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Abstract. In this paper, we consider the direct and inverse problem for time-fractional
diffusion in a domain with an impenetrable subregion. Here we assume that on the bound-
ary of the subregion the solution satisfies a generalized impedance boundary condition.
This boundary condition is given by a second order spatial differential operator imposed
on the boundary. A generalized impedance boundary condition can be used to model cor-
rosion and delimitation. The well-posedness for the direct problem is established where
the Laplace transform is used to study the time dependent boundary value problem. The
inverse impedance problem of determining the parameters from the Cauchy data is also
studied provided the boundary of the subregion is known. The uniqueness of recovering the
boundary parameters from the Neumann to Dirichlet mapping is proven.
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1. INTRODUCTION

Here we are interested in studying the direct and inverse problem for a sub-diffusive
partial differential equation in a domain with an impenetrable subregion. To close
the system we require that the solution has a given flux on the outer boundary and
satisfies a homogeneous generalized impedance boundary condition on the interior
boundary. We assume that the model is given by the fractional diffusion equa-
tion, where the spatial partial differential operator is given by a symmetric elliptic
operator. The temporal derivative is given by the Caputo fractional derivative de-
noted 95 for a fixed @ € (0,1). There has been a lot of interest in the study of
sub-diffusive process in recent years, see, e.g., [14] and the references therein. It
has even been shown in [16] that sub-diffusive processes can be used as a regu-
larization strategy for classical severely ill-posed backward diffusive processes. In
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general, we have seen in the literature that the generalized impedance boundary
condition models complex features such as coating and corrosion (see, e.g., [3]).
Therefore, we see that the boundary condition considered here can be used to model
different physical situations. Even though we only consider the inverse coefficient
problem of recovering the impedance parameters, another interesting inverse prob-
lem corresponds to recovering that shape of the impedance region. This can be
done using the so-called factorization method (see [17] for details). The factoriza-
tion method only provides a way of recovering the impedance region and here we
focus on recovering the coeflicents assuming the region is known. In [3] a general-
ized impedance condition is derived to asymptotically describe delimitation for the
acoustic scattering problem. In [11] the factorization method is employed to solve
the inverse shape problem of recovering an inclusion with a generalized impedance
condition from electrostatic data and unique recovery of the impedance coefficients
is proven. Recently, in [9] the factorization method was studied for a heat equation
to reconstruct interior cavities. The interior cavity is given by a thermal insulating
region which gives a zero flux on the interior boundary. See the manuscript [17] for
an in-depth study of the factorization method applied to inverse scattering prob-
lems. Even though it is not considered here, the question of employing the fac-
torization method to recover the interior boundary is an interesting open problem
for either the heat equation or the sud-diffusive equation. See [4], [7] for other
examples of the inverse problem for recovering the impedance coefficients from elec-
trostatic data.

Just as in these manuscripts, we are interested in the inverse impedance prob-
lem of unique recovery of the impedance coefficients. Here we will assume that we
have the Cauchy data coming from the fractional diffusion equation. For other re-
cent manuscripts that have considered inverse problems for an impedance condition
and fractional derivatives see [12], [13], [15], [23]. Just as in [20] we will use the
Laplace transform to study the well-posedness of a diffusion equation. In order to
prove solvability in the time-domain, we will formally take the Laplace transform
of the time-fractional diffusion equation in question then appealing to Laplace in-
version formula from Chapter 3 of [22]. The Laplace and Fourier transforms are
very useful tools for studying time-domain problems. In many manuscripts such
as [2], [20] the Laplace and Fourier transform are used to prove the solvability of
hyperbolic and parabolic equations. This is done by reducing the time-domain to
an auxiliary problem in the frequency-domain, where one proves well-posedness for
the auxiliary problem. In order to establish well-posedness in the time-domain,
one must establish explicit bounds on the frequency variable and appeal to the in-
verse transform. Once in the frequency-domain, one can employ techniques used for
elliptic equations. In order to prove the well-posedness of the sub-diffusion equa-
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tion studied here, we will study the transformed equation and carefully derive the
stability estimates with respect to the frequency variable just as in the aforemen-
tioned works.

The rest of the paper is organized as follows. In Section 2 we rigorously define the
direct and inverse problems under consideration. To do so, we will define the bound-
ary value problem that will be studied as well as the appropriate assumption on the
coefficients. Then in Section 3, we prove well-posedness of the direct problem by
studying the corresponding problem in the frequency domain given by the Laplace
transform of the time dependent problem. Section 4 is dedicated to studying the
inverse impedance problem of recovering the generalized impedance boundary pa-
rameters from the knowledge of the Neumann-to-Dirichlet mapping. Lastly, in the
final section, we conclude by summarizing the result from the previous sections and
discuss future problems under consideration.

