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Abstract. We prove a uniqueness result of weak solutions to the nD (n > 3) Cauchy
problem of a Keller-Segel-Navier-Stokes system with a logistic term.
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1. Introduction

We consider the following model of a Keller-Segel-Navier-Stokes with a logistic

source [11], [17]:

∂tu+ u · ∇u+∇π −∆u = n∇ϕ,(1.1)

div u = 0,(1.2)

∂tn+ u · ∇n−∆n+ n2 − an = −∇ · (n∇p)−∇ · (n∇q),(1.3)

∂tp+ u · ∇p−∆p = −np,(1.4)

∂tq + u · ∇q −∆q + q = n in R
N × (0,∞),(1.5)

(u, n, p, q)(·, 0) = (u0, n0, p0, q0)(·) in R
N (N > 3),(1.6)

where u is the velocity of the fluid, π is the pressure, n, p and q denote the density

of amoebae, oxygen and chemical attractant, respectively. The smooth function

ϕ := ϕ(x) is a potential, a is a real constant.
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When ϕ = 0, system (1.1) and (1.2) reduces to the incompressible Navier-Stokes

system. Ogawa and Taniuchi [14] obtained the uniqueness criterion

(1.7) ∇u ∈ L logL(0, T ; Ḃ0
∞,∞(RN ))

with

(1.8) L logL(0, T ; Ḃ0
∞,∞) :=

{
f ;

∫ T

0

‖f‖Ḃ0
∞,∞

log(e + ‖f‖Ḃ0
∞,∞

) dt <∞

}
.

We note that Kozono et al. [12] showed that u is smooth if

(1.9) ∇u ∈ L1(0, T ; Ḃ0
∞,∞).

Here Ḃ0
∞,∞ is the homogeneous Besov space.

On the other hand, when u = 0, system (1.3), (1.4) and (1.5) reduces to the

Keller-Segel system [8], [9], [10], which has been dealt with in many studies [1], [2],

[6], [7], [15], [16], [18].

Very recently, Fan-Zhao [5] (see also [3], [4]) established some regularity criteria

when q = 0.

We will assume that

(1.10) ∇p ∈ L2/(1−r)(0, T ; Ẋr),∇q ∈ L2/(1−s)(0, T ; Ẋs) with 0 < r, s < 1

and

(1.11) ‖f‖Ẋr
:= sup

{‖fg‖L2

‖g‖Ḣr

, g 6= 0
}
.

The space Ẋr of pointwise multipliers maps Ḣ
r into L2. The pointwise multipliers

between different spaces of differentiable functions have been studied [13]. They are

a useful tool for stating minimal regularity requirements on the coefficients of partial

differential operators for proving uniqueness or regularity of solutions.

The aim of this paper is to prove a uniqueness result:

Theorem 1.1. Let u0 ∈ L2, n0 ∈ L1 ∩ H−1 ∩ L∞, p0 ∈ L2 ∩ L∞, q0 ∈ L2,

div u0 = 0, n0, p0, q0 > 0 in R
N . Suppose that ϕ := ϕ(x) is a smooth function.

If (1.7) and (1.10) hold, then problem (1.1)–(1.6) has at most one weak solution.
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Let ηj , j = 0,±1,±2,±3, . . ., be the Littlewood-Paley dyadic decomposition of

unity that satisfies η̂ ∈ C∞

0 (B2 \B1/2), η̂j(ξ) = η̂j(2
−jξ) and

∞∑
j=−∞

η̂j(ξ) = 1 except

for ξ = 0. To fill the origin, we put a smooth cut of ψ ∈ S(R3) with ψ̂(ξ) ∈ C∞

0 (B1)

such that

(1.12) ψ̂ +
∞∑

j=0

η̂j(ξ) = 1.

The homogeneous Besov space Ḃs
p,q := {f ∈ S ′ : ‖f‖Ḃs

p,q
< ∞} is introduced by

the norm

(1.13) ‖f‖Ḃs
p,q

:=

( ∞∑

j=−∞

‖2jsηj ∗ f‖
q
Lp

)1/q

for s ∈ R, 1 6 p, q 6 ∞.

