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Abstract. Let Tn be the space of all trigonometric polynomials of degree not greater
than n with complex coefficients. Arestov extended the result of Bernstein and others and
proved that ‖(1/n)T ′

n‖p 6 ‖Tn‖p for 0 6 p 6 ∞ and Tn ∈ Tn. We derive the multivariate
version of the result of Golitschek and Lorentz

∥

∥

∥

∣

∣

∣
Tn cosα+

1

n
∇Tn sinα

∣

∣

∣

l
(m)
∞

∥

∥

∥

p
6 ‖Tn‖p, 0 6 p 6 ∞

for all trigonometric polynomials (with complex coeffcients) in m variables of degree at
most n.

Keywords: univariate trigonometric polynomial; multivariate trigonometric polynomial;
multivariate algebraic polynomial; Bernstein inequality; Lp-norm
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1. Introduction

Let Tn(R
m) denote the space of all trigonometric polynomials of (θ1, . . . , θm) ∈ R

m

with degree not greater than n and complex coefficients, and let Πn(C
m) denote the

space of all algebraic polynomials of (z1, . . . , zm) ∈ C
m with degree not greater than n

and complex coefficients.

The norm in the space Cm of z = (z1, z2, . . . , zm) ∈ C
m is defined by

(1.1) |z|
l
(m)
∞

= max
16k6m

{|zk|},
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and the norm (or quasi-norm) in the space Lp(T
m) of a function f(θ1, θ2, . . . , θm) is

defined by

(1.2) ‖f‖p =

[
1

(2π)m

∫

Tm

|f(θ1, . . . , θm)|p dθ1 . . . dθm

]1/p

, 0 < p < ∞,

where Tm =

m
︷ ︸︸ ︷

T × T × . . .× T , T = [a, b] with b− a = 2π. For the limiting cases, the

supremum norm ‖f‖∞ is defined as usual by

(1.3) ‖f‖∞ = esssup
(θ1,...,θm)∈R(m)

|f(θ1, . . . , θm)|, f ∈ L∞(Tm),

and the quasi-norm ‖f‖0 is defined by

(1.4) ‖f‖0 = exp

[
1

(2π)m

∫

Tm

ln |f(θ1, . . . , θm)| dθ1 . . . dθm

]

, f ∈ L0(T
m).

In the case m = 1, Golitschek and Lorentz in [3] established, for each real α and

trigonometric polynomial Tn ∈ T (R), the inequality

(1.5)
∥
∥
∥Tn cosα+

1

n
T ′
n sinα

∥
∥
∥
p
6 ‖Tn‖p, 0 6 p 6 ∞.

For p = ∞ and α = 1
2π, the relation (1.5) is called the Bernstein inequality; for

1 6 p < ∞ and α = 1
2π, it has been established by Zygmund (see [6]); for 0 < p < 1

and α = 1
2π, it has been proved by Arestov (see [1]); and for p = ∞, the special case

for real polynomials Tn is the inequality of Szegö-van der Corput-Schaake (see [4]),

(1.6) n2Tn(θ)
2 + T ′

n(θ)
2
6 n2‖Tn‖

2
∞, θ ∈ T.

In the present paper, using the method of [3], we extend (1.5) to the multivariate

Tn ∈ Tn(R
m) and obtain the inequality

(1.7)
∥
∥
∥

∣
∣
∣Tn cosα+

1

n
∇Tn sinα

∣
∣
∣
l
(m)
∞

∥
∥
∥
p
6 |C|‖Tn‖p, 0 6 p 6 ∞.

Our proof yields C = 1, which is the best possible. Here ∇Tn is the gradient of Tn,

(1.8) ∇Tn =
(∂Tn

∂θ1
,
∂Tn

∂θ2
, . . . ,

∂Tn

∂θm

)

,

and

(1.9) Tn cosα+
1

n
∇Tn sinα

=
(

Tn cosα+
sinα

n

∂Tn

∂θ1
, Tn cosα+

sinα

n

∂Tn

∂θ2
, . . . , Tn cosα+

sinα

n

∂Tn

∂θm

)

.
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2. Inequalities in L0

Let A, B be two real numbers with B 6= 0. We consider the operator Λ on Tn(R
m)

defined by

(2.1) Sn = Λ(Tn) = ATn +
B

n
∇Tn, Tn ∈ Tn(R

m).

