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GLOBAL SOLVABILITY CRITERIA FOR QUATERNIONIC
RICCATI EQUATIONS

G.A. GRIGORIAN

ABSTRACT. Some global existence criteria for quaternionic Riccati equations
are established. Two of them are used to prove a completely non conjugation
theorem for solutions of linear systems of ordinary differential equations.

1. INTRODUCTION

Let a(t), b(t), c¢(t) and d(t) be continuous quaternionic valued functions on
[to; +00), i.e.: a(t) = ao(t) + a1 (t) + jas(t) + kas(t), b(t) = bo(t) +ib1(t) + jba(t) +
kbg(t), C(t) = Co (t) + iCl (t) +j02 (t) + k’Cg(t), d(t) = do(t) + idl (t) + ]dg (t) + k’dg (t),
where ay,(t), by (t), cn(t), dn(t) (n =0,3) are real valued continuous functions on
[to; +00), i, j, k are the imaginary unities satisfying the conditions

(1.1) P=2=k=ijk=—-1, ij=—ji=k.
Consider the quaternionic Riccati equation
(1.2) qd +qa(t)g+b(t)g + qe(t) +d(t) =0, t>t.

Here ¢ = ¢(t) is the unknown continuously differentiable quaternionic valued
function. Currently, there is a growing interest in quaternionic differential equations,
in particular, in Eq. in connection with their various applications (see e.g.,
[B]-[9]). Criteria for the existence of periodic (and, therefore, global) solutions of Eq.
with periodic coefficients were obtained in [I, [I0]. Explicit global existence
criteria for complex solutions of Eq. in the case of its complex coefficients
were obtained in [7].

In this paper some global existence criteria for scalar quaternionic Riccati
equations are obtained. Two of them are used to prove a completely non conjugation
theorem for solutions of linear systems of ordinary differential equations.
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2. AUXILIARY PROPOSITIONS

Substituting ¢ = qo —iq1 — jq2 — kqs in (1.2]), where qq is the real and —g, (1, 3)
are the imaginary parts of ¢, and separating the real and imaginary parts we come
to the following nonlinear system

0 + ao(t)gg + {bo(t) + co(t) + 2[a1 ()1 + a2(t)q2 + (13(75)‘13]}610
(t,q1,q2,q3) =

g1 + a1 (t)g? + {bo(t) + co(t) + 2[ao(t)qo + az(t)(p + a3(t)113]}(h
(t QO,(]27Q3)

@b + az(t)g3 + {bo(t) + co(t) + 2[ao(t )qO +ai(t)q1 + a3(t)Q3]}Q2

( , 40,41, Q3)

a4+ az(t)q3 + {bo(t) + co(t) + 2[ao(t)qo + a1 (t)q1 + aa(t )QQ]}Qg

—S(t,q0,q1,q2) = 0;

where

P(t,q1,42,93) = ao(t)[qF + 65 + a3] — (b1(t) + c1(8))qr — (ba(t) + ca(t)) g2 — (b3(t)

+ ¢e3(t))gs — do(t);

Q(t, 0,42, q3) = a1(t)[ag + a3 + @3] + (b1(t) + c1(t))qo + (b3(t) — cs(t)) g2 — (ba(t)
—c2(t))gs + di(t);

R(t,q0,q1,93) = a2(t)[q5 + ai + @3] + (b2(t) + c2(t))qo — (bs(t) — c3(t))qr + (br(t)
(1)gs + da(t) ;

S(t,q0,q1,q2) = as(t)[ad + af + @3] + (bs(t) + es(t))qo + (b2(t) — c2(t))qr — (ba(t)
—c1(t))ge +ds(t);

)
)

t > ty. Consider the square matrices

1 000 1 00
o100 | =10 00
E:0010’ I'= 00 0 1]
00 01 00 -1 0
00 1 00 0 -1
B 00 0 —1 oo -1 o
J= -1 0 0 ' K:0100
01 0 0 10 0 0

It is not difficult to check that I? = J? = K? = [JK = —E, 1J = —JI = K
Then by (1.1) there is an one to one correspondence between the quaternions
m = mg + im1 + jme + kms and the matrices of the form M = moF + mqI +
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m2J+m3K:
(2.2) m=mg+imy + jme + kmg — M =

The matrix M corresponding to the quaternion m by the rule we will call the
symbol of the quaternion m and will denote by m.

Let A(¢), B(t), C(t) and D(¢) be the symbols of a(t), b(t), c(t) and d(¢) respec-
tively. Consider the matrix Riccati equation

(2.3) Y +YAG)Y + B)Y +YC(t)+ D(t) =0, t>tg.