2. PROBLEM STATEMENT

In this section, we will formulate the direct and inverse problem to be analyzed in
Sections 3 and 4. The problems will be rigorously defined so that we may employ
variational methods for solving these problems. We begin by considering the direct
problem associated with the sub-diffusion equation with an impenetrable interior
inclusion with a generalized impedance boundary condition. Here, we let D C R? be
a simply connected open set with C?-boundary I'; with unit outward normal v. Now
let Dy C D be a (possible multiple) connected open set with C2-boundary Iy, where
we assume that dist(Fl,ﬁo) > d > 0. This gives that the annular region Dy = D\ﬁo
is a connected set with boundary 0D; =T'; UTy. See Figure 1 for example.

Figure 1. Example of a circular domain D with and elliptical subregion Dy.



In order to study this problem, we will consider the space of tempered distributions
which vanish for ¢t < 0 (i.e., causal). Now we define u(x,t) as the causal tempered dis-
tribution solution to the sub-diffusion equation with a generalized impedance bound-
ary condition that takes values in H*(D) for any ¢t > 0. The boundary value problem
under consideration is given by

(2.1)  Ofu=V-Ax)Vu—c(x)u in D1 x Ry with u(z,t) =0 V<0,
(2.2) Opaul, ey = f(2)g(t) and  Blu(t)][r, =0 Vi >0.

We will assume that the parameter o € (0, 1) is fixed. The fractional time derivative
is assumed to be the Caputo derivative defined by

o, 1 taTu('7T)
Ofu = r(1—a)/0 t— 1) dr,

where I'(1 — a) is the Gamma function evaluated at 1 — .. Here the boundary
operator in (2.2) is defined as

d d
(2.3) Blu] = Oy, u — 577(55)5“ + v(x)u,
where d/do be the tangential derivative and o is the arc-length parameter on T'g.
Here we take v to be the unit outward normal to the domain Dy and v- AV = 9,, be
the corresponding conormal derivative. Also, the generalized impedance boundary
condition on the boundary I'g is understood in the weak sense such that

[ (s du(-.t) dp 3 1
0= ,/1"0 (SoauAu('yt) +77 1o 5 +')/U(,t)(p) do VQO cH (PO) and £>0.

To study problem (2.1)-(2.2) we assume that the spatial partial differential op-
erator is symmetric and elliptic. To this end, we let the matrix-valued coefficient
A(x) € C%Y(Dy, R?*2) be symmetric positive definite such that

E-A(2)€ = Amin|é]? for ae. x € Dy.
The scalar coefficient ¢(x) € L*(Dy) is such that
c(x) 20 forae. z€ Ds.

Notice that the assumptions on the coefficients give that the differential operator
defined by the right-hand side of (2.1) is a symmetric elliptic partial differential
operator. The regularity assumptions on the domain and coefficients ensure that
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we can apply unique continuation for the elliptic operator, which is important for
considering the inverse problem. The flux on the boundary is given by the separated
function f(x)g(t), where f € H='/2(I';) and g is piecewise continuous for all ¢ > 0 of
exponential order such that g(t) = 0 for all ¢ < 0. Now, assume that the impedance
parameters 7 € L>°(I'g) and v € L>(T'y). For analytical considerations throughout
the paper, we will assume that the coefficients satisfy

N2 Nmin >0 and v > ymin >0 for ae. z € Ty,

Note that in three spatial dimensions the operator %n% is replaced by the Laplace-
Beltrami operator divr, (7 gradr,) and the analysis in Section 3 holds. The analysis
in Section 4 does not hold in three spatial dimensions. There is little known for
the recovery on the impedance parameters in three dimensions. Also, the analysis
presented in the following sections can be simply augmented for the classical diffu-
sion process, where the fractional derivative is replaced with the classical first order
temporal derivative.

For completeness, we will state the result that will be used in Section 3 to prove
well-posedness. This gives a characterization of which analytic functions with values
in Banach space is the Laplace transform of a causal tempered distribution. To this
end, let C;4 = {s € C, Re(s) > 0} and X be a Banach space. Assume that the
mapping ®: C; — X is an analytic function such that

(2.4) 1% (s)llx < C(Re(s))|sl* with < —1,

where C: (0,00) + (0,00) is non-increasing with C(c) = O(c~!) as ¢ — 0 for some
[ € N. Then there exists a unique X-valued causal tempered distribution ¢(¢) whose
Laplace transform is ®(s), see [22] Chapter 3 for details.

Now when we have formulated the direct problem, we define the inverse problem
under consideration. Here we are interested in the inverse impedance problem of
determining the boundary operator # (i.e., the impedance parameters) from the
knowledge of the solution w on the outer boundary of I';. To this end, assume
that the temporal function ¢ is fixed and that we have Neumann-to-Dirichlet (NtD)
mapping denoted by A that maps

FuC e, Vt>o0.