For any trigonometric polynomial Tn(θ1, θ2, . . . , θm) ∈ T (Rm), we can write

(2.2) Tn(θ1, θ2, . . . , θm) =
∑

06|j1|+|j2|+...+|jm|6n

cj1j2...jmei(j1θ1+j2θ2+...+jmθm),

and with Tn we associate an algebraic polynomial of degree not greater than 2mn,

(2.3) P2mn(z1, z2, . . . , zm) =
∑

06|j1|+|j2|+...+|jm|6n

cj1j2...jmz
n+j1
1 z

n+j2
2 . . . zn+jm

m .

So

(2.4) P2mn(e
iθ1 , eiθ2 , . . . , eiθn) = ein(θ1+θ2+...+θm)Tn(θ1, θ2, . . . , θm).

and

∂Tn

∂θk
= − ine−in(θ1+θ2+...+θm)

[

P2mn(z)−
zk

n

∂P2mn

∂zk

]

,(2.5)

Λ(Tn)

Tn
=

(

A− iB +
iB

n

z1

P2mn

∂P2mn

∂z1
, A− iB +

iB

n

z2

P2mn

∂P2mn

∂z2
, . . . ,(2.6)

A− iB +
iB

n

zm

P2mn

∂P2mn

∂zm

)

where

z = (z1, z2, . . . , zm), zk = eiθk , k = 1, 2, . . . ,m.

For a fixed k, 1 6 k 6 m, we can write

(2.7) P2mn(z) =

n∑

jk=−n

cjk(z
′
k)z

jk+n
k ,

where z′k = (z1, . . . , zk−1, zk+1, . . . , zm) ∈ C
m−1, cjk(z

′
k) ∈ Π2mn−n−jk(C

m−1).

Then P2mn(z) is an algebraic polynomial of degree not greater than 2n in zk, and

let α
(k)
j (z′k), j = 1, 2, . . . , 2n be its zeros. It follows from (2.6) that

(2.8)

Λ(Tn)

Tn
=

(

A− iB +
iB

n

2n∑

j=1

eiθ1

eiθ1 − α
(1)
j (z′1)

, . . . , A− iB +
iB

n

2n∑

j=1

eiθn

eiθn − α
(n)
j (z′n)

)

,

where z′k = (eiθ1 , . . . , eiθk−1 , eiθk+1 , . . . , eiθm), k = 1, 2, . . . ,m.
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Lemma 2.1. Let A, B be two real numbers. For a given θk ∈ R,

(2.9) max
16k6m

ln

∣
∣
∣
∣
A− iB +

iB

n

2n∑

j=1

eiθk

eiθk − zj

∣
∣
∣
∣
,

is subharmonic with respect to each zj in the regions |zj| < 1 and |zj | > 1,

j = . . . 1, 2, . . . ,m.

Futhermore,

(2.10) F (z1, z2, . . . , zm) =
1

(2π)m

∫

Tm

max
16k6m

ln

∣
∣
∣
∣
A−iB+

iB

n

2n∑

j=1

eiθk

eiθk − zj

∣
∣
∣
∣
dθ1 . . . dθm

is subharmonic with respect to each zj in the regions |zj | < 1 and |zj | > 1.

P r o o f. For a given θk ∈ R,

fk(z1, z2, . . . , zm) = A− iB +
iB

n

2n∑

j=1

eiθk

eiθk − zj

is analytic with respect to each zj in the regions |zj | < 1 and |zj | > 1, j = 1, 2, . . . ,m,

k = 1, 2, . . . ,m. Thus ln |fk(z1, z2, . . . , zm)| is subharmonic with respect to each zj

in the regions, j = 1, 2, . . . ,m, k = 1, 2, . . . ,m.

By definition [2] it is easy to see that if fk(w), k = 1, 2, . . . ,m are subharmonic in

some region of the w-plane, then max
16k6m

{fk(w)} is subharmonic in the region.

These facts imply that the function in (2.9) and its integrals with respect to

parameters (for positive measures) are subharmonic with respect to each zj in the

regions |zj | < 1 and |zj | > 1, j = 1, 2, . . . ,m. The proof is complete. �

Lemma 2.2. Let A, B be two real numbers, and n be any positive integer. Then

(2.11)
1

(2π)m

∫

Tm

ln |Λ(Tn)|l(m)
∞

dθ1 dθ2 . . . dθm

6 m ln |A− iB|+
1

(2π)m

∫

Tm

ln |Tn| dθ1 dθ2 . . . dθm

for every Tn ∈ T (Rm).

