
Czechoslovak Mathematical Journal

Horst Alzer; Man Kam Kwong
Inequalities for Taylor series involving the divisor function

Czechoslovak Mathematical Journal, Vol. 72 (2022), No. 2, 331–348

Persistent URL: http://dml.cz/dmlcz/150404

Terms of use:
© Institute of Mathematics AS CR, 2022

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/150404
http://dml.cz


Czechoslovak Mathematical Journal, 72 (147) (2022), 331–348

INEQUALITIES FOR TAYLOR SERIES INVOLVING

THE DIVISOR FUNCTION

Horst Alzer, Waldbröl, Man Kam Kwong, Hong Kong

Received October 28, 2020. Published online July 15, 2021.

Abstract. Let

T (q) =

∞∑

k=1

d(k)qk, |q| < 1,

where d(k) denotes the number of positive divisors of the natural number k. We present
monotonicity properties of functions defined in terms of T . More specifically, we prove that

H(q) = T (q)−
log(1− q)

log(q)

is strictly increasing on (0, 1), while

F (q) =
1− q

q
H(q)

is strictly decreasing on (0, 1). These results are then applied to obtain various inequalities,
one of which states that the double inequality

α
q

1− q
+
log(1− q)

log(q)
< T (q) < β

q

1− q
+
log(1− q)

log(q)
, 0 < q < 1,

holds with the best possible constant factors α = γ and β = 1. Here, γ denotes Euler’s
constant. This refines a result of Salem, who proved the inequalities with α = 1

2
and β = 1.
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1. Introduction

In this paper, we study the Taylor series

T (q) =

∞∑

k=1

d(k)qk, |q| < 1,

where d(k) denotes the number of positive divisors of the natural number k. It is

well-known that the function T has a close connection to Lambert series. We have

(1.1) T (q) =

∞∑

k=1

qk

1− qk
, |q| < 1.

A proof of (1.1) and further information on Lambert series can be found in [6],

Section 58C. Another series representation for T was given by Clausen in 1828,

see [5],

T (q) =

∞∑

k=1

1 + qk

1− qk
qk

2

, |q| < 1.

In 1899, Landau in [8] proved that T can be used to determine the value of a series

involving the classical Fibonacci numbers, defined by F0 = F1 = 1, Fn = Fn−1+Fn−2

(n > 2),

∞∑

k=1

1

F2k
=

√
5(T (c)− T (c2)) = 1.53537 . . . , c =

(√5− 1

2

)2
.

Stimulated by his work on the analysis of data structure, Uchimura in [17] presented

in 1981 the following result:

T (q) = (q; q)∞

∞∑

k=1

kqk

(q; q)k
, |q| < 1,

where (a; q)k is the q-shifted factorial,

(a; q)k =

k−1∏

j=0

(1− aqj), (a; q)∞ =

∞∏

j=0

(1 − aqj).

A related result was given by Merca, see [9]. In 2015, he proved

T (q) =
1

(q; q)∞

∞∑

k=1

(−1)k−1 kq
(k+1

2 )

(q; q)k
, |q| < 1,
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and one year later, he showed that there is a relationship between partitions and T ,

T (q) =
1

(q; q)∞

∞∑

k=1

(so(k)− se(k))q
k, |q| < 1.

Here, so(k) and se(k) denote the number of parts in all partitions of k into odd and

even number of distinct parts, respectively; see [10].

The q-digamma function is the logarithmic derivative of the q-gamma function,

ψq = Γ′

q/Γq. The properties of Γq and ψq were investigated by numerous au-

thors. For detailed information on these functions we refer to Askey (see [2]), Salem

(see [13], [14]), Salem and Alzahrani (see [16]) and the references cited therein. In

view of the series representation

ψq(x) = − log(1− q) + log(q)

∞∑

k=1

qkx

1− qk
, 0 < q < 1, x > 0,

we conclude from (1.1) that T can be expressed in terms of ψq(1),

(1.2) T (q) =
ψq(1) + log(1− q)

log(q)
.

The work on this paper has been inspired by an interesting double inequality discov-

ered by Salem, see [15]. He proved

(1.3) 0 < 1− 1− q

q log(q)
ψq(1) <

1

2
, 0 < q < 1.