It is clear that A depends on the boundary parameters and we wish to study the
injectivity of the mapping (n,~) — A. Since the temporal function g is assumed to
be fixed, we have that the NtD operator can be viewed as linear mapping given by

Af= u('at)|F1



for any f € H~'/2(I'). Using the NtD mapping to estimate the coefficients in
a differential equation goes back to at least the Calderon problem (1980) in electrical
impedance tomography [6]. It is clear that the NtD mapping will depend non-linearly
on the coefficients but one can ask questions about uniqueness and stability. This is
the basis of electrical impedance tomography, where there has been a lot of research
in using the NtD mapping (see, e.g., [18]). In our analysis, we will assume the
knowledge of the NtD mapping. A similar inverse impedance problems have been
considered in [11] for the electrical impedance tomography problem.

3. ANALYSIS OF THE DIRECT PROBLEM

To analyze the direct problem we will use the Laplace transform. Therefore, let X
be a Banach space, where we let TD[X] denote the X-valued causal tempered dis-
tribution with values in the Banach space X (see [22] for details). In order for the
solution wu(-,t) of (2.1)—(2.2) to be a causal tempered distribution, we will assume
that g is a causal (real-valued) piecewise continuous function for all ¢ > 0 of ex-
ponential order. This gives that the boundary data f(z)g(t) is a causal tempered
distribution with values in H~1/2(T";). We define the Laplace transform for a causal
tempered distribution w € TD[X] as

Llw(t)} = /0 T w(t)etdt denoted W(s) = Z{w(t)}

for any s € C4 = {s € C, where Re(s) > 0}. By our assumptions on g(t) we have
that the Laplace transform of the boundary data exists and is given by f(x)G(s),
where Z{g(t)} = G(s). We will further assume that there is a constant independent
of s € C4, where the Laplace transform for g satisfies

(3.1) G| < 777

for some p > 1Vs e Cy.
5P

Now we consider the function space for the solution to the direct problem. Due
to the generalized impedance condition (2.3) we consider the solution as a causal
tempered distribution that has values in H'(Dy,Tg). Therefore, we wish to show
the existence and uniqueness of the solution u € TD[H'(D1,T)] that is the solution
to (2.1)-(2.2) for given boundary data f(x)g(t) € TD[H'/2(I';)]. We now define
the space for which we attempt to find the solution as

HY(Dy,Ty) = {p € H'(D;) such that ¢|r, € H'(To)}



with that associated norm/inner-product

||50||?'-11(D1,1"0) = H@H%{l(pl) + H@H%{l(ro)-

It is clear that H'(Dy,Ty) is a Hilbert Space with the graph norm defined above.
Here the Sobolev spaces on the boundary are defined by the dual pairing between
HP(T;) and H~P(I';) (for p > 0) with L*(T';) as the pivot space, where I'; for
7 = 0,1 are the closed curves defined in the previous section. The definition of the
aforementioned Sobolev spaces can be found in [8], [21].

In order to prove the well-posedness of (2.1)—(2.2) with respect to any given spatial
boundary data f € H~/2(T';) and fixed causal temporal data g satisfying (3.1), we
use the Laplace transform. We formally take the Laplace transform of equation
(2.1)—(2.2) and by appealing to the fact that the solution v is causal, we obtain

(3.2) -V - A@)VU + (c(x) +s*)U=0in D; VseCy
(3.3) O, UG 8)|r, = f(2)G(s) and BlU(;s)|lr, =0 VseCy.

Equations (3.2)—(3.3) are obtained by interchanging the spatial differential operators
with the Laplace transform, e.g.,

ZL{V - Ax)Vu — c(z)u} =V - A(x)V.L{u} — c(x).L{u},

where we use the fact that the coefficients and spatial differential operators are
independent of ¢. This is done similarly to the boundary conditions to obtain (3.3).
Here, U(+; s) denotes that Laplace transform of u(-,t). We have used the fact that

L{0fu(-, 1)} = s7U(5s)

by appealing to the definition of the fractional time derivative and the convolution
theorem for Laplace transforms. Indeed, notice that the Caputo derivative 0fu(-, t)
is the convolution integral of dyu(-,t) and t~*/I'(1 — «). Therefore, we formally see
that convolution theorem would give that

1

gl—a’

L0 uy = {0} Z{t" /T(1 = a)} = [sU(;s) = u(-,0)]

using the fact that u(-,0) = 0 (see, e.g., equation (2.253) of [19]). We can consider
(3.2)—(3.3) as the frequency-domain boundary value problem associated with (2.1)-
(2.2). Using the Laplace (or Fourier) transform to study time-domain problems is
commonly done for hyperbolic problems (see, e.g., [2], [5], [10]). To prove the well-
posedness of (2.1)-(2.2) for u € TD[H'(D;,Ty)] will be done in two steps. First,
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we prove that (3.2)—(3.3) has a unique solution in H'(Dy,T). Then we can apply
the Laplace inversion theorem (see [22] Chapter 3) to conclude that (2.1)-(2.2) is
well-posed. This means we need to prove that U(+; s) satisfies the estimate (2.4). To
this end, we will employ a variational technique for proving the well-posedness of
(3.2)—(3.3), where we must establish the stability estimate, where the dependence on
the frequency variable s € C is explicit to apply the Laplace inversion theorem.