By (2.2) the solutions ¢(t) of Eq. (1.2)), existing on some interval [t1;t2) (to < t1 <
to < 400), are connected wit solutions Y (t) of Eq. (2.3) by equalities

(2.4) d0 =Y(t), telnits), alt) = Y(h).
Along with Eq. (2.3) consider the system of matrix equations

(25) ' =Ct)P+ A)T;
' U =—-Dt)®— BV, t>t,.
Here ® = ®(t), ¥ = ¥(t) are the unknown continuously differentiable matrix

functions of dimension 4 x 4 on [tg; +00). Let Yy(¢) be a solution of Eq. (2.3]) on
[t1;t2). The substitution

(2.6) U =Yy(t)®, tet1;ta),
in leads to the system
{@=M@mw+c@@;

[Yo () + Yo(t) A(t)Yo(t) + B()Yo(t) + Yo()C(t) + D(#)]® =0t € [t1;t2).
Therefore (®(t), Yo(t)Po(t)) is a solution of the system on [t1;t2), where
Dy (t) is a solution to the following matrix equation
(2.7) ' = [A{)Yo(t) + C(1)]®, tE€ [tista).

Let Y(t) (¢(t)) be a solution to Eq. (to Eq. (L.2)) on [t1;2).

Definition 2.1. The set [t1;t2) is called the maximum existence interval for the

solution Y'(t) of Eq. (2.3]) (for the solution ¢(t) of Eq. (1.2))), if Y'(¢) (q(t)) cannot
be continued to the right from ¢s.

Lemma 2.1. Let Y(t) be a solution of Eq. (2.3)) on [t1;t2) (to <t1 <ty < 400).
Then [t1;to) is not the mazimum existence interval for Y (t) provided the function
¢
folt) = [wlA@Y(ldr, te i),
to

is bounded from below on [t1;ts).
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Proof. Let ®(t) be a solution to the matrix equation

' =[AQ)Y (t)+ C(t)|®, tE [t1;t2), with

(2.8) det d(t1) # 0.

By (2.6) and (2.7), (®(t), Y (t)®(¢)) is a solution to the system (2.5) on [t1;t2)
which can be continued on [tg; +00) as a solution (®(¢), U(t)) of the system (2.5)).
According to the Liouville’s formula (see [8, p. 46, Theorem 1.2]) we have:

det ®(¢) = det ®(t;) exp { /tr [A(T)Y (7) + C(T)]dT} L te[tits).

From here from the conditions of lemma and from it follows that det ®(t) #
0, t € [t1;t3), for some t3 > t5. Then by and the matrix function
Y(t) = W(t)®1(t), t € [t1;ts), is a solution to Eq. on [t1;t3). Obviously
Y (t) coincides with Y (¢) on [t1;t2). Therefore [t1;t2) is not the maximum existence
interval for Y ().

The lemma is proved. |

Let f(t), g(t), h(t), f1(t), g1(t), h1(t) be real valued continuous functions on
[to; +00). Consider the Riccati equations

(2.9) v+ FO)y? + gty +h(t) =0, t>to;
(2.10) Y+ O+ ay+hi(t) =0, t>to.
and the differential inequalities

(2.11) y' + fO)y? + gty +h(t) >0, t>to;
(2.12) Y+ A0+ gy +hi(t) >0, t>t.

Remark 2.1. For f(t) > 0, t > tg, every solution of the linear equation y’' + g(t)y +
h(t) =0 on [to;70) (to < To < +00) is a solution of the inequality (2.11)) on [to; 7).

Remark 2.2. Every solution of Eq. (2.10) on [to; 70) (to < 70 < 400) is also a
solution of the inequality (2.12)) on [to; 70).

Theorem 2.1. Let Eq. (2.10) has a real solution y1(t) on [to; o) (1o < +00), and
let the following conditions be satisfied: f(t) > 0,

/eXp{/[f(s)(WO(s)+771(3))+g(s)]d8}

< [(fulr) = F)i(r) + (91(7) = g(7))y1(7) + ha(7) — h(7)]dT > 0,
te [to;TQ) .

where no(t) and my(t) are solutions of the inequalities (2.11)) and ([2.12)) on [to; 7o)
such that n;(to) > yi(to), j = 0,1. Then for every vo > yi(to) Eq. (2.9) has a
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solution yo(t) on [to; 7o), satisfying the initial conditions yo(to) = Yo, and yo(t) >
yl(t), te [to;’To).
This theorem is proved in [4] (see [4, Theorem 3.1]).

Let tg < t; < --- be a finite or infinite sequence such that ¢, € [to;70]
(to < 70 < +00). We assume that if {¢,,} is finite then max{¢t,,} = 7o otherwise
lim t,, = 79. Denote:
m— 00

Iy n(&,1) feXp{ fg (s)ds}h(r)dr, t > & > to.

Theorem 2.2. Let f(t) >0, t € [to;70), and

t T

/exp{/[g(s) - f(s)Igyh(tk,s)]ds}h(T)dT <0, teltmti)k=1,2,....

