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Abstract. The line graph of a graph G, denoted by L(G), has E(G) as its vertex set,
where two vertices in L(G) are adjacent if and only if the corresponding edges in G have
a vertex in common. For a graph H, define 72(H) = min{d(u) + d(v): wv € E(H)}.
Let H be a 2-connected claw-free simple graph of order n with 6(H) > 3. We show that, if
go(H) > %(Qn —5) and n is sufficiently large, then either H is traceable or the Ryjacek’s
closure cl(H) = L(G), where G is an essentially 2-edge-connected triangle-free graph that
can be contracted to one of the two graphs of order 10 which have no spanning trail.
Furthermore, if 72(H) > %(n — 6) and n is sufficiently large, then H is traceable. The
bound %(n — 6) is sharp. As a byproduct, we prove that there are exactly eight graphs in
the family G of 2-edge-connected simple graphs of order at most 11 that have no spanning
trail, an improvement of the result in Z.Niu et al. (2012).
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1. INTRODUCTION

We follow Bondy and Murty (see [1]) for undefined terms and notation. We
consider finite, undirected and loopless graphs only, but we allow multiple edges.
For a vertex = of G, Ng(x) is the neighborhood of z in G, and dg(x) or d(zx) is

the degree of z in G. For a vertex set S C V(G), we define Ng(S) = U Ng(x)
€S
and Ng[S] = | Ng(z)US. By k(G), we denote the connectivity of G. A graph is
€S
claw-free if it has no induced subgraph isomorphic to K 3. A graph G is hamiltonian
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(or traceable) if it has a Hamilton cycle (or Hamilton path), i.e., a spanning cycle
(or a spanning path). The circumference of G, denoted by ¢(G), is the length of the
longest cycle of G.

Degree conditions are by now known as the classical approach to hamiltonian
problems. In [7], Dirac proved that if the degree of each vertex of a graph is at
least half of the order, i.e., the number of vertices, (at least three), of the graph (the
Dirac condition), then it contains a Hamilton cycle. In addition to Dirac’s minimum
degree condition, various degree conditions such as the minimum degree sum of an
independent set (the Ore condition—on two independent vertices, the Bondy and
Chvatal condition—on at least two independent vertices) and the maximum degree
of pairs of vertices with distance two (the Fan condition) have been studied for the
hamiltonicity of graphs, circumferences of graphs or other structural properties of
graphs (see the surveys [8], [9]). Here, we study a particular type of conditions,
inspired by the early work of Brualdi and Shanny from the 1980s. In [3], they
considered a degree sum condition on adjacent pairs of vertices of graphs guaranteeing
that their line graphs are hamiltonian. The line graph of a graph G, denoted by L(G),
has E(G) as its vertex set, where two vertices in L(G) are adjacent if and only if the
corresponding edges in G have a vertex in common.

For a graph G, let

72(G) = min{d(u) + d(v): w € E(G)}.

It is easy to obtain a corollary of Dirac’s theorem that every connected graph G of
order n > 3 with 72(G) > 3(3n — 2) (or 72(G) > 3(3n — 3)) is hamiltonian (or
traceable). The bounds (3n — 2) and $(3n — 3) are sharp. The counterexamples
hamiltonian (or traceable) graphs can be seen from the graphs G,,, = (m—+1)K;1V K,
(or GL, = (m+2)K1V K,;,). One easily checks that G,,, with n = |V(G,,)| = 2m+1,
§(Gm) = £(n—1), and 52(Gy) = 2(3n — 3), while Gy, is not hamiltonian since the
number of the components of G,, — V(K,,) is m + 1. Similarly, the nontraceable
graphs G., withn = [V(GL,)| = 2m+2,6(Gl,) = 3(n—2), and 52(G},) = 1 (3n—4).
The above discussion reveals that considering degree sum conditions on adjacent
pairs of vertices for general graphs does not provide anything relevant in the sense of
essentially new and more general results. However, if we consider claw-free graphs,
this picture changes. This was first observed by Chen (see [6]) who considered the
Brualdi-Shanny condition for guaranteeing the hamiltonicity of claw-free graphs.
Before stating the results, we need the following terminology and notation.
A graph is triangle-free if it has no K3. Asin [1], k'(G) denotes the edge-connectivity
of G. An edge cut X of G is essential if G— X has at least two nontrivial components.
For an integer k > 0, a graph G is essentially k-edge-connected if G is connected
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and does not have an essential edge-cut X with |X| < k. Note that a graph G is
essentially k-edge-connected if and only if L(G) is k-connected or complete.

Next, we review some key concepts that we use throughout the paper. The first
concept yields a way to shift attention and considerations from a claw-free graph H
to a closely related line graph L(G) of a triangle-free graph GG. This will enable us
to show the validity of statements about the hamiltonicity and traceability of H by
proving equivalent statements about G. Since we will mainly deal with the latter,
we find it convenient to use H for the original claw-free graph for which we establish
hamiltonicity and traceability results.

Ryjacek in [13] introduced the closure operation of a claw-free graph H, which
becomes a very useful tool in investigating the hamiltonicity or traceability in claw-
free graphs. A vertex v € V(H) is locally connected if the neighborhood of v induces
a connected subgraph in H. The closure of a claw-free graph H, denoted by cl(H), is
obtained from H by recursively joining all pairs of nonadjacent vertices in the neigh-
borhood of each locally connected vertex as long as it is possible. The closure cl(H)
remains a claw-free graph and its connectivity is no less than the connectivity of H.
A claw-free graph H is said to be closed if H = cl(H). The following theorem
summarizes the basic properties of cl(H).

