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Boundedness and compactness of some

operators on discrete Morrey spaces

MARTHA GUZMAN-PARTIDA

Abstract. We consider discrete versions of Morrey spaces introduced by Gunawan
et al. in papers published in 2018 and 2019. We prove continuity and compactness
of multiplication operators and commutators acting on them.
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1. Introduction

Morrey spaces have been studied extensively by many authors on several con-
texts and for different purposes since the seminal paper [6] by Morrey. These
spaces can be considered as generalizations of the classical Lebesgue spaces, BMO
and Lipschitz spaces, and turn out to be very suitable for certain kind of classical
operators in analysis and partial differential equations.

Recently, H. Gunawan et al. in [2], [3] have introduced discrete versions of
these spaces, and they have studied inclusion relations, and the action of the
Hardy-Littlewood maximal operator and Riesz potentials on them.

The analysis of discrete versions of several function spaces, or classical operators
in harmonic analysis, has been a subject of great interest along the years. Its study
goes back to several authors, for example, [5], [7], [8], [9], just to mention a few.

Our goal is to study properties of continuity and compactness of classical oper-
ators such as convolutions, multiplication operators and commutators acting on
these sequence spaces. In order to do that, the first step will be to obtain a suffi-
cient condition to determine if a family in this sequence space is totally bounded.
Later, we will apply this result to obtain compactness of multiplication operators
and commutators. All of these will be done in the following sections of this work.

We will employ standard notation along this note, and as usual, we shall denote
by C' a constant, probably different at different occurrences.
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2. Preliminaries

To define the discrete Morrey spaces [l we will be always assuming along this
note that 1 < p < ¢q < 0.

The discrete Morrey spaces for dimension n = 1 have been defined by H. Gu-
nawan et al., see [2], in the following way:

Given m € Z, N € Ny = NU {0}, the set

1P ={x = (zr)rez € R”: ||z[;p < oo},
where
m+N 1/p
lelly = s N4 nY (S )
meZ, NeNo k=m—N
is called a discrete Morrey space.
It turns out that (12, ||-[|;») is a Banach space such that 5 = I? is the classical
space of p-summable sequences indexed by Z. Also, it can be viewed as a subspace
of the continuous Morrey space MF(R) equipped with the norm

atr 1/p
g = s o[ ippan)

a€R,r>0 —r

if we consider a sequence (x1)rez € IF as a step function

Z TEX[k—1/2,k+1/2)-
kEZ
However, as in [2], we will consider here I8 as a space on its own.
In the paper [3], the authors also consider the Hardy-Littlewood maximal

operator M on the space I2, in fact, they proved that this operator is bounded

q )
from {f into itself for 1 < p < g < co. The operator M is defined for each m € Z

by

1 m—+N
Mx(m) = sup Tk
(m) N€N02N+1k:;]vl |

As we mentioned in the introduction of this paper, we first state a result about
precompactness for families in /! that will be very useful to prove compactness
of some operators acting on these spaces. In order to state it, we will make use
of the following lemma that was proved in [4].

Lemma 1 ([4]). Let X be a metric space. Assume that for every € > 0, there
exists 6 > 0, a metric space W, and a mapping ®: X — W so that ®(X) is
totally bounded, and whenever z,y € X are such that dy (®(x), ®(y)) < d, then
dx(x,y) < e. Then X is totally bounded.

Our corresponding result on precompactness is as follows.
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Lemma 2. Let F = {z,: a € A} a subset of IL. Assume that the following
conditions hold:

(1) There exists C' > 0 such that ||za[/p < C for every a € A.
(2) Given e > 0 there exists K € N such that

1 1/17
engmarr=vd (D DENIENCID
|k—m|<N, |k|>K

for each o € A, each N € Ny and every m € Z.
Then, the set F is totally bounded.

PROOF: Define ®: F — R2E+3 by
Q(zq) = (Ta(—K —1),...,za(K +1)).

Assumption 1 implies the existence of a constant C1 = C1 (K, p, q) such that

K+1

1/p
||<I><za>||<Rm,|.|2>~< 3 |za<k>|p> <o

k=—K-1

for every a € A.

Since in finite dimensions boundedness and total boundedness are equivalent,
we conclude that ®(F) is a totally bounded subset of R25+3.

Now, given € > 0, if «, 8 € A and

(1) (|P(z0) — ¢($ﬂ)||(R2K+37|\‘Hp) <e,
we will have that for any NV € Ny and any m € Z

1 m+N 1/p
oy 2 b - el

k=m—N

1 1/p
3 e =rd (D NN CEPACI )

|k—m|<N, |k|>K

1 1/p
I e 71 (D DI NGRS

|[k—m|<N, [k|<K

<2+e
because of assumption 2 and estimate (1). Thus
e — sl < 3e.

Finally, we invoke Lemma 1 to conclude that F is totally bounded. (I
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The next result proves the continuity of an appropriate convolution operator
on the sequence space .

Proposition 3. Let y € [! and define for 1 < p < ¢ < 00, = € I8, the se-
quence C,, where

Cy(k) =z xy(k) = a(n)y(k —n).

ne”Z
Then, the operator Cy is bounded from I} into itself.

PrOOF: Given any m € Z and any N € Ny, we can apply Minkowski’s inequality
for integrals to obtain
P )l/p

(S?I%@WYW=QS?

k=m—N

> a()y(k - j)

(m—0)+N

1/p
)3 |mﬂw)|mm

s=(m—1)—N

<yl [zl (2N + 1)/r=1/4

leZ ( s=m—N-—I
IE€Z (

and this implies that

1Cy @)l < llyllllzllie,
as we wanted to show. O

3. Main results

In this section we study multiplication operators and commutators. We will
see that under appropriate conditions, both are compact operators. We adapt to
our discrete case some of the ideas employed in [1].

