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Abstract. Coral reefs can undergo relatively rapid changes in the dominant biota, a
phenomenon referred to as phase shift. Degradation of coral reefs is often associated with
changes in community structure towards a macroalgae-dominated reef ecosystem due to the
reduction in herbivory caused by overfishing. We investigate the coral-macroalgal phase
shift due to the effects of harvesting of herbivorous reef fish by means of a continuous time
model in the food chain. Conditions for local asymptotic stability of steady states are de-
rived. We have shown that under certain conditions the system is uniformly persistent in
presence of all the organisms. Moreover, it is shown that the system undergoes a Hopf bi-
furcation when the carrying capacity of macroalgae crosses certain critical value. Computer
simulations have been carried out to illustrate different analytical results.
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1. Introduction

The role of macroalgae as an essential nursery ground for many coral reef fish

species is well documented [9]. Macroalgae serve as a major food source for a wide

variety of herbivores in coral reefs. Despite the recognized roles of macroalgae in

coral reefs, proliferation of macroalgae in coral reefs is increasingly related to coral

reef decline [3], [13]. As observed by Bruno et al. [5], reefs have shown a tendency

to exist in alternate coral- or algae-dominated states. Degradation of coral reefs
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often involves phase shifts in community structure for which abundance of corals

declines with an increase in abundance of macroalgae [7]. Phase shifts in coral

reefs are mostly driven by the competition for light and space between corals and

macroalgae. According to Lirman [17], macroalgae may compete with corals by

basal encroachment, shading or abrasion and allelopathic chemical defenses. Also,

macroalgae can dominate corals through space pre-emption by reducing available

space for the successful settlement of coral larvae [29]. As observed by Mumby et

al. [22], coral can inhibit algae growth by shading, stinging, allelopathic chemical

defenses, the occupation of space, mucus secretion, and overgrowth. Although corals

grow in the range of approximately 2–185 mm per year [12], the collective growth

of many colonies across a large area can return the area to coral dominance within

a few years [1].

Coral reefs throughout the world have suffered substantial declines in coral cover

and species diversity due to the proliferation of macroalgae and overfishing of herbiv-

orous reef fish [23]. In coral reef ecosystems, macroalgae and corals compete for space

and when herbivores are not present, the faster growing macroalgae often overgrow

corals, depriving them of essential sunlight and causing their decline [4]. The grazing

of macroalgae by herbivores contributes to the resilience of the coral-dominated reef.

There is substantial evidence that herbivore removal by harvesting has resulted in in-

creased algal growth on coral reefs at the expense of living coral cover [18], [28]. This

resulted in a phase shift from coral-dominated reef to algal reef with proliferation of

macroalgae, resulting in coral bleaching [10].

Parrotfish are some of the most abundant fish on Caribbean reefs, dominating

the biomass of herbivorous fishes. They are known to prefer macroalgae to living

corals and infrequently feed on actual live coral tissue. Concerned about the harmful

consequences of phase shifts towards increased macroalgal cover, Mumby [21] pointed

out that prevalence of Parrotfish actually benefits coral reefs. The phase shift could

be a result of overfishing of Parrotfish which favour macroalgae over coral. It can

result in permanent shift in state in which macroalgae, once dominant, inhibit coral

settlement. This leads to the disruption of symbiosis between coral polyps and

microalgae zooxanthellae, resulting in the expulsion of zooxanthellae and loss of

photosynthetic pigments. As observed by McManus and Polsenberg [20], if stresses

continue for long enough, corals can suffer extensive mortality, and eventually bleach.

We study a model in which the interacting organisms, macroalgae and corals,

exhibit modified logistic growth in the absence of Parrotfish. Herbivorous Parrotfish

feed mostly on macroalgae but also on a small amount of corals. Experimental

observations by Murray et al. [24] reveal that Holling II functional response is quite

accurate in predicting the observed functional response of fishes. This prompts us to

use Holling II response function in our model. Parrotfish are harvested with a non-
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constant harvesting policy [16]. In particular, for a more realistic approach, a rational

harvesting function has been considered in the model which provides diminishing

marginal returns of the harvesting organization.

In the present paper, the main emphasis will be put on studying the dynamic

behaviour of the system and role of harvesting and coral-macroalgal competition

parameters in coral-macroalgal phase shifts. We have studied the model analytically

as well as numerically; proofs are all relegated to the Appendix.

2. The basic model

We take a model in which algae and corals are growing with concentration P (t)

and C(t), respectively, at time t. Herbivorous Parrotfish are growing in the system

by feeding on algae as well as corals having concentration x(t) at time t. Parrotfish

are harvested at a density-dependent harvesting policy [11].

We make the following assumptions in formulating the mathematical model:

(H1) In the absence of corals and herbivores, macroalgae follow the logistic growth

with intrinsic growth rate r1 and carrying capacity K1.

(H2) In the absence of macroalgae and herbivores, corals follow the logistic growth

with intrinsic growth rate r2 and carrying capacity K2.

(H3) The effect of coral on macroalgae is expressed by the competition coefficient α1,

representing the rate of inhibition of macroalgal growth by corals due to shading,

stinging, allelopathic chemical defenses and mucus secretion [19].

(H4) The rate of inhibition of the growth of corals by macroalgae due to shading, abra-

sion, allelopathic chemical defenses and macroalgal overgrowth is represented

by the sigmoidal Hill function α2P
n/(an + Pn), where α2 is the interspecific

competition coefficient, a is the macroalgal concentration at which coral con-

centration is half its carrying capacity and n is the measure of macroalgal effect

on coral as the community structure of algae shifts. Figure 1 shows that at

larger values of n, corals are less sensitive to low concentration of macroalgae,

but macroalgae outcompete corals when their concentration crosses a certain

threshold.

The basic equations with all the parameters are:

(2.1)
dP

dt
= r1P

(

1− P + α1C

K1

)

− m1Px

a1 + P + b1C
≡ F 1,

dC

dt
= r2C

(

1− C + α2P
n/(an + Pn)

K2

)

− m2Cx

a2 + P + b2C
≡ F 2,

dx

dt
= x

( e1m1P

a1 + P + b1C
+

e2m2C

a2 + P + b2C
− h

b+ x
−D

)

≡ F 3,
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Figure 1. The effect of macroalgae (in black) on the growth of coral (in gray) for n = 1
(solid) and n = 7 (dashed).

where P (0) > 0, C(0) > 0, x(0) > 0.

Here, D is the death rate of Parrotfish, h is the maximum harvesting rate of

Parrotfish and b is the concentration of Parrotfish for which the rate of harvesting

is half its maximum, mi are the maximal uptake rates, ai are the half-saturation

constants and P + biC is the interference of coral and macroalgae on the per-capita

growth rate of Parrotfish (i = 1, 2). Also, ei is the growth efficiency (0 < ei < 1,

i = 1, 2) of Parrotfish on macroalgae and coral, respectively; all of these are positive

quantities.

Obviously, the right-hand sides of system (2.1) are continuous smooth functions

on R
3
+ = {(P,C, x) : P,C, x > 0}. Indeed, they are Lipschitzian on R

3
+ and so the

solution of the system (2.1) exists and is unique. Therefore, the interior of the

positive octant of R3 is an invariant region.

3. Boundedness and uniform persistence of the system

Theorem 3.1. For all ε > 0, there exists tε > 0 such that for t > tε, all the

solutions of (2.1) enter into the set

{

(P,C, x) ∈ R
3 : P (t) + C(t) + x(t) 6

K(r1 + r2)

D0
+ ε

}

,

where K = max{K1,K2} and D0 = min{r1, r2, D}.
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The above theorem states that, with non-negative initial values and other param-

eter values in the ecosystem, the concentrations P , C and x will always remain finite

and bounded.

By definition, the system will be uniformly persistent if there exist u1i ,Mi ∈ (0,∞)

such that u1i 6 lim inf
t→∞

ui(t) 6 lim sup
t→∞

ui(t) 6 Mi, for each organism ui(t) in the

system [26], [6]. Uniform persistence represents convergence on an interior attractor

from any positive initial conditions and so it can be regarded as a strong form of

coexistence [8]. From a biological point of view, uniform persistence of a system

ensures the survival of all the organisms in the long run.