We have that for any given V'€ H'(D;,T) the equivalent variational formulation
of (3.2)—(3.3) is obtained by appealing to Green’s 1st Theorem and is given by

(3.4) as (U, V) +bU, V) =15(V).

Here the sesquilinear forms as(-,-) and b(-,-): H'(D1,T9)? — C are defined by

(3.5) as(U, V) = / (A(2)VU - VV + (c(z) + s*)UV) dz,
D,
(3.6) b(U, V) = /F (n%%+7UV) do

and the conjugate linear functional I(-): H'(D1,Tg) — C is defined as

(3.7) L(V) = G(s) / 7 do.
'

It is clear that the sesquilinear forms are continuous for any given s € C; by ap-
pealing to the boundedness of the coefficients and the Cauchy-Schwartz inequality.
In order to prove the well-posedness we will use the Lax-Milgram Lemma (see [21]
Theorem 6.5), where the coercivity constant will depend on s. Then, in order to
prove that the solution U(;s) € H(D1,Ty) to (3.4) (and therefore (3.2)—(3.3)) is
the Laplace transform of a tempered distribution u € TD[H'(D1,To)] that solves
(2.1)—(2.2), we prove that the reciprocal of the coercivity constant satisfies the as-
sumption of the Laplace inversion formula given by equation (3.2) in [22].

Theorem 3.1. The sesquilinear form a(-,-) defined by (3.5) satisfies the estimate
las(U,U)| > C cos(ar/2) min(1, Re(s)a)HUH%{l(Dl),

where C > 0 is a constant depending only on the coefficient matrix.

Proof. To prove the claim, notice that

jas (U, U)] = [e7* A a (U, U)| > [Re(e* *ay (U, U))].



Here Arg(s) denoted the argument of the complex number (i.e., the angular variable

when represented in polar coordinates) such that s = |s|e! A8(5),

s € C4 which gives that |a Arg(s)| < an/2 and therefore,

Recall that for any

1 > cos(a Arg(s)) > cos(an/2) >0 Va e (0,1).

This is due to the fact that cos(z) is minimized at +an/2 for any z € [—an/2, an/2].
Therefore, we see that for all U € H'(D1,Ty)

e 1AL g (U, U) = e~ Arels) / (A(@)VU - VU + c(@)|U) da
D,

+ SaefiaArg(s)/ |U|2 dx
D,

for all U € H'(D;,Ty) and notice that s* = |s|%e!*A™8(5)  which gives that
se ioAre(s) = |s]* Also, notice that the volume integrals in as(U,U) are real-
valued based on the assumptions of the coefficients. Now, using the fact that
¢(x) = 0, we can then estimate

Re(e @A) (U, U)) > cos(a Arg(s)) A(x)VU - VU dz + |s|a/ |U|? dz
D1 Dl

cos(an/2)[Amin|| VU |72 (p,) + Re(s)|U122(p,)]
cos(an/2) min(1, Apn) min(1, Re(s)(’)HUH%{l(DI).

VoV

This proves the claim. O

This gives us an explicit s-dependent coercivity estimate in H'(D;) for a(-,-). We
now prove a coercivity estimate in H'(I'g) for the sesquilinear form b(-,-), which
would imply that the sum of the sesquilinear forms is coercive in H'(Dy,T).

Theorem 3.2. The sesquilinear form b(-,-) defined by (3.6) satisfies the estimate
b(U,U)| = C cos(an/2)|IU |31 (1, )

where C > 0 is a constant depending only on the impedance parameters.

Proof. Similarly to proving the lower bound, we consider
b(U,U)| > [Re(e™*Aep(U, U))],
where again Arg(s) is the argument of the complex number s. We still have that

1 > cos(a Arg(s)) = cos(an/2) >0 Va e (0,1),



where again we use the fact that cos(z) is minimized at +an/2 for any z €
[-an/2,an/2]. Therefore, by (3.6) we have that

. . du 2
e AU, U) = e Arele) { / n}—\ +9|U? da}
To do

for all U € H'(D1,Ty). Notice that the line integrals in b(U,U) are real-valued
based on the assumptions of the coefficients. Now, using the lower bounds on the

impedance parameters
N2 Omin >0 and v = ymin >0 for ae. z €T
we have that
—ia Arg(s) dUu 2 2
Re(e 88U, U)) = cos(a Arg(s)) n}d—} +4|U|*do
o o

au;
do llL2(ry)
> cos(am/2) min(Ymin, Tnin) |U| 71 (1)

> cos(amn/2) [nmin

+ iU 21 |

Recall that the norm in H*(Ty) is given by

10eg = [ (|G| +10F) do
:

This proves the claim. O

Notice that the Lax-Milgram Lemma implies that the sesquilinear form given by
as(-,+) + b(-,-) defined by (3.5)—(3.6) can be represented by an invertible operator
T(s) that maps H'(D;,T) into itself so that

as(U, V) +bU, V) = (T(s)U, V) (p,.ro) YU,V € H(D1,Ty).