Theorem 1.1 ([13]). Let H be a claw-free graph and cl(H) its closure. Then
(i) cl(H) is well-defined and k(cl(H)) > x(H);
(ii) there is a triangle-free graph G such that cl(H) = L(G);
(iii) both the graphs H and cl(H) have the same circumference.

Let G be a connected graph. For X C E(G), the contraction G/X is the graph
obtained from G by identifying the two ends of each edge e € X and deleting the
resulting loops. Even when G is simple, G/X may not be simple. If I" is a connected
subgraph of G, then we write G/T for G/E(T") and use vr for the vertex in G/T to
which T is contracted, and vr is called a contracted vertexr if I' # K.

A (closed) trail U is called a spanning (closed) trail in G if V(G) = V(¥), and is
called a dominating (closed) trail if E(G — V(¥)) = (). Let Qy(r, k) be the family
of k-edge-connected graphs of order at most r that do not admit a spanning closed
trail. For a given integer p > 0 and a given real number ¢, we use “n > L(p,e)” for
“n is sufficiently large related to p and €”. In [6], Chen proved the following result.

Theorem 1.2 ([6]). Let p > 0 be a given integer and € be a given number, and
k € {2,3}. Suppose H is a k-connected claw-free simple graph of order n with
§(H) =2 3. If 532(H) > (2n+¢)/p and n > L(p,¢), then either H is hamiltonian or
cl(H) = L(G), where G is an essentially k-edge-connected triangle-free graph that
can be contracted to a graph in Qo (5p — 10, k) and p > 3.
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As a special case of Theorem 1.2 with fixed given values of p and ¢, Chen in [6] has
shown that if 2 (H) > (2n —4), then either H is hamiltonian or H is a member of
a well-defined class of exceptional graphs. In [19], Tian and Xiong extended Chen’s
result and proved the case &2(H) > 2n — 1.

Motivated by the results above, in this paper, we give best possible degree sum
conditions of adjacent vertices for claw-free graphs H with 6(H) > 3 to be traceable.

First, we obtain the following analogue of Theorem 1.2 for traceability.

Corollary 1.3. Let p > 0 be a given integer and € be a given number, and
k € {2,3}. Suppose H is a k-connected claw-free simple graph of order n with
§(H) =2 3. If 52(H) > (2n+¢)/p and n > L(p,¢), then either H is traceable or
cl(H) = L(G), where G is an essentially k- edge—connected triangle-free graph that
can be contracted to a graph in Ro(5p — 10, k) and p >

x|

Figure 1. Two graphs of order 10 that have no spanning trail.

@@%

Go

ﬁ%%

Flgure 2. Six graphs of order 11 that have no spanning trail.

Here Ry(r, k) denotes the family of k-edge-connected graphs of order at most r
that do not admit a spanning trail, which will be used for describing the exceptional
classes for the traceability results that will follow. Since some graphs in Qu(r, k)
have spanning trails, such as K>3 for k¥ = 2 and the Petersen graph for k = 3,
Ro(r,k) C Qo(r,k). Let Fy and Fy be the graphs depicted in Figure 1, and let
G1,Ga,...,Gg be the graphs that are depicted in Figure 2. By Theorem 2.4 of
Section 2, we know that Ro(11,2) = {Fy, F5,G1,G2,...,Gs}. As an application of
Corollary 1.3, we get the following result.
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Theorem 1.4. Let H be a 2-connected claw-free simple graph of order n and
§(H) > 3. If52(H) > £(2n—5) and n is sufficiently large, then either H is traceable
or cl(H) = L(G), where G is an essentially 2-edge-connected triangle-free graph
that can be contracted to either I, or F» such that all vertices of degree two are
contracted vertices.

For a graph G, we put D;(G) = {v € V(GQ): dg(v) = i}. For F € {Fy, F»}, let
Dy(F) = {v1,ve,...,v6}. Let F(n,s) be the family of essentially 2-edge-connected
graphs in which each graph is obtained from those F' by replacing each v; € Do(F)
by a triangle-free subgraph of size s; > s such that n = 12 + 26381'. Note that each
graph in F(n, s) may be contractible to F} or Fs. =1

Let R z(n, s) be the set of 2-connected claw-free graphs H whose Ryjacek’s closure
is the line graph of a graph G in F(n,s), i.e., cl(H) = L(QG).

Theorem 1.4 in fact can be deduced from the following result.

Theorem 1.5. Let H be a 2-connected claw-free simple graph of order n with
§(H) > 3. If53(H) > 1(2n—5) and n is sufficiently large, then either H is traceable
or52(H) < +(n—6) and H € Rr(n, £ (2n — 19)).

)14

Theorem 1.5 implies the following result immediately.

Corollary 1.6. Let H be a 2-connected claw-free simple graph of order n.
If 6(H) > £(2n — 5) and n is sufficiently large, then either H is traceable or
§(H) < 2(n—6) and H € Rr(n, (2n — 19)).

An edge e = uv € E(G) is called a pendant edge of G if min{d(u),d(v)} = 1.
For F(n,s), if s = £(n — 12), then let F(n, 2(n — 12)) be the family of essentially
2-edge-connected graphs in which each graph is obtained from those F' € {F1, F»} by
adding %(n — 12) pendant edges to each vertex of degree two in F. From our proof
of Theorem 1.5 (which is given in Section 4), we also obtain the following results.