Using (1.2) and (1.3) we obtain elegant upper and lower bounds for T (q). We have

(1.4) α
q

1 − q
+

log(1 − q)

log(q)
< T (q) < β

q

1− q
+

log(1− q)

log(q)
, 0 < q < 1

with α = 1
2 and β = 1. It is natural to ask whether these inequalities can be refined.

More precisely, we look for the largest number α and the smallest number β such

that (1.4) is valid. Here, we solve this problem. It turns out that β = 1 is the best

possible constant on the right-hand side of (1.4), but the factor 1
2 on the left-hand

side can be replaced by a larger number, namely by Euler’s constant γ = 0.57721 . . .

This reveals a connection between the divisor function and “the third number of holy

trinity (π, e, γ) of mathematical constants”, see [3], page 302.

In the next section, we collect several lemmas. Monotonicity properties of the

functions

(1.5) H(q) = T (q)− log(1 − q)

log(q)
and F (q) =

1− q

q

(
T (q)− log(1− q)

log(q)

)
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are given in Section 3. Finally, in Section 4, we apply the monotonicity of F to

prove (1.4) with α = γ, β = 1 and we present sharp upper and lower bounds for the

three Taylor series

(1.6)

∞∑

k=1

(d(k + 1)− d(k))qk,

∞∑

k=1

k∑

j=1

d(j)qk,

∞∑

k=2

k−1∑

j=1

d(j)

k − j
qk.

The algebraic and numerical computations have been carried out using the computer

program MAPLE 13.

2. Lemmas

Throughout the paper, we maintain the notation introduced in this section. The

following nine lemmas play an important role in the proof of Theorem 3.2 given in

Section 3. We define for real numbers q ∈ (0, 1), x > 0 and integers n > 1,

Cq(n) =

n∑

j=1

σq(j) and Dq(n) =

n∑

j=1

̺q(j)

with

σq(j) =

∫ j+1

j

ϕq(x) dx− ϕq(j +1), ̺q(j) =

∫ j+1

j

ϕq(x) dx−
1

2
(ϕq(j) + ϕq(j +1))

and

ϕq(x) =
qx

(1 − qx)2
(qx − qx+ x− 1).

We note that elementary properties of the expression qx − qx+ x− 1 lead to proofs

of the classical arithmetic mean — geometric mean inequality and the inequalities

of Hölder and Minkowski; see [4], Chapter 1, Section 14. In Section 3, we show that

the derivative of F (defined in (1.5)) can be expressed in terms of ϕq. Geometri-

cally, Cq(n) is the error of approximating the integral
∫ n+1

1 ϕq(x) dx using a special

implementation of the rectangular rule. Likewise, Dq(n) is the error of approximating

the same integral using the trapezoidal rule.

Lemma 2.1. Let x > 1. Then, q 7→ ϕq(x) is increasing on (0, 1).

P r o o f. We have for q ∈ (0, 1),

(1 − qx)3

x2(x2 − 1)qx−1

∂

∂q
ϕq(x) =

qx

x(x− 1)
− qx+1

x(x+ 1)
+

1− q

x2 − 1
− 1 + q

x(x2 − 1)

=

∫ 1

q

∫ 1

t

(1 − s)sx−2 ds dt > 0.

�
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Lemma 2.2. Let q ∈ (0, 1).

(i) There exists a number Nq > 1 such that ϕq is strictly concave on [1, Nq] and

strictly convex on [Nq,∞).

(ii) There exists a numberMq ∈ (1, Nq) such that ϕq is strictly increasing on [1,Mq]

and strictly decreasing on [Mq,∞).

P r o o f. (i) Let x > 1. Differentiation gives

(2.1) ϕ′′

q (x) =
−qx log(q)
(1− qx)4

aq(x)

with

aq(x) = (1− q)
(
−x(1 + 4qx + q2x) log(q)− 2(1− q2x) +

(1− q2x) log(q)

1− q

)
.

We have

a′′q (x) = 4qx log2(q)(1 − q)bq(x)

with

bq(x) =
− log(q)

1− q
(x(1 − q)(1 + qx) + qx) + qx − 2.

Using
− log(q)

1− q
>

2

1 + q

and

x(1− q)(1 + qx)− (1 + q)(1− qx) = x(x2 − 1)

∫ 1

q

∫ 1

t

(1− s)sx−2 ds dt > 0

gives

bq(x) >
2

1 + q
((1 + q)(1 − qx) + qx) + qx − 2 =

(1− q)qx

1 + q
> 0.

