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Boundedness and compactness of some

operators on discrete Morrey spaces

Martha Guzmán-Partida

Abstract. We consider discrete versions of Morrey spaces introduced by Gunawan
et al. in papers published in 2018 and 2019. We prove continuity and compactness
of multiplication operators and commutators acting on them.
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1. Introduction

Morrey spaces have been studied extensively by many authors on several con-

texts and for different purposes since the seminal paper [6] by Morrey. These

spaces can be considered as generalizations of the classical Lebesgue spaces, BMO

and Lipschitz spaces, and turn out to be very suitable for certain kind of classical

operators in analysis and partial differential equations.

Recently, H. Gunawan et al. in [2], [3] have introduced discrete versions of

these spaces, and they have studied inclusion relations, and the action of the

Hardy–Littlewood maximal operator and Riesz potentials on them.

The analysis of discrete versions of several function spaces, or classical operators

in harmonic analysis, has been a subject of great interest along the years. Its study

goes back to several authors, for example, [5], [7], [8], [9], just to mention a few.

Our goal is to study properties of continuity and compactness of classical oper-

ators such as convolutions, multiplication operators and commutators acting on

these sequence spaces. In order to do that, the first step will be to obtain a suffi-

cient condition to determine if a family in this sequence space is totally bounded.

Later, we will apply this result to obtain compactness of multiplication operators

and commutators. All of these will be done in the following sections of this work.

We will employ standard notation along this note, and as usual, we shall denote

by C a constant, probably different at different occurrences.
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2. Preliminaries

To define the discrete Morrey spaces lpq we will be always assuming along this

note that 1 ≤ p ≤ q < ∞.

The discrete Morrey spaces for dimension n = 1 have been defined by H. Gu-

nawan et al., see [2], in the following way:

Given m ∈ Z, N ∈ N0 = N ∪ {0}, the set

lpq = {x = (xk)k∈Z ∈ R
Z : ‖x‖lpq < ∞},

where

‖x‖lpq = sup
m∈Z,N∈N0

(2N + 1)1/q−1/p

( m+N
∑

k=m−N

|xk|
p

)1/p

,

is called a discrete Morrey space.

It turns out that
(

lpq , ‖·‖lpq
)

is a Banach space such that lpp = lp is the classical

space of p-summable sequences indexed by Z. Also, it can be viewed as a subspace

of the continuous Morrey space Mp
q (R) equipped with the norm

‖f‖Mp
q
= sup

a∈R,r>0
r1/q−1/p

(
∫ a+r

a−r

|f(y)|p dy

)1/p

,

if we consider a sequence (xk)k∈Z ∈ lpq as a step function
∑

k∈Z

xkχ[k−1/2,k+1/2).

However, as in [2], we will consider here lpq as a space on its own.

In the paper [3], the authors also consider the Hardy–Littlewood maximal

operator M on the space lpq , in fact, they proved that this operator is bounded

from lpq into itself for 1 < p ≤ q < ∞. The operator M is defined for each m ∈ Z

by

Mx(m) = sup
N∈N0

1

2N + 1

m+N
∑

k=m−N

|xk|.

As we mentioned in the introduction of this paper, we first state a result about

precompactness for families in lpq that will be very useful to prove compactness

of some operators acting on these spaces. In order to state it, we will make use

of the following lemma that was proved in [4].

Lemma 1 ([4]). Let X be a metric space. Assume that for every ε > 0, there

exists δ > 0, a metric space W , and a mapping Φ: X → W so that Φ(X) is

totally bounded, and whenever x, y ∈ X are such that dW (Φ(x),Φ(y)) < δ, then

dX(x, y) < ε. Then X is totally bounded.

Our corresponding result on precompactness is as follows.
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Lemma 2. Let F = {xα : α ∈ A} a subset of lpq . Assume that the following

conditions hold:

(1) There exists C > 0 such that ‖xα‖lpq ≤ C for every α ∈ A.

(2) Given ε > 0 there exists K ∈ N such that

1

(2N + 1)1/p−1/q

(

∑

|k−m|≤N, |k|>K

|xα(k)|
p

)1/p

< ε

for each α ∈ A, each N ∈ N0 and every m ∈ Z.

Then, the set F is totally bounded.

Proof: Define Φ: F → R
2K+3 by

Φ(xα) = (xα(−K − 1), . . . , xα(K + 1)).

Assumption 1 implies the existence of a constant C1 = C1(K, p, q) such that

‖Φ(xα)‖(R2K+3,‖·‖2) ∼

( K+1
∑

k=−K−1

|xα(k)|
p

)1/p

≤ C1

for every α ∈ A.