P r o o f. Since lnx is an increasing function for x > 0,

(2.12) ln max
16k6m

∣
∣
∣
∣
A− iB +

iB

n

2n∑

j=1

eiθk

eiθk − zj
| = max

16k6m
ln

∣
∣
∣
∣
A− iB +

iB

n

2n∑

j=1

eiθk

eiθk − zj

∣
∣
∣
∣

6

m∑

k=1

ln

∣
∣
∣
∣
A− iB +

iB

n

2n∑

j=1

eiθk

eiθk − zj

∣
∣
∣
∣
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holds for |zj | 6= 1. By [3], Theorem 2,

(2.13)
1

2π

∫

T

ln

∣
∣
∣
∣
A− iB +

iB

n

2n∑

j=1

eiθk

eiθk − zj

∣
∣
∣
∣
dθk 6 ln |A− iB|, k = 1, 2, . . . ,m

holds for any (z1, z2, . . . , zm) ∈ C
m.

Therefore,

(2.14) Ik(z
′
k) =

1

2π

∫

T

ln

∣
∣
∣
∣
A− iB +

iB

n

2n∑

j=1

eiθk

eiθk − α
(k)
j (z′k)

∣
∣
∣
∣
dθk 6 ln |A− iB|

holds for any z′k = (z1, z2, . . . , zk−1, zk+1, . . . , zm) ∈ C
m, k = 1, 2, . . . ,m.

By (2.8), Lemma 2.1, (2.12) and Fubini’s theorem, (2.14) implies

1

(2π)m

∫

Tm

ln |Λ(Tn)|l(m)
∞

dθ1 dθ2 . . . dθm −
1

(2π)m

∫

Tm

ln |Tn| dθ1 dθ2 . . . dθm

=
1

(2π)m

∫

Tm

ln max
16k6m

∣
∣
∣
∣
A− iB +

iB

n

2n∑

j=1

eiθk

eiθk − α
(k)
j (z′k)

∣
∣
∣
∣
dθ1 dθ2 . . . dθm

6

m∑

k=1

1

(2π)m

∫

Tm

ln

∣
∣
∣
∣
A− iB +

iB

n

2n∑

j=1

eiθk

eiθk − α
(k)
j (z′k)

∣
∣
∣
∣
dθ1 dθ2 . . . dθm

=

m∑

k=1

1

(2π)m−1

∫

Tm−1

Ik(z
′
k) dθ1 . . . dθk−1 dθk+1 . . . dθm

6 m ln |A− iB|,

where z′k = (eiθ1 , eiθ2 , . . . , eiθk−1 , eiθk+1 , . . . , eiθm), k = 1, 2, . . . ,m.

The proof of Lemma 2.2 is complete. �

Lemma 2.3. Let A, B and s be real numbers, and n be any positive integer.

Then

(2.15)
1

(2π)m

∫

Tm

ln |Λ(T ∗
n)|l(m)

∞

dθ1 dθ2 . . . dθm

6 m ln |A− iB|+
1

(2π)m

∫

Tm

ln |T ∗
n | dθ1 dθ2 . . . dθm

for every Tn ∈ T (Rm), where

(2.16) T ∗
n(θ1, θ2, . . . , θm) = Tn(θ1, θ2, . . . , θm) + eisein(θ1+θ2+...+θm).
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P r o o f. For any Tn(θ1, . . . , θm) ∈ Tn(R
m),

Tn(θ1, θ2, . . . , θm) =
∑

06|j1|+|j2|+...+|jm|6n

cj1j2...jmei(j1θ1+j2θ2+...+jmθm).

Setting

P ∗
2mn(z1, z2, . . . , zm) =

∑

06|j1|+|j2|+...+|jm|6n

cj1j2...jmz
n+j1
1 z

n+j2...z
n+jm
m

2 +eisz2n1 . . . z2nm ,

it is not hard to verify that (2.4)–(2.6) and (2.8) hold with T ∗
n and P ∗

2mn.

The same method in the proof of Lemma 2.2 completes the proof of (2.15). The

following theorem contains the statement that

(2.17)
∥
∥
∥

∣
∣
∣Tn cosα+

1

n
∇Tn sinα

∣
∣
∣
l
(m)
∞

∥
∥
∥
0
6 ‖Tn‖0,

holds for each real number α and each trigonmetric polynomial Tn ∈ T (Rm).

Theorem 2.1. For all Tn ∈ Tn(R
m), any real s and real A, B satisfying

|A− iB| = 1,(2.18)

1

(2π)m

∫

Tm

ln |Λ(Tn)|l(m)
∞

dθ1 dθ2 . . . dθm(2.19)

6
1

(2π)m

∫

Tm

ln |Tn| dθ1 dθ2 . . . dθm,

and

(2.20)
1

(2π)m

∫

Tm

ln |Λ(T ∗
n)|l(m)

∞

dθ1 dθ2 . . . dθm

6
1

(2π)m

∫

Tm

ln |T ∗
n | dθ1 dθ2 . . . dθm,

where T ∗
n(θ1, . . . , θm) is the trigonometric polynomial in (2.16).