Since the sesquilinear form a(, ) is analytic for s € C,, we have that T(s) depends
analytically on s € C,. Indeed, to prove the analyticity of as(-, ) we see that by the
Riesz representation theorem there exist bounded linear mappings from H'(Dy,Ty)
into itself such that

/ (A(x)VU . VV+C($)UV) dx = (AlU, V)Hl(Dl,l"o)
D,

and
/ UV dx = (AU, V) gi(p,ryy YU,V € H'(Dy,Ty).
D,
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Now, appealling to (3.5) we see that
GS(U, V) = (AlU, V)Hl(Dl,Fo) + SQ(AQU, V)Hl(Dl,Fo)

and since the mapping s — A; + s*A; is analytic from C to the space of bounded
linear operators, it proves the analyticity of as(-,-). Now provided that T(s) is
invertible its inverse would also depend analytically on s € C.

We will now derive a norm estimate for the inverse of T(s) for any s € C,, where
the dependence on the frequency variable is made explicit. To this end, the lower
bounds given in the above results imply that

[(T(s)U,U) i1 (py,r0)| = C cos(an/2) min(L, Re(s)*) U7 (p, 1y):
where the constant C' is independent of s € C,. Notice that we have used that

Re(e @A), U)) > C cos(an/2)|| UHip(pO)

=
> C cos(an/2) min(1, Re(s)a)||U||?ql(FO).
From the coercivity estimate we have that

C'sec(an/2)

T < — Tt
” (S)HB(Hl(DuFo)) min(l,Re(s)a)

(see [21] Theorem 6.5) in the operator norm, where B(H'(D1,Ty)) is the space
of bounded linear transformations from H!(D;,T) into itself. Therefore, in the
inversion theorem we can conclude that C(Re(s)) from (2.4) is given by

C'sec(arn/2)

C(Re(s)) = min(L, Re(3)2)"

Now we derive a norm estimate for the conjugate linear functional I,(-).

Theorem 3.3. The conjugate linear functional l(-) defined by (3.7) satisfies the

estimate
LW < CIGO) flla—12@0n IV T2 (D1 o) s

where C > 0 is a constant depending only on the domain.

Proof. This is a consequence of the duality between H*!/2 with L? as the
pivot space and the trace theorem (see, e.g., [8]) which gives that

LI <TGl -1r20) IV 272 (00) < CIG 17200 IV | 2 (01.10)-

Here C is the constant from the trace theorem, proving the claim. O

11



By appealing to the Riesz representation theorem we can conclude that the vari-
ational problem (3.4) is equivalent to

T(s)U = Ly where 1,(V)=(Ls,V)gi(p,ry) YV € H'(D1,T).

We have that
[Lsll Dy ro) < ClG) fll 1720,

Provided that G(s) depends analytically on s € C., we can conclude that L, depends
analytically on s € Cy. The analyticity assumption on G(s) is needed so that we may
apply the Laplace inversion formula. This implies that U = U(-,s) € H*(D1,T0)
is given by U(-,s) = T(s)"!Ls and is therefore analytic with respect to s € C.
By appealing to the estimate of the norm for the inverse of T(s) we have that the
solution U to the variational problem (3.4) satisfies the norm estimate

C'sec(arn/2)

) . L < e
(3 8) ||U( aS)HH (D1,T0) mm(l, Re(s)a)

|G(5)|Hf”H71/2(r1),

where the constant C' > 0 is independent of s € C. From the above analysis we have
that there is a unique solution to (3.2)—(3.3) satisfying the stability estimate (3.8).
We recall that (3.2)—(3.3) was obtained by taking the Laplace transform of the time
dependent equations (2.1)—(2.2). In order to prove the well-posedness of (2.1)—(2.2),
we still need to show that U(-, s) is the Laplace transform of a causal tempered
distribution u(-,t) that takes values in H*(Dy,Ty). To do so, we will appeal to the
Laplace inversion theorem which can be applied, since we have assumed that the
Laplace transform for g(t) satisfies (3.1). Applying equation 3.3 from [22] gives the
following result.

Theorem 3.4. Assume that f € H~'/?(T'y) and the Laplace transform of g(t)
given by G(s) depends analytically on s € Cy satisfying (3.1). Then we have that
there is a unique solution u € TD[H'(D1,Ty)] to (2.1)—(2.2). Moreover, we have the

estimate
[u )l 11Dy 1oy < CET P fllgroaseryy Y F € HTV/2(T)

when t > 1, where the constant C > 0 is independent of t.

