1/2. As the ramified primes of K, in L, 4 are exactly the prime
divisors of p in K, then the ideals of L,, 4 generated by m and 7y are squares
of ideals of L,, 4. Note that as a and e are odd, then a = e = £1 = i? (mod 4).
It follows that the equation m; = £2? (mod 4), j = 1 or 2, has a solution. So
Ly = Ly q(y/71) and Ly = Ly, 4(/72) are two distinct unramified quadratic
extensions of Ly, q. Thus h(Ly, ) is divisible by 4. Furthermore, Cly(L,, q) is
not trivial and not cyclic.
e Assume now d = p = 7 (mod 8). We prove that h(L,,,) is even for all
m > 3 by induction on m. If m = 3, then h(Ls,) is even by [I, Theorem
4.4]. Suppose that h(L,, ) is even for some m > 3. We have Q(v/—p)/Q is
unramified at 2 and Q(¢am)/Q is totally ramified at 2, then Ly, 41,/ L, p is
a quadratic extension that is ramified at primes over 2. So h(L,, ;) divides

M(Lm1,p), by Theorem [2.2} Hence, h(Lym1,p) is even.

R(VP;s Com+1)

Q(v/P; Cam) Q(Cym+1)

N

Q(v=p) Q(¢2

\~

e Assume that d = p =5 (mod 8). For m > 3, we have p decomposes into the
product of two prime ideals of K,,, denote by pg, one of them (such that
pr,._, C Pk, ). Since (3n = (om-1, so the minimal polynomial of (om over
Kp—qis X2 — (am-1 and Nk, /K1 (G2m) = —Com-1. Then

() = () = (Bt) == (20 =

hence e, # 0 and ranks(Cl(Liyi1p)) =2 —1—e€myip =1 —emi1p = 0.
Thus the 2-class group of Ly,4+1,p is trivial and h(L,, 4) is odd.
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e We treat the case d = p = 3 (mod 8), similarly to the previous one and we
show that h(L,, q) is odd. Which achieves the proof. 0

Remark 3.2. Let d be a positive square-free integer, ko, the cyclotomic
Zy-extension of k = Q(v/—1, \/(3), k, the nth layer of ko /k and X, =
lim(Cla(ky,)), thus Xoo = 0 if and only if d = p is a prime such that p =5 or 3
(mod 8).

4. THE RANK OF THE 2-CLASS GROUP OF THE FIELDS L, 4

Let d be an odd composite square-free integer of prime divisors congruent
to 3 or 5 (mod 8) and m > 3 an integer. To state the main theorem of this
section, we need the following result.

Lemma 4.1. Let m > 3 be an integer and d an odd composite square-free
integer. Let pr_ denote a prime ideal of K,, dividing d.

1. If d=p1,...,pr, such that for all i, p; =5 (mod 8) is a prime, then
(Lmd) =-1 and (L’m’d) =1.
P, e
2. If d=p1,...,pr, such that for alli, p; =3 (mod 8) is a prime, then
. d mad 1, ifk=+3 ds
(Cz ) ):_1 and (ﬁk, ):{ if (mod 8)

PK., PK,, 1, elsewhere.
3. Ifd=p1,...,Ps,Pst1;---,Dr, such that d is not prime, p; =5 (mod 8) for
1<i<sandp; =3 (mod 8) for s+1 < j <r, then

-1, i p=3 (mod8) and

(C;:;:nd) = —1 and (W) = 1 k=43 (mod 8)

,  elsewhere,
where p is the rational prime contained in pg,, .

Proof. Denote by px a prime ideal of a number field K lying over p. Each
case needs special computations:

1. Note that Ng, /k,,_,(Cam) = —Com-1, 5O

() = (Bl = (Sil) - o= (22) = 1,
— k., Ng, ik, (1= ko), d — ¢k, — ik,
(1 pz% d):( K/Kmell : >:"':(1pz€§ d):(lp;; d)'
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Thus
. (1=k)/2 1Gm g

(52 = (5 ) ()
_ (_1)(1,k)/2((1 - Cé“mii{lm— (om), d)
- (*1)<1fk)/2(1 pfj,” d) (1 ;fjm’ d)

_ ik
_ (—1)<1—k>/2(1 p; d)(lpKl d)
_ *(I,T;;d)(l,;jj) if k=3 (mod 4)
1p_ Ki;d) (1;;:1) elsewhere
- {(ﬁ;fi) =—(22)=-(2) =3 (mody
- 1 elsewhere
=1.
2. As in the previous case, we have (%;‘;d) = —1 and:

=)

Cz )(1 = Gam), )

K

(5
(
“’”2(1 - )(1 = d)
(e
(5

1) 9/ )(1 . )(lpfd)
22, if k=3 (mod8)
G, s e o
-G G

- 1p 31))7 if k=7 (mod 8) (see (1))
EHED 1m @
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-1, if k=3 (mod8) (see Lemma 2.3)
_ (%), if k=5 (mod 8)

— (U Ay i =7 (mod 8)

1, if k=1 (mod 8)

-1, if k=3 (mod 8)
B (1;;;'3}_ (2), Y if k=5 (mod 8)
= 2-V2p\ _ _ (2=V2p 2 o —

( o )= (pQ(\/E) )=—(2), if k=7 (modS8)
1, if k=1 (mod 8)

_J-1, if k=43 (mod38),
1, elsewhere.