P r o o f. By (2.18), (2.19) and (2.20) follow from (2.11) and (2.15), respectively.

�
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3. Inequalities in Lp

To obtain the inequalities in Lp, 0 < p < ∞, we first establish the following

theorem.

Theorem 3.1. For all Tn ∈ Tn(R
m), and real A, B satisfying (2.18)

(3.1)
1

(2π)m

∫

Tm

ln+ |Λ(Tn)(θ1, θ2, . . . , θm)|
l
(m)
∞

dθ1 dθ2 . . . dθm

6
1

(2π)m

∫

Tm

ln+ |Tn(θ1, θ2 . . . , θm)| dθ1 dθ2 . . . dθm,

where

(3.2) ln+ t = max{0, ln t}, t ∈ [0,∞).

P r o o f. By (1.7) in [3] for any real α and ω ∈ C

(3.3) ln+ |ω| =
1

2π

∫

T

ln |ω + eis| ds =
1

2π

∫

T

ln |ω + eiαeis| ds.

We apply (3.2) to t = |Λ(Tn)|l(m)
∞

, and note that

ln+ |Λ(Tn)|l(m)
∞

= max
16k6m

{

ln+
∣
∣
∣ATn +

B

n

∂Tn

∂θk

∣
∣
∣

}

.

Thus for any real α,

ln+ |Λ(Tn)|l(m)
∞

= max
16k6m

{
1

2π

∫

T

ln
∣
∣
∣ATn +

B

n

∂Tn

∂θk
+ eiαein(θ1+...+θm)eis

∣
∣
∣ds

}

6
1

2π

∫

T

max
16k6m

{

ln
∣
∣
∣ATn +

B

n

∂Tn

∂θk
+ eiαein(θ1+...+θm)eis

∣
∣
∣

}

ds,

and Fubini’s theorem gives

(3.4)
1

(2π)m

∫

Tm

ln+ |Λ(Tn)|l(m)
∞

dθ1 dθ2 . . . dθm 6
1

2π

∫

T

[
1

(2π)m

∫

Tm

E dθ1 . . . dθm

]

ds,

where

E = max
16k6m

{

ln
∣
∣
∣ATn +

B

n

∂Tn

∂θk
+ eiαein(θ1+...+θm)eis

∣
∣
∣

}

.

Setting

T ∗
n(θ1, . . . , θn) = Tn(θ1, . . . , θm) + eisein(θ1+...+θm)
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and writing A+ iB = eiα, (2.20) gives

(3.5)
1

(2π)m

∫

Tm

max
16k6m

{

ln
∣
∣
∣ATn +

B

n

∂Tn

∂θk
+ eiαein(θ1+...+θm)eis

∣
∣
∣

}

dθ1 dθ2 . . . dθm

6
1

(2π)m

∫

T

ln |Tn + eisein(θ1+...+θm)| dθ1 dθ2 . . . dθm,

where s is a real parameter.

If we combine (3.4) and (3.5), and use Fubini’s theorem, we obtain the desired

inequality:

1

(2π)m

∫

Tm

ln+ |Λ(Tn)|l(m)
∞

dθ1 dθ2 . . . dθm

6
1

2π

∫

T

[
1

(2π)m

∫

Tm

ln |Tn + eisein(θ1+θ2+...+θm)| dθ1 dθ2 . . . dθm

]

ds

=
1

(2π)m

∫

Tm

[
1

2π

∫

T

ln |Tn + eisein(θ1+θ2+...+θm)| ds

]

dθ1 dθ2 . . . dθm

=
1

(2π)m

∫

Tm

ln+ |Tn| dθ1 dθ2 . . . dθm.

This completes the proof. �

Let Φ(u) with Φ(0) = 0, and Ψ(u) = uΦ′(u) be continuous positive increasing

functions defined on [0,∞). By (3.5) in [3], we have

(3.6) Φ(u) =

∫ ∞

0

ln+
u

s
dΨ(s).

