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Abstract. Applying the method of normalized systems of functions we construct solutions
of the generalized Dirichlet problem for the iterated slice Dirac operator in Clifford analysis.
This problem is a natural generalization of the Dirichlet problem.
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1. INTRODUCTION

The problem of finding a solution of a second-order elliptic equation which is
regular in the domain of definition was studied by Dirichlet (see [11]) and is known
as the Dirichlet or first boundary value problem. In this paper, we mainly consider
a generalized Dirichlet problem of the following form.

Let Q = {x € R™*!: |z| < 1} denote the unit ball. Find a function u satisfying
Dju(z) = P(z), z€,
(1.1) ou
= —_ fr— R
uloa = Q(z), s (z),
where Dy is the slice Dirac operator, n is the outward normal to 012, and P(z),
Q(z), R(z) are Clifford-valued polynomials.
The slice Dirac operator is an extension of the well-known Dirac operator. The
Dirac operator introduced in the Clifford algebra setting by the work of Romanian
mathematicians Moisil and Teodorescu and Swiss mathematician Fueter (see [12])
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was later developed by Delanghe et al., see [2], [9], [10]. The null-solutions of the
Dirac operator are called monogenic functions. The study of properties of mono-
genic functions is a very well-established research field, usually called the Clifford
analysis. A disappointment about monogenic functions is that the identity function
or the powers of a variable are not monogenic functions. Gentili et al. in [13] offer
a new definition of monogenicity for functions (or slice monogenic functions) based on
a generalized Cauchy-Riemann operator (or slice Cauchy-Riemann operator). This
new class of monogenic functions contains polynomials (and, more in general, power
series) with coeflicients in the Clifford algebra Cl,,. However, when taking the step
from general Clifford analysis based on the Dirac operator (see e.g. [2], [9], [10], [15])
to slice Clifford analysis (see e.g. [1], [6], [7], [8], [13], [14], [20], [21]), some important
properties are lost as well, such as the Fourier transforms based on the differential
operator. Cnudde et al. in [5] introduced a particular representation of the slice
Dirac operator, which allows to establish the Lie superalgebra structure behind slice
Clifford analysis. Furthermore, they studied integral transforms related to the slice
Dirac operator, such as the slice Fourier transform and slice Segal-Bargmann trans-
form, see [3], [4]. As far as we know, up till now, Dirichlet type problems for the
iterated slice Dirac equations have not been considered. In this paper, we construct
solutions of generalized Dirichlet problems for iterated slice Dirac equations by means
of the method of normalized systems of functions rather than Poisson formulas.

The method of normalized systems of functions was studied by the second author
in [16], [17], [18], [19] to construct and investigate polynomial solutions of initial and
boundary value problems for partial differential equations in real analysis, such as
Dirichlet problems, Neumann problems, Riqurie problems, etc. However, the study
of boundary value problems for partial differential equations in the slice Clifford
analysis is different from that in real analysis. Functions in the slice Clifford analysis
are not mutually commuting with respect to the pointwise product, see [3], [4], [5].
To overcome the noncommutative properties between functions, we exploit the in-
tertwining relations of differential operators (i.e., differential operators satisfy the
defining relations of the Lie superalgebra, see [5]). Applying these relations, we
construct the normalized system of functions for the iterated slice Dirac operator.
Then we get the Almansi representation for null solutions to the iterated slice Dirac
equations by the normalized system. Furthermore, we obtain solutions of inhomoge-
neous iterated slice Dirac equations. These results help us to investigate generalized
Dirichlet problems for the iterated slice Dirac equation. In Section 4 of this pa-
per, we consider the homogeneous boundary value problem for the inhomogeneous
iterated slice Dirac equation. Furthermore, we study the inhomogeneous boundary
value problem for the inhomogeneous iterated slice Dirac equation. These problems
are related to Dirichlet problems.
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2. PRELIMINARIES

For the basic facts on Clifford algebras, Clifford analysis and slice Clifford analysis,
see, for example, [2], [3], [4], [5], [9], [10], [15]. One of the main aims of the slice Clif-
ford analysis is to construct a first order operator, the so-called slice Dirac operator,
factorizing the Laplace operator and to study the function-theoretical properties of
the null-solutions of this operator.