Theorem 1.7. Let H be a 2-connected claw-free simple graph of order n with
§(H) > 3. If 52(H) > %(n—6) and n is sufficiently large, then either H is traceable

or 5a(H) = £(n—6) and H € Rr(n, g(n —12)).

From Theorem 1.7, we immediately get the following corollary.

Corollary 1.8. Let H be a 2-connected claw-free simple graph of order n. If
§(H) > g(n — 6) and n is sufficiently large, then either H is traceable or §(H) =
$(n—6) and H € Rr(n, g(n —12)).
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Remark 1.9. Let G* be a graph obtained from the graph G; of Figure 2
by adding 1(n — 14) > 2 pendant edges (for a suitable choice of n) at each ver-
tex of degree two in Gi. Then 72(L(G*)) = 3(2n — 14) < +(2n — 5). Clearly,
L(G*) ¢ Rr(n,#(2n — 19)). Note that G* cannot be contracted to a graph in
{F1, F»}. This example shows that the bound 1(2n — 5) in Theorems 1.4 and 1.5 is
asymptotically sharp.

Corollary 1.6 is a substantial improvement of the “6(H) > 1(n — 2)” theorem
obtained by Matthews and Sumner in [11] if H is a 2-connected claw-free graph of
sufficiently large order n. Corollary 1.6 is also an improvement of the “5(H) > %n+4”

theorem obtained by Wang and Xiong in [21].

The remainder of this paper is organized as follows. In Section 2, we present some
auxiliary results and give a brief discussion of Catlin’s reduction. In Section 3, we give
a brief discussion of the core of essentially 2-edge-connected graphs and present some
useful results. In Section 4, the proofs of Corollary 1.3 and Theorem 1.5 are given.

2. PRELIMINARIES AND AUXILIARY RESULTS

Niu, Xiong and Zhang in [12] defined the smallest graph in a collection of graphs
as a graph that has the least order and subject to that it has the least size amongst
all graphs of that order in the collection. In particular, they considered the smallest
order and size of 2-edge-connected graphs without spanning trails as follows.

Theorem 2.1 ([12]). If G is a 2-edge-connected simple graph of order at most 10,
then either G has a spanning trail or G € {Fi, F»}.

In [21], Wang and Xiong proved the following two useful results.

Theorem 2.2 ([21]). Let G be a 2-connected graph with circumference ¢(G).

(a) If ¢(G) < 5, then G has a spanning trail that starts from any given vertex.
(b) If ¢(G) <7, then G has a spanning trail.

The following result is needed in our proof of Theorem 1.5.

Theorem 2.3 ([21]). Let G be a 2-edge-connected simple graph. Then for any
subset S C V(G) with |S| < 6 and E(G—S) = 0, either G has a trail passing through
all vertices of S or G € {Fy, Fy}.

Using Theorem 2.2, Theorem 2.1 can be extended as follows.

Theorem 2.4. If G is a 2-edge-connected simple graph of order at most 11, then
either G has a spanning trail or G € {F1, F»,G1,Ga,...,Gg}.
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Since all graphs depicted in Figures 1 and 2 are not 3-edge-connected, Theorem 2.4
implies the following result.

Corollary 2.5. If G is a 3-edge-connected simple graph of order at most 11,
then G has a spanning trail.

The following theorem shows the relationship between a graph and its line graph.

Theorem 2.6 ([10]). Let G be a graph with |E(G)| > 1. Then the line graph L(G)
of G is traceable if and only if G has a dominating trail.

Theorem 2.7 ([2]). Let H be a claw-free graph. Then H is traceable if and only
if cl(H) is traceable.

2.1. Catlin’s reduction method. Let O(G) be the set of vertices of odd degree
in G. A graph in which each vertex has even degree is called an even graph. A graph G
is collapsible if for every even subset R C V(G), there is a spanning connected
subgraph I'r of G with O(T'r) = R.

In [4], Catlin showed that every graph G has a unique collection of maximal

C
collapsible subgraphs I'1,T'a,...,Tc. The reduction of G is G' = G/( U I‘i), the
i=1

graph obtained from G by contracting each I'; into a single vertex v; (1 é_i < ¢). So
each I'; is the preimage of a vertex v; in G. A graph G is reduced if G' = G.

A graph is supereulerian if it contains a spanning closed trail. The family of
supereulerian graphs is denoted by SL. The graph K is regarded as a collapsible
and supereulerian graph.

Theorem 2.8 ([4], [5]). Let G be a connected graph and let G’ be the reduction
of G.
(a) G is collapsible if and only if G' = K;, and G € SL if and only if G’ € SL.
(b) G has a dominating closed trail if and only if G’ has a dominating closed trail
containing all the contracted vertices of G'.
(¢) If G is a reduced graph, then G is simple and triangle-free with §(G) <
any subgraph ¥ of G, ¥ is reduced and either ¥ € {K1, Ko, Koy (t >
E(W)| < 2V(9)| - 5.

3. For
2)} or

Theorem 2.9 ([22]). Let G be a connected graph of order n and let G’ be the
reduction of G. Then G has a spanning trail if and only if G’ has a spanning trail.
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2.2. Proof of Theorem 2.4. In a graph G, let C' = vov1v2 ... v.(g)—1v0 denote
the longest cycle containing the vertices vo, v1,...,v.g)—1 of G. For convenience, in
the following, the subscripts are taken modulo ¢(G). For any v;,v; € V(C) (with

—

v; # vj), without loss of generality, we assume that ¢ < j. We use v;Cv; to denote
the segment v;v;41 ...v;_1v; of C, i.e., viavj is a trail (path) along the edges of C
starting from the vertex v; and terminating at the vertex v;. Note that v; ij contains
the vertices v; and v; exactly once.

