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Abstract. Coral reefs can undergo relatively rapid changes in the dominant biota, a
phenomenon referred to as phase shift. Degradation of coral reefs is often associated with
changes in community structure towards a macroalgae-dominated reef ecosystem due to the
reduction in herbivory caused by overfishing. We investigate the coral-macroalgal phase
shift due to the effects of harvesting of herbivorous reef fish by means of a continuous time
model in the food chain. Conditions for local asymptotic stability of steady states are de-
rived. We have shown that under certain conditions the system is uniformly persistent in
presence of all the organisms. Moreover, it is shown that the system undergoes a Hopf bi-
furcation when the carrying capacity of macroalgae crosses certain critical value. Computer
simulations have been carried out to illustrate different analytical results.
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1. INTRODUCTION

The role of macroalgae as an essential nursery ground for many coral reef fish
species is well documented [9]. Macroalgae serve as a major food source for a wide
variety of herbivores in coral reefs. Despite the recognized roles of macroalgae in
coral reefs, proliferation of macroalgae in coral reefs is increasingly related to coral
reef decline [3], [13]. As observed by Bruno et al. [5], reefs have shown a tendency
to exist in alternate coral- or algae-dominated states. Degradation of coral reefs
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often involves phase shifts in community structure for which abundance of corals
declines with an increase in abundance of macroalgae [7]. Phase shifts in coral
reefs are mostly driven by the competition for light and space between corals and
macroalgae. According to Lirman [17], macroalgae may compete with corals by
basal encroachment, shading or abrasion and allelopathic chemical defenses. Also,
macroalgae can dominate corals through space pre-emption by reducing available
space for the successful settlement of coral larvae [29]. As observed by Mumby et
al. [22], coral can inhibit algae growth by shading, stinging, allelopathic chemical
defenses, the occupation of space, mucus secretion, and overgrowth. Although corals
grow in the range of approximately 2-185 mm per year [12], the collective growth
of many colonies across a large area can return the area to coral dominance within
a few years [1].

Coral reefs throughout the world have suffered substantial declines in coral cover
and species diversity due to the proliferation of macroalgae and overfishing of herbiv-
orous reef fish [23]. In coral reef ecosystems, macroalgae and corals compete for space
and when herbivores are not present, the faster growing macroalgae often overgrow
corals, depriving them of essential sunlight and causing their decline [4]. The grazing
of macroalgae by herbivores contributes to the resilience of the coral-dominated reef.
There is substantial evidence that herbivore removal by harvesting has resulted in in-
creased algal growth on coral reefs at the expense of living coral cover [18], [28]. This
resulted in a phase shift from coral-dominated reef to algal reef with proliferation of
macroalgae, resulting in coral bleaching [10].

Parrotfish are some of the most abundant fish on Caribbean reefs, dominating
the biomass of herbivorous fishes. They are known to prefer macroalgae to living
corals and infrequently feed on actual live coral tissue. Concerned about the harmful
consequences of phase shifts towards increased macroalgal cover, Mumby [21] pointed
out that prevalence of Parrotfish actually benefits coral reefs. The phase shift could
be a result of overfishing of Parrotfish which favour macroalgae over coral. It can
result in permanent shift in state in which macroalgae, once dominant, inhibit coral
settlement. This leads to the disruption of symbiosis between coral polyps and
microalgae zooxanthellae, resulting in the expulsion of zooxanthellae and loss of
photosynthetic pigments. As observed by McManus and Polsenberg [20], if stresses
continue for long enough, corals can suffer extensive mortality, and eventually bleach.

We study a model in which the interacting organisms, macroalgae and corals,
exhibit modified logistic growth in the absence of Parrotfish. Herbivorous Parrotfish
feed mostly on macroalgae but also on a small amount of corals. Experimental
observations by Murray et al. [24] reveal that Holling IT functional response is quite
accurate in predicting the observed functional response of fishes. This prompts us to
use Holling II response function in our model. Parrotfish are harvested with a non-

234



constant harvesting policy [16]. In particular, for a more realistic approach, a rational
harvesting function has been considered in the model which provides diminishing
marginal returns of the harvesting organization.

In the present paper, the main emphasis will be put on studying the dynamic
behaviour of the system and role of harvesting and coral-macroalgal competition
parameters in coral-macroalgal phase shifts. We have studied the model analytically
as well as numerically; proofs are all relegated to the Appendix.

2. THE BASIC MODEL

We take a model in which algae and corals are growing with concentration P(t)
and C(t), respectively, at time ¢. Herbivorous Parrotfish are growing in the system
by feeding on algae as well as corals having concentration z(t) at time ¢. Parrotfish
are harvested at a density-dependent harvesting policy [11].

We make the following assumptions in formulating the mathematical model:

(H1) In the absence of corals and herbivores, macroalgae follow the logistic growth
with intrinsic growth rate r; and carrying capacity K;.

(H2) In the absence of macroalgae and herbivores, corals follow the logistic growth
with intrinsic growth rate ro and carrying capacity Ks.

(H3) The effect of coral on macroalgae is expressed by the competition coefficient a,
representing the rate of inhibition of macroalgal growth by corals due to shading,
stinging, allelopathic chemical defenses and mucus secretion [19].

(H4) The rate of inhibition of the growth of corals by macroalgae due to shading, abra-
sion, allelopathic chemical defenses and macroalgal overgrowth is represented
by the sigmoidal Hill function asP™/(a™ + P™), where as is the interspecific
competition coefficient, a is the macroalgal concentration at which coral con-
centration is half its carrying capacity and n is the measure of macroalgal effect
on coral as the community structure of algae shifts. Figure 1 shows that at
larger values of n, corals are less sensitive to low concentration of macroalgae,

but macroalgae outcompete corals when their concentration crosses a certain
threshold.

The basic equations with all the parameters are:

dP P+ o C mqPx 1

2.1 — =rP(1- — =F

(2.1) a ( K ) a1+ P+ 0.0 ’
dc C + agP™/(a™ + P™) maCx 9
J— ]_— —_ =
dt TQC( K> ) as + P+ byC ’
dz _ ( eym P eempC h —D) = 3,
dt ar + P+ b,C as + P+ byC b+x
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Figure 1. The effect of macroalgae (in black) on the growth of coral (in gray) for n = 1
(solid) and n = 7 (dashed).

where P(0) > 0, C(0) > 0, z(0) > 0.

Here, D is the death rate of Parrotfish, i is the maximum harvesting rate of
Parrotfish and b is the concentration of Parrotfish for which the rate of harvesting
is half its maximum, m; are the maximal uptake rates, a; are the half-saturation
constants and P + b;C is the interference of coral and macroalgae on the per-capita
growth rate of Parrotfish (i = 1,2). Also, e; is the growth efficiency (0 < e; < 1,
1 = 1,2) of Parrotfish on macroalgae and coral, respectively; all of these are positive
quantities.

Obviously, the right-hand sides of system (2.1) are continuous smooth functions
on [Ri = {(P,C,z): P,C,x > 0}. Indeed, they are Lipschitzian on Ri and so the
solution of the system (2.1) exists and is unique. Therefore, the interior of the
positive octant of R? is an invariant region.

3. BOUNDEDNESS AND UNIFORM PERSISTENCE OF THE SYSTEM

Theorem 3.1. For all € > 0, there exists t. > 0 such that for t > t., all the
solutions of (2.1) enter into the set

K
(ri 4+ re) n 6}’

{(P.Cx) e R®: P(t) +C(1) +2(t) < >
0

where K = max{K1, K2} and Dy = min{ry,rs, D}.
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The above theorem states that, with non-negative initial values and other param-
eter values in the ecosystem, the concentrations P, C' and z will always remain finite
and bounded.