It follows that aq is strictly convex on [1,∞). Since

aq(1) = −q(1− q)(3 + q)

∫ 1

q

(1− t)(t2 + t+ 6)

t2(t+ 3)2
dt < 0 and lim

x→∞

aq(x) = ∞,

we obtain that there exists a number Nq > 1 such that aq is negative on (1, Nq) and

positive on (Nq,∞). From (2.1) we conclude that ϕq is strictly concave on [1, Nq]

and strictly convex on [Nq,∞).

(ii) We have

(2.2) ϕ′

q(x) =
−qx log(q)
(1− qx)2

(−x(1− q)(1 + qx)

1− qx
+ 1− 1− q

log(q)

)
.
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It follows that

ϕ′

q(1) =
q

(1− q)2
(q log(q) + 1− q) > 0 and lim

x→∞

ϕ′

q(x) = 0.

Since ϕ′

q is strictly decreasing on (1, Nq] and strictly increasing on [Nq,∞), there ex-

ists a numberMq ∈ (1, Nq) such that ϕ
′

q > 0 on [1,Mq) and ϕ
′

q < 0 on (Mq,∞). This

implies that ϕq is strictly increasing on [1,Mq] and strictly decreasing on [Mq,∞). �

Lemma 2.3. Let q ∈ (0, 1). If there exists an integerm > 1 such that Cq(m) > 0,

then Cq(n) > Cq(m) for n > m.

P r o o f. We claim that Mq 6 m + 1. Suppose that this were false; then

m+ 1 < Mq. An application of Lemma 2.2 (ii) gives for j ∈ {1, . . . ,m} : σq(j) < 0.

Thus, Cq(m) < 0, contradicting our assumption.

Let r > 1 be an integer. Then,m+r >Mq, so Lemma 2.2 (ii) yields σq(m+r) > 0.

Since

Cq(m+ r)− Cq(m+ r − 1) = σq(m+ r),

we obtain Cq(m) < Cq(m+ 1) < Cq(m+ 2) < . . . �

Computer plots of the graphs of q 7→ Cq(1) and q 7→ Cq(39) lead to the num-

bers 0.117 and 0.91 given in the next lemma.

Lemma 2.4.

(i) If q ∈ (0, 0.117], then Cq(1) > 0.

(ii) If q ∈ (0.117, 0.91], then Cq(39) > 0.

P r o o f. (i) Let q ∈ (0, 0.117]. We have

(2.3) Cq(1) =

∫ 2

1

ϕq(x) dx− ϕq(2) =
U(q)

(q + 1)2 log2(q)

with

U(q) = −(1− q2 + q log(q))q log(q)− (q + 1)2(q − 1− log(q)) log(1 + q).

Applying log(1 + q) < q and q − 1− log(q) > 0 gives

(2.4) U(q) > −(1− q2+ q log(q))q log(q)− q(q+1)2(q− 1− log(q)) = qV (− log(q)),

where

V (y) = 1 + (1 − 2y − y2)e−y − (1 + 2y)e−2y − e−3y.
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Since 0 < q 6 0.117, we get y = − log(q) > − log(0.117) = 2.145 . . . Using

V ′(y) = (y2 − 3)e−y + 4ye−2y + 3e−3y > 0

yields

(2.5) V (y) > V (− log(0.117)) = 0.0022 . . .

From (2.3), (2.4) and (2.5) we obtain Cq(1) > 0.

(ii) Let q ∈ (0.117, 0.91]. Applying Lemma 2.1 gives that

Cq(39) =

∫ 40

1

ϕq(x) dx−
40∑

k=1

ϕq(k) =W1(q)−W2(q)

is the difference of two increasing functions. Let 0.117 6 r 6 q 6 s 6 0.91. Then,

Cq(39) >W1(r) −W2(s) =W (r, s), say.

We set

rk = 0.117 +
k

103
, r′k = 0.835 +

k

2 · 104 , r′′k = 0.9 +
k

5 · 105 ,

sk = 0.117 +
k + 1

103
, s′k = 0.835 +

k + 1

2 · 104 , s′′k = 0.9 +
k + 1

5 · 105 .

Then,

[0.117, 0.91] =

717⋃

k=0

[rk, sk] ∪
1299⋃

k=0

[r′k, s
′

k] ∪
4999⋃

k=0

[r′′k , s
′′

k].