Proof of Theorem 2.4. Let G be a 2-edge-connected simple graph of or-
der at most 11. If G has a spanning trail, then we are done. In the following,
we assume that G has no spanning trail. Assume first that G has a triangle.
Then we let G’ be the reduction of G. By Theorem 2.8 (c), G’ is triangle-free.
Then, since |V(G)| < 11, we obtain that |V(G')] < 9. Now, since G is 2-edge-
connected, G’ is also 2-edge-connected. By Theorem 2.1, G’ has a spanning
trail. Then by Theorem 2.9, G has a spanning trail, a contradiction. There-
fore, we next assume that G is triangle-free. If |V(G)| < 10, then by The-
orem 2.1, G is isomorphic to one of the graphs F} and F, depicted in Fig-
ure 1. Hence, in the remainder of the proof, we only need to consider the
case when |V(G)| = 11. We distinguish two cases based on the connectivity
k(G) of G.

Case 1: k(G) > 2. Since G has no spanning trail then by Theorem 2.2, ¢(G) > 8.
Therefore, 8 < ¢(G) < 9; otherwise G — C has at most one vertex and we can
find a spanning trail of G, a contradiction. Here, C' = vv1vz ... v (g)—1v0 denotes
a longest cycle of G (¢(G) = 8 or 9). By deleting all the chords of C, the resulting
2-connected graph G is a spanning subgraph of G. Thus, G has no spanning trail;
otherwise G has a spanning trail, a contradiction.

Claim 2.10. V(G — C) is an independent set.

Proof. It suffices to prove |V(D)| = 1 for each component D of Gy — C. Let D
be a component of Gy — C with the most vertices. Suppose that |V(D)| > 1. Let
uug ... ug (2 < k < 3) be the maximal path in D. Because Gy is triangle-free and
2-connected, uiv; € E(Gp) for some v; € V(C) and Gy has a spanning trail unless
¢(Go) = 8 and |[V(D)| = 2. Then ¢(Gy) = 8 and D = K. Since G is 2-connected,
we assume that zy is an edge of D with v; € Ng,(z)NV (C), v; € Ng,(y)NV(C) (and
v; # v5). Put G* = Go[E(Go — « — y) U {zv;, zy,yv;}]. Then G* is a 2-connected
spanning subgraph of Gy and v;zyv; is an induced path of length 3 of G*. Let
G= G*/{zy}. Then by Theorem 2.1, either G has a spanning trail or Ge {F1, F>}.
In the first case, G* has a spanning trail, thus Gy has a spanning trail as well.
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Then G has a spanning trail, a contradiction. In the second case, so if Ge {F1, F»},
then by the construction of G, G* has a cycle of length 9, a contradiction. Hence,
|[V(D)| =1, as required. O

Using Claim 2.10, let V(Go — C) = {1, u2,...,u:}. Then since |V(Gp)| = 11 and
8 < ¢(Gp) €9, 2 <t < 3. We prove another claim.

Claim 2.11. For any two vertices z,y € V(Go — C), |[Ng,(z) N Ng, ()] < 1.

Proof. We establish the claim by contradiction. We assume that v;,v; €
Ng(x) N Ne(y) (with v; # v;). Then G™ = Go[E(C) U {xv;, zv;, yv;, yv;}] is a span-
ning even subgraph of Go[V(C) U {x,y}]. Since 8 < |[V(C)| <9, Go—C —z —y
has at most one vertex. Then Gy has a spanning trail containing all edges of G,
a contradiction. ([

Since k(G) > 2, for any x € V(Go — C), |Ng,(x) N V(C)| > 2, and we consider
exactly two edges e, e/, that are incident with x. Let By = {e,,el,: x € V(Go—C)}

t
and G* = Gg {E (Go -U {ul}) U El] Then G* is a 2-connected spanning subgraph
i=1

of Gy and G* has no spanning trail; otherwise, Gy has a spanning trail and thus G
has a spanning trail as well, a contradiction. Let V7 be the set of all vertices of odd
degree in G*. Then V; C V(C). Since |V;1| < 6, |V4] € {0,2,4,6}, and it suffices to
consider the cases when |Vi| =4 or 6 (since, if |V3| =0 or 2, it is immediate that G*
has a spanning trail, a contradiction).

We distinguish the two remaining subcases for Case 1.

Subcase 1.1: |Vi| = 6. Then ¢(G*) = 8 and |V (G* — C)| = 3. Moreover, Ng+(z)N
Ng+(y) = 0 for any z,y € V(G* — C) with = # y. Since |[V(C)| = 8 and |V1| = 6,
there exist at least three consecutive vertices of V3 on C'. Without loss of generality,
we assume that v;, vi41,...,v4 € VI NV(C) with 2 <1 < 5.

First suppose that Vi has exactly three consecutive vertices on C. Then | = 2
and Vi = {vi, vit1, Vite, Vitd, Vits, Vire . Then, since G* — {vjviy1,VitaVits} is
connected and has exactly two vertices of odd degree, G* has a spanning trail,
a contradiction.

Next suppose that V7 has at least four consecutive vertices on C. Then 3 <1 < 5.
Since G* is triangle-free, G* — {v;v; 41, Viy2vi+3} is connected and has exactly two
vertices of odd degree. Then G* has a spanning trail, a contradiction.