By definition, the system will be uniformly persistent if there exist uy,, M; € (0, 00)
such that u;, < lig(i)r‘}f ui(t) < liiriilip u;(t) < M;, for each organism w;(t) in the
system [26], [6]. Uniform persistence represents convergence on an interior attractor
from any positive initial conditions and so it can be regarded as a strong form of
coexistence [8]. From a biological point of view, uniform persistence of a system
ensures the survival of all the organisms in the long run.

Since limsup{P(t) + C(t) + z(t)} < K(r1+7r2)/Dy as t — o0, it follows that
there exisgg;Opositive number M < K(r1 +r2)/Dgo such that x(t) < M for large
values of ¢.

The following theorem rules out the possibility of extinction of any organism in
the system:

Theorem 3.2. For large t, if h < h and K1 > aqoe hold, there exists x1 > 0
such that all the solutions of (2.1) enter into the set {(P,C,x): p1 < P(t) < Ky,
1 < C(t) < Ka, 1 < 2(t) < M} and will remain there forever, where

P ( €1mipi €2M2C1 _ D)
a1+ 01 Ko+ Ky ax+ba Ko+ K,y ’
M M
}71:K1(1—m1 )—OZ1K2, C1:K2(1—m2 )—Otz
air azr2

and

a1 (K1 — a1 K3) agra(Ka —ag) K(r1 + 7“2)}

0 < M < min{ , :
< < min ik e Dy

Thus, if the carrying capacity of macroalgae exceeds ajas, then restricted har-
vesting of Parrotfish can lead to coexistence of all the organisms in the system.

4. EQUILIBRIA AND THEIR STABILITY

System (2.1) possesses the following equilibria:
(i) Organism-free equilibrium Ey = (0,0, 0);
(ii) coral- and fish-free equilibrium E; = (K1, 0,0);
(iii) coral-free equilibrium Fy = (pe, 0, x2), where po is a positive root of the equation
exm1 P hmq K1 r1 (K1 —p2)(ai +pa)

— —D=0 and o= )
ai+P bmiK; —l—?“l(Kl — P)(Cll +P) 2 mi1K4
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(iv) macroalgae- and fish-free equilibrium E3 = (0, K5, 0);
(v) macroalgae-free equilibrium E4 = (0, ¢4, x4), where ¢4 is a positive root of the
equation

eamaC hmo Ko _
as + bC bm2K2+7"2(K2 —C)(ag +b2C)

D=0

and
_ TQ(KQ — 04)(612 + b204).
Ty = )
mQKQ

(vi) fish-free equilibrium E5 = (ps, c5,0), where ¢5 is a positive root of the equation

az(Ky —anO)" 0

Ky—C— -
2 a™ + (Kl —ole)"

and ps = K1 — a1¢s;
(vii) positive equilibrium E* = (p*, ¢*, z*), where p* is a positive root of

F(P)+0aP" @+ PY) | mag(P)
K, az + P +baf(P) 7

f(P) is a positive root of $1C? + 20 + B3 = 0,

B1 = ram1 Kby — aymabir Ko,

B2 = mar1 Ko{bi (K1 — P) — ai(a1 + P)}

OéQPn
+ rglel{(az +P)+ bz(Kz - m)};
_ OéQPn
By = mar1 Ko(Ky — P)(ay + P) — romi Ky (az + P) (Kz - m)

and
g(P) =

ri{a + P+ b f(P)} (1 _ P+Oé1f(P))
mi Kl
so that ¢* = f(p*) and z* = g(p*). The equilibria Fy, E1, and F3 always exist,
whereas Fs exists if 0 < po < K7, Ey exists if 0 < ¢4 < Ko and Fs exists if
0 <es < Ky/ag. Also, E* exists if 0 < p* < K7 and 0 < ¢* < (K71 — p*)/a;.
We note that the organism-free critical point Fy of the system is always a saddle
point.

4.1. Macroalgae-dominated irreversible regime. Due to increasing fre-
quency of coral bleaching, there can be a permanent shift from coral-dominated
ecosystems to macroalgae-dominated ones. We study macroalgae-dominated systems

238



following mass coral bleaching in which there is no possibility of reversal of the regime.
Let us define Ay = a1 D/(exmy — D), where egymq > D. Then )A; is the break-even
concentration of x(t), representing the concentration of macroalgae for which the
population of Parrotfish is constant, in the absence of harvesting.
The following lemma states the condition followed by coral bleaching under which
Parrotfish cannot survive, even in the absence of harvesting:

Lemma 4.1.1. In the absence of corals,
(i) if m1 < D/eq, then tlim z(t) = 0;
(o)
(ii) ifmy > D/ey and K; < Ay, then tlim x(t) = 0.
— 00

Under the hypothesis of Lemma 4.1.1 it follows that, in the absence of corals,

(i) low growth rate of Parrotfish on macroalgae leads to its extinction from the
system;

(ii) low macroalgal cover leads to the extinction of Parrotfish from the system.

Therefore, for the survival of Parrotfish in a macroalgae-dominated system follow-
ing coral bleaching, we must have m; > D/e; and K; > \;.

Now we analyze the stability of the system, assuming that m; > D/e; holds
throughout our study.

Lemma 4.1.2. Coral- and Parrotfish-free equilibrium F1 is locally asymptotically
stable if K1 > \q,
n n — —_
KQ(KI +a ) and h> b(61m1 D)(Kl )\1)
K{l a1 + Kl

Qg >

Thus, if macroalgae outcompete corals with high interspecific competition coeffi-
cient «o, then for high harvesting rate of Parrotfish the system stabilizes at F; with
complete elimination of corals and Parrotfish.

Corollary 4.1.1. In the absence of harvesting, the critical point F; is locally
asymptotically stable if K1 < A1 and

Ko (KT +a")

g >
2 Ky

The conditions for stable coexistence of macroalgae and Parrotfish after mass coral
bleaching are given by the following lemma.
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Lemma 4.1.3. The critical point Fs is locally asymptotically stable if

Ks(a™ + py) M2X2
o Ty
P2 ra(az + p2)
and any one of the following two conditions holds:
(i)
r1(a1 + p2)? ripa(ar + p2)? (b + 2)?
— = <K < . =;
mi mipaz2(b + 2)? + haa(ar + p2)

(i)

2 2 2
K, < min{ ri(ar + p2) 7 r1p2 (a1 +I;2) (b+ ) 2}
mi mipaw2(b + x2)? + hwa(ar + p2)

and
elalm%Kl (b + 332)2

h < .
(a1 4+ p2){ri(ar +p2)? — mi1 K1}

4.2. Coral-dominated irreversible regime. Most healthy coral-dominated
reefs have pockets of turf algae and occasional macroalgae. Even though a coral
reef without macroalgae is unusual in ecology, from a mathematical standpoint
we consider the case when corals are dominating the system in the absence of
macroalgae.

Let us defi
et us define 4D

A2 = eama — by D’
where mg > byD/es. Then Ag is the break-even concentration of z(t), representing
the concentration of coral for which the population of Parrotfish is constant, in
absence of harvesting.