Then for every o > 0 Eq. (2.9)) has a solution yo(t) on [to; 7o) satisfying the initial
condition yo(to) = vo and yo(t) > 0, t € [to;70)-

This theorem is proved in [5] (see [5, Theorem 4.1]).

Theorem 2.3. Let a(t) and S(t) be continuously differentiable on [to; 7o) functions
and a(t) >0, B(t) >0, t € [to;70);
A) 0 < f(t) < afb), () B(t), t € [to;70);

t) _

)
B) g(t) > 3 [28 — £ +2,/a(D)B(?), t € [to; 70)-

Then for every vo > —4/ % Eq. (2.9) has a solution yo(t) on [to;T0) with yo(to) =
Yo and

yo(t) > — 0 t € [to;T0) -

This theorem is proved in [6] (see [6, Theorem 8§]).

Theorem 2.4. Let o(t) and B(t) be the same as in Theorem[2.5 If assumption A
of Theorem [2.3 and the inequality

) _ B "
D).g(t)gg[ (() ﬁ(t]_2 tE thTO
are valid, then for every o > ,/% Eq. 2.9) has a solution yo(t) on [to; 7o) with
Yo(to) =0 and

yo(t) > [ —=%, teElto;)-

This theorem is proved in [6] (see [6, Theorem 7]).

Theorem 2.5. Let a,,(t) and B, (t), m = 1,2, be continuously differentiable
functions on [to;70), and let (—1)™an(t) > 0, (=1)"B,(t) > 0, t € [to;70),
m=1,2. If:
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E) a1(t) < f(t) < aa(t), Bi(t) < h(t) < fa(t), t € [to: 70);
F) g(t) > 3 (228 — £20) 4 9(—1)" /o ()8 (D), t € [to;T0), m = 1,2,

then for any y) € [—\/gzgﬂ) : ,/gﬁg)} Eq. (2.9) has a solution yo(t) on [to; 7o)

satisfying the initial condition yo(to) = y(oy, and

Ba(t) ﬂl (1) fto: 7
as(?) ) [to; T0)
This theorem is proved in [5] (see [5, Theorem 4.2])

Let p, q, r, s, | be real numbers and let € > 0.

Definition 2.2. The ordered fiver (p,q,r,s,!) is called e-semi definite positive if:
1) p>0,1>0;
2) max{q,r,s} > VIl+¢eor

0 < min{q,r, s} < max{q,r,s} <I+e and
PHr+si>l+e.

Remark 2.3. From the geometrical point of view the relations 1) and 2) mean
that the ball of radius /[ 4 ¢ with its center in the point (g, r, s) may be located
in any such position in the space of coordinates x, y, z, that its intersection with
the octant x > 0, y > 0, z > 0 is empty.

Consider the quadratic form

W(z,y,2) Ep[(m+2i))2+ (y+2p)2+(z+%)2} fé, x,y, 2z € (—o0; +00) .

Lemma 2.2. If for some ¢ > 0 the ordered fiver (p,q,r,s,1) is e-semi definite
positive then for every x >0, y > 0, z > 0 the inequality

Wi(z,y,2) > ¢e/4p
is satisfied.
Proof. For every x > (), y >0, z > 0 we have: if max{q,r, s} > VI +¢, then

W(r,y,2) > phts — L = £, and if 0 < min{q,r, s} < max{q,r, s} < VI e, then
sincquO,TZQSZO,Wewﬂlget. W(z,y,2) > (W_'_W"_W)_ﬁ >
e 1 _ e
4p 4p 4dp*
The lemma is proved. O

3. GLOBAL SOLVABILITY CRITERIA

In this section we study the global solvability conditions of Eq. in the
case when a,(t) > 0, t > ¢y, n = 0,3. The cases when (—1)™"a,(t) > 0, ¢t > t,
my =0,1,n = 0,3, mg+ mi + mo + ms > 0 are reducible to the studying one
by the simple transformations ¢ — —q, ¢ — ¢, ¢ — iq, ¢ — jq, ¢ — kq and their
combinations in . Denote:
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Po,m(t) = bm(t) +em(t), m=1,3, pr1(t) =bi(t) +ci(t), p12(t) = ba(t) — ca(?),
Pl 3(t) = b3(t) —c3(t), p21(t) =b1(t) —c1(t), p2a(t ) = bao(t) + c2(t), pos(t) =
b3(t) — c3(t), p3,m(t) = bpn(t) —cm(t), m=1,3,t >ty
Do(t) = mzizl p%_’m(t) +4ag(t)do(t), if ap(t) #0;
4d0(t) if (l()(t) = 0,
3
Do(t) = mZ::lpn,m(t) —4da,(t)d,(t), if an(t)#0; n=T3 t >t
—4d, (t) if a,(t)=0,

Let & be a nonempty subset of the set {0,1,2,3} and let O be its complement,
ie, O=4{0,1,2,3}\6.