Subcase 1.2: |V1| = 4. We prove another claim.

Claim 2.12. For any pair of distinct vertices v;,v; € Vi, v;, v; are nonadjacent

on C.
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Proof. We establish the claim by contradiction. We assume that v;,v;11 € V7.
Then G* — {v;v;41} has exactly two vertices of odd degree. Then G* has a spanning
trail, a contradiction. ([

Using Claim 2.12 and by 8 < ¢(G*) < 9, without loss of generality, we assume
that Vi = {v;, vit2, Vita, viye}. Note that |V (G* —C)| < 3and |Ng«(2)NV(C)| =2
for any € V(G* — C). Then by Claim 2.11 and by Vi = {v;, vit2,Vita,Vite}, it
is easy to check that G* is isomorphic to one of the graphs in {G1,G2,G3,G4} as
depicted in Figure 2.

Since joining any two nonadjacent vertices of a graph in {G1, G2, G3, G4} by an
edge results in a triangle or a spanning trail of the new graph, G = Gy = G*. Hence,
in this situation G € {G1,G2,G3,G4}. This completes the proof for Case 1.

Case 2: k(G) = 1. Let By, Ba,...,Bi(t = 2) be the blocks of G. Since G is
triangle-free, |V (B;)| > 4 for 1 < i < t. We first prove two claims.

Claim 2.13. Each end-block of G has at least 5 vertices.

Proof. If there exists an end-block B; of G with 4 vertices, then G[V(B;)] is
a cycle of length 4. Obviously, G/B; is a 2-edge-connected triangle-free simple graph
of order 8. By Theorem 2.1, G/B; has a spanning trail. Since B; and G/B; have
a vertex in common, the spanning trail of G/B; can be extended to be a spanning
trail of GG, a contradiction. O

Claim 2.14. t = 2.

Proof. We establish the claim by contradiction. Without loss of generality, we
assume that By and B; are two end-blocks of G and By, is a third distinct block of G.
By Claim 2.13, |[V(By)| > 5 and |V(B¢)| > 5. Since both By and B; have at most
one vertex in common with By, 11 = |[V(G)| = |[V(B1)| + |[V(By)| + |[V(Bg)| — 2 >
545+4—2=12, a contradiction. O

Since |V(G)| = 11 and ¢ = 2, either |V(By)| = |V(B2)| = 6 or |V(B1)| = 5 and
|[V(B2)| = 7. Then B; ¢ SL; otherwise, the spanning trail of G/B; can be extended
to be a spanning trail of G, a contradiction.

First suppose that |V(B;)| = |V(B2)| = 6. Since B; ¢ SL, ¢(B;) < 5. By
Theorem 2.2 (a), both By and Bs have a spanning trail that starts from any given
vertex. Since By and Bs have a vertex in common, there exists a spanning trail of G,
a contradiction.

Next suppose that |V(Bi)| = 5 and |V(Bz2)| = 7. Since Bj is 2-connected,
triangle-free and By ¢ SL, By = Ky3. Since By ¢ SL, ¢(Bz) = 6; otherwise,
by Theorem 2.2 (a), both B; and By have a spanning trail that starts from any
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given vertex, there exists a spanning trail of GG, a contradiction. We assume that
C = vou1v2v3v4V5v0 is the longest cycle of Bs.

Then V(B1) N V(C) # 0; otherwise, there exists a vertex u € V(Bz) \ V(C)
such that V(By) N V(B2) = {u}. Since By is 2-connected, there exists a vertex
v; € Ng(u) N V(C). Then Ty = uviavi+5 is a spanning trail of By. Since Bj has
a spanning trail 77 starting from vertex u, by combining 77 and T5, we can get
a spanning trail of GG, a contradiction.

Without loss of generality, we assume that V(B;) N V(C) = {ve} and V(B2) \
V(C) = {u}. Then vy, v1,vs ¢ Ng(u); otherwise, we denote by T} a spanning trail
of B starting from the vertex vy and by Tb = v08v5v0u Or VgUsV4U3VU2V1U OF v08v5u
a spanning trail of Bs starting from vertex vyg. By combining 77 with T5, we can get
a spanning trail of G, a contradiction. Since G is 2-edge-connected and triangle-free,
Ng(u) = {va, v4}.

Then G has a spanning subgraph isomorphic to the graph G5 or Gg as depicted in
Figure 2. Furthermore, by joining any two nonadjacent vertices of G5 or Gg by an
edge, the new graph contains a triangle or a spanning trail of the new graph. Hence,
G € {G5,Gs}. The proof of Theorem 2.4 is completed. O

3. THE REDUCTION OF THE CORE OF A GRAPH AND A TECHNICAL LEMMA

3.1. The reduction of the core of a graph. Let G be an essentially 2-edge-
connected simple graph with a2(G) > 5. Then D;(G) U D2(G) is an independent
set. Let F; be the set of pendant edges in G. For each © € Dy(G), there are two
edges el and €2 incident with z. Let X2(G) = {el: z € D2(G)}. Put

Go = G/(E1 U X2(G)).

In other words, Gy is obtained from G by deleting the vertices in D; (G) and replacing
each path of length 2, whose internal vertex is a vertex in Da(G), by an edge. Note
that Gy may not be simple.

The vertex set V(Gp) is regarded as a subset of V(G). A vertex in Gy is nontrivial
if it is obtained by contracting some edge(s) in E4UX5(G) or it is adjacent to a vertex
in D3(G) in G. For instance, if v € Dy(G) and Ng(v) = {z,y}, and if z, is a vertex
in Gg obtained by contracting the edge zv, then both z, and y are nontrivial in G
(although x, is a contracted vertex and y is not a contracted vertex in Gyp). Since
72(G) = 5, all vertices in D3(Gp) are nontrivial.