The following lemma states the conditions under which Parrotfish, when solely

dependent on corals, cannot survive, even in the absence of harvesting:

Lemma 4.2.1. In the absence of macroalgae,
(i) if ma < baD/eq, then tlim x(t) = 0;
— 00
(11) if mo > le/eg and Ay > Ko, then thm x(t) =0.
—00

Under the hypothesis of Lemma 4.2.1 it follows that, in absence of macroalgae,

(i) low growth rate of Parrotfish on corals leads to its extinction from the system;
(ii) low coral cover leads to the extinction of Parrotfish from the system.

Therefore, for the survival of Parrotfish in a coral-dominated system in the absence
of macroalgae, we must have mg > boD/es and Ao < K.

Now we analyze the stability of the system by assuming that mo > D/es holds
throughout our study.
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Lemma 4.2.2. Macroalgae- and Parrotfish-free critical point Es3 is locally asymp-
totically stable if
b(egmg — bQD)(KQ — )\2)
as + ba Ko '

K
Ky > max{/\g, a—l} and h >
1

Therefore, in the absence of macroalgae, high harvesting rate of Parrotfish can
lead to its elimination even with sufficient coral cover.
Lemma 4.2.3. The critical point E, is locally asymptotically stable if

riagca(ar + bicy)
ri(ar +bica) — miay

and any one of the following two conditions holds:

(i)

r2(as + bacy)? raca(ag + bacy)? (b + 24)?

< Ky <

mabs mobocaza(b+ 14)2 + hxy(as + bacg)?’
(i)
Ky < min { r2(as + bacy)? raca(as + bacy)? (b + x4)? }
2 mobs ’ m2b204x4(b + (E4)2 + hx4(a2 + b204)2
and egagm%KQ(b + 334)2
h <

(ag + b264){7“2(a2 + 6264)2 — mngKQ} '

4.3. Reversible regimes. Corals and macroalgae can coexist under restricted
circumstances. We now consider the cases when macroalgae and corals coexist in
the system.

Lemma 4.3.1. System (2.1) is locally asymptotically stable at E5 if

(an + pn)2
na™ o Py

and

€1MmM1pPs €2M2Csx
h> b( - )
ay +ps +bics  az +ps + bacs

Thus, with a higher rate of harvesting of Parrotfish, the system becomes stable
at Fs if coral-macroalgal competition effect is low.
When Lemma 4.3.1 holds, Ej5 is (i) macroalgae-dominated and stable if
K,
]. —+ (65}
(ii) coral-dominated and stable if K1/(1 + o) < ps < ¢5 < min{Ks, K1/(a1)}.

< 5 < ps < min{ Ky, Ka};
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Lemma 4.3.2. The positive equilibrium E* = (p*,c¢*, a*) is locally asymptoti-
cally stable if h < h* and n* > 0, where

. (b+ z%)? {rlp* n roc* B myp*r* B mobyc*x* }
x* K Ky (a1 + p* + b1c*)?2  (ag + p* + bac*)?
and
n* = Fa|lp-F2|p-Fp|pe + F} g« F3|p Fo|pe — 2Fp|p- F2|p- F2| -
+ (Fe e + F o /{F2 | g Félme — (Fple-)?}
+ (Fple- + F o {Fy o= Fple- — (F&|p-)?}
+ (Fplp- + Félp ){Fo| e Fplee — (F]lp)*}.

When Lemma 4.3.2 holds, the equilibrium E* is
(i) coral-dominated and stable if p* < ¢* < K1/(1 4 ay);
(ii) macroalgae-dominated and stable if ¢* < p* < min{K;, K3}.

Lemma 4.3.3. System (2.1) undergoes a Hopf bifurcation at K1 = K;_, if and
only if

(K1) = 377 (K1) — 373 (K1) + 2Q1(K1)v1 (K1) + Qa(Kn),
L(K1) = 671 (K1)v2 (K1) +2Q1 (K1)v2(Ky),

(K1) = Q5(K1) + {77 (K1) — 72(K1)}Q1 (K1) + Q5 (K1),

(K1) = 271 (K1)v2 (K1) Qu (K1) 4 72 (K1) Q5(K1);

~v1(K1) and v2(K1) are real and imaginary parts, respectively, of a pair of eigen-
values in K1 € (Ky,, — ¢, K5, +¢€).

Condition (iii) of Lemma 4.3.3 is equivalent to

dg(K1)
dKl |(K1:K1m_) #0)

where g(K31) = fi(K1) — f2(K1). By using numerical methods, condition (ii) of
Lemma 4.3.3 can be verified by showing that the curves y = f1(K1) and y = f2(K7)
intersect at Ky = K., whereas condition (iii) can be verified by showing that the
tangent to the curve y = g(K) at K7 = K _, is not parallel to the K; axis [27].
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Corollary 4.3.1. The period T of the bifurcating periodic orbits close to
Ky = K3, is given by
2n

VQ2(K1,)

We investigate the orbital stability of the Hopf-bifurcating periodic solution by

T(Ki,,) =

using Poore’s sufficient condition [25]. The supercritical and subcritical nature of
the Hopf-bifurcating periodic solution is determined by the positive and negative
sign of the real part of ®, where

&= —qF]

u 3 Um,

b;(Jp~ — 2iwo) FL, bpby,

UpUq

W bibmbs + 20, FL b (Tt ) F

UjUm UpUg

bpbq

1
+ a’l Etj?tk
the repeated indices within each term imply a sum from 1 to 3 and all the derivatives
of F! (I =1,2,3) are evaluated at E* with u; = P,us = C,u3z = z and Jg- is the
variational matrix of (2.1) calculated at E*. [(Jg+) "] denotes the element in row
m, column 7 of (Jg-)~!. Also, a = (a1,a2,a3) and b = (b1, ba,b3) " are left and
right normalized eigenvectors of Jg+« with respect to the eigenvalues +iwy at K1 =
K,
Hopf bifurcation are given in the Appendix. Also, from numerical simulations it is

.. such that a-b = 1. The detailed calculations for supercritical and subcritical
observed that the system undergoes a Hopf bifurcation when the macroalgal carrying
capacity (K1) crosses a certain threshold.

5. NUMERICAL SIMULATIONS

In this section, we investigate numerically, as demonstrated in [2], the effect of the
various parameters on the qualitative behavior of the system using parameter values
given in Table 1 [15] throughout, unless otherwise stated.

We will verify the feasibility of the stability criterion from Section 4.

Example 5.1. Under the set of parameter values as given in Table 1, the sys-
tem is locally asymptotically stable at E* = (0.3487,0.5642,0.586) with eigenval-
ues —1.0535,—0.0339 £+ 0.586i (cf. Figure 2 (unshaded)). In this case we obtain
p* <c* < Ki/(1+ai)=0.615, and so E* is coral-dominated.

For h = 0.15, other parameter values as given in Table 1, the system is
locally asymptotically stable at E* = (0.4386,0.1622,0.5460) with eigenvalues
—0.0199, —0.0950+ 0.3820i (cf. Figure 2 (shaded)). In this case we obtain ¢* < p* <
min{ K7, K2} = 0.7, and so E* is macroalgae-dominated.
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Figure 2. Phase plane diagram of the system projected on the C'P-plane with initial values
I; = (0.6,0.2) and parameters as given in Table 1; the system has a stable focus
at E* with corals dominating macroalgae (solid trajectories). For h = 0.15, other
parameter values as given in Table 1, the system is LAS at E* with macroalgae
dominating corals (dashed trajectories).