Notice that Theorem 3.4 gives that there is a solution u(-, ) to (2.1)—(2.2) that has
at most polynomial growth in ¢. The proof of Theorem 3.4 is a direct consequence
of the previous analysis in this section along with the strong inversion formula for
the Laplace transform. The polynomial growth will play a role in an estimate in the
proceeding section to study the inverse problem.
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4. ANALYSIS OF THE INVERSE PROBLEM

In this section, we consider the inverse impedance problem of recovering the
impedance parameters 1 and 7 from the Cauchy data. These types of inverse
problems have applications where one needs to infer about the interior structure
of a medium from boundary measurements. Indeed, this comes up in medical imag-
ing and non-destructive testing when investigating the interior structure must be
done without being able physically access the interior. These problems are frequently
found in engineering applications of non-destructive testing. The mathematical ques-
tions are uniqueness, existence, and continuity with respect to the given measure-
ments as well as developing numerical inversion algorithms. These questions have
been studied for the elliptic problem coming from electrical impedance tomography
in [4], [7], [11], where uniqueness results are given as well as numerical methods for
recovering the impedance parameters. Note that the generalized impedance condi-
tion given in (2.3) depends on the material parameters n and v linearly. Therefore,
one hopes to derive a direct algorithm for recovering the coefficients. This is useful,
since it would not require initial estimate on the material parameters. In [11] this
is done in the case of electrical impedance tomography as well as developed a fac-
torization method for recovering the interior boundary. Whereas in [4] a system of
non-linear boundary integral equations is used to recover the impedance parameters
and interior boundary I'y. Here we will only focus on the question of uniquely de-
termining the impedance parameters on the interior boundary from measurement on
the exterior boundary.

To begin, we assume that the temporal part of the flux g(¢) is a causal tempered
distribution that is again fized such that its Laplace transform G(s) is well-defined
and depends analytically on s € C, satisfying (3.1). Therefore, by Theorem 3.4
we have that there is a unique solution u to (2.1)—(2.2) that is a causal tempered
distribution that takes values in H'(D;,Ty) for all ¢ > 0. Then we consider the
Neumann-to-Dirichlet (NtD) mapping denoted by A that maps

H~Y2(T)) — TD[HY?(T))

such that
feul,t)e, VE>O0.

We will assume that the NtD is known, i.e., one can measure the solution on
the boundary T'; given the flux f. By appealing to Theorem 3.4 and the trace
theorem we have that the NtD operator is a well defined linear operator. In-
deed, we have that by Theorem 3.4, the mapping f +— u(-,t)|p, exists as a
bounded linear map from H~'/2(I';) into TD[H'(D1,T¢)]. Then by the trace
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theorem the mapping u(-,t)|p, +— wu(t)|r, is a well defined bounded linear
mapping from TD[H'(D;,Ty)] into TD[HY?(T';)] and we see that the NtD is
the composition of the aforementioned bounded linear mappings. The main
idea in this section is to extend the theory developed in [11] for the electri-
cal impedance tomography problem for our inverse problem by appealing to the
Laplace transform. This employs variational techniques to prove the unique-
ness of the coefficients from the knowledge of the NtD mapping. Since vari-
ational techniques are used, less regularity is needed in the analysis than in
[4] but one requires the knowledge of the full NtD mapping. We will assume
that the NtD mapping is known for any f € H~Y/2(T';) and for all t > 0
denoted

A= A(n,y) with Af =u(-,t)|r, Vt>D0.

Since the NtD mapping is known for all ¢ > 0, we can consider the Laplace transform
of the NtD mapping

2ian - | Tl ) dr

that maps

f—=U(,8)|r, foranyseCy,
where U is the solution to (3.2)—(3.3). Since U solves an elliptic problem, it is easier
to study the uniqueness in the frequency-domain which would imply uniqueness in

the time-domain by the inversion formula. Before we can prove the main uniqueness
result we first prove an auxiliary density result.

Theorem 4.1. Define the set
U={Ulr,: U € Hl(Dl,I‘o) solving (3.2)—(3.3)V f € H*I/Q(I‘l)} C Hl(I‘o).

Then U is a dense subspace of L?(I'y) for any s € Ry such that G(s) # 0.

Proof. It is clear that the mapping f — U(:,s)|r, is linear since it is the
composition of the solution operator for (3.2)—(3.3) and the Trace operator. This
implies that U defines a linear subspace of L?(Ty). Now to prove the claim we will
show that the set / = {0}. To this end, we let ¢ € U+ and let V € Hi(Dy,T1) be
the solution to the dual problem

-V -A@)VV + (¢(x) +35*)V =0 inD; VseCy
O, Vi, =0 and B[V]|r, =¢ VseCy.