Since lim sup
t→∞

{P (t) + C(t) + x(t)} 6 K(r1 + r2)/D0 as t → ∞, it follows that
there exists a positive number M < K(r1 + r2)/D0 such that x(t) 6 M for large

values of t.

The following theorem rules out the possibility of extinction of any organism in

the system:

Theorem 3.2. For large t, if h 6 h̄ and K1 > α1α2 hold, there exists x1 > 0

such that all the solutions of (2.1) enter into the set {(P,C, x) : p1 6 P (t) 6 K1,

c1 6 C(t) 6 K2, x1 6 x(t) 6 M} and will remain there forever, where

h̄ = b
( e1m1p1
a1 + b1K2 +K1

+
e2m2c1

a2 + b2K2 +K1
−D

)

,

p1 = K1

(

1− m1M

a1r1

)

− α1K2, c1 = K2

(

1− m2M

a2r2

)

− α2

and

0 < M < min
{a1r1(K1 − α1K2)

m1K1
,
a2r2(K2 − α2)

m2K2
,
K(r1 + r2)

D0

}

.

Thus, if the carrying capacity of macroalgae exceeds α1α2, then restricted har-

vesting of Parrotfish can lead to coexistence of all the organisms in the system.

4. Equilibria and their stability

System (2.1) possesses the following equilibria:

(i) Organism-free equilibrium E0 = (0, 0, 0);

(ii) coral- and fish-free equilibrium E1 = (K1, 0, 0);

(iii) coral-free equilibrium E2 = (p2, 0, x2), where p2 is a positive root of the equation

e1m1P

a1 + P
− hm1K1

bm1K1 + r1(K1 − P )(a1 + P )
−D = 0 and x2 =

r1(K1 − p2)(a1 + p2)

m1K1
;
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(iv) macroalgae- and fish-free equilibrium E3 = (0,K2, 0);

(v) macroalgae-free equilibrium E4 = (0, c4, x4), where c4 is a positive root of the

equation

e2m2C

a2 + b2C
− hm2K2

bm2K2 + r2(K2 − C)(a2 + b2C)
−D = 0

and

x4 =
r2(K2 − c4)(a2 + b2c4)

m2K2
;

(vi) fish-free equilibrium E5 = (p5, c5, 0), where c5 is a positive root of the equation

K2 − C − α2(K1 − α1C)n

an + (K1 − α1C)n
= 0

and p5 = K1 − α1c5;

(vii) positive equilibrium E∗ = (p∗, c∗, x∗), where p∗ is a positive root of

f(P ) + α2P
n/(an + Pn)

K2
+

m2g(P )

a2 + P + b2f(P )
= 1,

f(P ) is a positive root of β1C
2 + β2C + β3 = 0,

β1 = r2m1K1b2 − α1m2b1r1K2,

β2 = m2r1K2{b1(K1 − P )− α1(a1 + P )}

+ r2m1K1

{

(a2 + P ) + b2

(

K2 −
α2P

n

an + Pn

)}

,

β3 = m2r1K2(K1 − P )(a1 + P )− r2m1K1(a2 + P )
(

K2 −
α2P

n

an + Pn

)

and

g(P ) =
r1{a1 + P + b1f(P )}

m1

(

1− P + α1f(P )

K1

)

so that c∗ = f(p∗) and x∗ = g(p∗). The equilibria E0, E1, and E3 always exist,

whereas E2 exists if 0 < p2 < K1, E4 exists if 0 < c4 < K2 and E5 exists if

0 < c5 < K1/α1. Also, E
∗ exists if 0 < p∗ < K1 and 0 < c∗ < (K1 − p∗)/α1.

We note that the organism-free critical point E0 of the system is always a saddle

point.

4.1. Macroalgae-dominated irreversible regime. Due to increasing fre-

quency of coral bleaching, there can be a permanent shift from coral-dominated

ecosystems to macroalgae-dominated ones. We study macroalgae-dominated systems
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following mass coral bleaching in which there is no possibility of reversal of the regime.

Let us define λ1 = a1D/(e1m1 −D), where e1m1 > D. Then λ1 is the break-even

concentration of x(t), representing the concentration of macroalgae for which the

population of Parrotfish is constant, in the absence of harvesting.

The following lemma states the condition followed by coral bleaching under which

Parrotfish cannot survive, even in the absence of harvesting:

Lemma 4.1.1. In the absence of corals,

(i) if m1 6 D/e1, then lim
t→∞

x(t) = 0;

(ii) if m1 > D/e1 and K1 < λ1, then lim
t→∞

x(t) = 0.

Under the hypothesis of Lemma 4.1.1 it follows that, in the absence of corals,

(i) low growth rate of Parrotfish on macroalgae leads to its extinction from the

system;

(ii) low macroalgal cover leads to the extinction of Parrotfish from the system.

Therefore, for the survival of Parrotfish in a macroalgae-dominated system follow-

ing coral bleaching, we must have m1 > D/e1 and K1 > λ1.

Now we analyze the stability of the system, assuming that m1 > D/e1 holds

throughout our study.

Lemma 4.1.2. Coral- and Parrotfish-free equilibrium E1 is locally asymptotically

stable if K1 > λ1,

α2 >
K2(K

n
1 + an)

Kn
1

and h >
b(e1m1 −D)(K1 − λ1)

a1 +K1
.

Thus, if macroalgae outcompete corals with high interspecific competition coeffi-

cient α2, then for high harvesting rate of Parrotfish the system stabilizes at E1 with

complete elimination of corals and Parrotfish.

Corollary 4.1.1. In the absence of harvesting, the critical point E1 is locally

asymptotically stable if K1 < λ1 and

α2 >
K2(K

n
1 + an)

Kn
1

.

The conditions for stable coexistence of macroalgae and Parrotfish after mass coral

bleaching are given by the following lemma.
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Lemma 4.1.3. The critical point E2 is locally asymptotically stable if

α2 >
K2(a

n + pn2 )

pn2

{

1− m2x2

r2(a2 + p2)

}

and any one of the following two conditions holds:

(i)
r1(a1 + p2)

2

m1
< K1 <

r1p2(a1 + p2)
2(b+ x2)

2

m1p2x2(b+ x2)2 + hx2(a1 + p2)2
;

(ii)

K1 < min
{r1(a1 + p2)

2

m1
,

r1p2(a1 + p2)
2(b+ x2)

2

m1p2x2(b + x2)2 + hx2(a1 + p2)2

}

and

h <
e1a1m

2
1K1(b + x2)

2

(a1 + p2){r1(a1 + p2)2 −m1K1}
.

4.2. Coral-dominated irreversible regime. Most healthy coral-dominated

reefs have pockets of turf algae and occasional macroalgae. Even though a coral

reef without macroalgae is unusual in ecology, from a mathematical standpoint

we consider the case when corals are dominating the system in the absence of

macroalgae.

Let us define

λ2 =
a2D

e2m2 − b2D
,

where m2 > b2D/e2. Then λ2 is the break-even concentration of x(t), representing

the concentration of coral for which the population of Parrotfish is constant, in

absence of harvesting.

The following lemma states the conditions under which Parrotfish, when solely

dependent on corals, cannot survive, even in the absence of harvesting:

Lemma 4.2.1. In the absence of macroalgae,

(i) if m2 6 b2D/e2, then lim
t→∞

x(t) = 0;

(ii) if m2 > b1D/e2 and λ2 > K2, then lim
t→∞

x(t) = 0.

Under the hypothesis of Lemma 4.2.1 it follows that, in absence of macroalgae,

(i) low growth rate of Parrotfish on corals leads to its extinction from the system;

(ii) low coral cover leads to the extinction of Parrotfish from the system.

Therefore, for the survival of Parrotfish in a coral-dominated system in the absence

of macroalgae, we must have m2 > b2D/e2 and λ2 6 K2.

Now we analyze the stability of the system by assuming that m2 > D/e2 holds

throughout our study.
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Lemma 4.2.2. Macroalgae- and Parrotfish-free critical point E3 is locally asymp-

totically stable if

K2 > max
{

λ2,
K1

α1

}

and h >
b(e2m2 − b2D)(K2 − λ2)

a2 + b2K2
.