Parameters Description Value Dimension
r1 Intrinsic growth rate of macroalgae 0.3 1/time
T9 Intrinsic growth rate of coral 0.2 1/time
K, Carrying capacity of macroalgae 0.8 mass/volume
K, Carrying capacity of coral 0.7 mass/volume
a Half-saturation constant 0.3 mass/volume
a1 Effect of coral on macroalgae 0.3 -
Qs Effect of macroalgae on coral 0.75 -
n Order of the Hill function 0.7 -
D Death rate of Parrotfish 0.1 1/time
mi Maximal growth rate of x on P 1 1/time
ma Maximal growth rate of x on C 0.1 1/time
ay Half-saturation constant for uptake of P by x 1.5 mass/volume
az Half-saturation constant for uptake of C' by z 1.5 mass/volume
b; Interference of P and C' on the growth of x 1 -
e1 Growth efficiency of  on P 0.7 -
€ Growth efficiency of z on C 0.8 -
Maximal rate of harvesting 0 1/time
b Half-saturation constant on harvesting 5 mass/volume

Table 1. Default parameter values used in the numerical analysis.

244



Example 5.2. For h = 1.5, other parameter values as given in Table 1,
the system is locally asymptotically stable at E; = (0.8,0,0) with eigenvalues
—0.3,—0.82,—0.09 (cf. Figure 3 (a)). In this case we obtain

Ko(KY +a")
K
b(elml — D)(Kl - )\1)
a1 + K1

Qo > = 0.7,

h > =0.7174

and K7 > A\ = 0.25, satisfying Lemma 4.1.2.

Example 5.3. For h = 0.4, other parameter values as given in Table 1, the
system is locally asymptotically stable at Fy = (0.5062,0,0.2211) with eigenvalues
—0.1036, —0.0794 £ 0.0879i (cf. Figure 3 (b)). In this case we obtain

K n n
ay > K2l n+p2){ - T 06784,
Py r2(az + p2)
2 2 2
K, < mm{m(al +p2) 7 rip2(ay +1;2) (b+x2) 2} 19074
my mipax2(b+ x2)? + haz(ar + p2)
and ) )
o~ erarm3 K (b +2$2) — 98.015,
(a1 + p2){ri(a1 + p2)? — m1 K}
satisfying Lemma 4.1.3 (ii).
Also, for h = 0.4 and K; = 1.3, other parameter values as given in Table 1,

E> = (0.4981,0,0.3698) is locally asymptotically stable with eigenvalues —0.0268,
—0.0318 £ 0.1512i.

We obtain ol .
o > 1200 n+p2>{1— T4~ 0.6535
D r2(az + p2)
and
2 2 b 2
Lagrr= @t P g o npelantpa bty g
my mipaz2(b+ x2)? + haz(ar + p2)

satisfying Lemma 4.1.3 (i).

Example 5.4. For K; = 0.2, other parameter values as given in Table 1, the
system is locally asymptotically stable at E5 = (0,0.7,0) with eigenvalues —0.015,
—0.2, —0.0745 (cf. Figure 3(c)). In this case we obtain K3 > max{As, K1/a1} =

0.6667 and
b(egmg — bQD)(KQ - )\2)

az + ba Ko

h> = —0.3727,

satisfying Lemma 4.2.2.
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Figure 3. Time series analysis of the system for (a) h = 1.5, other parameter values as
given in Table 1, the system is LAS at E7; (b) h = 0.4, other parameter values
as given in Table 1, the system is LAS at Eg; (¢c) K3 = 0.2, other parameter
values as given in Table 1, the system is LAS at E3; (d) K3 = 0.1, Ko = 0.4 and
mgo = 1, other parameter values as given in Table 1, the system is LAS at Fj,.
(Horizontal axes show the time.)

246



Example 5.5. For K; = 0.1 and mo = 1, other parameter values as given in
Table 1, the system is locally asymptotically stable at E4 = (0,0.2143,0.2379) with
eigenvalues —0.0316, —0.0219 + 0.1080i. Also, we obtain

T2 (ag + b204)2
mgbg

riaica(ar + bicy)
r1(a1 + bicy) — mizy
raca(ag + bacy)? (b + 24)?
mabocaza(b+ x4)? + hxa(az + baca)?

K < = 0.1196, 0.5878 =

< Ky < = 2.4706,

satisfying the analytical conditions of stability at E, as given in Lemma 4.2.3 (i).

For K; = 0.1, K3 = 0.4 and my = 1, other parameter values as given in Ta-
ble 1, the system is locally asymptotically stable at F4 = (0,0.2143,0.1592) with
eigenvalues 0.0143, —0.0478 + 0.0764i (cf. Figure 3 (d)). Also, we obtain

rioncq(ay + bicy)
7’1(0,1 + b104) — M1x4
K, < min{ ra(az + byca)? : raca(ag + 62204)2(6 +x4)? i
mabs mabocazs(b+ 24)2 + hag(ag + bacy)

1 = 0.0931,

} — 0.5878

and
egagm%Kg(b + 334)2
(ag + b204){r2(a2 + b204)2 — meQKQ}

h < = 39.6944,

satisfying the conditions of stability at F4 in Lemma 4.2.3 (ii).

Example 5.6. For K1 = 0.4, other parameter values as given in Table 1, the
system is locally asymptotically stable at F5 = (0.2043,0.6523,0) with eigenvalues
—0.0541, —0.2855, —0.0172 (cf. Figure 4 (unshaded)). In this case we obtain

a™ + p? 2
< AT EPE) ) g,
na™a1ps
€1M1pPs €2M2Csx

ay +ps +bics  az + ps + bacs

and

K
0.3077 = ——*
1+ «

K
<ps << min{Kg, —1} —0.7,
1 (03}

satisfying the conditions of stability at E5 with a coral-dominated regime.
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Figure 4. Phase plane diagram of the system projected on the C'P-plane with initial values
I = (0.5,0.3), K1 = 0.4 and other parameter values as given in Table 1; the
system has a stable node at E5 with corals dominating macroalgae (dashed tra-
jectories). For K7 = 0.4, h = 0.3, other parameter values as given in Table 1, the
system is LAS at E5 with macroalgae dominating corals (solid trajectories).

Also, for K71 = 0.4, h = 0.3, other parameter values as given in Table 1, the system
is locally asymptotically stable at F5 = (0.377,0.0766,0) (cf. Figure 4 (shaded)). In
this case we obtain

n n\2

y < LR ggap

na"oipy

h> b( Gimips Comats D) —0.1911

ay + ps + bics as + ps + bacs
and K
0.3077 = § L <5 <ps <min{Ky, K} =04,
aq

satisfying the conditions of stability at E5 with a macroalgae-dominated regime.
Effects of macroalgal carrying capacity and harvesting: With low carrying
capacity of macroalgae (K7 < 0.503) and in the absence of harvesting of Parrotfish,
the system becomes oscillatory around E* (cf. Figure 5(a)). When the carrying
capacity of macroalgae is lowered below K; = 0.4083, the system stabilizes at Ej5
followed by the extinction of Parrotfish from the system. In the presence of har-
vesting of Parrotfish (viz. h = 0.1) and with low carrying capacity of macroalgae
(K1 < 0.4168), the system becomes oscillatory around E* (cf. Figure 6 (a)) followed
by the extinction of Parrotfish when the carrying capacity of macroalgae is lowered
below K7 = 0.3917. Also, with high macroalgal carrying capacity (viz. K1 > 2.1569),
the system becomes oscillatory. In this case, due to moderate increase of maximal
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(a) Bifurcation diagram of macroalgal carrying capacity (K1) versus the equilib-
rium value of the concentrations of Parrotfish and corals. The system undergoes
a Hopf bifurcation at E* when Kj crosses K; = 0.503. Limit cycle branches
originate at the Hopf point (H). The system becomes stable at E5 when K is
lowered below K7 = 0.4083. (b) The relative positions of f1(K7), f2(K1) and
g(K1), showing that Hopf bifurcation occurs when the two curves intersect at
K1 = 0.503.