It follows that there exists an integer m such that

q ∈ [rm, sm] with m ∈ {0, 1, . . . , 717}, or

q ∈ [r′m, s
′

m] with m ∈ {0, 1, . . . , 1299}, or

q ∈ [r′′m, s
′′

m] with m ∈ {0, 1, . . . , 4999}.

Then, we have

Cq(39) >W (rm, sm) or Cq(39) >W (r′m, s
′

m) or Cq(39) >W (r′′m, s
′′

m).

By direct computation, we find

W (rk, sk) > 0, k = 0, 1, . . . , 717,

W (r′k, s
′

k) > 0, k = 0, 1, . . . , 1299,

W (r′′k , s
′′

k) > 0, k = 0, 1, . . . , 4999.

This yields Cq(39) > 0. �
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Lemma 2.5. Let q ∈ [0.91, 1). Then, Nq > 14.

P r o o f. In view of Lemma 2.2 (i), it suffices to show that ϕ′′

q (14) < 0. Using (2.1)

we conclude that we have to prove that aq(14) < 0, or, equivalently, G(q) < 0, where

G(q) = − log(q)∆(q) + 2(1− q)(q28 − 1)

with

∆(q) = 13− 14q + 56q14 − 56q15 + 15q28 − 14q29.

Next, we apply Sturm’s theorem to determine the number of distinct roots of a poly-

nomial in an interval; see [18]. We obtain that ∆ has precisely one zero on [0.91, 1].

Since ∆(0.91) = 1.76 . . . and ∆(1) = 0, we conclude that ∆ is positive on [0.91, 1).

Using this result and

− log(q) 6 1− q +
11

20
(1− q)2, 0.91 6 q < 1,

yields
G(q)

1− q
6

(
1 +

11

20
(1 − q)

)
∆(q) + 2(q28 − 1) = G0(q), say.

An application of Sturm’s theorem gives that G0 has precisely one zero on [0.91, 1].

We have G0(0.91) = −0.0028 . . . and G0(1) = 0. It follows that G0 and G are

negative on [0.91, 1). �

Lemma 2.6. Let q ∈ (0, 1) and let j > 1 be an integer.

(i) If Nq ∈ [j, j+1] and ϕ′

q(x) > −ω for x ∈ [j, j+1] with ω > 0, then ̺q(j) > − 1
2ω.

(ii) If ϕq is convex on [j, j + 1], then

(2.6) ̺q(j) > −1

8
(ϕ′

q(j + 1)− ϕ′

q(j)).

P r o o f. (i) We consider two cases.

Case 1 : Mq 6 j. We have

(2.7)
1

2
ω >

1

2

∫ j+1

j

(−ϕ′

q(x)) dx =
ϕq(j)− ϕq(j + 1)

2
.

Applying (2.7) and Lemma 2.2 (ii) gives

1

2
ω + ̺q(j) >

∫ j+1

j

ϕq(x) dx− ϕq(j + 1) > 0.
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Case 2 : j < Mq. We have j < Mq < Nq 6 j+1 and ϕq(j) 6 ϕq(Mq), ϕq(j+1) 6

ϕq(Mq). Let ε =Mq − j > 0 and δ = j + 1−Mq > 0. Then, ε+ δ = 1 and

(2.8)
ϕq(j) + ϕq(j + 1)

2
= ε

ϕq(j) + ϕq(j + 1)

2
+ δ

ϕq(j) + ϕq(j + 1)

2

6 ε
ϕq(j) + ϕq(M)

2
+ δ

ϕq(M) + ϕq(j + 1)

2
.

Since ϕq is concave on [j,Mq], we conclude from the Hermite-Hadamard inequality

that

(2.9) ε
ϕq(j) + ϕq(Mq)

2
6

∫ Mq

j

ϕq(x) dx.

Moreover, since ϕq is decreasing on [Mq, j + 1] and ϕ′

q + ω > 0 on [Mq, j + 1], we

obtain

(2.10) −1

2
ω + δ

ϕq(Mq) + ϕq(j + 1)

2
6 −1

2
ωδ2 + δ

ϕq(Mq) + ϕq(j + 1)

2

=
1

2
δ

(
2ϕq(j + 1)−

∫ j+1

Mq

(ϕ′

q(x) + ω) dx

)

6 δϕq(j + 1) 6

∫ j+1

Mq

ϕq(x) dx.