For a sequence z, let us denote by M, the multiplication operator M, (z) =

xz = (Tp2k)kez-

Theorem 4. Let y €', z € [,

a) For 1 <p < g < oo the operator M, is bounded from lf into itself.
b) If additionally z € co, the space of sequences converging to zero, then,
the operator M,C, is compact on [¥.
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PROOF: Let us consider z € [F.
Then for each m € Z and each N € Ny we have

m+N 1/p
( 3 |xk|p) < el @N + 1)/r-1e
k=m—N

and this clearly implies

m+N 1/p
( 3 |xkzk|p> < Nl Nzl (2N + 1)V 1e,
k=m—N

in other words, M. (z) € IF and
1M (@) lip < [zl [[]lug,
which shows part a).

Now, assume that z € ¢o and let B be any bounded set of [L.
Thus, there exists M > 0 such that for every x € B

[zl < M.

We need to check that {M.C,(z): = € B} is a relatively compact subset of 2,
and for this, it will suffice to prove that both conditions of Lemma 2 are satisfied.

Let x € B, m € Z and N € Ng.

By Minkowski’s inequality for integrals we have

p\1/p
S a()ylk - ) )

JEL
<yl izl (2N + 1)VP7 14 2 ) o,

( b3 |Mz0y<x>(k>|p>1/p< b3

k=m—N k=m—N

and this implies
M. Cy ()|l < M[2[lie< Iyl
uniformly on x € B, therefore, condition (1) in Lemma 2 is satisfied.
Now, let ¢ > 0. Let K be a fixed natural number whose size will be chosen

appropriately later.
Then, for any m € Z and any N € Ny, we will get for every z € B

1/p
( 3 |Mzcy<x><k>|f’) < Iyl el @N + DYP~17 sup |z
lk—m|<N, |k|>K k|> K

< Me|lylln (2N +1)YP=t,

as long as K is selected large enough. This shows that condition (2) in Lemma 2
holds. (I
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The following lemma although very simple, will be useful to prove compactness
of the commutator [M,, C,].

Lemma 5. For z € ¢y and y € I' define the sequence

&(n) ::Z|Zn*2nfk||yk|; n € Z.
keZ
Then, £ € cp.

PRrROOF: Clearly ¢ € I*°. Given € > 0 let us select K large enough so that

Z lyk| <e.

‘k“>K1
Now, for n € Z we have

§(n) = Z |20 — zn—k||yx| + Z |2n = zn—k| |y ]

[k <Ky [k|>Ky
< Z |Zn - Zn—k||yk| + 2”2”10"5-
|k| <Ky

Since z € ¢g, we can choose K > K such that for |n| > K

Z |Zn - Zn—k||yk| < EHyHll-
|k|<K1

Finally, collecting the previous estimates we get
0<¢(n) <ellylln + 2lz[lie
for |n| > K, that is, £ € co. O

Remark 6. Notice that the previous proof works even for z € ¢, the space of
convergent sequences.

Theorem 7. Let z € ¢p, y € 1!, 1 < p < g < co. Then, the commutator [M,,C,]
is a compact operator on l}.

Proor: By Lemma 5, given € > 0 there exists K large enough such that

sup Z |z — zn—kllyx| <e.
In|>K =7

Let us remind that the commutator of the operators M, and C), is defined as
[M,,C,] := M,C, — CyM,.

Hence, given a sequence & = (zy,)nez, we can proceed formally as follows:
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ForneZ

M, Cyl(@) () < D lzn = 2n-kl@n—llye]

keZ
= Z |Zn - Z7t—k|1/p/|yk|1/p/ |Zn - Zn—k|1/p|yk|1/p|xn—k|
keZ
. Y 1/p’ 1/p
) <2 /pnznlwp(z jon — zn_knyu) (Dxn_myu) |

kEZ keZ

If Tk denotes the operator of truncation, that is
x— (..,0,z_k,...,2K,0,...),
and I denotes the identity operator, we will have for [n| > K using (2)

(I = Tre) [M, Cy) () (n)]

1/p’ 1/p
< @]2]i=)"? sup (Zmznknym) <Z|xnk|p|yk|)
[n|>K \ ez keZ

, 1/p
< (2677 ||Z||l°°)1/p<z |xnk|p|yk|) |
keZ

Now, taking into consideration that (I — Tk )(§)(n) = 0 for |n| < K, for any
sequence §, we get for x € I, for every m € Z and for every N € Ny

|: m—+N

1/p
S (- T M cy1<x><n>|ﬂ

n=m—N

m—+N p
< (2777121 ”P( > D lan- kl”lyk)

n=m—N k€EZ
m+N—k 1/p
= (2eP/P |z||zoo>”p(2|ykl( > lxﬂ‘”))
kezZ j=m—N—k

< " |lza=) P Nlglod P lallig (2N + 1)1,
which implies that
(T = Ti) Mz, Cyllipig < (26777 ||211i0e) 7 1y,
or equivalently

1
(3) 1M, Cy) = Tic[M., Cylllipiy < (2777 |2 ]1=) 7 1y
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Since the operator Tx[M,,C,] is compact because it is of finite rank, the

relation (3) implies that [M.,Cy] is compact.

The proof of Theorem 7 is completed. O
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