Since in finite dimensions boundedness and total boundedness are equivalent,

we conclude that Φ(F) is a totally bounded subset of R
2K+3.

Now, given ε > 0, if α, β ∈ A and

(1) ‖Φ(xα)− Φ(xβ)‖(R2K+3,‖·‖p) < ε,

we will have that for any N ∈ N0 and any m ∈ Z

1

(2N + 1)1/p−1/q

( m+N
∑

k=m−N

|xα(k)− xβ(k)|
p

)1/p

≤
1

(2N + 1)1/p−1/q

(

∑

|k−m|≤N, |k|>K

|xα(k)− xβ(k)|
p

)1/p

+
1

(2N + 1)1/p−1/q

(

∑

|k−m|≤N, |k|≤K

|xα(k)− xβ(k)|
p

)1/p

< 2ε+ ε

because of assumption 2 and estimate (1). Thus

‖xα − xβ‖lpq < 3ε.

Finally, we invoke Lemma 1 to conclude that F is totally bounded. �
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The next result proves the continuity of an appropriate convolution operator

on the sequence space lpq .

Proposition 3. Let y ∈ l1 and define for 1 ≤ p ≤ q < ∞, x ∈ lpq , the se-

quence Cy , where

Cy(k) = x ∗ y(k) =
∑

n∈Z

x(n)y(k − n).

Then, the operator Cy is bounded from lpq into itself.

Proof: Given any m ∈ Z and any N ∈ N0, we can apply Minkowski’s inequality

for integrals to obtain

( m+N
∑

k=m−N

|Cy(k)|
p

)1/p

=

( m+N
∑

k=m−N

∣

∣

∣

∣

∑

j∈Z

x(j)y(k − j)

∣

∣

∣

∣

p)1/p

=

( m+N
∑

k=m−N

∣

∣

∣

∣

∑

l∈Z

x(k − l)y(l)

∣

∣

∣

∣

p)1/p

≤
∑

l∈Z

( m+N−l
∑

s=m−N−l

|x(s)|p
)1/p

|y(l)|

=
∑

l∈Z

( (m−l)+N
∑

s=(m−l)−N

|x(s)|p
)1/p

|y(l)|

≤ ‖y‖l1‖x‖lpq (2N + 1)1/p−1/q

and this implies that

‖Cy(x)‖lpq ≤ ‖y‖l1‖x‖lpq ,

as we wanted to show. �

3. Main results

In this section we study multiplication operators and commutators. We will

see that under appropriate conditions, both are compact operators. We adapt to

our discrete case some of the ideas employed in [1].

For a sequence z, let us denote by Mz the multiplication operator Mz(x) =

xz = (xkzk)k∈Z.

Theorem 4. Let y ∈ l1, z ∈ l∞.

a) For 1 ≤ p ≤ q < ∞ the operator Mz is bounded from lpq into itself.

b) If additionally z ∈ c0, the space of sequences converging to zero, then,

the operator MzCy is compact on lpq .
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Proof: Let us consider x ∈ lpq .

Then for each m ∈ Z and each N ∈ N0 we have

( m+N
∑

k=m−N

|xk|
p

)1/p

≤ ‖x‖lpq (2N + 1)1/p−1/q

and this clearly implies

( m+N
∑

k=m−N

|xkzk|
p

)1/p

≤ ‖z‖l∞‖x‖lpq (2N + 1)1/p−1/q,

in other words, Mz(x) ∈ lpq and

‖Mz(x)‖lpq ≤ ‖z‖l∞‖x‖lpq ,

which shows part a).

Now, assume that z ∈ c0 and let B be any bounded set of lpq .

Thus, there exists M > 0 such that for every x ∈ B

‖x‖lpq ≤ M.

We need to check that {MzCy(x) : x ∈ B} is a relatively compact subset of lpq ,

and for this, it will suffice to prove that both conditions of Lemma 2 are satisfied.

Let x ∈ B, m ∈ Z and N ∈ N0.

By Minkowski’s inequality for integrals we have

( m+N
∑

k=m−N

|MzCy(x)(k)|
p

)1/p

=

( m+N
∑

k=m−N

∣

∣

∣

∣

∑

j∈Z

x(j)y(k − j)zk

∣

∣

∣

∣

p)1/p

≤ ‖y‖l1‖x‖lpq (2N + 1)1/p−1/q‖z‖l∞,

and this implies

‖MzCy(x)‖lpq ≤ M‖z‖l∞‖y‖l1

uniformly on x ∈ B, therefore, condition (1) in Lemma 2 is satisfied.

Now, let ε > 0. Let K be a fixed natural number whose size will be chosen

appropriately later.