Combining (2.8), (2.9) and (2.10) gives ̺q(j) > − 1
2ω.

(ii) We have

(2.11)
(b − a)2

8
(f ′(b)− f ′(a))− (b− a)

f(a) + f(b)

2
+

∫ b

a

f(x) dx

=

∫ (a+b)/2

a

(a+ b

2
− x

)
(f ′(x)− f ′(a)) dx

+

∫ b

(a+b)/2

(
x− a+ b

2

)
(f ′(b)− f ′(x)) dx.

Applying (2.11) with f = ϕq, a = j, b = j + 1 gives (2.6). �

Lemma 2.7. Let q ∈ [0.91, 1). The function

(2.12) Θq(x) =
−qx log(q)
(1 − qx)2

(−x(1− q)(1 + qx)

1− qx
+ q − 1− q

log(q)

)

is increasing on (0,∞).
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P r o o f. Let x > 0. We set s = 1− qx. Then, s ∈ (0, 1) and

Θq(x) = ηq(s)

with

ηq(s) =
1− s

s3
((1− q)(2 − s) log(1− s)− s(q log(q) + q − 1)).

Using q log(q)/(1 − q) > −1 gives

s4

s(2− s)(1 − q)
η′q(s) =

(s2 − 6s+ 6) log(1− s)

s(s− 2)
+
q log(q)

1− q
− 2

>
(s2 − 6s+ 6) log(1− s)

s(s− 2)
− 3

=
s2 − 6s+ 6

s(2− s)

∫ s

0

t4

(1 − t)(t2 − 6t+ 6)2
dt > 0.

Since

Θ′

q(x) = −(1− s) log(q)η′q(s),

we conclude that Θ′

q(x) > 0. �

Lemma 2.8. Let q ∈ [0.91, 1) and x > 1. Then, ϕ′

q(x) > −0.035.

P r o o f. Applying Lemmas 2.2 (i), 2.5, 2.7 and (2.2), (2.12) leads to

(2.13) ϕ′

q(x) > ϕ′

q(Nq) = Θq(Nq)−
(1 − q) log(q)qNq

(1− qNq )2
> Θq(Nq) > Θq(14).

Using (1 − q)/ log(q) 6 −q yields

(2.14) −Θq(14) 6
−q14 log(q)
(1 − q14)2

(14(1− q)(1 + q14)

1− q14
− 2q

)
= h1(q)(h2(q) + h3(q))

with

h1(q) =
−q14 log(q)
1− q14

, h2(q) =
1− q

1− q14
, h3(q) =

1

1− q14

(14(1− q)(1 + q14)

1− q14
−q−1

)
.

From the integral representations

h′1(q) =
q13

(1 − q14)2

∫ 1

q14

1− t

t
dt,

h′2(q) =
−182

(1 − q14)2

∫ 1

q

(1− t)t12 dt,

(1− q14)3h′3(q) = − 15 + 574q13 − 600q14 + 210q27 − 169q28

= −38220

∫ 1

q

y12
∫ 1

y

∫ 1

t

(27− 26s)s12 ds dt dy
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we conclude that h1 is increasing and that h2 and h3 are decreasing on (0, 1). The

functions h1 and h2 are positive on (0, 1), and since lim
q→1

h3(q) = 0, also h3 is positive

on (0, 1). Using lim
q→1

h1(q) =
1
14 , we obtain for q ∈ [0.91, 1),

(2.15) h1(q)(h2(q) + h3(q)) 6
1

14
(h2(0.91) + h3(0.91)) = 0.034 . . .

From (2.13), (2.14) and (2.15) we find ϕ′

q(x) > −0.035 for x > 1. �

Lemma 2.9. Let q ∈ [0.91, 1). Then, Dq(10) > 0.036.

P r o o f. We have

Dq(10)−0.036 =

(∫ 11

1

ϕq(x) dx−0.036

)
−
( 10∑

k=1

ϕq(k)+
1

2
ϕq(11)

)
= J1(q)−J2(q).

Applying Lemma 2.1 gives that J1 and J2 are increasing on [0.91, 1). If 0.91 6 r 6

q 6 s 6 1, then

Dq(10)− 0.036 > J1(r) − J2(s) = J(r, s), say.

We set

rk = 0.91 +
k

104
, sk = 0.91 +

k + 1

104
.

Then,

[0.91, 1] =

898⋃

k=0

[rk, sk] ∪ [0.9999, 1].