Therefore, in the absence of macroalgae, high harvesting rate of Parrotfish can

lead to its elimination even with sufficient coral cover.

Lemma 4.2.3. The critical point E4 is locally asymptotically stable if

K1 <
r1α1c4(a1 + b1c4)

r1(a1 + b1c4)−m1x4

and any one of the following two conditions holds:

(i)
r2(a2 + b2c4)

2

m2b2
< K2 <

r2c4(a2 + b2c4)
2(b+ x4)

2

m2b2c4x4(b+ x4)2 + hx4(a2 + b2c4)2
;

(ii)

K2 < min
{r2(a2 + b2c4)

2

m2b2
,

r2c4(a2 + b2c4)
2(b+ x4)

2

m2b2c4x4(b+ x4)2 + hx4(a2 + b2c4)2

}

and

h <
e2a2m

2
2K2(b + x4)

2

(a2 + b2c4){r2(a2 + b2c4)2 −m2b2K2}
.

4.3. Reversible regimes. Corals and macroalgae can coexist under restricted

circumstances. We now consider the cases when macroalgae and corals coexist in

the system.

Lemma 4.3.1. System (2.1) is locally asymptotically stable at E5 if

α2 <
(an + pn5 )

2

nanα1p
n−1
5

and

h > b
( e1m1p5
a1 + p5 + b1c5

+
e2m2c5

a2 + p5 + b2c5
−D

)

.

Thus, with a higher rate of harvesting of Parrotfish, the system becomes stable

at E5 if coral-macroalgal competition effect is low.

When Lemma 4.3.1 holds, E5 is (i) macroalgae-dominated and stable if

K1

1 + α1
< c5 < p5 < min{K1,K2};

(ii) coral-dominated and stable if K1/(1 + α1) < p5 < c5 < min{K2,K1/(α1)}.

241



Lemma 4.3.2. The positive equilibrium E∗ = (p∗, c∗, x∗) is locally asymptoti-

cally stable if h < h∗ and η∗ > 0, where

h∗ =
(b + x∗)2

x∗

{r1p
∗

K1
+

r2c
∗

K2
− m1p

∗x∗

(a1 + p∗ + b1c∗)2
− m2b2c

∗x∗

(a2 + p∗ + b2c∗)2

}

and
η∗ = F 1

C |E∗F 2
x |E∗F 3

P |E∗ + F 1
x |E∗F 2

P |E∗F 3
C |E∗ − 2F 1

P |E∗F 2
C |E∗F 3

x |E∗

+ (F 2
C |E∗ + F 3

x |E∗){F 2
x |E∗F 3

C |E∗ − (F 1
P |E∗)2}

+ (F 1
P |E∗ + F 3

x |E∗){F 1
x |E∗F 3

P |E∗ − (F 2
C |E∗)2}

+ (F 1
P |E∗ + F 2

C |E∗){F 1
C |E∗F 2

P |E∗ − (F 3
x |E∗)2}.

When Lemma 4.3.2 holds, the equilibrium E∗ is

(i) coral-dominated and stable if p∗ < c∗ < K1/(1 + α1);

(ii) macroalgae-dominated and stable if c∗ < p∗ < min{K1,K2}.

Lemma 4.3.3. System (2.1) undergoes a Hopf bifurcation at K1 = K1cr if and

only if

(i) Qi(K1cr) > 0 (i = 1, 2, 3),

(ii) f1(K1cr) = f2(K1cr),

(iii) {M(K1)K(K1) + N(K1)L(K1)}K1cr
6= 0, where f1(K1) = Q1(K1)Q2(K1),

f2(K1) = Q3(K1),

K(K1) = 3γ2
1(K1)− 3γ2

2(K1) + 2Q1(K1)γ1(K1) +Q2(K1),

L(K1) = 6γ1(K1)γ2(K1) + 2Q1(K1)γ2(K1),

M(K1) = Q′

3(K1) + {γ2
1(K1)− γ2(K1)}Q′

1(K1) + γ1Q
′

2(K1),

N(K1) = 2γ1(K1)γ2(K1)Q1′(K1) + γ2(K1)Q
′

2(K1);

γ1(K1) and γ2(K1) are real and imaginary parts, respectively, of a pair of eigen-

values in K1 ∈ (K1cr − ε,K1cr + ε).

Condition (iii) of Lemma 4.3.3 is equivalent to

dg(K1)

dK1
|(K1=K1cr

) 6= 0,

where g(K1) = f1(K1) − f2(K1). By using numerical methods, condition (ii) of

Lemma 4.3.3 can be verified by showing that the curves y = f1(K1) and y = f2(K1)

intersect at K1 = K1cr , whereas condition (iii) can be verified by showing that the

tangent to the curve y = g(K1) at K1 = K1cr is not parallel to the K1 axis [27].
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Corollary 4.3.1. The period T of the bifurcating periodic orbits close to

K1 = K1cr is given by

T (K1cr) =
2π

√

Q2(K1cr)
.

We investigate the orbital stability of the Hopf-bifurcating periodic solution by

using Poore’s sufficient condition [25]. The supercritical and subcritical nature of

the Hopf-bifurcating periodic solution is determined by the positive and negative

sign of the real part of Φ, where

Φ = − alF
l
ujumus

bjbmb̄s + 2alF
l
ujum

bj(J
−1
E∗ )mrF

r
upuq

bpb̄q

+ alF
l
ujuk

b̄j(JE∗ − 2iω0)
−1
kr F

r
upuq

bpbq,

the repeated indices within each term imply a sum from 1 to 3 and all the derivatives

of F l (l = 1, 2, 3) are evaluated at E∗ with u1 = P, u2 = C, u3 = x and JE∗ is the

variational matrix of (2.1) calculated at E∗. [(JE∗)−1]mr denotes the element in row

m, column r of (JE∗)−1. Also, a = (a1, a2, a3) and b = (b1, b2, b3)
⊤ are left and

right normalized eigenvectors of JE∗ with respect to the eigenvalues ±iω0 at K1 =

K1cr such that a·b = 1. The detailed calculations for supercritical and subcritical

Hopf bifurcation are given in the Appendix. Also, from numerical simulations it is

observed that the system undergoes a Hopf bifurcation when the macroalgal carrying

capacity (K1) crosses a certain threshold.

5. Numerical simulations

In this section, we investigate numerically, as demonstrated in [2], the effect of the

various parameters on the qualitative behavior of the system using parameter values

given in Table 1 [15] throughout, unless otherwise stated.

We will verify the feasibility of the stability criterion from Section 4.

E x am p l e 5.1. Under the set of parameter values as given in Table 1, the sys-

tem is locally asymptotically stable at E∗ = (0.3487, 0.5642, 0.586) with eigenval-

ues −1.0535,−0.0339 ± 0.586i (cf. Figure 2 (unshaded)). In this case we obtain

p∗ < c∗ < K1/(1 + α1) = 0.615, and so E∗ is coral-dominated.

For h = 0.15, other parameter values as given in Table 1, the system is

locally asymptotically stable at E∗ = (0.4386, 0.1622, 0.5460) with eigenvalues

−0.0199,−0.0950± 0.3820i (cf. Figure 2 (shaded)). In this case we obtain c∗ < p∗ <

min{K1,K2} = 0.7, and so E∗ is macroalgae-dominated.
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Figure 2. Phase plane diagram of the system projected on the CP -plane with initial values
I1 = (0.6, 0.2) and parameters as given in Table 1; the system has a stable focus
at E∗ with corals dominating macroalgae (solid trajectories). For h = 0.15, other
parameter values as given in Table 1, the system is LAS at E∗ with macroalgae
dominating corals (dashed trajectories).