harvesting rate of Parrotfish (viz. h = 0.8), the system becomes stable at Fs (cf. Fig-
ure 6 (b)).
Effects of coral carrying capacity and harvesting: In the absence of har-

vesting and with low carrying capacity of corals (K2 < 0.1825), the system becomes
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macroalgae-dominated followed by the elimination of corals (cf. Figure 7 (a)). Due to
the increase of Ko (viz. Ko = 0.3), initial coral mortality is observed followed by its
subsequent recovery. But, in the presence of harvesting of Parrotfish (for Ko = 0.3
and h = 0.1), the system becomes stable at the coral-depleted steady state Es,
representing an irreversible shift of regime (cf. Figure 8 (a)). With high carrying
capacity of corals (K2 > 2.0467), the system becomes coral-dominated followed by
the extinction of Parrotfish (cf. Figure 7 (a)).
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Figure 6. (a) For h = 0.1, the bifurcation diagram of macroalgal carrying capacity (K1)
versus the equilibrium value of the concentrations of Parrotfish and corals. The
system undergoes Hopf bifurcations at £* when K; crosses K1 = 0.4168 and
K, = 2.1569, generating limit cycle branches at the Hopf points (H). The system
becomes stable at E5 when K is lowered below K; = 0.3917. (b) For K1 = 2.5,
h = 0.1, the system becomes oscillatory around E* (solid). For K1 = 2.5, h = 0.8,
the system stabilizes at Fy (dashed). (c) The relative positions of fi (K1), f2(K1)
and g(K7) showing that Hopf bifurcations occur when the two curves intersect
at K1 = 0.4168 and K; = 2.1569. (Horizontal axes in the part (b) of the figure
show the time.)

Effects of coral-macroalgal competition and harvesting: For oy = 1.7,
other parameter values as in Table 1, it is observed that corals recover after extensive
mortality (cf. Figure 8 (b)). This refers to the coral reef’s ability to recover from
bleaching in the absence of harvesting. But for as = 1.7 and h = 0.1, the system
becomes stable at Fo and so corals fail to recover from bleaching in the presence of
herbivore harvesting (cf. Figure 8 (b)).

Hopf bifurcation: We observe that the system becomes oscillatory when the
carrying capacity of macroalgae (K1) crosses certain thresholds (cf. Figures 5 and 6).
We therefore consider K as a bifurcation parameter.

In the absence of harvesting of Parrotfish, from Figure 5 (b) we observe that fi (K1)
and fo(K7) intersect at K7 = 0.503, indicating that the system changes its stability
when the parameter crosses the threshold K; = 0.503. More specifically, for K7 >
0.503 we see that f1(Ki1) > f2(K1), satisfying the Routh-Hurwitz condition and
therefore the system is locally asymptotically stable at E*. For K; < 0.503 we see
that f1(K1) < f2(K1) and so the system is unstable at E*. Moreover, we observe
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Figure 7. (a) Bifurcation diagram of coral carrying capacity (K2) versus the equilibrium
value of the concentrations of Parrotfish and macroalgae. The system undergoes
a Hopf bifurcation at E* when Ko crosses Ko = 1.3975, generating limit cycle
branches at the Hopf point (H). The system becomes stable at Fo when K»
is lowered below Ko = 0.1825 and becomes stable at E5 when K> is increased
beyond Ko = 2.0467. (b) The relative positions of fi(K2), f2(K2) and g(K2)
showing that Hopf bifurcation occurs when the two curves intersect at Ko =
1.3975.

that the tangent to g(K1) at K1 = 0.503 is not parallel to the K axis, satisfying the

condition

dg (K1)
dK; I(K1=0.503)

#0
and therefore, the system undergoes a Hopf bifurcation when K; crosses K7 = 0.503.
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In the presence of harvesting of Parrotfish (viz. h = 0.1), from Figure 6 (c) we
observe that f1(K7) and fo(K7) intersect at the two points K7 = 0.4168 and K; =
2.1569, indicating that the system changes its stability when the parameter crosses
the thresholds K7 = 0.4168 and K; = 2.1569. It is observed that for 0.4168 <
K7 < 2.1569 we have f1(K7) > fo(K7), satisfying the Routh-Hurwitz condition for
stability at E*. Moreover, the tangents to g(K1) at K1 = 0.4168 and K; = 2.1569
are not parallel to the K axis, satisfying the conditions

dg(K1) }
dK7 I(K,=0.4168)

£0

and
dg(K1)

dK; ‘(K1=2.1569) 70
Therefore, the system undergoes Hopf bifurcations at K7 = 0.4168 and K; = 2.1569.
We also observe that the system becomes oscillatory when the carrying capacity of
corals (K2) exceeds Ko = 1.3975 (cf. Figure 7 (a)). The system changes its stability
when the curves f1(K>) and f2(K>) intersect at Ky = 1.3975. For Ko < 1.3975, we
have f1(K2) > f2(K3), satisfying the Routh-Hurwitz condition for stability at E*
and the transversality condition

dg(Kz)
dKs [(K3=1.3975)

£0

(see Figure 7(b)) and consequently, a Hopf bifurcation occurs when Ko crosses
Ky =1.3975.

6. DISCUSSION

We have considered a mathematical model of a coral reef ecosystem with mutual
interspecific competition between macroalgae and corals and harvesting of herbivo-
rous Parrotfish. Parrotfish are harvested with a rational harvesting policy. A simple
linear competition coefficient of coral on macroalgae is used in the growth equation
of macroalgae. The model treats the effect of macroalgae on corals differently than
the effect of corals on macroalgae by incorporating the Hill function in the inter-
specific competition term of the growth function of corals. We have shown that
solutions of the system are bounded in the long run. We have obtained conditions
for uniform persistence at the coexistence steady state. Also, we have derived the
conditions for local asymptotic stability of the system at different steady states. It
is observed that low harvesting of Parrotfish ensures the survival of the organisms
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in the coral-dominated coexistence state. Also, it is observed that if macroalgae
outcompete corals, then limited harvesting of Parrotfish can lead to its survival in
a macroalgae-dominated irreversible regime. We have also provided numerical simu-
lations to substantiate our analytic results. Further, from analytical and numerical

observations we get the following conclusions:
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Figure 8. (a) For Ko = 0.3, the system is LAS at E* (solid black). For K2 = 0.3 and
h = 0.03, the system becomes LAS at E* (dashed gray) with late recovery of
corals. For Ko = 0.3 and h = 0.1, the system becomes LAS at Es (dashed
black). (b) For as = 1.6, other parameter values as given in Table 1, the system
is LAS at E* (solid black). For ag = 1.6 and h = 0.03, the system becomes LAS
at E* (dashed gray) with late recovery of corals. For ag = 1.6 and h = 0.1, the
system becomes LAS at E (dashed black). (Horizontal axes show the time.)