Let q ∈ [0.91, 0.9999]. Then there exists an integer m ∈ {0, 1, . . . , 898} such that
q ∈ [rm, sm]. Since J(rk, sk) > 0 for k = 0, 1, . . . , 898, we obtain Dq(10) − 0.036 >

J(rm, sm) > 0.

Let q ∈ [0.9999, 1). Using

J2(1) = lim
q→1−

J2(q) =
208609

55440

leads to Dq(10)− 0.036 > J(0.9999, 1) = 0.0013 . . . �
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3. Monotonicity theorems

We prove monotonicity properties of the two functions defined in (1.5).

Theorem 3.1. The function

H(q) = T (q)− log(1 − q)

log(q)

is positive and strictly increasing on (0, 1).

P r o o f. Let 0 < q < 1. Using (1.1) gives

(3.1) qH ′(q) =

∞∑

k=1

k
qk

(1− qk)2
+
q log(q) + (1− q) log(1− q)

(1− q) log2(q)
.

Let

(3.2) Kq(x) =
xqx

(1 − qx)2
, x > 0.

Since

K ′

q(x) = −q
x(1 + qx)

(1− qx)3

∫ 1

qx

y2 + 1

y(y + 1)2
dy < 0,

we conclude that Kq is strictly decreasing on (0,∞), so we get

(3.3)

∞∑

k=1

Kq(k) >

∫
∞

1

Kq(x) dx =
log(1− qx)

log2(q)
+

xqx

(1− qx) log(q)

∣∣∣∣
x=∞

x=1

= − q log(q) + (1− q) log(1− q)

(1 − q) log2(q)
.

From (3.1), (3.2) and (3.3) we obtain H ′(q) > 0. Thus, H is strictly increasing

on (0, 1) with H(q) > lim
p→0

H(p) = 0 for q ∈ (0, 1). �

With the help of the results given in the previous section, we are able to prove the

following result.

Theorem 3.2. The function

F (q) =
1− q

q
H(q) =

1− q

q

(
T (q)− log(1− q)

log(q)

)

is strictly decreasing on (0, 1).

342



P r o o f. Let q ∈ (0, 1). Then,

q2F ′(q) = −T (q) + q(1− q)T ′(q)− q2
( (1− q) log(1 − q)

q log(q)

)
′

=
∞∑

k=1

ϕq(k)−Aq

with

Aq =
−1

log2(q)
((1 − q + log(q)) log(1 − q) + q log(q)).

Let

Φq(x) =
(qx+1 − (1 + log(q))qx + 1− q + log(q)) log(1− qx) + xqx(1− q) log(q)

(1− qx) log2(q)
.

Since

Φ′

q(x) = ϕq(x), Φq(1) = −Aq and lim
x→∞

Φq(x) = 0,

we obtain

Aq =

∫
∞

1

ϕq(x) dx.

It follows that F ′(q) < 0 is equivalent to

(3.4)

∞∑

k=1

ϕq(k) <

∫
∞

1

ϕq(x) dx.

To prove (3.4) we consider two cases.

Case 1 : 0 < q 6 0.91. From Lemmas 2.3 and 2.4 we obtain

Cq(n) > Cq(1) > 0 for q ∈ (0, 0.117], n > 1

and

Cq(n) > Cq(39) > 0 for q ∈ (0.117, 0.91], n > 39.

Thus, for q ∈ (0, 0.91],

0 < lim
n→∞

Cq(n) =

∫
∞

1

ϕq(x) dx−
∞∑

k=1

ϕq(k).

Case 2 : 0.91 < q < 1. Let Ñq be an integer such that Ñq < Nq 6 Ñq + 1.

From Lemma 2.5 we obtain Ñq > 13. An application of Lemma 2.2 (i) and the

Hermite-Hadamard inequality gives ̺q(j) > 0 for j = 11, . . . , Ñq−1. This result and

Lemma 2.9 yield

(3.5) Dq(Ñq − 1) = Dq(10) +

Ñq−1∑

j=11

̺q(j) > Dq(10) > 0.036.
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From Lemmas 2.6 (i) and 2.8 we obtain

(3.6) ̺q(Ñq) > −1

2
· 0.035.

Next, we apply Lemma 2.6 (ii). Since ϕq is convex on [Nq,∞), we obtain for

j> Ñq + 1,

̺q(j) > −1

8

(
ϕ′

q(j + 1)− ϕ′

q(j)
)
.