Parameters Description Value Dimension

r1 Intrinsic growth rate of macroalgae 0.3 1/time

r2 Intrinsic growth rate of coral 0.2 1/time

K1 Carrying capacity of macroalgae 0.8 mass/volume

K2 Carrying capacity of coral 0.7 mass/volume

a Half-saturation constant 0.3 mass/volume

α1 Effect of coral on macroalgae 0.3 -

α2 Effect of macroalgae on coral 0.75 -

n Order of the Hill function 0.7 -

D Death rate of Parrotfish 0.1 1/time

m1 Maximal growth rate of x on P 1 1/time

m2 Maximal growth rate of x on C 0.1 1/time

a1 Half-saturation constant for uptake of P by x 1.5 mass/volume

a2 Half-saturation constant for uptake of C by x 1.5 mass/volume

bi Interference of P and C on the growth of x 1 -

e1 Growth efficiency of x on P 0.7 -

e2 Growth efficiency of x on C 0.8 -

h Maximal rate of harvesting 0 1/time

b Half-saturation constant on harvesting 5 mass/volume

Table 1. Default parameter values used in the numerical analysis.
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E x am p l e 5.2. For h = 1.5, other parameter values as given in Table 1,

the system is locally asymptotically stable at E1 = (0.8, 0, 0) with eigenvalues

−0.3,−0.82,−0.09 (cf. Figure 3 (a)). In this case we obtain

α2 >
K2(K

n
1 + an)

Kn
1

= 0.7,

h >
b(e1m1 −D)(K1 − λ1)

a1 +K1
= 0.7174

and K1 > λ1 = 0.25, satisfying Lemma 4.1.2.

E x am p l e 5.3. For h = 0.4, other parameter values as given in Table 1, the

system is locally asymptotically stable at E2 = (0.5062, 0, 0.2211) with eigenvalues

−0.1036,−0.0794± 0.0879i (cf. Figure 3 (b)). In this case we obtain

α2 >
K2(a

n + pn2 )

pn2

{

1− m2x2

r2(a2 + p2)

}

= 0.6784,

K1 < min
{r1(a1 + p2)

2

m1
,

r1p2(a1 + p2)
2(b+ x2)

2

m1p2x2(b+ x2)2 + hx2(a1 + p2)2

}

= 1.2074

and

h <
e1a1m

2
1K1(b+ x2)

2

(a1 + p2){r1(a1 + p2)2 −m1K1}
= 28.015,

satisfying Lemma 4.1.3 (ii).

Also, for h = 0.4 and K1 = 1.3, other parameter values as given in Table 1,

E2 = (0.4981, 0, 0.3698) is locally asymptotically stable with eigenvalues −0.0268,

−0.0318± 0.1512i.

We obtain

α2 >
K2(a

n + pn2 )

pn2

{

1− m2x2

r2(a2 + p2)

}

= 0.6535

and

1.1977 =
r1(a1 + p2)

2

m1
< K1 <

r1p2(a1 + p2)
2(b+ x2)

2

m1p2x2(b+ x2)2 + hx2(a1 + p2)2
= 2.9149,

satisfying Lemma 4.1.3 (i).

E x am p l e 5.4. For K1 = 0.2, other parameter values as given in Table 1, the

system is locally asymptotically stable at E3 = (0, 0.7, 0) with eigenvalues −0.015,

−0.2, −0.0745 (cf. Figure 3 (c)). In this case we obtain K2 > max{λ2,K1/α1} =

0.6667 and

h >
b(e2m2 − b2D)(K2 − λ2)

a2 + b2K2
= −0.3727,

satisfying Lemma 4.2.2.
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Figure 3. Time series analysis of the system for (a) h = 1.5, other parameter values as
given in Table 1, the system is LAS at E1; (b) h = 0.4, other parameter values
as given in Table 1, the system is LAS at E2; (c) K1 = 0.2, other parameter
values as given in Table 1, the system is LAS at E3; (d) K1 = 0.1, K2 = 0.4 and
m2 = 1, other parameter values as given in Table 1, the system is LAS at E4.
(Horizontal axes show the time.)
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E x am p l e 5.5. For K1 = 0.1 and m2 = 1, other parameter values as given in

Table 1, the system is locally asymptotically stable at E4 = (0, 0.2143, 0.2379) with

eigenvalues −0.0316, −0.0219± 0.1080i. Also, we obtain

K1 <
r1α1c4(a1 + b1c4)

r1(a1 + b1c4)−m1x4
= 0.1196, 0.5878 =

r2(a2 + b2c4)
2

m2b2

< K2 <
r2c4(a2 + b2c4)

2(b + x4)
2

m2b2c4x4(b + x4)2 + hx4(a2 + b2c4)2
= 2.4706,

satisfying the analytical conditions of stability at E4 as given in Lemma 4.2.3 (i).

For K1 = 0.1, K2 = 0.4 and m2 = 1, other parameter values as given in Ta-

ble 1, the system is locally asymptotically stable at E4 = (0, 0.2143, 0.1592) with

eigenvalues 0.0143,−0.0478± 0.0764i (cf. Figure 3 (d)). Also, we obtain

K1 <
r1α1c4(a1 + b1c4)

r1(a1 + b1c4)−m1x4
= 0.0931,

K2 < min
{r2(a2 + b2c4)

2

m2b2
,

r2c4(a2 + b2c4)
2(b+ x4)

2

m2b2c4x4(b+ x4)2 + hx4(a2 + b2c4)2

}

= 0.5878

and

h <
e2a2m

2
2K2(b+ x4)

2

(a2 + b2c4){r2(a2 + b2c4)2 −m2b2K2}
= 39.6944,

satisfying the conditions of stability at E4 in Lemma 4.2.3 (ii).

E x am p l e 5.6. For K1 = 0.4, other parameter values as given in Table 1, the

system is locally asymptotically stable at E5 = (0.2043, 0.6523, 0) with eigenvalues

−0.0541,−0.2855,−0.0172 (cf. Figure 4 (unshaded)). In this case we obtain

α2 <
(an + pn5 )

2

nanα1p
n−1
5

= 1.6326,

e1m1p5
a1 + p5 + b1c5

+
e2m2c5

a2 + p5 + b2c5
< D

and

0.3077 =
K1

1 + α1
< p5 < c5 < min

{

K2,
K1

α1

}

= 0.7,

satisfying the conditions of stability at E5 with a coral-dominated regime.
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Figure 4. Phase plane diagram of the system projected on the CP -plane with initial values
I2 = (0.5, 0.3), K1 = 0.4 and other parameter values as given in Table 1; the
system has a stable node at E5 with corals dominating macroalgae (dashed tra-
jectories). For K1 = 0.4, h = 0.3, other parameter values as given in Table 1, the
system is LAS at E5 with macroalgae dominating corals (solid trajectories).

Also, for K1 = 0.4, h = 0.3, other parameter values as given in Table 1, the system

is locally asymptotically stable at E5 = (0.377, 0.0766, 0) (cf. Figure 4 (shaded)). In

this case we obtain

α2 <
(an + pn5 )

2

nanα1p
n−1
5

= 1.2842,

h > b
( e1m1p5
a1 + p5 + b1c5

+
e2m2c5

a2 + p5 + b2c5
−D

)

= 0.1911

and

0.3077 =
K1

1 + α1
< c5 < p5 < min{K1,K2} = 0.4,

satisfying the conditions of stability at E5 with a macroalgae-dominated regime.

Effects of macroalgal carrying capacity and harvesting: With low carrying

capacity of macroalgae (K1 < 0.503) and in the absence of harvesting of Parrotfish,

the system becomes oscillatory around E∗ (cf. Figure 5 (a)). When the carrying

capacity of macroalgae is lowered below K1 = 0.4083, the system stabilizes at E5

followed by the extinction of Parrotfish from the system. In the presence of har-

vesting of Parrotfish (viz. h = 0.1) and with low carrying capacity of macroalgae

(K1 < 0.4168), the system becomes oscillatory around E∗ (cf. Figure 6 (a)) followed

by the extinction of Parrotfish when the carrying capacity of macroalgae is lowered

belowK1 = 0.3917. Also, with high macroalgal carrying capacity (viz.K1 > 2.1569),

the system becomes oscillatory. In this case, due to moderate increase of maximal
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Figure 5. (a) Bifurcation diagram of macroalgal carrying capacity (K1) versus the equilib-
rium value of the concentrations of Parrotfish and corals. The system undergoes
a Hopf bifurcation at E∗ when K1 crosses K1 = 0.503. Limit cycle branches
originate at the Hopf point (H). The system becomes stable at E5 when K1 is
lowered below K1 = 0.4083. (b) The relative positions of f1(K1), f2(K1) and
g(K1), showing that Hopf bifurcation occurs when the two curves intersect at
K1 = 0.503.

harvesting rate of Parrotfish (viz. h = 0.8), the system becomes stable at E2 (cf. Fig-

ure 6 (b)).