3. We similarly prove the third assertion.

Remark 4.2. Keep the above hypothesis. We have
1. (om is not a norm in Ly, q/Kp,.

2. &.m 1s not a norm in L, 4/K,, if and only if d is divisible by a prime
integer congruent to 3 (mod 8) and k = +3 (mod 8).

Now we are able to prove the main result of this section.

Theorem 4.3. Let d = py,...,p be an odd composite square-free integer such
that every prime divisor p; of d is congruent to 3 or 5 (mod 8) and m > 3
is an integer. Then the rank of the 2-class group of Ly, q 15 2r — 2 or 2r — 3.
More precisely, ranks(Cl(Ly, q)) = 2r — 2 if and only if all the prime divisors
of d are in the same coset (mod 8).

Proof. The ring of integers of K, is principal for m € {3,4,5} (see [I1]). So
h(K;;) = 1. By [14, Theorem 8.2] and Lemma[2.3] the unit group E,, of K,

k
is generated by (om and & m = ka)ﬂ i:g;:ﬁ ,

that 1 < k < 2™~!. So by the ambiguous class number formula (see [6]) and
Proposition we have ranks(Cl(Ly, q)) = 2r — 1 — €, 4. Let p be a prime
divisor of d and pg,, a prime ideal of K, lying over p. If all the prime divisors
of d are in the same coset (mod 8), then by Lemma it is easy to see that
Ex, /(Ex, NN(Lma)) = {1,{am}. Hence e, 4 = 1.

m

where k is an odd integer such
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Suppose now that the prime divisors of d are not in the same coset (mod 8).
By Lemma we have &, is a norm in Ly, 4/ Ky, for all k = £1 (mod 8).

Let k # k' be two odd positive integers such that 1 < k, ¥’ < 2™~ ! and k,
k' # +1 (mod 8). Again by Lemma we have:

(M) =1 forall pg,, of K,
PK.,

and:

(Cngk,mv d
pPKS
50 Ekm = &k om aﬂﬁkm % (om in EKm/(EKm ﬁN(Lm,d)). Thus EKM/(EK,,L N
N(Lm.a)) = {1,Com,&k,m, CamEk,m }- Hence e, ¢ = 2. So we have the theo-
rem for m € {3,4,5}. Let m; = 2, ™ = 2+ V2,...,7m = 2 + \/Tom-
Set k = Q(vd,v/—1) and k; = k(\/71) = Lza, ke = k(y/72) = Lag,. - -,
ky, = k(\/Tm) = Ly q. Thus, the cyclotomic Zs-extension ko, of k is given by
U2S_okm. As we have proved Theorem [4.3] for the three layers ki, ko and ks,
then Theorem [2.I] achieves the proof. O
By the previous results, it is easy to get the following interesting theorem.

) =—1 if pg,, islying over p=5 (mod 8).

Theorem 4.4. Let d be an odd square-free integer and m > 3 an integer.
Suppose that d is not a prime congruent to 7 (mod 8). Then Cly(Ly, q) s
cyclic non-trivial if and only if d = pq with p =5 (mod 8) and ¢ = 3 (mod 8).
Proof. In fact, by [I, Theorem 5.5] we have Cly(Ls 4) is cyclic non-trivial if
and only if d has one of the following forms:

1. d=¢=7 (mod 8) is a prime integer.

2. d = gp, where ¢ = 3 (mod 8) and p =5 (mod 8) are prime integers.

Since ranks(Cly(Lyy,q)) > ranks(Cla(Ls g)), then we get the result by the
previous theorem. O

Corollary 4.5. Let d be an odd square-free integer and m > 3. Suppose that d
is not a prime congruent to 7 (mod 8). Let ko, be the cyclotomic Zy-extension

of k = Q(v/=1,Vd), ky, the n-th layer of koo /k and Xog = lim(Cla(ky)). Thus

1. Xoo is cyclic if and only if, d = pg with p =5 (mod 8) and ¢ =3 (mod 8).

2. If d = pq with p = 5 (mod 8) and ¢ = 3 (mod 8), then the Iwasawa
A-invariant of k equals 0 or 1.

Remark 4.6. For any integer » > 0 there are infinitely many imaginary
biquadratic number fields &k such that rank(Cls(ky,))) = r, ¥n > 1, where k, is
the n-th layer of ko /k.
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5. APPENDIX

Let m > 3 be an integer and d an odd positive square-free integer. Set
3 =2, M4 =24+vV2,..., T =2+ /Tm_1 and K;} = Q(y/7m). The maximal
real subfield of L,, 4 is L , = K (v/d). Note that, for several cases of positive

m,d
square-free integers d, the rank of the 2-class group of LIL, 4 is well known in
terms of the decomposition of those primes in the cyclotomic tower of Q that
ramify in Q(v/d)/Q. In this appendix, we explicitly give the rank of the 2-class
group of L;, 4 according to the number of prime divisors of d assuming that
all the prime divisors of d are congruent to 3 or 5 (mod 8).