(i) Harvesting of Parrotfish leads to phase shifts from a coral-dominated to
macroalgae-dominated regime, representing the coral-macroalgal phase shift phe-
nomenon in the coral reef ecosystem as a result of the loss of herbivory. This
supports the observations of [14] that reductions in Parrotfish grazing could have
deleterious impacts on the reef habitat.

(ii) In the absence of harvesting of Parrotfish, corals can recover after extensive
mortality even with high coral-macroalgal interspecific competition. But in the pres-
ence of harvesting, corals do not recover with high coral-macroalgal competition.
This justifies the observations of Mumby [21] that herbivory helps control macroal-
gae which compete with corals and can impede reef resilience if allowed to bloom.
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(iii) With low coral cover, if there is no harvesting, corals can recover after ex-
tensive initial mortality. But in the presence of harvesting, the system becomes
macroalgae-dominated with complete elimination of corals.

(iv) High macroalgal cover leads to dynamic instability of the system around the
equilibrium of coexistence. In this case, an increase in harvesting of Parrotfish leads
to the extinction of corals from the system.

Throughout the article, an attempt is made to search for a suitable way to control
the growth of macroalgae, corals and Parrotfish for stable coexistence of all the
species in the system. From analytical and numerical observations, it is seen that
lowering the rate of harvesting of Parrotfish can induce a coral-dominated regime.
From numerical simulations we observe that corals can recover even after extensive
mortality if the harvesting of Parrotfish is minimized.

APPENDIX

Proof of Theorem 3.2. Since limsup{P(t) + C(t) + z(t)} < M, it follows that
t—o0
exists 71 > 0 such that z(t) < M for all t > T7.

Also,
dpP P+ a1 Ky my M
Vi T, —>P[ (1— )— }
! df, & K1 aq
implies
M
liminf P(t) > p; = K1(1 _ M ) — Ko,
t—o0 airy

where 0 < M < a1 (K1 — a1 K3)/(mi1K7) and K7 > a1 Ko.
Therefore, exists T > 0 such that p; < P(t) < K; for all ¢t > T, where

G1T1(K1 - 041K2)

M < and Ki; > a1 Ks.
m1K1
Again,
dC C+ as maoM
2 T ) YR > 1- -
v ! dt C|:T2( KQ ) a9 :|
implies
M
liminf C(t) 2 ¢1 = Kg(l _ e ) — o,
t—o0 Toa9
where

Ko —
0<M<M and K> > as.

m2K2
Thus, exists T3 > 0 such that ¢; < C(t) < Ko for all t > T3, where

roas (Ko — az)

M < and Ks > as.

mo Ko
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Therefore, for all ¢ > max{Ty,T5, T3}, we have p; < P(t) < K7 and 1 < C(t) < Ko,
where

M < min{ alrl(Kl — 041}'(2)7 GQTQ(KQ — ag)’ K(?“l —+ 7“2)}
m1 Ky ma Ko Dq
and K7 > aqas.
Again,
Vit > max{Ty, Ts, Ts} dz > x( e1mipy eamacy _h D).
T de a1+ Ki+b01Ky  ax+ K1 +bKe b

Therefore, dz/dt > 0 implies

h<b

( €1mip1 €2M2C1 _ D)
a1+ K1 +01Ko  ax+ K1 + b Ko

Thus, exists Ty > 0 such that for all ¢t > T4, we can find z; > 0 such that z; <
z(t) < M.
Therefore, for large values of ¢, if h < h and K; > ajas hold, where

- e1mip1 €2M2C1
- ; 1)
a1+ Ko+ K1 ax+b2Ko+ K,

M M

101=K1(1—m1 )—OqKQ, 61=K2(1—m2 )—042,

airi T2a2

M < min{ alrl(Kl - alKg)’ GQT'Q(KQ - a2)7 K(Tl -+ 7’2) }7

my K1 mo Ko Dq

there exists x1 > 0 such that all the solutions of the system with positive initial
values enter into the compact set {(P,C,z): p1 < P(t) < K1, c1 < C(t) < Ko, 21 <
x(t) < M} and will remain there forever. O

Proof of Lemma 4.1.1. Since P(t) < K; as t — oo, corresponding to €1 > 0,
exists t. > 0 such that P(t) < K7 +¢ for all ¢ > t..

Therefore, in the absence of corals,

(i) if my < D/ey for all t > T,, we have

d_x <- a1xD N /z(t) % < —a1D(t —Ty)
dt a1+ K1 +e¢ o(T2) & a1+ K1 +e

and so z(t) — 0 as t — oo;
(ii) if mq > D/eq, for all t > T, we have

dx < x(elml — D)(Kl +e— )\1)

E = aiq
and so
/x(t) % < (elml — D)(Kl + € — )\1)(!‘, — TE)
oy § a '
In this case, if A\; > K, then z(t) — 0 as t — oo. O
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Proof of Lemma4.1.2. The variational matrix at E; is

. mi1 Ky
st —rion —m
6.1) V(E)=]| 0 rg{l - #%} 0
egmi K h
0 0 ﬁ —5 =D
At Ey, the eigenvalues of the variational matrix are
-7, m{l—#{?}{m} and %—%—D.

The system is stable at Ey if

KQ(G,”'FK?) b(elml—D)(Kl —>\1)

Ki> A\ > — " d h> >0
1 1, Q2 K7 an o
(since my > D/ey). O
Proof of Lemma 4.1.3. The variational matrix at F» is
(6.2)
mipaZy  T1P2 _rioapy | mibipaxo _maps
(a1 +p2)? Ky K; (a1 + p2)? ay + p2
Oéng maT2
V(Ey) = 0 r {1 - } - 0
(£ "V Rle ) T
€1mMm1a1 %2 eamaly  e1mibipars ha,
(a1 + p2)? az +po (a1 + p2)? (b+ z2)?
One eigenvalue is
Qopy } MaT
o9l — - <0
2{ Ky(a™ +p3) ) az+p2

if

ay > Ky(a” +p§){1 Moy }
72 )

2 az + p2

The other two eigenvalues are given by the equation u? + Ayp + By = 0, where

A = mp2 hzo
K1 (b+ $2)2

and

By = maps h{mi1 K1 —ri(a1 + p2)?} era1ms }

Ki(ay + p2)2(b + x2)? (a1 +p2)?
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Ej5 is stable if A; > 0,B; > 0 and

a™ + ph (r_ maT3 )

Qg >
rpy az +p3

Now, A; > 0 implies

rip2(ar + p2)? (b + x2)?

Ky < .
U mapama (b + 22)? + has(ar + p2)?
if ,
Ky > ri(a1 + p2)
m
then B; > 0.
For )
Ky < (a1 + p2) B >0
my
if , ,
0<h< erarmiKq(b +2$2)
(a1 +p2){ri(a1 + p2)* — mi1 K1}
holds.

Therefore, Fs is stable if

0y > Kol +p3){1 _ mam }
ra( )

2 ag + po

and any one of the following two conditions holds:
(i)

r1(a1 + p2)? ripa(ar + p2)? (b + x2)?

< Ki < ;
m U ipowa (b + 22)% + hza(ar + p2)?
(i)
2 2 2
Ky < min{ ri(ar + p2) 7 r1p2 (a1 +I;2) (b+ ) 2}
mi mipaw2(b + x2)? + hwa(ar + p2)

and
elalmel (b + 332)2

< .
(a1 4+ p2){ri(ar +p2)? — mi1 K1}

Proof of Lemma 4.2.1. In the absence of macroalgae, we have

i—f@(%_p).
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(1) If ma < baD/e, then
dx —asDx

E\a2+bgC<0'

Since tlim C(t) < K3, corresponding to eo2 > 0, exists T, > 0 such that for all
—o0

t>1T.,, C(t) < Ko + ées.