14



It is clear that there is a unique solution V € H}(D;,Ty) to the dual problem
above by appealing to similar arguments as in Section 3. Now let s € R such that
G(s) # 0. Therefore, we obtain that

0= Ugads:/ U%[V]ds:/ vo,, V-V, U)ds
To To T'o

= —/F (U8,,V -V, U)ds=G(s) [ fVds YfeH VT)),

Iy

where we have used Green’s 2nd Theorem. Due to the duality of H=!/2 the Hahn-
Banach Theorem implies that V' =0 on I';. Since V has zero Cauchy data on I'y, we
can conclude that V' = 0 in D; by unique continuation due to the assumptions on
the domain and coefficients. The generalized impedance boundary condition implies
that ¢ = 0, proving the claim. O

In order to prove the uniqueness result, we will require that the impedance param-
eters (n,7v) € C(Ty) x L>®(Ty). Even though less regularity is needed to prove the
well-posedness of the problem, we will see that the increased regularity is needed for
the proof of the uniqueness result presented in this section. This is not uncommon
that the well-posedness can be established for weaker assumptions on the coefficients.
The extra regularity for 7 is expected since it turns up in the second order differen-
tial operator on the boundary. This is standard in the analysis of PDEs just as in
standard elliptic regularity results [8].

Theorem 4.2. Let A be the Neumann-to-Dirichlet operator for (2.1)—(2.2) such
that
feul,t)e, VE>O0.

Then the mapping (n,7v) — A(n,7) is injective provided that (n,v) € C(Ig) X
L>(T).

Proof. In order to prove the claim, we proceed by way of contradiction. So
assume that there are two sets of impedance parameters denoted (7;,7;) € C(T'o) X
L>(T) that produce the same NtD data for all ¢ > 0. Then we have that the
corresponding NtD mappings

Aj =A(n;,vy;) forj=1,2

coincide for all f € H~/2(T;). Now define the corresponding solutions to (2.1)-(2.2)
by ) and its Laplace transform by U() which is the solution to (3.2)-(3.3). Since
the Cauchy data for «(9) on I'; coincide for all ¢t > 0, we have that U") = U®) in D,
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for all s € C and for any f € H~/2(T';). We will assume that s € Ry so that the
Laplace transforms of the solution are real-valued. Now denote U = UV = U,
which satisfies the generalized impedance conditions

d d d d
U — —m—U+mU=0,U - —n—U+%U=0 onl,
do " do do “do

By subtracting the equations we obtain

d d
0= —5(771 - nz)aUJr (1 =72)U on T

and integrating over I'y gives that

d d
0= [ ~getm = mg U+ o=V = [y )tde

where the equality comes from integration by parts with the arc length variable o.
Since the above equality holds for all f € H~'/2(T';), appealing to Theorem 4.1 we
can conclude that 73 = 9 a.e. on I'y.

Now assume that f € L?(I';) ¢ H~'Y?(T) is real-valued, then by the similar
analysis as in Section 2 of [7] we can conclude that U € H3/2(Dy), which implies that
9,U € L*(Ty). Then the generalized impedance boundary condition implies that

dU
m— € H'(Iy) VfeL*T),
do

which implies that U € C1(Iy), since HY(I'g) C C(To) and 1, € C(Tg) with m
strictly positive. Since v; = 7, subtracting the generalized impedance conditions
gives

d d ,

Whence quU
(m — 772)5 =C VfelL*I),

where C is some constant. Now define z(o): [0,] — R? as an l-periodic C? repre-
sentation of the closed curve I'g, where [ is the length of the curve. Then we identify
the space H'(Ty) with the auxiliary space H_,[0,1] of I-periodic functions. It is clear
that due to the periodic condition, U(x(0)) = U(z(l)) for all real-valued f € L*(Ty).
Rolle’s Theorem gives that the tangential derivative for U is zero for at least one
point on the curve which gives that

d
(m — nz)d—g =0 for all real-valued f € L*(T;).
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Now to prove that n; = 192, we proceed by contradiction and assume that there is
some z* € I'y, where (71 —n2)(2*) > 0. Due to the continuity there exists § > 0 such
that (n1 —n2) > 0 for all x € Iy =Ty N B(z*, 0). We can conclude that
(4.1) i 0 on I'j for all real-valued f € L*(T'y).

o
Now for any f; and f> linearly independent real-valued L?(I';) functions, we have
that the corresponding Uy, and Uy, are linearly independent (see Theorem 2.2 in [7]).
Therefore, we can conclude that the Wronskian given by

d d
U, Up,) = UflgUfz - Ufngfl

cannot be identically zero on any open subset of I'g. By (4.1) we have that Wronskian
is identically zero on I'j, which contradicts the linear independence of f; and fo
proving the claim. (I