Using this inequality and Lemma 2.8 leads to

(3.7)
∞∑

j=Ñq+1

̺q(j) > −1

8

∞∑

j=Ñq+1

(ϕ′

q(j + 1)− ϕ′

q(j)) =
1

8
ϕ′

q(Ñq + 1) > −1

8
· 0.035.

Combining (3.5), (3.6) and (3.7) gives

(3.8)

∞∑

j=1

̺q(j) = Dq(Ñq − 1) + ̺q(Ñq) +

∞∑

j=Ñq+1

̺q(j)

> 0.036− 1

2
· 0.035− 1

8
· 0.035 = 0.014 . . .

We have

(3.9)

m∑

k=1

̺q(k) =

∫ m+1

1

ϕq(x) dx−
m+1∑

k=1

ϕq(k) +
1

2
ϕq(m+ 1).

Since lim
x→∞

ϕq(x) = 0, we conclude from (3.8) and (3.9) that (3.4) holds. �

An application of Theorems 3.1 and 3.2 leads to upper and lower bounds for the

ratio H(r)/H(s).

Corollary 3.3. For all real numbers r and s with 0 < r < s < 1 we have

r(1 − s)

s(1− r)
<
H(r)

H(s)
< 1.

4. Inequalities

We show that the monotonicity property of the function F (defined in (1.5)) can

be used to obtain sharp upper and lower bounds for T (q) and the Taylor series

given in (1.6). First, we present the best possible constant factors in the double

inequality (1.4).
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Theorem 4.1. For all real numbers q ∈ (0, 1) we have

(4.1) α
q

1 − q
+

log(1− q)

log(q)
< T (q) < β

q

1− q
+

log(1− q)

log(q)

with the best possible constant factors α = γ and β = 1.

P r o o f. The inequalities (4.1) are equivalent to

(4.2) α < F (q) < β, 0 < q < 1.

Since

lim
q→0

(1− q) log(1− q)

q log(q)
= 0,

we find

(4.3) lim
q→0

F (q) = lim
q→0

1− q

q
T (q) = d(1) = 1.

From (1.2) we obtain

F (q) =
1− q

q log(q)
ψq(1).

We have

lim
q→1

1− q

q log(q)
= −1 and lim

q→1
ψq(1) = ψ(1) = −γ;

see [7]. It follows that

(4.4) lim
q→1

F (q) = γ.

Using the limit relations (4.3), (4.4) and Theorem 3.2, we conclude that (4.2) holds

with the best possible bounds α = γ and β = 1. �

Next, we offer inequalities for the Taylor series whose coefficients are d(k+1)−d(k)
(k = 1, 2, . . .). We mention an interesting property of this difference which was

discovered by Turán, see [11], page 39. For each c > 0 there exists a natural number k

such that d(k + 1)− d(k) > c.

Theorem 4.2. For all real numbers q ∈ (0, 1) we have

(4.5) α0 +
(1− q) log(1 − q)

q log(q)
<

∞∑

k=1

(d(k + 1)− d(k))qk < β0 +
(1− q) log(1 − q)

q log(q)

with the best possible constants α0 = γ − 1 and β0 = 0.
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P r o o f. Let q ∈ (0, 1). We define

F0(q) =

∞∑

k=1

(d(k + 1)− d(k))qk − (1− q) log(1− q)

q log(q)
.

Since

1 +

∞∑

k=1

(d(k + 1)− d(k))qk =

∞∑

k=0

d(k + 1)qk −
∞∑

k=1

d(k)qk =
(1
q
− 1

)
T (q),

we get

F0(q) = F (q)− 1.

Applying Theorem 3.2 and the limit relations

lim
q→0

F0(q) = 0 and lim
q→1

F0(q) = γ − 1,

we obtain (4.5) with the best possible constants α0 = γ − 1 and β0 = 0. �

The coefficients of the series given in the following theorem are the partial sums

of the divisor function which are related to the floor function. We have

n∑

k=1

d(k) =

n∑

k=1

[n/k],

where [x] denotes the greatest integer less than or equal to x. These sums have a nice

geometric interpretation. They give the exact number of lattice points in the area

x > 0, y > 0, xy 6 n; see [12], page 131. The study of the average order of d(k)

dates back to Dirichlet and was continued by Hardy, Landau and others; see [1],

Section 3.5.