Therefore,
_ z(t) _ _
VES T, d_x < zas D / @ < asD(t —T.,)
dt a2+b2(K2+€2) o(T.y) N a2+b2(K2+51)
as t — oo.

(11) If moy > bgD/e, then

d_J? < (6m2 - bQD)(C — /\2)
dt . as + byC

Therefore, for all t > T,,, if Ay > Ky + €2, then

X

(Tey) " az

/Z<t> dn _ (ema = baD)(Ks + 2 — Ao)(t — Tt,)

and so if Ay > Ky, then x(t) — 0 as t — oo.

Proof of Lemma4.2.2. The variational matrix at E5 is

alKQ
m(l— Kl) 0 0
mQKQ
6.3 V(FEs) = 0 —r -
(6.3) (Bs) ? az + ba Ko
62m2K2 h
0 iz N p
as + ba Ko b

At Fs5, the eigenvalues of the variational matrix are

a1 Ko eama Ko h
Py g ey b
Tl( K4 2 At as + ba Ko b

Therefore, the system is stable at Fj3 if

b(egmg — bQD)(KQ — )\2)
ag + ba Ko

K
K2>max{)\2,—1} and h >
(65}

(since mg > D/eg).

>0

= z(t) -0
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Proof of Lemma 4.2.3. The variational matrix at Fy is

1€y M1Ty
{1 — ) - 0 0
' ( Ky a1+ bicy
MMoCay m2b264$4 ToCq —TMMaCyq

6.4) V(E,) = — Bt B b B
(64) V(E) (az + bacy)? (ag +b2cs)? Ky  ag+bacy

€114 €21 2C T4 €2M2a2T 4 h$4

a1 +bics  (ag + bacy)? (ag + bacy)? (b+ 4)2

One eigenvalue is

a1Cq mi1T4
1-— ) - <0,
" ( K a1 + biey

if
riaics(ar + bicy)
ri(a1 + bicy) — mizy

0< K1 <

The other two eigenvalues are given by the equation p? + Aoy + Bo = 0, where

A, — raCy mobocaty 3 hxy
T K, (ag + bacy)?  (b+ x4)?
and , )
B2 = T4c4 h{m2K2b2 - TQ(GQ + b204) } €2a2M5

Ko(ag + bacy)?(b + x4)? (ag + bacg)? 1
E, is stable if A; > 0, B, > 0 and

riagca(ar + bicy)
ri(ar + bicy) —mizy’

0< K1 <

Now, A > 0 implies

raca(ag + bacy)? (b + 24)?

Ky < .
? mabacyxy (b + 24)% + hxy(ag + bacq)?
If )
Ky > ro(ag + bacy)
mgbg
then By > 0.
For . )
Ky < 2la2tboc)” p
mgbg
if ) )
0<h< egangKg(b + £524)
(ag + bacy){r2(az + bacy)? — maba Ko}
holds.
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Therefore, F, is stable if

riagca(ar + bicy)
ri(ar +bica) — miay

and any one of the following two conditions holds:

(i)

r2(as + bacy)? < Ky < raca(ag + bacy)? (b + 24)?
mabs ? mabocaza(b+ 14)2 + hxy(as + bacg)?’
(i)
K, < min{ ra(ag + bacy)? raca(az + bacy)? (b + 24)? }
2 mabsy ’ mabacaTy (b + 1’4)2 + hx4(a2 + b204)2

and
egagm%KQ(b —+ 1’4)2

(ag + b264){7“2(a2 + 6264)2 — mngKQ} '

h <

Proof of Lemma 4.3.1. The variational matrix at Ej is

—T1Ps5 —T1Q1ps —mips
Ky Ky a1+ ps + bics
(6.5) V(Es) = | —recona’cspr™t  —racs —MaCs ,
Ka(a™ + pg)? K, az + ps + bacs
0 0 r
where
__ eimups emacs _h
a1 +ps +bics  az+ps + bacs b

One eigenvalue is

h
€1Mm1pPs €2M2Cs5 -2 _p<o,
ay+ps+bics  az+ps+bcs b

if
€1M1Ps €2MM2Cs5 _ )
a1 +ps+bics  az + ps + bacs

h>b(

The other two eigenvalues are given by the equation u? + Asp + Bs = 0, where

n—1
iP5 T2Cs T1T2P5Cs5 nayasa”psy
and B3 = —

L
Kl K2 K1K2 (an +p5n)2

As =
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E is stable if B3 > 0 and

h> ( €1MmM1pPs €21M2Cs _ D).
ay +ps +bics  az +ps + bacs

Now, B3 > 0 implies
_ (a"+p5)?

o )
2 na”alp?_l
Therefore, Fs is stable if
a” )2 eim eaMmac
2<( +p221 and h>b( 1M1Ps 2M2Cs _ )
na™ o py a1 +ps+bics  as+ps + bacs

O

Proof of Lemma 4.3.2. The characteristic equation of the variational matrix
at B* is p3 + Q1p? + Qop + Q3 = 0, where

Q1= — (Fple- + Fé|p- + F)le),
Q2 = Fplp-(F&|p» + Flg-) + Fé|g-F?|g- — F&

2
Jord

E*

— Fglp-Flp- — Fylp-Fple-,
Q3 = Fplp-(F3|p-F2|g- — FA|p-F2|p-)
+ F}|g+(Fp|p-F&lp- — Fplp-Félp-),
F]lD E* = mlp*x* _ Tlp*
(a1 +p* +bic*)2  Kp'
mlblx* riog
Fllge = { _ }
ClE p (al +p*+blc*)2 Kl )
mlp*
Flep = — — 8
@lP a1+p*+b16*’
FI%|E* _ mgc*x* B nrgagc*a”(p*)"*l
(ag + p* + bac*)? Kof{a™ + (p*)n}2
m2b2$* T2
F2 L= *{ _ _},
ol = ¢ (ag +p* +bac*)2 Ky
mac*
F2lpe = — — 2
@b as + p* + bac*’
F3|pe = *{ ermq(ag + bic®) B eamact }7
(a1 +p* +b1c*)?  (ag + p* + boc*)?
F2lp = *{ eama(ag + p*) _ e1mibp* }
¢ (ag +p* +bac*)? (a1 +p* +bic*)? )’
hx*
Flopw = ——
eWB5 T (b4 av)2
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E* is locally asymptotically stable if Q1 > 0 and Q1Q2 > Qs.

Now,
01 = rip* n roc* myp*a* mobyc*x* _ hat 0o h< bt
"TKL UKy (a4 pt+0ic)2 (ap+pt A bact)? (b+ a*)? ’
where
B — (b-l— x*)2 {7“1}7* n roc* mip*x* _ maobsc* ™ }
o K, Ky (a1 +p*+bic*)?  (ag +p* + bac*)2 )’

Therefore, E* is stable if h < h* and n* > 0, where

0t = Flpe F2| g Fi|pe + F}H e F3|pe F2| e — 2Fb| g F2| e F2 | e
+ (Fglp~ + Flp {F2 g Félpe — (Fplp-)?}
+ (Fblg- + F3|p){Fp-Filg- — (F&|p+)?}
+ (Fplee + Félp- ) {Fél - Fle- — (F}lp-)?}.