Theorem 3.1. Assume a,(t) > 0, n € & and if a,(t) = 0 then p,n(t) =0,
m=1,3,n€6;a,(t)=0,ne N, Do(t) <0,neG,t>1.

Then for every v, > 0, n € &, v, € (—o0;4+00)G, n € O, FEq. has
a solution q(t) = qo(t) — iq1(t) — jg2(t) — kqs(t) on [to; +00) with ¢n(to) = Yn,
n=20,3 and

Moreover if for somen € &, ~, > 0, then also g, (t) > 0.

Proof. Let [tg;T) be the maximum existence interval for the solution ¢(t) =

qo(t)—iq1(t)—jq2(t) —kqs(t) of Eq. (1.2)) satisfying the initial conditions g, (to) = Vn,
n = 0,3 (existence of [tg; T) follows from the theory of normal systems of ordinary
differential equations and from (2.1))). Show that

Let us prove the theorem in the case when 0 € &. The proof of the theorem for
other nonempty G can be proved by analogy. Consider the Riccati equations

2’ + ag(t)x® + {bo(t) + co(t) + 2[a1(t)q1 () + a2 (t)ga2(t) + as(t)gs(t)] }x
(3.3) = P(t,q1(t),q2(1),q3(t)) = 0, tefty;T),

&’ + ao(t)2® + {bo(t) + co(t) + 2[ar(t)q1 () + az(t)qa(t) + as(t)gs(t)] }=
(3.4) —0, t € [to:T).

From the conditions of the theorem it follows that P(t,q1(t),q2(t), ¢3(t)) > 0,
t € [to; T). Then using Theorem [2.1] to the equations and we conclude
that the solution x(t) of Eq. (3.3) with x(t9) = v > 0 exists on [tg;T) and is
non negative (since x1(t) = 0 is a solution to Eq. on [to;T')). Obviously go(t)
is a solution of Eq. (3.3)). Hence go(t) = x( ) >0, te [tO;T) By analogy can
be proved the remaining inequalities (3.2]). By ( . ) Y(¢ ,tE€to;T), is a
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solution of Eq. (2:3) on [to; T). Then it is not difficult to verify that tr[A(¢)Y (t)] =
3
S an(t)gn(t) = 3 an (t)qn(t), t € [to;T). From here and from (3.2)) we have:

n=0 neé

(3.5) tr[A(H)Y ()] > 0, t e fto;T).
Show that

(3.6) T =+0c0.

Suppose T' < +o0. Then by virtue of Lemma from it follows that [to; T') is
not the maximum existence interval for Y (¢). Therefore [to;T) is not the maximum
existence interval for g(t). The obtained contradiction proves (3.6). From
and it follows . Assume vy > 0. By already proven the solution Z(t) of
Eq. with Z(tg) = 0 exists on [to; +00) and is nonnegative. Then by virtue of
Theorem [2.1] the solution «(¢) of Eq. with z(tg) = 70 > 0 exists on [to; +00)
and z(t) # Z(t), t > tg. Therefore x(t) > 0, t > tg. Obviously z(t) = qo(t), t > to.
Hence qo(t) > 0, t > to. By analogy it can be shown that if ~,, > 0 for some other
n € G, then also ¢,(t) > 0, t > .

The theorem is proved. O

Remark 3.1. Theorem is a generalization of Theorem 3.1 of work [7].

Set: Lo(t) = (ao(t), —b1(t) — c1(t), —ba(t) — ca(t), —bs(t) — c3(t), Do(t));
L1(t) = (a1(t), bi(t) + cr(t), —ba(t) + c2(t), b3(t) —cs(t), Di(t));
La(t) = (az(t), bi(t) —ci(t), ba(t) +ea(t), b3(t) —cs(t), Dz( ) ;

Ls(t) = (as(t), =br(t) +ci(t), ba(t) —ca(t), bs(t)+es(t), Ds(t)).
Theorem 3.2. Let for some € > 0 and for every t > ty the ordered fivers L,(t),
n = 0,3 be e-semi definite positive. Then for every v, >0, n= 0,3, Eq. .
has a solution q(t) = qo(t) — iqu(t) — ja2(t) — kqs(t) on [te; +00) with qn(to) = n,
n=20,3, and

(3.7) an(t) >0, t>tg, n=20,3.