Theorem 4.3. For all real numbers q ∈ (0, 1) we have

(4.6) λ
q

(1 − q)2
+

log(1− q)

(1− q) log(q)
<

∞∑

k=1

k∑

j=1

d(j)qk < µ
q

(1 − q)2
+

log(1− q)

(1 − q) log(q)

with the best possible constant factors λ = γ and µ = 1.

P r o o f. Let q ∈ (0, 1) and

L(q) =
(1− q)2

q

( ∞∑

k=1

k∑

j=1

d(j)qk − log(1 − q)

(1− q) log(q)

)
.
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Since

1

1− q
T (q) =

∞∑

k=1

k∑

j=1

d(j)qk,

we find L(q) = F (q). Applying Theorem 3.2, (4.3) and (4.4) leads to (4.6) with the

best possible constant factors λ = γ and µ = 1. �

We conclude the paper with a companion to (4.6).

Theorem 4.4. For all real numbers q ∈ (0, 1) we have

(4.7) λ0
q log(1− q)

1− q
− log2(1− q)

log(q)
<

∞∑

k=2

k−1∑

j=1

d(j)

k − j
qk < µ0

q log(1− q)

1− q
− log2(1− q)

log(q)

with the best possible constant factors λ0 = −γ and µ0 = −1.

P r o o f. Let q ∈ (0, 1). Using

− log(1− q)T (q) =

∞∑

k=2

k−1∑

j=1

d(j)

k − j
qk

gives for

L0(q) =
1− q

q log(1− q)

( ∞∑

k=2

k−1∑

j=1

d(j)

k − j
qk +

log2(1− q)

log(q)

)

the representation L0(q) = −F (q). From Theorem 3.2 and (4.3), (4.4) we conclude
that (4.7) is valid with the smallest constant λ0 = −γ and the largest constant
µ0 = −1. �

Acknowledgement. We thank the referee for helpful comments.

References

[1] T.M.Apostol: Introduction to Analytic Number Theory. Undergraduate Texts in Math-
ematics. Springer, New York, 1976. zbl MR doi

[2] R.Askey: The q-gamma and q-beta functions. Appl. Anal. 8 (1978), 123–141. zbl MR doi
[3] J.V. Baxley: Euler’s constant, Taylor’s formula, and slowly converging series. Math.
Mag. 65 (1992), 302–313. zbl MR doi

[4] E.F. Beckenbach, R. Bellman: Inequalities. Ergebnisse der Mathematik und ihrer Grenz-
gebiete 30. Springer, Berlin, 1983. zbl MR doi

[5] T.Clausen: Beitrag zur Theorie der Reihen. J. Reine Angew. Math. 3 (1828), 92–95.
(In German.) zbl MR doi

[6] K.Knopp: Theorie und Anwendung der unendlichen Reihen. Die Grundlehren der
mathematischen Wissenschaften 2. Springer, Berlin, 1964. (In German.) zbl MR doi

347

https://zbmath.org/?q=an:0335.10001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0434929
http://dx.doi.org/10.1007/978-1-4757-5579-4
https://zbmath.org/?q=an:0398.33001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0523950
http://dx.doi.org/10.1080/00036817808839221
https://zbmath.org/?q=an:0780.40001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1191273
http://dx.doi.org/10.2307/2691241
https://zbmath.org/?q=an:0513.26003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0192009
http://dx.doi.org/10.1007/978-3-642-64971-4
https://zbmath.org/?q=an:003.0099cj
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1577683
http://dx.doi.org/10.1515/crll.1828.3.92
https://zbmath.org/?q=an:0124.28302
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0183997
http://dx.doi.org/10.1007/978-3-642-49655-4


[7] C.Krattenthaler, H.M. Srivastava: Summations for basic hypergeometric series involv-
ing a q-analogue of the digamma function. Comput. Math. Appl. 32 (1996), 73–91. zbl MR doi

[8] E.Landau: Sur la série des inverses des nombres de Fibonacci. Bull. Soc. Math. Fr. 27
(1899), 298–300. (In French.) zbl

[9] M.Merca: A new look on the generating function for the number of divisors. J. Number
Theory 149 (2015), 57–69. zbl MR doi

[10] M.Merca: Combinatorial interpretations of a recent convolution for the number of di-
visors of a positive integer. J. Number Theory 160 (2016), 60–75. zbl MR doi
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