O

Proof of Lemma 4.3.3. The characteristic equation of the variational matrix
at E* is % + Q1 4+ Qap + Q3 = 0.

The necessary and sufficient conditions for a Hopf bifurcation to occur at oy = a,
are that

(i) Q1(K1,,) > 0,Q2(K71,,) >0 and Q3(K7,,) > 0,

(ii) Qs(Ky,,) = Q1(K1,,)Qa2(K1,,),

(i) Reldys; /(AR r—rer, #0,J = 1,2,3.

For K; = Kj,,, the characteristic equation becomes (u + A)(u?> + B) = 0 =
p=—Q1, £iVQ>.

For K, € (K1, — ¢, K3, +¢€), the roots are in general of the form:

w1 (K1) = v (Kq) + iy (K0),
p2(K1) = 71(K1) — iv2K1),
w3 (K1) = —Q1(K1).
Therefore,
d )
d—Iﬁ(H3 + Qi + Qap+Q3) =0
gives

o dp .
— N) =
(K+1L)d 1+(M—|—1 ) =0,
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where

K(K1): LK) — 393 (K1) + 2Q1 (K1) (K1) + Q2(Ky),
L(Ky) = 671(K1)y2(K1) + 2Q1 (K1)v2 (K1),
M(Ky) = Q (Kl) + {17 (K1) = 12(K1)}Q1 (K1) + Qs (K),
N (K1) = 271 (K1)72 (K1) Q' (K1) + 72 (K1) Q3 (K1)
Therefore,
dp  {M(K)K(Ky) + N(EK) LK)} + {N (KK (Ky) — M(K)L(KL) }
aK, K2(Ky) + L2(K,) '

If {M(KI)K(KI) + N(KI)L(KI)}K1:K1cr # 07 then

Re{%

dK, } Ki=Ki,, 7 0.

Therefore, if
(i) Qi(Ki,) >0 (i=1,2,3),
(i) fi(Ky,) = fo(K1,,),
(iti) {M(K1)K (K1) + N(K1)L(K1)}k,,, #0

all hold, then a Hopf bifurcation occurs at K; = K, and also it is non-degenerate.

Also, at E* we obtain (Jg- — 2iwg) ™! = ( Zjo)gxg where

= (FEF2 — F2F3 — 4w}) — 2iwo(F& + F?),
12A = (FLF2 — FAF2) + 2iwo FL,
13A = (FLF? — F}F2) + 2iwo F},

= (F2F} — FAE3) + 2iwg F3,

= (FpF; — FyFp — dwg) — 2iwo(Fp + F),
23A = (FF2 — F2F}) + 2iwg F2,
QA Ay, = (FRFE — FRFZ) + 2iwFp,
32 2Ny = (FEF} — FEFL) 4 2iwo FY,
33A = (FLF2 — FLF2 — 402) — 2iwg(FL + F2)

and for A,,, we have

Auy = {FpFEF] — 4 Fp — FRF;FS — Af(FE + FY)
— FAFRF2 + F2FLFE + FLFRFS — FyFAFR)
— 2wo{FEF2 — 4w} — F2F3 + Fp(FA + F2) — FAF: — FIF}).

Putting wy = 0 we get the components of (Jg+)"t = (Q¥)3x3.
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The left and right normalized eigenvectors a = (a1, az, a3) and b = (b1, be,b3) " of
the variational matrix Jg« are

&

a—=
Fe{(FpFE — FAFR)? + wi(FE)?}
x (a1 + iwpag, FS{(FAFS — FAFR)? + wi(F2)?Y, a3 + iwpay)
and
b &

T F2{(F2F} — FIFR)? + W2(F2)2)
x (b1 + iwobg, F2{(F2FL — FIF2)? + w2 (F2)?}, bz + iwobs) T,

where &1, &5 are complex numbers,

a1 = FG{(FEFS — FRFE)(FpFE — FOFR) + wiFRF},
ay = FO{FS(FRFG — FOFp) — (FpFE — FGFp)Fp},
as = FG{(FpF¢ — FeFR)* + wi(F3)*}

+ FC{(FRF& — FEFR)(FpFE — FGFR) + Wi FRFEY,
ay = FO{FS(FRFG — FOFp) — Fp(FpFe — FOFp)}

— (PpFG — FEFp)? —wi(FE)?,
by = F{(F, Fé — FIFS)(FIFp — Fy Fp) + Wi P F7,
by = FAF}(F, Fé — FOF]) = (F/Fp — Fy Fp)F, },
by = — Fp{(F, F§ — FGF))(FiFp — Fy Fp) + Wi Fy Y
= F{(F}Fp — F, FR)* + wi(F)*),
= Fp{ P} (Fy FE — FoFY) — Py (F)Fp — F Fp)}
+ (FiFp — Fy Fp)? + wi(F))*.

ba

Using a- b =1 we can obtain & &s.
Now

_aquleumusbjmes = —(a1Fppp + asFppp + azFppp)bi|bi]*
— (a1 Fécc + a2Féoe + asFecc)ba|bal* — asFoy,bs|bs)?
—(a1Fppy, +azFpp, +azFpp,)(2b3[b1|* + b3bs)
—2(a1Fpoy + asF3c, + asFp o, (bi1babs + bibsbe + babsby)
— (@ Fppc + asFppo + a3Fppc) (07 + 2ba|b1|?)

— (@ Fbey + a2Fé oy + asFé e, ) (b3bs + 2b3]ba %)

—( )

aFeop + a2 Fop + asFéop)(b3b1 + 201[b2[%),
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a’leLjum bj(JE*l)mTF':puq bPEq

3
= {Z ai(Fppb1 + F&pba + Fipbs) } (Z QhAl)

i=1

3
+ {Z ai(Fpobr + Foobs + F;‘cb3>} (Z Q%A")
=1

i=1

+[a1(Fpybi + Fégbe) + as(F2,b1 + FZ,bo)

3
T as(FRby + Féby 1 F2,by) (Z Q?”‘Ai)
=1

and B )
b [(JE* - inO)_ ]kTFZ;puqbpbq
3
= {Z (Fhpby + Fipby + Fipbs) } (Z QL Al )
- 3
+la (szbl + FE,b2) + az(Fp b1 + FCsz)
3
P+ R+ EA (Y QB AL, )
=1
where
Al = F113P|b1|2 + F}:C(blgg + bgBl) + F‘]lagC (blgg + b361)
+ Foolbal® 4+ Fbp(babs + bsby),
A? = F2p1b1)? + F2o(bibg + baby) + F3,(b1b3 + bzby)
+ FEobs + F, (babs + bsby),
A3 = F3o|b1|? + F2o(b1bo + baby) + F3, (b1bs + bsby)
+ Fg,(babs + bsba) + Féo|ba|* + F2, |bs?,
AL, = Fppbi + 2Fpbiby + 2Fp,bibs + Foobs + 2F 4, bibs,
Al = Fppbt + F&obs + 2Fpobiby + 2F3 bibs + 2F¢,bibs,
A} = FRpbi + Féobs + F2.b05 + 2Fpobiby + 2F} bibs + 2F2 bobs.
For these values of F! !

wiuyu Fusuy» @ b and components Q" and Q¥ we obtain the
value of (®)x,=r, . If ( )k, =K., > 0, then system (2.1) undergoes a supercritical
Hopf bifurcation as K is increased through K so that the bifurcating periodic
orbit is asymptotically orbitally stable.
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