Proof. Let [tg;T) be the maximum existence interval for the solution ¢(t) =

qo(t) —iq1(t) — jg2(t) — kgs(t) of Eq. (1.2) satisfying the initial conditions ¢, (to)
Yo n = 0,3. Show that

(3.8) an(t) zo, tete;T) n=0,3.
Set: Ty = sup{t € [to;T) : qu(t) > 0, t € [to;T) n = 0,3}. Suppose (3.8) is not
true. Then (obviously 77 > to)
(3.9) T <T.
On the other hand from the conditions of the theorem it follows that
€ €
P > P —
(tvql(t)7 QQ(t)aqi’)(t)) = 4a0(t) ) Q(t7qo(t)7q2(t)7q3(t)) = 4a1(t) 3
€ €
t t t t)) > t t t t)) > t to; T
R( 2 qo(t), qa ( ),qg( )) = das(?) ) S( ,qo(t), q1(1), ga( )) = das(t) € [ 0;T1)
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By the continuity property of the functions P, @, R, S, qo, q1, g2 and g3 it follows
that for some Ty > T1 (7> < T') the following inequalities are fulfilled:

P(t,q1(t), q2(t),q3(t)) =05 Q(t, qo(t), q2(t), g3(t)) >0,
(3.10)

R(t,q0(t), q1(t),q3(t)) =05 S(t.qo(t),q1(t),q2(t)) >0,
for all t € [tg; T2). Consider on [to; T2) the Riccati equations
&'+ ag(t)z® + {bo(t) + co(t) + 2[ar(t)g (t) + az(t)qa2(t) + as(t)qs(t)] o
(3.11) = P(t,q1(t), g2(t), 3(t)) = 0;

2(t )
o’ + a1 (t)a® + {bo(t) + co(t) + 2[ao(t)qo(t) + az(t)q2(t) + as(t)gs(t)]}a
(3.12) —Q(t, (1), q2(t), g3(t)) = 0;
o’ + az(t)a® + {bo(t) + co(t) + 2[ao(t)qo(t) + a1 (t)qr(t) + as(t)gs(t)]}a
(3.13) — R(t,q0(t), qu(t),q3(t)) = 0;
o'+ ag(t)z® + {bo(t) + co(t) + [ao(t) 0(t) +a1(t)q1(t) + az(t)g2(t) ]}z
(3.14) —5(t,q0(t), a1 (), g2(t)) = 0.

Let @o(t), z1(t), 22(t) and z3(t) be the solutions of the equations (3.11)), ),
and respectively with z, (o) = 0, n = 0,3. By virtue of Theorem1
from it follows that z,(t), n = 0,3, exist on [tp; T2) and are non negatlve
Then since qo(t), q1(t), g2(t) and g3(t) are solutions of the equations (3.11]), (3.12),
and on [to; T2) and g, (to) > x,(to), n = 0,3, the last functions (i.e.
gn(t), n = 0,3) are also non negative on [tg;T2), which contradicts (3.9). The
obtained contradiction proves (3.8). By virtue of Lemma [2.2] from and from
the conditions of the theorem it follows that on [to; T) the inequalities are
fulfilled. Hence the solutions z,(tg) (n = 0,3) exist on [tp; T) and are non negative.
Obviously qo(t), ¢1(t), g2(t) and g3(t) are solutions of the equations (3.11), (3.12),
and ) respectively on [tg; T) and g, (to) > @, (to), n = 0,3. Therefore
gn(t) >0, t € [to;T), n=0,3. Further, the proof of the theorem is carried out
similar to the proof of Theorem [3.1}

The theorem is proved. O

Theorem 3.3. Let ag(t) >0, an(t) =0, n=1,3, t>tg, and

/exp{/[b0(3)+c0( ) = Inytco, Dot 5)]ds } Do(r)dr < 0,

t t

te [tm;tm+l)a m=0,1,...

Then for every vo > 0, v, € (—o0;+00), n = 1,3, Eq. (1.2) has a solution
q(t) = qo(t) —iqi(t) — ja2(t) — kas(t) with ¢, (tn) = yn, n =10,3 on [te; +00) and

(3.15) w(t) >0,  t>t.
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Proof. Let q(t) = qo(t) — iq1(t) — jg2(t) — kq3(t) be the solution of Eq. (1.2)) with
an(to) = yn, n = 0,3, and let [to;T) be the maximum existence interval for ¢(t).
Show that

(3.16) T =+4oc0.
Consider the Riccati equation
(3.17) Y +ao(t)y® + [bo(t) + co(t)]y+ Do(t) =0,  t>tg.

By Theorem from the conditions of the theorem it follows that for every vg > 0
this equation has a solution yo(t) on [to; +00) and yo(t) > 0, t > to. Then using
Theorem to Eq. (3.11) and Eq. (3.17) and taking into account the fact that
qo(t) is a solution to Eq. (3.11]) we conclude that

(3.18) qo(t) > yo(t) >0, t>to.

Suppose T < +00. Then from (3.18) it follows that

H[AG)Y (1)) = / ao(s)qo(s)ds > 0, te[to:T).

By virtue of Lemma from here it follows that [tp;7") is not the maximum
existence interval for ¢(t) which contradicts our supposition. The obtained contra-

diction proves (3.16]). From (3.16|) and (3.18) it follows (3.15). The theorem is
proved. O

Remark 3.2. Unlike of the conditions of Theorem [3.1] and Theorem [3.2] the condi-
tions of Theorem allow Dg(t) to change sign in every [tm;tm+1),
m=0,1,....