Using the method of the proof of Theorem 5 in [3], by Theorem 3.1, we obtain

immediately the following theorem:

Theorem 3.2. Let Φ(u) with Φ(0) = 0 and Ψ(u) = uΨ′(u) be continuous pos-

itive increasing functions defined on [0,∞). For each Tn ∈ T (Rm), and real A, B

satisfying (2.18),

(3.7)

∫

Tm

Φ
(∣
∣
∣ATn +

B

n
∇Tn

∣
∣
∣
l
(m)
∞

)

dθ1 . . . dθm 6

∫

Tm

Φ(|Tn|) dθ1 . . . dθm.

Since Φ(u) = up, 0 < p < ∞ is a function that satisfies the condition described in

Theorem 3.2, by (3.7) we have the following corollary.
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Corollary 3.1. For each real α and each Tn ∈ Tn(R
m), we have

(3.8)
∥
∥
∥

∣
∣
∣Tn cosα+

1

n
∇Tn sinα

∣
∣
∣
l
(m)
∞

∥
∥
∥
p
6 ‖Tn‖p, 0 < p < ∞.

In particular, for each Tn ∈ Tn(R
m), we have

(3.9) ‖|∇Tn|l(m)
∞

‖p 6 n‖Tn‖p, 0 < p < ∞.

4. Inequalities in L∞

For each Tn ∈ Tn(R
m), we can write it in the form

Tn(θ1, θ2, . . . , θm) =
∑

06|j1|+|j2|+...+|jm|6n

cj1j2...jmei(j1θ1+j2θ2+...+jmθm).

Fix k, 1 6 k 6 n, and write

(4.1) Tn =
n∑

jk=−n

cjk(z
′
k)e

ijkθk ,

where z′k = (eiθ1 , . . . , eiθk−1 , eiθk+1 , . . . , eiθm) ∈ C
m−1. Then Tn is a trigonometric

polynomial with degree not greater than n in each θk, 1 6 k 6 n. The Bernstein-

Szegö inequality (see (1.5)) of one variable implies

(4.2)
∣
∣
∣ATn +

B

n

∂Tn

∂θk

∣
∣
∣ 6 ‖Tn‖∞, k = 1, 2, . . . ,m,

where A, B are real with |A+ iB| = 1.

From (4.2) we get the following Bernstein-Szegö inequality for several variables.

Theorem 4.1. For all Tn ∈ Tn(R
m) and real A, B satisfying (2.18),

(4.3)
∥
∥
∥

∣
∣
∣ATn +

B

n
∇Tn

∣
∣
∣
l
(m)
∞

∥
∥
∥
∞

6 ‖Tn‖∞.

Thus far, we establish the inequality

(4.4)
∥
∥
∥

∣
∣
∣ATn +

B

n
∇Tn

∣
∣
∣
l
(m)
∞

∥
∥
∥
p
6 ‖Tn‖p, 0 6 p 6 ∞,

for all Tn ∈ Tn(R
m), and real A, B satisfying (2.18).
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Remark 4.1. For z = (z1, z2, . . . , zm), let

(4.5) |z|
l
(m)
r

=

( m∑

k=1

|zk|
r

)1/r

, 1 6 r 6 ∞.

It follows from (1.7) that

(4.6)
∥
∥
∥

∣
∣
∣Tn cosα+

1

n
∇Tn sinα

∣
∣
∣
l
(m)
r

∥
∥
∥
p
6 m1/r‖Tn‖p, 0 6 p 6 ∞.

However, in [5], Tung obtained the following inequality:

(4.7)
∥
∥
∥

∣
∣
∣Tn cosα+

1

n
∇Tn sinα

∣
∣
∣
l
(m)
2

∥
∥
∥
p
6 ‖Tn‖p,

where α = 1
2π, p = ∞, Tn(θ1, . . . , θn) = Pn(e

iθ1 , . . . , eiθm), and

Pn(z1, z2, . . . , zm) =
∑

j1+...+jm6n
06jk, k=1,...,m

cj1j2...jmz
j1
1 z

j2
2 . . . zjmm .

It would be of interest to investigate similar problems for the case of polynomials in

several complex variables.

Remark 4.2. Using (1.7) for all trigonometric polynomials that have degree at

most n in each variable, i.e., for trigonometric polynomials of the form

Tn(θ1, θ2, . . . , θm) =
∑

|jm|6n,
k=1,...,m

cj1j2...jmei(j1θ1+j2θ2+...+jmθm)

for 1 6 r 6 ∞, we have

(4.8)
∥
∥
∥

∣
∣
∣Tn cosα+

1

nm
∇Tn sinα

∣
∣
∣
l
(m)
r

∥
∥
∥
p
6 m1/r‖Tn‖p, 0 6 p 6 ∞.
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