Then, for any m ∈ Z and any N ∈ N0, we will get for every x ∈ B

(

∑

|k−m|≤N, |k|>K

|MzCy(x)(k)|
p

)1/p

≤ ‖y‖l1‖x‖lpq (2N + 1)1/p−1/q sup
|k|>K

|zk|

< Mε‖y‖l1(2N + 1)1/p−1/q,

as long as K is selected large enough. This shows that condition (2) in Lemma 2

holds. �
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The following lemma although very simple, will be useful to prove compactness

of the commutator [Mz, Cy].

Lemma 5. For z ∈ c0 and y ∈ l1 define the sequence

ξ(n) :=
∑

k∈Z

|zn − zn−k||yk|, n ∈ Z.

Then, ξ ∈ c0.

Proof: Clearly ξ ∈ l∞. Given ε > 0 let us select K1 large enough so that
∑

|k|>K1

|yk| < ε.

Now, for n ∈ Z we have

ξ(n) =
∑

|k|≤K1

|zn − zn−k||yk|+
∑

|k|>K1

|zn − zn−k||yk|

≤
∑

|k|≤K1

|zn − zn−k||yk|+ 2‖z‖l∞ε.

Since z ∈ c0, we can choose K ≫ K1 such that for |n| > K

∑

|k|≤K1

|zn − zn−k||yk| ≤ ε‖y‖l1.

Finally, collecting the previous estimates we get

0 ≤ ξ(n) < ε‖y‖l1 + 2‖z‖l∞ε

for |n| > K, that is, ξ ∈ c0. �

Remark 6. Notice that the previous proof works even for z ∈ c, the space of

convergent sequences.

Theorem 7. Let z ∈ c0, y ∈ l1, 1 < p ≤ q < ∞. Then, the commutator [Mz, Cy]

is a compact operator on lpq .

Proof: By Lemma 5, given ε > 0 there exists K large enough such that

sup
|n|>K

∑

k∈Z

|zn − zn−k||yk| < ε.

Let us remind that the commutator of the operators Mz and Cy is defined as

[Mz, Cy] := MzCy − CyMz.

Hence, given a sequence x = (xn)n∈Z, we can proceed formally as follows:
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For n ∈ Z

|[Mz, Cy](x)(n)| ≤
∑

k∈Z

|zn − zn−k||xn−k||yk|

=
∑

k∈Z

|zn − zn−k|
1/p′

|yk|
1/p′

|zn − zn−k|
1/p|yk|

1/p|xn−k|

≤ 21/p‖z‖
1/p
l∞

(

∑

k∈Z

|zn − zn−k||yk|

)1/p′
(

∑

k∈Z

|xn−k|
p|yk|

)1/p

.(2)

If TK denotes the operator of truncation, that is

x 7−→ (. . . , 0, x−K , . . . , xK , 0, . . .),

and I denotes the identity operator, we will have for |n| > K using (2)

|(I − TK)[Mz, Cy](x)(n)|

≤ (2‖z‖l∞)1/p sup
|n|>K

(

∑

k∈Z

|zn − zn−k||yk|

)1/p′
(

∑

k∈Z

|xn−k|
p|yk|

)1/p

≤ (2εp/p
′

‖z‖l∞)1/p
(

∑

k∈Z

|xn−k|
p|yk|

)1/p

.

Now, taking into consideration that (I − TK)(ξ)(n) = 0 for |n| ≤ K, for any

sequence ξ, we get for x ∈ lpq , for every m ∈ Z and for every N ∈ N0

[ m+N
∑

n=m−N

|(I − TK)[Mz, Cy](x)(n)|
p

]1/p

≤ (2εp/p
′

‖z‖l∞)1/p
( m+N

∑

n=m−N

∑

k∈Z

|xn−k|
p|yk|

)1/p

= (2εp/p
′

‖z‖l∞)1/p
(

∑

k∈Z

|yk|

( m+N−k
∑

j=m−N−k

|xj |
p

))1/p

≤ (2εp/p
′

‖z‖l∞)1/p ‖y‖
1/p
l1 ‖x‖lpq (2N + 1)1/p−1/q,

which implies that

‖(I − TK)[Mz , Cy]‖lpq→lpq ≤ (2εp/p
′

‖z‖l∞)1/p ‖y‖
1/p
l1 ,

or equivalently

(3) ‖[Mz, Cy]− TK [Mz, Cy]‖lpq→lpq ≤ (2εp/p
′

‖z‖l∞)1/p ‖y‖
1/p
l1 .
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Since the operator TK [Mz, Cy] is compact because it is of finite rank, the

relation (3) implies that [Mz, Cy] is compact.

The proof of Theorem 7 is completed. �
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