Definition 1.1 (Weak solutions). We say that (u, n, p, q) is a weak solution to

problem (1.1)–(1.6) if the following conditions are satisfied:

(i) 0 6 n, p, q, u, p, q ∈ L∞(0, T ;L2)∩L2(0, T ;H1), n ∈ L∞(0, T ;Ll)∩L2(0, T ;H1)

with 2 6 l <∞;

(ii)
∫ T

0

∫
(−uwt − u ⊗ u : ▽w + ▽u : ▽w) dxdt =

∫ T

0

∫
n▽ϕw dxdt holds for any

T > 0, and any w ∈ C∞

0 (RN × (0, T )) with divw = 0, and u satisfies the energy

inequality

1

2

∫
|u|2 dx+

∫ t

0

∫
|▽u|2 dxds 6

1

2

∫
|u0|

2 dx+

∫ t

0

∫
n▽ϕu dxds, a.e. 0 6 t < T ;

(iii)
∫ T

0

∫
u▽v dxdt = 0 holds for any T > 0 and any v ∈ C∞

0 (RN × (0, T ));

(iv)
∫ T

0

∫
(−nξt−un▽ξ+▽n▽ξ+n2ξ−anξ) dxdt =

∫ T

0

∫
(n▽p+n▽q)▽ξ dxdt holds

for any T > 0 and any ξ ∈ C∞

0 (RN × (0, T ));

(v)
∫ T

0

∫
(−pηt − up▽η + ▽p▽η + npη) dxdt = 0 holds for any T > 0 and any

η ∈ C∞

0 (RN × (0, T ));

(vi)
∫ T

0

∫
(−qξt − uq▽ξ +▽q▽ξ + qξ) dxdt =

∫ T

0

∫
nξ dxdt holds for any T > 0 and

any ξ ∈ C∞

0 (RN × (0, T )).

It is easy to prove the existence of weak solutions [17] and thus we omit the details

here; we only need to prove the uniqueness.
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2. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. First, from the equations

of n, p, q and the maximum principle we see that

(2.1) n, p, q > 0, p 6 C.

For any l > 2, testing (1.3) by nl−1, using (1.10) and denoting w := nl/2, we

obtain

1

l

d

dt

∫
w2 dx+

4(l− 1)

l2

∫
|∇w|2 dx+

∫
nl+1 dx

= C

∫
w(∇p +∇q)∇w dx+

∫
anl dx

6 C(‖w∇p‖L2 + ‖w∇q‖L2)‖∇w‖L2 + C‖w‖2L2

6 C(‖∇p‖Ẋr
‖w‖Ḣr + ‖∇q‖Ẋs

‖w‖Ḣs)‖∇w‖L2 + C‖w‖2L2

6 C‖∇p‖Ẋr
‖w‖1−r

L2 ‖∇w‖1+r
L2 + C‖∇q‖Ẋs

‖w‖1−s
L2 ‖∇w‖1+s

L2 + C‖w‖2L2

6
l − 1

l2
‖∇w‖2L2 + C(‖∇p‖

2/(1−r)

Ẋr
+ ‖∇q‖

2/(1−s)

Ẋs
)‖w‖2L2 + C‖w‖2L2 ,

which gives

(2.2) ‖n‖L∞(0,T ;Ll) + ‖n‖L2(0,T ;H1) 6 C for any l > 2.

Testing (1.1) by u, using (1.2) and (2.2), we observe that

1

2

d

dt

∫
|u|2 dx+

∫
|∇u|2 dx = −

∫
n∇ϕu dx 6 ‖n‖L2‖∇ϕ‖L∞‖u‖L2 6 C‖u‖L2,

which implies

(2.3) ‖u‖L∞(0,T ;L2) + ‖u‖L2(0,T ;H1) 6 C.

Testing (1.4) by p and using (1.2) and (2.1), we deduce

1

2

d

dt

∫
p2 dx+

∫
|∇p|2 dx+

∫
np2 dx = 0,

which implies

(2.4) ‖p‖L∞(0,T ;L2) + ‖p‖L2(0,T ;H1) 6 C.
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Similarly, testing (1.5) by q and using (1.2), (2.1) and (2.2), we infer that

1

2

d

dt

∫
q2 dx+

∫
|∇q|2 dx+

∫
q2 dx =

∫
nq dx 6 ‖n‖L2‖q‖L2 6 C‖q‖L2,

which gives

(2.5) ‖q‖L∞(0,T ;L2) + ‖q‖L2(0,T ;H1) 6 C.

Now we are in a position to show the uniqueness of weak solutions. Let

(uj , πj , nj , pj, qj) (j = 1, 2) be the two weak solutions. We denote

u := u1 − u2, π := π1 − π2, n := n1 − n2, p := p1 − p2, q := q1 − q2.

It is easy to see that

∂tu+ u1 · ∇u+∇π −∆u = n∇ϕ− u · ∇u2,(2.6)

∂tn−∆n = −∇ · (u2n+ un1)−∇ · (n∇p1 + n2∇p)(2.7)

−∇ · (n∇q1 + n2∇q) + an− (n1 + n2)n,

∂tp+ u1 · ∇p−∆p+ n1p = −u · ∇p2 − np2,(2.8)

∂tq + u1 · ∇q −∆q + q = n− u · ∇q2.(2.9)

Define ξ satisfying

(2.10) −∆ξ = n.