Effects of coral carrying capacity and harvesting: In the absence of har-

vesting and with low carrying capacity of corals (K2 < 0.1825), the system becomes
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macroalgae-dominated followed by the elimination of corals (cf. Figure 7 (a)). Due to

the increase of K2 (viz. K2 = 0.3), initial coral mortality is observed followed by its

subsequent recovery. But, in the presence of harvesting of Parrotfish (for K2 = 0.3

and h = 0.1), the system becomes stable at the coral-depleted steady state E2,

representing an irreversible shift of regime (cf. Figure 8 (a)). With high carrying

capacity of corals (K2 > 2.0467), the system becomes coral-dominated followed by

the extinction of Parrotfish (cf. Figure 7 (a)).
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Figure 6. (a) For h = 0.1, the bifurcation diagram of macroalgal carrying capacity (K1)
versus the equilibrium value of the concentrations of Parrotfish and corals. The
system undergoes Hopf bifurcations at E∗ when K1 crosses K1 = 0.4168 and
K1 = 2.1569, generating limit cycle branches at the Hopf points (H). The system
becomes stable at E5 when K1 is lowered below K1 = 0.3917. (b) For K1 = 2.5,
h = 0.1, the system becomes oscillatory around E∗ (solid). ForK1 = 2.5, h = 0.8,
the system stabilizes at E2 (dashed). (c) The relative positions of f1(K1), f2(K1)
and g(K1) showing that Hopf bifurcations occur when the two curves intersect
at K1 = 0.4168 and K1 = 2.1569. (Horizontal axes in the part (b) of the figure
show the time.)

Effects of coral-macroalgal competition and harvesting: For α2 = 1.7,

other parameter values as in Table 1, it is observed that corals recover after extensive

mortality (cf. Figure 8 (b)). This refers to the coral reef’s ability to recover from

bleaching in the absence of harvesting. But for α2 = 1.7 and h = 0.1, the system

becomes stable at E2 and so corals fail to recover from bleaching in the presence of

herbivore harvesting (cf. Figure 8 (b)).

Hopf bifurcation: We observe that the system becomes oscillatory when the

carrying capacity of macroalgae (K1) crosses certain thresholds (cf. Figures 5 and 6).

We therefore consider K1 as a bifurcation parameter.

In the absence of harvesting of Parrotfish, from Figure 5 (b) we observe that f1(K1)

and f2(K1) intersect at K1 = 0.503, indicating that the system changes its stability

when the parameter crosses the threshold K1 = 0.503. More specifically, for K1 >

0.503 we see that f1(K1) > f2(K1), satisfying the Routh-Hurwitz condition and

therefore the system is locally asymptotically stable at E∗. For K1 < 0.503 we see

that f1(K1) < f2(K1) and so the system is unstable at E
∗. Moreover, we observe
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Figure 7. (a) Bifurcation diagram of coral carrying capacity (K2) versus the equilibrium
value of the concentrations of Parrotfish and macroalgae. The system undergoes
a Hopf bifurcation at E∗ when K2 crosses K2 = 1.3975, generating limit cycle
branches at the Hopf point (H). The system becomes stable at E2 when K2
is lowered below K2 = 0.1825 and becomes stable at E5 when K2 is increased
beyond K2 = 2.0467. (b) The relative positions of f1(K2), f2(K2) and g(K2)
showing that Hopf bifurcation occurs when the two curves intersect at K2 =
1.3975.

that the tangent to g(K1) at K1 = 0.503 is not parallel to the K1 axis, satisfying the

condition
dg(K1)

dK1

∣

∣

∣

(K1=0.503)
6= 0

and therefore, the system undergoes a Hopf bifurcation when K1 crosses K1 = 0.503.
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In the presence of harvesting of Parrotfish (viz. h = 0.1), from Figure 6 (c) we

observe that f1(K1) and f2(K1) intersect at the two points K1 = 0.4168 and K1 =

2.1569, indicating that the system changes its stability when the parameter crosses

the thresholds K1 = 0.4168 and K1 = 2.1569. It is observed that for 0.4168 <

K1 < 2.1569 we have f1(K1) > f2(K1), satisfying the Routh-Hurwitz condition for

stability at E∗. Moreover, the tangents to g(K1) at K1 = 0.4168 and K1 = 2.1569

are not parallel to the K1 axis, satisfying the conditions

dg(K1)

dK1

∣

∣

∣

(K1=0.4168)
6= 0

and
dg(K1)

dK1

∣

∣

∣

(K1=2.1569)
6= 0.

Therefore, the system undergoes Hopf bifurcations at K1 = 0.4168 and K1 = 2.1569.

We also observe that the system becomes oscillatory when the carrying capacity of

corals (K2) exceeds K2 = 1.3975 (cf. Figure 7 (a)). The system changes its stability

when the curves f1(K2) and f2(K2) intersect at K2 = 1.3975. For K2 < 1.3975, we

have f1(K2) > f2(K2), satisfying the Routh-Hurwitz condition for stability at E
∗

and the transversality condition

dg(K2)

dK2

∣

∣

∣

(K2=1.3975)
6= 0

(see Figure 7 (b)) and consequently, a Hopf bifurcation occurs when K2 crosses

K2 = 1.3975.

6. Discussion

We have considered a mathematical model of a coral reef ecosystem with mutual

interspecific competition between macroalgae and corals and harvesting of herbivo-

rous Parrotfish. Parrotfish are harvested with a rational harvesting policy. A simple

linear competition coefficient of coral on macroalgae is used in the growth equation

of macroalgae. The model treats the effect of macroalgae on corals differently than

the effect of corals on macroalgae by incorporating the Hill function in the inter-

specific competition term of the growth function of corals. We have shown that

solutions of the system are bounded in the long run. We have obtained conditions

for uniform persistence at the coexistence steady state. Also, we have derived the

conditions for local asymptotic stability of the system at different steady states. It

is observed that low harvesting of Parrotfish ensures the survival of the organisms
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in the coral-dominated coexistence state. Also, it is observed that if macroalgae

outcompete corals, then limited harvesting of Parrotfish can lead to its survival in

a macroalgae-dominated irreversible regime. We have also provided numerical simu-

lations to substantiate our analytic results. Further, from analytical and numerical

observations we get the following conclusions:
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Figure 8. (a) For K2 = 0.3, the system is LAS at E
∗ (solid black). For K2 = 0.3 and

h = 0.03, the system becomes LAS at E∗ (dashed gray) with late recovery of
corals. For K2 = 0.3 and h = 0.1, the system becomes LAS at E2 (dashed
black). (b) For α2 = 1.6, other parameter values as given in Table 1, the system
is LAS at E∗ (solid black). For α2 = 1.6 and h = 0.03, the system becomes LAS
at E∗ (dashed gray) with late recovery of corals. For α2 = 1.6 and h = 0.1, the
system becomes LAS at E2 (dashed black). (Horizontal axes show the time.)

(i) Harvesting of Parrotfish leads to phase shifts from a coral-dominated to

macroalgae-dominated regime, representing the coral-macroalgal phase shift phe-

nomenon in the coral reef ecosystem as a result of the loss of herbivory. This

supports the observations of [14] that reductions in Parrotfish grazing could have

deleterious impacts on the reef habitat.

(ii) In the absence of harvesting of Parrotfish, corals can recover after extensive

mortality even with high coral-macroalgal interspecific competition. But in the pres-

ence of harvesting, corals do not recover with high coral-macroalgal competition.

This justifies the observations of Mumby [21] that herbivory helps control macroal-

gae which compete with corals and can impede reef resilience if allowed to bloom.
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(iii) With low coral cover, if there is no harvesting, corals can recover after ex-

tensive initial mortality. But in the presence of harvesting, the system becomes

macroalgae-dominated with complete elimination of corals.

(iv) High macroalgal cover leads to dynamic instability of the system around the

equilibrium of coexistence. In this case, an increase in harvesting of Parrotfish leads

to the extinction of corals from the system.

Throughout the article, an attempt is made to search for a suitable way to control

the growth of macroalgae, corals and Parrotfish for stable coexistence of all the

species in the system. From analytical and numerical observations, it is seen that

lowering the rate of harvesting of Parrotfish can induce a coral-dominated regime.