Notice that from the proof of Theorem 4.2 we have that Cauchy data for f and
U(-, s) onT'; uniquely determine the impedance parameters. Assuming that the NtD,
as well as Iy, is known, this implies that we can use a data completion algorithm to
recover Uy(-,s) and 0,,Uy(-,s) on the inner boundary I'g. Recently, in [1] a stable
data completion algorithm was derived using boundary integral equations for the
Helmholtz equation. Provided that A = I and ¢ = 0, the numerical method for
recovering the interior Cauchy data in [1] can be employed for a given s € R;. Once
Us(-,s) and 0, U (-, s) are known on I'g, we can employ the reconstruction algorithm
in Section 4 of [11] to recover the impedance parameters. This method constructs
a linear system of equations to recover the impedance parameters. This gives a direct
method for recovering the parameters where one does not need a priori estimates for n
and v. To do this, we need the compute the Laplace transform of the data. This
would require infinite temporal measurements on I'y which is not physically feasible.
Therefore, we will show that one can take partial temporal measurements on the
outer boundary I'; to approximate the Laplace transform of the NtD mapping.

To this end, we now define the partial temporal NtD measurements on the outer
boundary I';. This is that mapping such that the spatial flux component f €
H~'/2(I';) is mapped to

ug(-,t)|ry, t<T
uy(,t)|r, = { sC:Bln, for some T > 1.
0, t>T

It is clear that us(-,t)|r, € TD[H'/?(Ty)] and it denotes the measured partial tem-
poral data on the finite time-interval (0,77). This can be seen as an approximation
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of the measured data, where we extend that data for all unknown temporal values
by zero. Note that we can write

(4'2) ﬂf(',t)h“l = Xo,1) (t)’u,f(',t)h“l vt >0,

where y is the indicator function. Now, we will estimate the error in the Laplace
transforms in the NtD measurements with respect to the finite time of measurements
taken on (0,T), where T > 1.

Theorem 4.3. Let ﬁf(-,s)|p1 € H'Y?(T'1) denote the Laplace transform of the
partial temporal NtD measurements given by (4.2) for any f € H='/?(T';). Then we
have that there is a m € N such that

Uf(28) = Ur (o 9)lgegryy < CT™e ST ] yoajz(p,y for any T > 1
with the constant C' > 0 being independent of T and f € H~'/%(T';).
Proof. We begin by noticing that
[uf('v t) — af('a r, =1 - Xio,1] (t)]uf('a t)Ir,

for any f € H='/2(T';). By taking the Laplace transform on both sides we have that

oo

Us(r5) = Up(8) = / u(-,t)|r, e dt.

T

From the above equality we are able to estimate the H'/2(I";) norm. Therefore, by
the trace theorem we have

o0
1Us(,8) = Us (-, )l sz g/T (-, )| /2 yye ROt dt
< C/ (s )| 1 (py rgye R dt.
T

Now by the norm estimate in Theorem 3.4 we have that

oo
||Uf(-, S) — Uf(-, s)HHl/z(Fl) < C”f”Hfl/z(pl)/ ta+\1—p|e—Re(S)t dt
T

since we have assumed that T > 1. We now let m = [a+ |1 — p|] and whence

> m _—Re(s)t — o Re(s)T - m (m_k)' Tk
/ t™e dt =e ;ﬂ)(k)if{e(s)mk“ )

T
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which is obtained by the binomial theorem and using standard calculus to evaluate
the improper integral. Therefore, we can conclude that

m
77 —Re(s)T m\ (m—k!
107,9) = TsC Mlareny < Clllasrmene ™7 3 (k) Ro(s)m ki1 L

and again, the fact that T' > 1 proves the claim. ([

Notice that by Theorem 4.3 we have that the Laplace transform of the partial
temporal finite time NtD measurements converge in the operator norm to the Laplace
transform of the NtD measurements for (3.2)—(3.3) as T' — oo. This gives that for
the case when A = I and ¢ = 0 one can use the stabilized data completion algorithm
in [1] to recover the Cauchy data on the inner boundary for a fixed T > 1 and
whence reconstruct the impedance parameters according to [11].

5. SUMMARY AND CONCLUSIONS

Here we have studied the direct and inverse impedance problems for a sub-diffusion
equations with a generalized impedance boundary condition. The analysis for the
direct problem holds in both R? and R3. The analysis uses the Laplace transform
to study the problem in the frequency-domain and to assure that one can use the
inversion formula to infer the solvability in the time-domain. There is still a need
to test numerical methods for solving the direct problem. The uniqueness results
for the inverse impedance problem strongly depend on analysis unique to the R?
case. We have also discussed a possible method for recovering the impedance pa-
rameters for the NtD measurements on the outer boundary. The inversion algorithm
uses a method for the case when the elliptic operator is given by the Laplacian.
A numerical study for the proposed inversion algorithm also needs to be established.
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