By use of Theorem 2.3 and Theorem [2.4] analogically can be proved the following
two theorems respectively.

Theorem 3.4. Let a(t) and B(t) be continuously differentiable on [tg; +00) func-
tions and a(t) > 0, B(t) > 0, t > to,

(A1) 0<ao(t) < aft), Do(t) < B(t), an(t) =0, n=1,3, t > to;
(B1) bo(t) +colt) > 3| 565 — 57| + va@®), # > 1o

Then for every 4o > —y/ 24~ ¢ (—o0;+00), n=1,3, Eq. (1.2) has a solution

a(to)”’
q(t) = qo(t) —iq(t) — jqz(t) — kqs(t) on [to; +00) with qn(to) = Yn, n=0,3, and

O

Theorem 3.5. Let a(t) and B(t) be the same as in Theorem[3.4) If assumption
(A1) of Theorem|[3.4) and the inequality

(Cl) bo(t) + CO(t) < %[%(tt)) - %((tt)):| - Oé(t),@(t), t > to,
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are valid. Then for every vyo > 1/ 5?";, Yn € (—00;+0), n =1,3, Eq. (1.2)) has

a solution q(t) = qo(t) — iq1(t) — jga(t) — kqs(t) on [to; +00) with q,(to) = Yn,
n=20,3, and

t>1.

4. THE CASE WHEN ag(t) MAY CHANGE SIGN

In this section we consider the case when ag(t) my change sign. Set:

5 et en(1))?
v Zn—l(bn((?)+ \/Z ao(t) DO i ao() £ 0
Qo

0 0, if ao(t):O,

| n= —i—cn 2
0= [ (). da(r),da(r)dr+ 5 sup Vil (7))

reltost] 0() ’
Rp(t) = |ao(t)| (T + M(t) +Z|b )+ en®)|(C+M1), >,

where I" > 0 is a parameter. For any quaternion q = qo + iq1 + jg2 + kqs (gn €
R,n = 0.3), set [gl, = (q1, G2, g3)-

Theorem 4.1. Let a,(t) and B (t), m = 1,2 be the same as in Theorem [2.5,
If:

2) a1(t) <ap(t) < as(t), Bi(t) < Rr(t)+do(t) < Ba(t), t € [to;0);
(

o<t> > (2l — Zuld) 4 2(—1)™ /o (DBn (D), ¢ € [to; o),

4) bo(t) + Co(t) > 2|a0(t)|Rp(t), te [to;To),'
5) supp (bn(t) + ¢, (t)) C supp ap(t), n = 1,3, the function

\/Ejingnu>+cnu»2

ao(t) ] is bounded on [to; o) if To < +oc and is locally

0
bounded on [to; 7o) if To = +00,

Oéz(to ai (to

then for cvery 7o € [—/Z0a%. M;], o € B, 0 =T33, with (31,727 T
Eq. ([L1) has a solution q(t) = qo(t) — iqi(t) — jqz(t) — kqs(t) on [to; 7o) satisfying
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the initial conditions qn(to) = vy, n =10,3, and

(4.1) gzg)) < go(t) < gig)) t € [to; 7o) ;
(4.2) a@®]oll < la(to)lo| + (), ¢ € [to;70)-

If 1o < +o0 then q(t) is continuable on [to; To].

Proof. Let q(t) = qo(t) — iq1(t) — jg2(t) — kq3(t) be the solution of Eq. (L.1)) with
Gn(to) = yn, n = 0,3, and let [tp; T) be the maximum existence interval for ¢(t).
We must show that

(43) T Z T0 -

Under the restriction 1) the system ([2.1)) takes the form

(4.4) {q() +ao()g2 + {bo(t) + co(t)Yao — P(t, a1, g2, g3) = O;

a/+‘c(10(t)aifqo(t):07 t2t07

fao (1) = ((br(8)+e1(t)) qo+dr (2), (b2(t) +ea(t)) qo+da(t), (bs(t)+c5(t)) qo+ds(t)) ,

LQO (t) =
(b 0(t) + co(t) + 2a0(t)qo cs(t) — bs(t) ba(t) — ca(t) )
b3 ( ) — 03( ) bo(t) =+ Co(t) + 2a0(t)q0 Cc1 (t) — by (t) R
ca(t) — ba(t) bi(t) — c1(t) bo(t) + co(t) + 2a0(t)qo

t >to, ¢ = (q1,q2,q3). Since the hermitian part Equ(t)( ) of the matrix L) (t)
is Eq () = diag {bo(t) + co(t) + 2ao(t)qo(t), bo(t) + colt) + 2ao(t)qo(t), bo(t) +
co(t) + 2ao(t)qo(t) }, by the second equation of the system (4.4) ||[¢(t)].|| we have
the estimate (see [8, p. 56, Lemma 4.2]):

t

lla®)1 < llatt) I exp{~ [ (blr) + calr) + 2a0(hao(r)

to

(4.5) + /exp{—/ (bo(s) +co(s) + 2a0(s)qo(s)) dS}quO(T)(T)H dr,
t Eg[to;tl) . '

From the condition 4) of the theorem it follows that

(46) bo(t) + C()(t) + 2a0(t)q0(t) >0, te [to; tl) R
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for some t; > ty. Show that

(4.7) ol i i € [to; To) 5
(4.8) Noll < lllg(to)]ull + M() telto:Ts).