From numerical simulations we observe that corals can recover even after extensive

mortality if the harvesting of Parrotfish is minimized.

Appendix

P r o o f of Theorem 3.2. Since lim sup
t→∞

{P (t) + C(t) + x(t)} 6 M , it follows that

exists T1 > 0 such that x(t) 6 M for all t > T1.

Also,

∀ t > T1,
dP

dt
> P

[

r1

(

1− P + α1K2

K1

)

− m1M

a1

]

implies

lim inf
t→∞

P (t) > p1 = K1

(

1− m1M

a1r1

)

− α1K2,

where 0 < M < a1r1(K1 − α1K2)/(m1K1) and K1 > α1K2.

Therefore, exists T2 > 0 such that p1 6 P (t) 6 K1 for all t > T2, where

M <
a1r1(K1 − α1K2)

m1K1
and K1 > α1K2.

Again,

∀ t > T1,
dC

dt
> C

[

r2

(

1− C + α2

K2

)

− m2M

a2

]

implies

lim inf
t→∞

C(t) > c1 = K2

(

1− m2M

r2a2

)

− α2,

where

0 < M <
r2a2(K2 − α2)

m2K2
and K2 > α2.

Thus, exists T3 > 0 such that c1 6 C(t) 6 K2 for all t > T3, where

M <
r2a2(K2 − α2)

m2K2
and K2 > α2.
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Therefore, for all t>max{T1, T2, T3}, we have p1 6 P (t)6K1 and c1 6 C(t)6K2,

where

M < min
{a1r1(K1 − α1K2)

m1K1
,
a2r2(K2 − α2)

m2K2
,
K(r1 + r2)

D0

}

and K1 > α1α2.

Again,

∀ t > max{T1, T2, T3},
dx

dt
> x

( e1m1p1
a1 +K1 + b1K2

+
e2m2c1

a2 +K1 + b2K2
− h

b
−D

)

.

Therefore, dx/dt > 0 implies

h 6 b
( e1m1p1
a1 +K1 + b1K2

+
e2m2c1

a2 +K1 + b2K2
−D

)

.

Thus, exists T4 > 0 such that for all t > T4, we can find x1 > 0 such that x1 6

x(t) 6 M .

Therefore, for large values of t, if h 6 h̄ and K1 > α1α2 hold, where

h̄ = b
( e1m1p1
a1 + b1K2 +K1

+
e2m2c1

a2 + b2K2 +K1
−D

)

,

p1 = K1

(

1− m1M

a1r1

)

− α1K2, c1 = K2

(

1− m2M

r2a2

)

− α2,

M < min
{a1r1(K1 − α1K2)

m1K1
,
a2r2(K2 − α2)

m2K2
,
K(r1 + r2)

D0

}

,

there exists x1 > 0 such that all the solutions of the system with positive initial

values enter into the compact set {(P,C, x) : p1 6 P (t) 6 K1, c1 6 C(t) 6 K2, x1 6

x(t) 6 M} and will remain there forever. �

P r o o f of Lemma 4.1.1. Since P (t) 6 K1 as t → ∞, corresponding to ε1 > 0,

exists tε > 0 such that P (t) 6 K1 + ε for all t > tε.

Therefore, in the absence of corals,

(i) if m1 6 D/e1 for all t > Tε, we have

dx

dt
6 − a1xD

a1 +K1 + ε
⇒

∫ x(t)

x(Tε)

dξ

ξ
6

−a1D(t− Tε)

a1 +K1 + ε

and so x(t) → 0 as t → ∞;
(ii) if m1 > D/e1, for all t > Tε, we have

dx

dt
6 x

(e1m1 −D)(K1 + ε− λ1)

a1

and so
∫ x(t)

x(Tε)

dξ

ξ
6

(e1m1 −D)(K1 + ε− λ1)(t− Tε)

a1
.

In this case, if λ1 > K1, then x(t) → 0 as t → ∞. �
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P r o o f of Lemma 4.1.2. The variational matrix at E1 is

(6.1) V (E1) =















−r1 −r1α1 − m1K1

a1 +K1

0 r2

{

1− α2K
n
1

K2(an +Kn
1 )

}

0

0 0
e1m1K1

a1 +K1
− h

b
−D















.

At E1, the eigenvalues of the variational matrix are

−r1, r2

{

1− α2K
n
1

K2(an +Kn
1 )

}

and
e1m1K1

a1 +K1
− h

b
−D.

The system is stable at E1 if

K1 > λ1, α2 >
K2(a

n +Kn
1 )

Kn
1

and h >
b(e1m1 −D)(K1 − λ1)

a1 +K1
> 0

(since m1 > D/e1). �

P r o o f of Lemma 4.1.3. The variational matrix at E2 is

(6.2)

V (E2) =















m1p2x2

(a1 + p2)2
− r1p2

K1
−r1α1p2

K1
+

m1b1p2x2

(a1 + p2)2
− m1p2
a1 + p2

0 r2

{

1− α2p
n
2

K2(an + pn2 )

}

− m2x2

a2 + p2
0

e1m1a1x2

(a1 + p2)2
e2m2x2

a2 + p2
− e1m1b1p2x2

(a1 + p2)2
hx2

(b+ x2)2















.

One eigenvalue is

r2

{

1− α2p
n
2

K2(an + pn2 )

}

− m2x2

a2 + p2
< 0

if

α2 >
K2(a

n + pn2 )

pn2

{

1− m2x2

r2(a2 + p2)

}

.

The other two eigenvalues are given by the equation µ2 +A1µ+B1 = 0, where

A1 =
r1p2
K1

− hx2

(b+ x2)2

and

B1 = x2p2

[h{m1K1 − r1(a1 + p2)
2}

K1(a1 + p2)2(b + x2)2
+

e1a1m
2
1

(a1 + p2)3

]

.
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E3 is stable if A1 > 0, B1 > 0 and

α2 >
an + pn3
rpn3

(

r − m2x3

a2 + p3

)

.

Now, A1 > 0 implies

K1 <
r1p2(a1 + p2)

2(b+ x2)
2

m1p2x2(b + x2)2 + hx2(a1 + p2)2
.

if

K1 >
r1(a1 + p2)

2

m1

then B1 > 0.

For

K1 <
r1(a1 + p2)

2

m1
, B1 > 0

if

0 < h <
e1a1m

2
1K1(b+ x2)

2

(a1 + p2){r1(a1 + p2)2 −m1K1}
holds.

Therefore, E2 is stable if

α2 >
K2(a

n + pn2 )

pn2

{

1− m2x2

r2(a2 + p2)

}

and any one of the following two conditions holds:

(i)
r1(a1 + p2)

2

m1
< K1 <

r1p2(a1 + p2)
2(b+ x2)

2

m1p2x2(b+ x2)2 + hx2(a1 + p2)2
;

(ii)

K1 < min
{r1(a1 + p2)

2

m1
,

r1p2(a1 + p2)
2(b+ x2)

2

m1p2x2(b + x2)2 + hx2(a1 + p2)2

}

and

h <
e1a1m

2
1K1(b + x2)

2

(a1 + p2){r1(a1 + p2)2 −m1K1}
.

�

P r o o f of Lemma 4.2.1. In the absence of macroalgae, we have

dx

dt
6 x

( em2C

a2 + b2C
−D

)

.
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(i) If m2 6 b2D/e, then
dx

dt
6

−a2Dx

a2 + b2C
< 0.

Since lim
t→∞

C(t) 6 K2, corresponding to ε2 > 0, exists Tε2 > 0 such that for all

t > Tε2 , C(t) 6 K2 + ε2.

Therefore,

∀ t > Tε2 ,
dx

dt
6

−xa2D

a2 + b2(K2 + ε2)
⇒

∫ x(t)

x(Tε2
)

dη

η
6

−a2D(t− Tε2)

a2 + b2(K2 + ε1)
⇒ x(t) → 0

as t → ∞.
(ii) If m2 > b2D/e, then

dx

dt
6 x

(em2 − b2D)(C − λ2)

a2 + b2C
.