Let X = Di(G) U D3(G). In [20], Gy is denoted by Ix(G). Following [14], we
call Gy the core of G.
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Let Gy, be the reduction of Gg. For a vertex v € V(GYy), let I'g(v) be the maximum
collapsible preimage of v in Gy and let I'(v) be the preimage of v in G. Note
that I'(v) is the graph induced by edge(s) composing of E(T'g(v)) and some edge(s)
in Fy U X3(G), for an example, see Figure 3. A vertex v in G is a nontrivial vertex
if v is a contracted vertex (i.e., |[V(I'(v))| > 1) or v is adjacent to a vertex in Dy(G).

Ey ={uay,uas, uas, vby, vby}

Xo(G) = {vy1, wrws}

Go=G/(E1 U X(@))

I'(w)= K3 and I'g(w) = Cs
To(u)=To(v)=K;
Nu)=Tw)=Ki3

) =T(

Go

X

Figure 3. The reduction G{, of the core G of a graph G.
Using Theorem 2.8, Veldman in [20] and Shao in [14] proved the following theorem.

Theorem 3.1. Let G be a connected and essentially k-edge-connected graph with
72(G) = 5, where k € {2,3} and L(G) is not complete. Let G{, be the reduction of
the core Gy of G. Then each of the following holds:

(a) Gy is well-defined, nontrivial, 6(Go) = k' (Go) = k, and /'(G}) = '(Go) = k.
(b) G has a dominating closed trail if and only if G|, has a dominating closed trail
containing all the nontrivial vertices, see [20], Lemma 5.

We have the following similar result.
Theorem 3.2. Under the conditions of Theorem 3.1, G has a dominating trail if
and only if G{, has a dominating trail containing all the nontrivial vertices.

Proof. Clearly, if G has a dominating trail, then G{, has a dominating trail
containing all the nontrivial vertices of G{. Conversely, we assume that G{, has
a dominating trail 7’ containing all the nontrivial vertices of Gy,. Set G, = G{[V (T")]
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and U = V(G{) =V (T"). Then U is an independent subset of both V(Gj) and V(G),
U N Ng[D1(G) U D2(G)] = 0 and T is a spanning trail of G,. Set Gy = Go — U
and Gy = G — (U U D1(G)). By our definitions, G; is a subdivision of G, and G
is the reduction of G5. Since G’ has a spanning trail, by Theorem 2.9, G, has
a spanning trail. Since 72(G) > 5, G; is a subdivision of G5 with each edge of G,
subdivided at most once. It follows that G; has a dominating trail 7" such that
V(Gt) = V(T) C D3(G). Then V(G) — V(T) C U U D1(G) U Dy(G). Since U U
D1(G)U D3 (G) is an independent subset of V(G), T is a dominating trail of G. This
completes the proof. O

In the following, let H = L(G) and assume that H is not complete. Then |V (H)| =
|E(G)| and 72(G) = 6(H)+2. If H = L(G) is k-connected with 6(H) > 3, then G is
essentially k-edge-connected with a2(G) > 5. For each v € V(H), there is an edge zy
in G corresponding to v and dy (v) = dg(x) + dg(y) — 2. We call a path of length k
a k-path. For each edge wv in H, there is a 2-path, P, = zyz in G such that zy
corresponds to the vertex u and the edge yz corresponds to the vertex v in H. Then
dp(u) + dg(v) =dg(z) + 2da(y) + da(z) — 4.

For any 2-path P, = zyz in G, put dg(P) = dg(x) + 2da(y) + da(z). Set

92(G) = min{dg(P,): P is a 2-path in G}.
Thus, for a graph H = L(G),
(3.1) 02(G) = 72(H) + 4.

For a given integer p > 0 and a given real number ¢, if 52(H) > (2n + ¢)/p, then the
preimage G of H = L(G) has

2n+e¢

(3.2) 52(G) > +4.

3.2. Notation and a technical lemma. Let G, Gy and G{, be the graphs defined
above. For v € V(GYJ,), let T'x(v) be the collapsible preimage of v in Gy and let T'(v)
be the preimage of v in G. For convenience, we use the following notation.
>V ={veV(G): [V(I(v))] =3}
> Vi ={veV(Gp): |[V(I'(v))] =1 and v is not adjacent to any vertices in D1 (G) U

Dy(G)};
> Vo ={veV(G)): |[V(IT(w))| =2or |[V(I'(v))] =1 and v is adjacent to a vertex

in Do(G)}

(Note that V* U V; is the set of all nontrivial vertices in Gj,.)
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> & = G}[V1], the subgraph induced by V1 in Gj if V1 # 0;
> Eg = E(®), which is a matching under the conditions of Lemma 3.3 (see below);
> Vo = {v € V1: v is incident with an edge in Eg};
> VY=V — Vs;
> Nq>’2 = U (Ngé (’U) n V*) if V<1> U sz 7é @ (otherwise, Nq>’2 = @)
veEVe UV,

Vi o o o
o y
Ts Ys ,/ —
/; ;\ V@*{lew'wxmyh"wys}

o J \o c/ \0 //c/ l \ E¢:{x1y1,..-,xsys}
ol /// V(I? =V —-Vs
o 0/
C<——O o o
S o Ngps 1%
Go

Figure 4. V(Gp) =V UV UVa =V* U (Vp UVI) U Va.
In [6], Chen proved a technical lemma that follows.