Testing (2.6) by u and using (1.2), we deduce by a formal argument:

(2.11)
1

2

d

dt

∫
|u|2 dx+

∫
|∇u|2 dx =

∫
n∇ϕu dx−

∫
u · ∇u2 · u dx =: I1 + I2.

Indeed, this process can be justified by a very similar argument in [14] and thus

we omit it.

We bound I1 as follows:

(2.12) I1 6 ‖n‖L2‖∇ϕ‖L∞‖u‖L2 6 C‖∆ξ‖L2‖u‖L2 6
1

16
‖∆ξ‖2L2 + C‖u‖2L2.

We decompose u2 into three parts in the phase variable:

(2.13) u2 =
∑

j<−M

ηj ∗ u2 +

M∑

j=−M

ηj ∗ u2 +
∑

j>M

ηj ∗ u2 =: ul2 + um2 + uh2 .
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Thus,

(2.14) I2 =

∫
u · ∇u · ul2 dx−

∫
u · ∇um2 ·u dx+

∫
u · ∇u · uh2 dx =: I l2 + Im2 + Ih2 .

Recalling the Bernstein inequality

(2.15) ‖ηj ∗ u‖Lq 6 C2jN(1/p−1/q)‖ηj ∗ u‖Lp, 1 6 p 6 q 6 ∞,

the low-frequency part is estimated as

(2.16) I l2 6 ‖u‖L2N/(N−2)‖∇u‖L2‖ul2‖LN

6 C‖∇u‖2L2

∑

j<−M

2jN(1/2−1/N)‖ηj ∗ u2‖L2

6 C‖∇u‖2L2

( ∑

j<−M

2(N−2)j

)1/2( ∞∑

j=−∞

‖ηj ∗ u2‖
2
L2

)1/2

6 C‖∇u‖2L22−(N−2)M/2‖u2‖L2

6 C‖∇u‖2L22−(N−2)M/2.

The second term can be bounded as follows:

(2.17) Im2 6 ‖u‖2L2‖∇um2 ‖L∞ 6 C‖u‖2L2

M∑

j=−M

‖ηj ∗ ∇u2‖L∞

6 CM‖u‖2L2‖∇u2‖Ḃ0
∞,∞

.

On the other hand, the last term is simply bounded by the Hausdroff-Young

inequality as

Ih2 6 ‖∇u‖L2‖u‖L2‖uh2‖L∞(2.18)

6 ‖∇u‖L2‖u‖L2

∑

j>M

‖{(−∆)−1/2(ηj−1 + ηj + ηj+1)} ∗ ηj ∗ (−∆)1/2u2‖L∞

6 C‖∇u‖L2‖u‖L2

∑

j>M

2−j‖ηj ∗ (−∆)1/2u2‖L∞

6 C2−M‖∇u‖L2‖u‖L2‖∇u2‖Ḃ0
∞,∞

6 C2−M‖u‖2L2‖∇u2‖
2
Ḃ0

∞,∞
+ C2−M‖∇u‖2L2.

Choosing M properly large so that C2−M/2 6 1
36 and C2

−M‖∇u2‖Ḃ0
∞,∞

6 1, we

arrive at

(2.19) I2 6
1

16
‖∇u‖2L2 + C‖u‖2L2‖∇u2‖Ḃ0

∞,∞
(1 + log(e + ‖∇u2‖Ḃ0

∞,∞
)).
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Testing (2.7) by ξ and using (2.10), we have

(2.20)
1

2

d

dt

∫
|∇ξ|2 dx+

∫
(∆ξ)2 dx

= −

∫
u2∇ξ∆ξ dx+

∫
un∇ξ dx+

∫
(n∇p1 + n2∇p)∇ξ dx

+

∫
(n∇q1 + n2∇q)∇ξ dx+

∫
anξ dx+

∫
(n1 + n2)ξ∆ξ dx

=:

8∑

j=3

Ij .

Similarly to (2.19), we have

(2.21) I3 6
1

16
‖∆ξ‖2L2 + C‖∇ξ‖2L2‖∇u2‖Ḃ0

∞,∞
(1 + log(e + ‖∇u2‖Ḃ0

∞,∞
)).