Therefore, for all t > Tε2 , if λ2 > K2 + ε2, then

∫ x(t)

x(Tε2
)

dη

η
6

(em2 − b2D)(K2 + ε2 − λ2)(t− Tε2)

a2

and so if λ2 > K2, then x(t) → 0 as t → ∞. �

P r o o f of Lemma 4.2.2. The variational matrix at E3 is

(6.3) V (E3) =















r1

(

1− α1K2

K1

)

0 0

0 −r2 − m2K2

a2 + b2K2

0 0
e2m2K2

a2 + b2K2
− h

b
−D















.

At E3, the eigenvalues of the variational matrix are

r1

(

1− α1K2

K1

)

,−r2 and
e2m2K2

a2 + b2K2
− h

b
−D.

Therefore, the system is stable at E3 if

K2 > max
{

λ2,
K1

α1

}

and h >
b(e2m2 − b2D)(K2 − λ2)

a2 + b2K2
> 0

(since m2 > D/e2). �
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P r o o f of Lemma 4.2.3. The variational matrix at E4 is

(6.4) V (E4) =















r1

(

1− α1c4
K1

)

− m1x4

a1 + b1c4
0 0

m2c4x4

(a2 + b2c4)2
m2b2c4x4

(a2 + b2c4)2
− r2c4

K2

−m2c4
a2 + b2c4

e1m1x4

a1 + b1c4
− e2m2c4x4

(a2 + b2c4)2
e2m2a2x4

(a2 + b2c4)2
hx4

(b+ x4)2















.

One eigenvalue is

r1

(

1− α1c4
K1

)

− m1x4

a1 + b1c4
< 0,

if

0 < K1 <
r1α1c4(a1 + b1c4)

r1(a1 + b1c4)−m1x4
.

The other two eigenvalues are given by the equation µ2 +A2µ+B2 = 0, where

A2 =
r2c4
K2

− m2b2c4x4

(a2 + b2c4)2
− hx4

(b+ x4)2

and

B2 = x4c4

[h{m2K2b2 − r2(a2 + b2c4)
2}

K2(a2 + b2c4)2(b + x4)2
+

e2a2m
2
2

(a2 + b2c4)3

]

.

E4 is stable if A2 > 0, B2 > 0 and

0 < K1 <
r1α1c4(a1 + b1c4)

r1(a1 + b1c4)−m1x4
.

Now, A2 > 0 implies

K2 <
r2c4(a2 + b2c4)

2(b+ x4)
2

m2b2c4x4(b + x4)2 + hx4(a2 + b2c4)2
.

If

K2 >
r2(a2 + b2c4)

2

m2b2
,

then B2 > 0.

For

K2 <
r2(a2 + b2c4)

2

m2b2
, B2 > 0

if

0 < h <
e2a2m

2
2K2(b+ x4)

2

(a2 + b2c4){r2(a2 + b2c4)2 −m2b2K2}
holds.
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Therefore, E4 is stable if

K1 <
r1α1c4(a1 + b1c4)

r1(a1 + b1c4)−m1x4

and any one of the following two conditions holds:

(i)

r2(a2 + b2c4)
2

m2b2
< K2 <

r2c4(a2 + b2c4)
2(b+ x4)

2

m2b2c4x4(b+ x4)2 + hx4(a2 + b2c4)2
;

(ii)

K2 < min
{r2(a2 + b2c4)

2

m2b2
,

r2c4(a2 + b2c4)
2(b+ x4)

2

m2b2c4x4(b+ x4)2 + hx4(a2 + b2c4)2

}

and

h <
e2a2m

2
2K2(b + x4)

2

(a2 + b2c4){r2(a2 + b2c4)2 −m2b2K2}
.

�

P r o o f of Lemma 4.3.1. The variational matrix at E5 is

(6.5) V (E5) =











−r1p5
K1

−r1α1p5
K1

−m1p5
a1 + p5 + b1c5

−r2α2na
nc5p

n−1
5

K2(an + pn5 )
2

−r2c5
K2

−m2c5
a2 + p5 + b2c5

0 0 Γ











,

where

Γ =
e1m1p5

a1 + p5 + b1c5
+

e2m2c5
a2 + p5 + b2c5

− h

b
−D

One eigenvalue is

e1m1p5
a1 + p5 + b1c5

+
e2m2c5

a2 + p5 + b2c5
− h

b
−D < 0,

if

h > b
( e1m1p5
a1 + p5 + b1c5

+
e2m2c5

a2 + p5 + b2c5
−D

)

.

The other two eigenvalues are given by the equation µ2 +A3µ+B3 = 0, where

A3 =
r1p5
K1

+
r2c5
K2

> 0 and B3 =
r1r2p5c5
K1K2

{

1− nα1α2a
npn−1

5

(an + p5n)2

}

.
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E5 is stable if B3 > 0 and

h > b
( e1m1p5
a1 + p5 + b1c5

+
e2m2c5

a2 + p5 + b2c5
−D

)

.

Now, B3 > 0 implies

α2 <
(an + pn5 )

2

nanα1p
n−1
5

.

Therefore, E5 is stable if

α2 <
(an + pn5 )

2

nanα1p
n−1
5

and h > b
( e1m1p5
a1 + p5 + b1c5

+
e2m2c5

a2 + p5 + b2c5
−D

)

.

�

P r o o f of Lemma 4.3.2. The characteristic equation of the variational matrix

at E∗ is µ3 +Q1µ
2 +Q2µ+Q3 = 0, where

Q1 = − (F 1
P |E∗ + F 2

C |E∗ + F 3
x |E∗),

Q2 = F 1
P |E∗(F 2

C |E∗ + F 3
x |E∗) + F 2

C |E∗F 3
x |E∗ − F 3

C |E∗F 2
x |E∗

− F 1
C |E∗F 2

P |E∗ − F 1
x |E∗F 3

P |E∗ ,

Q3 = F 1
P |E∗(F 3

C |E∗F 2
x |E∗ − F 2

C |E∗F 3
x |E∗)

+ F 1
C |E∗(F 3

x |E∗F 2
P |E∗ − F 3

P |E∗F 2
x |E∗)

+ F 1
x |E∗(F 3

P |E∗F 2
C |E∗ − F 2

P |E∗F 3
C |E∗),

F 1
P |E∗ =

m1p
∗x∗

(a1 + p∗ + b1c∗)2
− r1p

∗

K1
,

F 1
C |E∗ = p∗

{ m1b1x
∗

(a1 + p∗ + b1c∗)2
− r1α1

K1

}

,

F 1
x |E∗ = − m1p

∗

a1 + p∗ + b1c∗
,

F 2
P |E∗ =

m2c
∗x∗

(a2 + p∗ + b2c∗)2
− nr2α2c

∗an(p∗)n−1

K2{an + (p∗)n}2 ,

F 2
C |E∗ = c∗

{ m2b2x
∗

(a2 + p∗ + b2c∗)2
− r2

K2

}

,

F 2
x |E∗ = − m2c

∗

a2 + p∗ + b2c∗
,

F 3
P |E∗ = x∗

{ e1m1(a1 + b1c
∗)

(a1 + p∗ + b1c∗)2
− e2m2c

∗

(a2 + p∗ + b2c∗)2

}

,

F 3
C |E∗ = x∗

{ e2m2(a2 + p∗)

(a2 + p∗ + b2c∗)2
− e1m1b1p

∗

(a1 + p∗ + b1c∗)2

}

,

F 3
x |E∗ =

hx∗

(b + x∗)2
.
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E∗ is locally asymptotically stable if Q1 > 0 and Q1Q2 > Q3.

Now,

Q1 =
r1p

∗

K1
+
r2c

∗

K2
− m1p

∗x∗

(a1 + p∗ + b1c∗)2
− m2b2c

∗x∗

(a2 + p∗ + b2c∗)2
− hx∗

(b+ x∗)2
> 0 ⇒ h < h∗,

where

h∗ =
(b+ x∗)2

x∗

{r1p
∗

K1
+

r2c
∗

K2
− m1p

∗x∗

(a1 + p∗ + b1c∗)2
− m2b2c

∗x∗

(a2 + p∗ + b2c∗)2

}

.