Lemma 3.3 ([6]). Let G be an essentially 2-edge-connected triangle-free graph
such that G # K14 with size n and 2(G) > 5, and satisfying (3.2) and n > L(p, ¢).
Assume that Gy ¢ SL. For V*, Ng 2, V1, Va, ®, Eg, Vs, and V3 defined above, we
have:

(a) For each v € V*, [V(I'(v))] > 302(G) — dg (v) and |[E(T(v))] > 362(G) —
dgé (’U) — 1.

(b) D2(Gp) € V* and so dg; (v) = 3 for v e Vi U Vs,

(c) If Eg # () for each xy € Es, (N (z) —{y})U(Ng; (v) — {z}) € Na 2 and so Eg
is a matching.

(d) For each vertex v in V3 U Va, Ng; (v) C V™, and so VY U Vs is an independent
set.

(e) IfF[V1U V3| = 3, then |V U V| + 4|Va| < 2|V*| = 5. If V2| > 3 or Vg # 0, then
[Val + 3Vol < 2|Naol - 5.

(f) |V*| < p. Furthermore, if |V*| = p and G}y # Ka. for t > 2, then |V(G})| <
2p— 5 — 3e.

(g) For v € Noa, |E(T(v))]

(h) If Vo # 0, then |Ng o
V2 U Ve | # 0.

92(G) —5p —3 and |V*| + |[Na2| < p
3.

>
> 3. If Vo # 0, then |Ngo| > 4. Thus, |Ngo| > 3 if
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4. PROOFS OF COROLLARY 1.3 AND THEOREM 1.5

In this section, we present the proofs of Corollary 1.3 and Theorem 1.5.

Proof of Corollary 1.3.  If H is traceable, then we are done. Thus, in the
following, we assume that H is not traceable, and so H is not hamiltonian and H
is not complete. By Theorem 1.1, cl(H) is not complete and there exists an
essentially k-edge-connected triangle-free graph G such that cl(H) = L(G) and
|E(G)| = |V(H)|. Let G}, be the reduction of the core Gy of G. By Theorem 3.1,
k' (G) = K'(Go) = k. Since H is not traceable, by Theorem 2.6, G has no dominating
trail. By Theorem 3.2, G{, has no dominating trail containing all the nontrivial ver-
tices. Then G{, has no dominating closed trail containing all the nontrivial vertices.
Then by Theorem 1.2, Gj, € Qo (5p — 10, k). Note that Ro(r, k) C Qo(r, k). Since Gj,
has no spanning trail and by Theorem 2.4, G{, € Ro(5p — 10, k) and |V (G})| > 10.
Then 5p — 10 > 10. We conclude that p > 4. This completes the proof. O

Proof of Theorem 1.5. This is a special case of Corollary 1.3 withp =7, = —5
and k = 2. By Theorem 1.1, there is an essentially 2-edge-connected triangle-free
graph G such that the closure cl(H) = L(G) and |E(G)| = |[V(H)| = n. Since
§(H) > 3and 72(H) > £(2n—5), 72(G) > 5 and 6,(G) > L(2n—5)+4 = 1(2n+23)
by (3.2).

Suppose that H is not traceable. Then G # K;; otherwise, by Theorems 2.6
and 2.7, H is traceable, a contradiction. By Corollary 1.3 and Theorem 2.4, G, has
no spanning trail and |V(Gj)| > 10. Therefore, G, ¢ SL.

Let V*, Va, Vg, V& and Ng 2 be the sets relating to G, as defined in Section 3.
If Vo UVa # 0, then by the definition, Ng 2 # ). By Lemma 3.3 (h), |Ng 2| > 3.
Since No o C V*, by Lemma 3.3(g), |[No2| < 3. So, |[Ng2| = 3. Then Vo = 0,
otherwise, by Lemma 3.3 (h), |Ng2| > 4, a contradiction. Since Ngo C V*, by
Lemma 3.3 (g), 3 < |V*| < 4. Then |V U Va| < 3; otherwise, by Lemma 3.3 (e),
|[V*| > 5, a contradiction. Therefore, |V (Gf)| = [VS U Ve + |[V*]| < 3+4 =7,
a contradiction. Hence, Vo = Vo = 0 and V(Gf,) = V§ UV*. Then V* is the set of
all nontrivial vertices of Gj. By Lemma 3.3 (f), |V*| < 7. We distinguish the two
cases that |V*| <6 and |V*| =7.

Case 1: |V*| < 6. By Lemma 3.3(d), E(Gy — V*) = 0. Note that Gj is 2-
edge-connected. Then by Theorem 2.3, either Gf, has a trail passing through all
vertices of V* or G, € {F1,F>}. For the first case, G{, has a dominating trail
containing all vertices of V*. Then by Theorems 2.6, 2.7 and 3.2, H is traceable,
a contradiction.