Lemma 5.1. Let p be a rational prime. Then for all m > 3, p is inert in K,
if and only if p is congruent to 3 or 5 (mod 8).

Proof. For m = 3, p is inert in K3 = Q(v/2) if and only if p is congruent to 3 or
5 (mod 8). Thus p is inert in K\, implies that p is congruent to 3 or 5 (mod 8).
We prove the converse by induction. Suppose that p is inert in K& and show
that it is inert in K++1 = Q(\/Tm+1)- Let p denote the prime ideal of K"

m

i ) — Nyt it (met1) PR
lying over p, for ¢ < m. We have ( ’ ) = ( » ) = ( b ) =
(%) =...= (%) = —1. It follows that p is inert in K;;_i_l. O

Remark 5.2. Let d = p1,...,p, be a square-free integer such that all the
prime divisors p; of d are congruent to 3 or 5 (mod 8) and m > 3.

mo

e Ifd=1 (mod 4), then we have r primes that ramify in L}, /K, which
are exactly the prime divisors of d in K}.

e Ifd#1 (mod 4), then we have r+ 1 primes that ramify in L;ﬁd/Kj;, which

are exactly the prime of K} lying over 2 and the prime divisors of d in K.

Lemma 5.3. Let m > 3 and d be a positive square-free integer such that all
the prime divisors of d are congruent to 3 or 5 (mod 8) and P+ be a prime
ideal of K}, dividing d. Then

(fkm,d) _ -1 if p=3 (mod38) and k==+3 (mod 8)
Prt 1 elsewhere,

where p is the rational prime in Pr-

Proof. By Lemmas and Pr+ decomposes into the product of two
primes of K,,. Hence, the result follows directly from Lemma O
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Theorem 5.4. Let m > 3 and d = p1,...,p, be a positive square-free integer
such that every prime divisor p; of d is congruent to 3 or 5 (mod 8). Then

r—2 if d=1 (mod4) and d is divisible by
rankg(L;7d) = a prime congruent to 3 (mod 4),

r—1 elsewhere.
Proof. Similar to the proof of Theorem U

Proposition 5.5. Let d = pq with p =5 (mod 8) and ¢ =3 (mod 8). Then
for allm > 3, we have:

ha(Ly, 0) =2.

Proof. Let epy = a + b\/pq with a, b € Z (resp. e2pq = x + y/2pq with z,
y € Z ) be the fundamental unit of Q(,/pq) (resp. Q(v/2pq)). It is known that
N(gpg) = N(e2pg) = 1. We have a? — 1 = b?pg and 2% — 1 = y?2pq. So a £ 1
and x £ 1 are not squares in N. In fact, if £ £ 1 is a square in N, then

r+1=1y3

xF1=2pqys3,
2

for some integers y; and y, such that y = y192. So 1 = (%) = (%) =

(rp%ﬁ) = (%) = (%) = —1, which is absurd. Similarly a £ 1 is not a square

in N. It follows by [2, Proposition 3.3] that {e2,€pq, \/EpgEapq} is a fundamental
system of units of L;d = Q(v/2,Vd). Note that by [4, Corollary 19.7], we

have ha(pq) = ha(2pg) = 2. So by Kuruda’s class number formula (see [9]), we
obtain

ha(Lig) = -2 halpa)ha(2pa)ha(2) = 2.

Thus hy(d) = ha(L3 ;) = 2. So the result by Theorem O

Under the hypothesis of the previous proposition we deduce that the
p-invariant and the A-invariant vanishes for such field, as well we deduce
that the v-invariant equals 1. For more results on the Iwasawa invariants of
real quadratic number fields see [I3]. We close our paper by the following
beautiful result:

Theorem 5.6. Let n be an integer such that every prime p appearing in the
decomposition of n with an odd exponent is congruent to 1 (mod 16) or 7
(mod 8). Then the equation:

n=a> -y,
has a solution (x,y) in Q(s) x Q((s).
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Proof. We can suppose that n is a positive square-free integer of prime divisors
congruent to 1 (mod 16) or 7 (mod 8). Let p be a prime ideal of Q((s). If
p does not divide n, then (CST”) = ("TCS) = 1. If p is lying over a prime

divisor p of n, then we have ("TCS) = (CST") = (C*‘T’p) = 1. So n is a norm in

K' = Q(+v/{s) = Q(C16)- Let o = = + yC16 be an element of Q((16) such that
n = Nk k(@) = (x+yi6)(® — yCi6) = 22 — 3%(s. Which gives the result. [
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