From (4.5) and 1) it follows

t

lla®L 1 < llatto)a ]+ 5 exp{~ [ (bos) + co(s) + 2a0(s)an()) ds}

to

t T

> /(exp{/ (bo(s) +co(s) + 2a0(8)90(8)) ds}>/

wzn 1 (ba(7) + ca(7))?

o(7)
for t € [to;t1). From here from and 5) it follows ([@.8). Since ||[q(to)]s| < T
from we obtain

—Rr(t) + qo(t) < P(t,q1(t), ¢2(t), q3(t)) < Rr(t) +qo(t), t € [tost1).

From here and from 2) it follows
(4.9) Bu(t) < P(t,qu(t), q2(t),qs(t)) < Ba(t),  t € [to;t).
Consider the Riccati equation
(4.10) ' +ao(t)r® +{bo(t) + co(t)}r — P(t, q1(t), q2(t), qs(t)) =0,  t € [to;t1).

Let r(t) be a solutlon of this equatlon with r(t9) = qo(tp). Then by virtue of
Theorem [2.1] from 1), 2) and it follows that r(t) exists on [tg;t1) and

dr + ||(d1(7'),d2(7),d (7'))||cl7'7
o 3

€ [to;t1)
ot at 0

Bi(t)
1(

Obviously ¢o(t) is a solution of Eq. - on [to;t1). Hence by the uniqueness
theorem ¢o(t) coincides with r(¢) on [tg;t1), and therefore (4.7)) is valid. Let T} be
the upper bound of all ¢; € [tg; T') for which (4.7)—(4.9) are satisﬁed. We assert
that

(4.11) T, =T.
Indeed otherwise from (4.7) it follows that

Ba2(T1)

qo(t) > — 0a(T1) "
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From here and from 4) it follows that bo(t) + co(t) + 2a0(t)qo(t) > 0, ¢ € [T1;T3)
for some T > T7. Hence

(4.12) bo(t) + co(t) + 2ao(t)qo(t) > 0, t € [to; T2).
Then repeating the arguments of the proof of (4.7) and (4.8)) we conclude that
t) (t
Palt) < qo(t Alt) . t € [to; 1) ;
0[2( 041 )
a(®)]oll < Ma(to)loll + M(2) tefto:Iz),

which with 1' contradicts the definition of 7. The obtained contradiction

proves (4.11)). Thus

“ﬂz < qo(t teto;T);
Oél

Mol < lllg(to))wll +9M(2) telfto:T).

By virtue of Lemma from here it follows (4.3) and fulfillment of (4.1)) and

[ 2). If 70 < +o00 then by Lemma [2.1] from (4.1)) and ([4.2)) it follows that ¢(t) is
continuable on [tg; 7o)
The theorem is proved. (Il

Let 79 < +00. Set:

Vzil(w) T a(7))?

ao(T)

()= [ 1) dato). ds(e )l + 5 s

Ry () = Jao(£)| (I + 90" (1))* + ZIb ) +en®IT+M(), € [to; o] -

Corollary 4.1. Let ap,(t) and Bn(t), m = 1,2, be continuously differentiable on
[to; To] functions such that (—1)"au,(t) > 0, (=1)™B(t) > 0, t € [to; 0], m =1,2.
If:

G} 4+ 2(—1)™ /o (6)Bm (D), t € [to; 7o),

3*) bo(t) +co(t) < —2|ag(t)|Ri(t), t € [to;T0l;
4*) supp (bn(t) + cn(t)) C supp ao(t), n=1,3, the function

[\/Zjl(bn(twcn(tw

RG] ] is bounded on [to; 0],
0
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then for every o € |- 512:‘;); B}, g € R, n=T.3, with |[(1,7,7) | <T

Eq. (1) has a solution q ) = qo(t) —iq1(t) — jga(t) — kqs(t) on [to; To] satisfying
the initial conditions qn(70) = Yn, n= 0,3, and

(4.13) Bi(t) <4/ Balt t € [to;70);
041( 042

(4.14) Aol < Ma(mo)]w]| + 2 (¢ t € [to;70] -

Proof. Set: \g =ty = 70, () = —a(Xg — 1), b(t) = —b(Xo — 1), (1)
—C()\o— t) ( ) = — ( ) a()(t) = —ao()\o—t), bn(t) —bn(Ao—t), En(t)

7Cn()\0 ) dn(t) = dn(AO - t),

VI (Bu(r) 4 2u(r))?
<T> ’

0

/Hdl ). do(7), dy(r)) dr + 3 sup

Te[to, ]

Rr(t) = [ao(6)| (T + (1)) +Z|b )+ E I +M(E), ¢ e [tos o],

where

aolt ao (1) ’
of 0, if Go(t) = 0.