We bound Ij (j = 4, . . . , 8) as follows

(2.22) I4 6 ‖u‖L2‖n1‖L2N‖∇ξ‖L2N/(N−1) 6 C‖u‖L2‖∇ξ‖L2N/(N−1)

6 C‖u‖L2‖∇ξ‖
1/2
L2 ‖∆ξ‖

1/2
L2 6

1

16
‖∆ξ‖2L2 + C‖∇ξ‖2L2 + C‖u‖2L2.

Here we have used the Gagliardo-Nirenberg inequality

‖∇ξ‖L2N/(N−1) 6 C‖∇ξ‖
1/2
L2 ‖∆ξ‖

1/2
L2 .(2.23)

I5 6 ‖n‖L2‖∇ξ · ∇p1‖L2 + ‖n2‖L2N‖∇p‖L2‖∇ξ‖L2N/(N−1)(2.24)

6 C‖∆ξ‖L2‖∇p1‖Ẋr
‖∇ξ‖Ḣr + C‖∇p‖L2‖∇ξ‖

1/2
L2 ‖∆ξ‖

1/2
L2

6 ‖∇p1‖Ẋr
‖∇ξ‖1−r

L2 ‖∆ξ‖1+r
L2 + C‖∇p‖L2‖∇ξ‖

1/2
L2 ‖∆ξ‖

1/2
L2

6
1

16
‖∆ξ‖2L2 + C‖∇p1‖

2/1−r

Ẋr
‖∇ξ‖2L2 + C‖∇ξ‖2L2 +

1

16
‖∇p‖2L2.

Similarly to I5, we have

I6 6
1

16
‖∆ξ‖2L2 + C‖∇q1‖

2/(1−s)

Ẋs
‖∇ξ‖2L2 + C‖∇ξ‖2L2 +

1

16
‖∇q‖2L2,(2.25)

I7 = a

∫
|∇ξ|2 dx,(2.26)

I8 6 ‖n1 + n2‖LN‖∆ξ‖L2‖ξ‖L2N/(N−2) 6 C‖∆ξ‖L2‖∇ξ‖L2(2.27)

6
1

16
‖∆ξ‖2L2 + C‖∇ξ‖2L2 .
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Inserting the above estimates into (2.20), we have

(2.28)
1

2

d

dt

∫
|∇ξ|2 dx+

11

16

∫
|∆ξ|2 dx

6 C‖∇ξ‖2L2‖∇u2‖Ḃ0
∞,∞

(1 + log(e + ‖∇u2‖Ḃ0
∞,∞

))

+ C‖∇ξ‖2L2 + C‖u‖2L2 + C‖∇p1‖
2/(1−r)

Ẋr
‖∇ξ‖2L2

+ C‖∇q1‖
2/(1−s)

Ẋs
‖∇ξ‖2L2 +

1

16
‖∇p‖2L2 +

1

16
‖∇q‖2L2.

Testing (2.8) by p, using (1.2) and (2.1), we have

(2.29)
1

2

d

dt

∫
p2 dx+

∫
|∇p|2 dx+

∫
n1p

2 dx

= −

∫
u · ∇p2 · p dx−

∫
np2p dx =

∫
up2∇p dx−

∫
np2p dx

6 ‖u‖L2‖p2‖L∞‖∇p‖L2 + ‖p2‖L∞‖n‖L2‖p‖L2

6
1

16
‖∇p‖2L2 +

1

16
‖∆ξ‖2L2 + C‖u‖2L2 + C‖p‖2L2.

Testing (2.9) by q and using (1.2), we have

(2.30)
1

2

d

dt

∫
q2 dx+

∫
|∇q|2 dx+

∫
q2 dx

=

∫
nq dx−

∫
u · ∇q2q dx

6 ‖n‖L2‖q‖L2 + ‖u · ∇q2‖L2‖q‖L2

6 ‖∆ξ‖L2‖q‖L2 + C‖∇q2‖Ẋs
‖u‖Ḣs‖q‖L2

6 ‖∆ξ‖L2‖q‖L2 + C‖∇q2‖Ẋs
‖u‖1−s

L2 ‖∇u‖sL2‖q‖L2

6
1

16
‖∆ξ‖2L2 +

1

16
‖∇u‖2L2 + C‖q‖2L2 + C‖∇q2‖

2/(1−s)

Ẋs
‖u‖2L2.

Inserting (2.12) and (2.19) into (2.11), then adding up to (2.28), (2.29) and (2.30)

and using the Gronwall inequality, we conclude that

u = 0, n = p = q = 0,

and thus

u1 = u2, n1 = n2, p1 = p2 and q1 = q2.

This completes the proof. �

A c k n ow l e d gm e n t. The authors are indebted to the referee and editor Milan

Pokorný for some nice suggestions.
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