Therefore, E∗ is stable if h < h∗ and η∗ > 0, where

η∗ = F 1
C |E∗F 2

x |E∗F 3
P |E∗ + F 1

x |E∗F 2
P |E∗F 3

C |E∗ − 2F 1
P |E∗F 2

C |E∗F 3
x |E∗

+ (F 2
C |E∗ + F 3

x |E∗){F 2
x |E∗F 3

C |E∗ − (F 1
P |E∗)2}

+ (F 1
P |E∗ + F 3

x |E∗){F 1
x |E∗F 3

P |E∗ − (F 2
C |E∗)2}

+ (F 1
P |E∗ + F 2

C |E∗){F 1
C |E∗F 2

P |E∗ − (F 3
x |E∗)2}.

�

P r o o f of Lemma 4.3.3. The characteristic equation of the variational matrix

at E∗ is µ3 +Q1µ
2 +Q2µ+Q3 = 0.

The necessary and sufficient conditions for a Hopf bifurcation to occur at α1 = α1cr

are that

(i) Q1(K1cr) > 0, Q2(K1cr) > 0 and Q3(K1cr) > 0,

(ii) Q3(K1cr) = Q1(K1cr)Q2(K1cr),

(iii) Re[dµj/(dK1)]K1=K1cr
6= 0, j = 1, 2, 3.

For K1 = K1cr , the characteristic equation becomes (µ + A)(µ2 + B) = 0 ⇒
µ = −Q1, ±i

√
Q2.

For K1 ∈ (K1cr − ε,K1cr + ε), the roots are in general of the form:

µ1(K1) = γ1(K1) + iγ2(K1),

µ2(K1) = γ1(K1)− iγ2K1),

µ3(K1) = −Q1(K1).

Therefore,
d

dK1
(µ3 +Q1µ

2 +Q2µ+Q3) = 0

gives

(K + iL)
dµ

dK1
+ (M + iN) = 0,
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where
K(K1) = 3γ2

1(K1)− 3γ2
2(K1) + 2Q1(K1)γ1(K1) +Q2(K1),

L(K1) = 6γ1(K1)γ2(K1) + 2Q1(K1)γ2(K1),

M(K1) = Q′

3(K1) + {γ2
1(K1)− γ2(K1)}Q′

1(K1) + γ1Q
′

2(K1),

N(K1) = 2γ1(K1)γ2(K1)Q
′

1(K1) + γ2(K1)Q
′

2(K1).

Therefore,

dµ

dK1
= −{M(K1)K(K1) +N(K1)L(K1)}+ i{N(K1)K(K1)−M(K1)L(K1)}

K2(K1) + L2(K1)
.

If {M(K1)K(K1) +N(K1)L(K1)}K1=K1cr
6= 0, then

Re
[ dµj

dK1

]

K1=K1cr

6= 0.

Therefore, if

(i) Qi(K1cr) > 0 (i = 1, 2, 3),

(ii) f1(K1cr) = f2(K1cr),

(iii) {M(K1)K(K1) +N(K1)L(K1)}K1cr
6= 0

all hold, then a Hopf bifurcation occurs atK1 = K1cr and also it is non-degenerate.

Also, at E∗ we obtain (JE∗ − 2iω0)
−1 = (Qij

ω0
)3×3 where

Q11
ω0
∆ω0

= (F 2
CF

3
x − F 2

xF
3
C − 4ω2

0)− 2iω0(F
2
C + F 3

x ),

Q12
ω0
∆ω0

= (F 1
xF

3
C − F 1

CF
3
x ) + 2iω0F

1
C ,

Q13
ω0
∆ω0

= (F 1
CF

2
x − F 1

xF
2
C) + 2iω0F

1
x ,

Q21
ω0
∆ω0

= (F 2
xF

3
P − F 2

PF
3
x ) + 2iω0F

2
P ,

Q22
ω0
∆ω = (F 1

PF
3
x − F 1

xF
3
P − 4ω2

0)− 2iω0(F
1
P + F 3

x ),

Q23
ω0
∆ω0

= (F 1
xF

2
P − F 2

xF
1
P ) + 2iω0F

2
x ,

Q31
ω0
∆ω0

= (F 2
PF

3
C − F 3

PF
2
C) + 2iω0F

3
P ,

Q32
ω0
∆ω0

= (F 1
CF

3
P − F 3

CF
1
P ) + 2iω0F

3
C ,

Q33
ω0
∆ω0

= (F 1
PF

2
C − F 1

CF
2
P − 4ω2

0)− 2iω0(F
1
P + F 2

C)

and for ∆ω0
we have

∆ω0
= {F 1

PF
2
CF

3
x − 4ω2

0F
1
P − F 1

PF
2
xF

3
C − 4ω2

0(F
2
C + F 3

x )

− F 1
CF

2
PF

3
x + F 2

xF
1
CF

3
P + F 1

xF
2
PF

3
C − F 1

xF
2
CF

3
P }

− 2iω0{F 2
CF

3
x − 4ω2

0 − F 2
xF

3
C + F 1

P (F
2
C + F 3

x )− F 1
CF

2
P − F 1

xF
3
P }.

Putting ω0 = 0 we get the components of (JE∗)−1 = (Qij)3×3.

264



The left and right normalized eigenvectors a = (a1, a2, a3) and b = (b1, b2, b3)
⊤ of

the variational matrix JE∗ are

a =
ξ1

F 3
C{(F 1

PF
3
C − F 1

CF
3
P )

2 + ω2
0(F

3
C)

2}
× (a1 + iω0a2, F

3
C{(F 1
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3
C − F 1

CF
3
P )

2 + ω2
0(F

3
C)

2}, a3 + iω0a4)

and

b =
ξ2

F 2
x{(F 2

xF
1
P − F 1

xF
2
P )

2 + ω2
0(F

2
x )

2}
× (b1 + iω0b2, F

2
x{(F 2

xF
1
P − F 1

xF
2
P )

2 + ω2
0(F

2
x )

2}, b3 + iω0b4)
⊤,

where ξ1, ξ2 are complex numbers,

a1 = F 3
C{(F 3

PF
2
C − F 2

PF
3
C)(F

1
PF

3
C − F 1

CF
3
P ) + ω2

0F
3
PF

3
C},

a2 = F 3
C{F 3

C(F
3
PF

2
C − F 3

CF
2
P )− (F 1

PF
3
C − F 1

CF
3
P )F

3
P },

a3 = F 2
C{(F 1
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3
C − F 1
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3
P )

2 + ω2
0(F

3
C)

2}
+ F 1

C{(F 3
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2
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2
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1
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3
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3
P ) + ω2

0F
3
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3
C},

a4 = F 1
C{F 3

C(F
3
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2
C − F 3

CF
2
P )− F 3

P (F
1
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3
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3
P )}

− (F 1
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3
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3
P )
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0(F

3
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2,

b1 = F 3
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2
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1
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P ) + ω2

0F
1
xF

2
x},

b2 = F 3
x{F 2

x (F
1
xF

2
C − F 1
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2
x )− (F 2
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1
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xF
2
P )F

1
x},

b3 = − F 2
P {(F 1
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2
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2
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2
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2
P ) + ω2

0F
1
xF

2
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2
P )

2 + ω2
0(F

2
x )

2},
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x (F

1
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2
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2
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0(F

2
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2.

Using a · b = 1 we can obtain ξ1ξ2.

Now

−alF
l
ujumus

bjbmb̄s = −(a1F
1
PPP + a2F

2
PPP + a3F

3
PPP )b1|b1|2

− (a1F
1
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2
CCC + a3F

3
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3
xxxb3|b3|2
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1
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2
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3
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− 2(a1F
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2
PCx + a3F

3
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2
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1
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3
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2
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1
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2
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CCP )(b

2
2b̄1 + 2b1|b2|2),
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where

A1 = F 1
PP |b1|2 + F 1

PC(b1b̄2 + b2b̄1) + F 1
Px(b1b̄3 + b3b̄1)

+ F 1
CC |b2|2 + F 1
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For these values of F l
uiujuk

, F l
uiuj
, a, b and components Qij and Qij

ω0
we obtain the

value of (Φ)K1=K1cr
. If (Φ)K1=K1cr

> 0, then system (2.1) undergoes a supercritical

Hopf bifurcation as K1 is increased through K1cr so that the bifurcating periodic

orbit is asymptotically orbitally stable.
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