[Vzi_l@m : w»“‘] VELGOROR 2,
)
0
In Eq. make the substitution
q(t) =u(ro—1t), € to;7o].
we obtain
(4.15) w4 ua(t)u + b(t)u + ue(t) + d(t) =0,  t € [to; 7).
It is not difficult to verify that
M(No — ) = M* (1), Rr(Xo —t) = Rp(t), t€lto;To.
From here and from the conditions 1), 1*)-4*) of the corollary we get:
a1 (t) < ao(t) < as(t), Bi(t) < Rr(t) +do(t) < Ba(t)
bo(t) + o(t) > 2lao(t)| Rr(t),
~ /
B+ 2 5 (5200 - 220 ) 2 G0, e )
where &, (1) = —az_m(No — 1), Bum(t) = —Fam(ho — 1), m=1,2, t€ [to;0],

\/Zizl(%(nﬁn(t))z] .
1S
0

supp (by (t)+Gn(t)) C supp do(t), n = 1,3, the function =5
(0]

bounded on [to;79]. By Theorem from here is seen that for every



98 G.A. GRIGORIAN

% € \/gzgz o] 5, e R, n=T3, with [|(1,%.73)|| < T Eq. @T5)

Oé (to
has a solution u(t) = ug(t) — iu1(t) — jus(t) — kus(t) on [to; 70] and
52('5) Bi(t)

Tu@®]oll < lfulto)loll + (),  t€ [to;mo].

From here it follows that Eq. (1.1]) has a solution q(t) = qo(t) —iq1(t) —jg2(t) —kgs(t)
on [to; 7o), satisfying the initial conditions ¢, (7o) = ¥, n = 0,3 and the estimates

(4.13) and (4.14) are valid.

The corollary is proved. O

5. A COMPLETELY NON CONJUGATION THEOREM

Consider the linear system
{cb/ =C(t)o + At)Y;
V'=-D(t)p - B(t)y, t=to.

where ¢ = ¢(t) and ¢ = ¥(¢) are the unknown continuously differentiable vector
functions of dimension 4, A(t), B(t), C(t)and D(t) are the same matrix functions

as in (2.5).

Definition 5.1. We will say that the solution (4(t),1(t)) of the system (5.1
satisfies the completely non conjugation condition if ¢(t) #£ 6, ¥(t) #6 > tg,
where 6 is the null vector of dimension 4.

(5.1)

Theorem 5.1. Let the conditions of Theorem (of Theorem are satisfied.
Then the solution (¢(t),¥(t)) of the system (5.1) with ¥ (to) = (voF — 1l —v2J —

v3K)p(to) # 0, where v, >0, n€ S(#D), > v #0, yn € (—o0;+00), n € O
nes

(where v, >0, n = 0,3) satisfies of the completely non conjugation condition.

Proof. Let the conditions of Theorem (of Theorem be satisfied and let
q(t) = qo(t) —iq1(t) — jga(t) — kqs(¢) be the solutions of Eq. with g, (to) = 70,
n = 0,3 By virtue of Theorem [3.1| (Theorem q(t) exists on [tg; +00). From the
condition > v, > 0 (7, >0, n=0,3) it follows that

neé

(5.2) at) £0,  t>to.

By 24) vi(t) =¢ ¢(t) is a solution of Eq. (2:3) on [t; +00). From (5.2) it follows
that

(53) det Yl (t) 7& O, t Z to .

Let ®4(t) be the solution of the matrix equation

' = [AD)Y1(t) + C)]® =0, t>t,
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satisfying the initial condition ®1(t9) = E. Them by the Liouville’s formula we
have

(5.4) det @(t) = exp{/tr [A(T)Y1(T) + C(7)] dT} >0, t>t.

to

Let (4(t),1(t)) be the solution of the system (5.1]) satisfying the initial condition
of the theorem. Then

o(t) = 2(t)o(to),  »(t) = Yi(H)@(t)o(to) -

From here from (5.3) and (5.4) it follows that ¢(t) # 0, ¥(t) # 0, t > to.
The theorem is proved. (I

Remark 5.1. Except in a special case when A(t) and D(t) are diagonal matrices
and C(t) = B*(t), t > to (here * is the transpose sign) the system (5.1]) is not
hamiltonian.
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