Hence, G|, € {F1, F>}. By Lemma 3.3 (b), D2(G{)) C V*. Then, since |D2(Gj)| =6,
[V*| = 6. Let V* = Da(Gp) = {v1,v2,...,v6}. Then dg (v;) = 2. By Lemma 3.3 (a)
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and since 62(G) > 1(2n+23), s; |E(I‘(vl))| > 16, (G)—dgy(vi)—1 = 16:(G)-3 >
L(2n—19). Since n = |E(G)| = |E(G6)|+Z:si> 12+ 6( )—3) = 302(G) — 6,

302(G
62(G) < i(n+6). Then by (3.1), 52(H) = 02(G) — 4 < +(n —6). Thus, G €
F(n,£(2n —19)), and so 52(H) < 2(n—6) and H € Rx(n, (2n — 19))
In particular, if 72(H) = +(n—6), then by (3.1), 62(G) = 52(H)+4 = +(n+6). By
Lemma 3.3 (a) and since 62(G) > 1(n+6), s; = |[E(I(v;))| > 362(G) — dGi) (v;)—1=

6
102(G) — 3 > i(n — 12). Since n = |E(G)| = |E(Gp)| + ;si, si = £(n —12)

for v; € V*. By Lemma 3.3 (a), |V(I'(v;))| = 162(G) — day (vi) = [E((v;))] + 1.
Thus, |V(T'(v))| = |E(T(v:))] + 1 and so I'(v;) is a tree. Since G is essentially
2- edge—connected I'(v;) = K15, where s = #(n — 12). Because G € F(n, (n—12)),
H € Rz(n, t(n —12)), this settles Case 1.

In the followmg, we show that the case |V*| = 7 is impossible.

Case 2: |V*| = 7. Then G{ cannot be isomorphic to a Ka; for any ¢t > 2;
otherwise G}, has a spanning trail, a contradiction. By Lemma 3.3 (f), |V(G})| <

—5—2e=2xT7-5— )] 5) = 28, Then |V(Gf)| < 11. Then by Theorem 2.4,
G’ € {F, F5,G1,Gs, .. .,GG}. By Lemma 3.3 (b), D2(Gf) C V*. We distinguish
the following two subcases for Case 2.

Subcase 2.1: G, € {F1,Fy}. Let V* = Do(G) U {v} = {v1,ve,...,v6,v}, where
v E Dg(G,) Then dg; (v;) = 2 and dg; (v) = 3. By Lemma 3.3 (a) and since d2(G) >
7(2n+23), 5 = [E(T(v:))] > 302(G) =3 > 13(2n—19), 5 = |[E(L(v))] > 302(G)—4 >
L (2n—33). Furthermore, since n = 12+5—|—26: si 2 12+4(502(G)—4)+6(362(G)—3) =

=1

262(G) — 10, 62(G) < %(2n + 20), contradicting that 65(G) > 1(2n + 23).

Subcase 2.2: G}, € {G1,Ga,...,Gs}. First suppose that G € {G1,Ga,...,G5}.
Then V* = D2(Gp). Let V* = Do(Gp) = {v1,v2,...,v7}. Then dg;(vi) = 2. By
Lemma 3.3 (a) and since d2(G) > 1(2n —|— 23), s; = |[E(T(v;))] = 362(G) — 3 >
- (2n —19). Furthermore, since n > 13 + Z 5; 2 13+ 7(362(G) — 3) = 162(G) — 8,

i=1
62(G) < £(2n + 16), contradicting that 62(G) > 1(2n + 23).

Next suppose that G}, = G¢. Since |D2(Gj)| = 6 and |V*| = 7, there exists one
vertex v € V(G}) \ Da(G}) such that v € V*. By Lemma 3.3 (d), V2 is an inde-
pendent set. Then v € Dy(Gj). Let V* = Do(Gy) U {v} = {v1,v2,...,v6,v}. Then
da (vi) = 2 and dg; (v) = 4. By Lemma 3.3 (a) and since d2(G) > (2n +23), s

|E(D(v))| > 502(G) = 3 > 13(2n = 19), s = |[E(T(v))] > 502(G) — 5 > 15(2n — 4 )
Furthermore, since n = 14—|—s—|—z s; = 14+(362(G)—5)+6(562(G)—3) = 262(G) -9,
52(G) < £(2n +18), contradlctmg that 62(G) > 1 (2n + 23).

This settles Case 2 and completes the proof. O
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5. CONCLUDING REMARK

In this paper, we have been mainly discussing the traceability of 2-connected
claw-free graphs. In order to prove our main results, one of the essential elements we
needed was a characterization of all the 2-edge-connected graphs of order at most 11
that have no spanning trail. This has resulted in a more or less explicit description
of the obstructions that prevent graphs satisfying the degree conditions from being
traceable for given values of p < 7. For given values of p > 8, it is much harder
to obtain (and write down) such an explicit description, but our main result still
implies that there are only a finite number of these obstructions. In principle, for
a given p, this finite set of obstructions can be found with the help of a computer,
but the numbers grow fast with increasing values of p.

By using Theorems 2.4, 3.2 and a more detailed discussion than in Theorem 1.5,
Tian et al. characterized the traceability of 2-connected claw-free graphs with mini-
mum degree sum of ¢ independent vertices (see [17]) and generalized Dirac conditions
(see [16]), as well as the traceability of 2-connected line graphs among graphs with
the minimum degree sum of a pair of adjacent vertices, see [18].

As far as we know, the smallest 3-edge-connected graph without a spanning trail is
still unknown, but a likely candidate is the cubic (i.e., 3-regular) graph on 28 vertices
that is shown in Figure 5. In [15], the author proved that the cubic graph has no
spanning path. Since this cubic graph is 3-regular, it is easy to prove that it has no
spanning trail. If one would be able to characterize the smallest 3-edge-connected
graphs without spanning trails, then, using a similar approach, one can deduce a best
possible adjacent degree sum condition for the traceability of 3-connected claw-free
graphs.

Figure 5. A 3-edge-connected cubic graph which has no spanning trail.
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