Let us identify the (m + 1)-tuple (xo,x1,...,2m,) € R™! with the 1-vector
x € Cly41. The vector z is defined as x = xgeg + z1€1 + ... + Tmem, = Xpeo + Z,

where eg, e1,. .., e, are the basis elements of the Clifford algebra Cl,,;; satisfying
the relations
eiej+eje; =—260;4, 4,7=0,1,...,m.
Here §; ; denotes the Kronecker symbol. In particular, e? = —1 for i = 0,...,m.
m
One thus has z2 = > a:% = —|J?|2 = —(37(2) + |£|2) = _(37(2) + 7”2)-
i=0

A first generalization of the classical Cauchy-Riemann operator is given by the

D = zm: ezaxl
=0

A second generalization of the classical Cauchy-Riemann operator is based on the

Dirac operator defined as

polar form of the vector. This is given by the slice Dirac operator defined as

m
X
DO - 608950 + ﬂar - 608950 + § xzazm
i=1

[]? 4
where r = /2?2 + ...+ 22, and w = z/7.
The square of the slice Dirac operator is
Dj = —(23, + 7).

The Euler operator in slice Clifford analysis is given by

The operators z, Dy, E constitute the Lie superalgebra osp(1|2), see [20]. In
particular, the operators #2, D3 and F satisfy the intertwining relations

(2.1) D3z? — 2°DE = AE + 4,
(2.2) Ez? — 2?F = 222,
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3. SOLUTIONS OF ITERATED SLICE DIRAC EQUATIONS

In this section, we discuss properties of the Euler operator. Then by these proper-
ties and the intertwining relations of differential operators, we construct a normalized
system of functions with respect to the operator D3. Applying the system, we get
the Almansi expression for null solutions to the iterated slice Dirac equation. Fur-
thermore, the solution of the equations D2u(z) = f(z) and Dju(z) = f(z) can
be obtained in this context. These results will help us to investigate generalized
Dirichlet problems for iterated slice Dirac equations in the next section.

From now on 2 = {z € R™*1: |z| < 1} denotes the unit ball in R™*1.

Lemma 3.1. If f € CY(Q,Cl,,41), then

(3.1) (E+s)/0 (1—t)s‘1f(ta:)dt=(s—1)/0 (1= )" 2f(tz)dt, s=2,3,...,
82) (E+9) [ fdi= i@, =1,

1—t)
ql

(3.3) (E+s) /01( ts_lf(tx)dt:/ol O=D" Y riaydt, g5 €N,

(g —1)!

Proof. By direct calculation, we have

E/o (1 —t)* "V f(te) dt = Zx&‘ / (1=t L f(te)dt = /0(1—t)5*1t%f(tx)

_/O [(1—1)1 = (s = 1)t(1 — )" 2 f(tx) dt

1 1
(s — 1)/ (1— )2 f(tz) dt — s/ (1— 1)1 f(te) dt
0 0
which proves (3.1). In a similar way, one can obtain the formulas (3.2) and (3.3). O

Lemma 3.2. Let f € C%(Q,Cl,,41) be such that D3f(z) = 0. Let s > 0 and
Fy: Q — Cl,,,41 be defined as

2s

> ) / (1 - )" f(az) da.

(34) E@) = w11 ),

and Fy(z) = f(z). Then D3Fs(z) = Fs_1(z).
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Proof. As the first step, we prove that
(3.5) Di[a* f ()] = 2** D f(x) + 452> *(E + 5) f ().
Using the formulas (2.1) and (2.2), we obtain

Dila® f(2)] = [#”D§ + 4B + ][> 72 f (2)]
= 22 D3a* 72 f(x) + ABx* 2 f(x) + 42> 72 f(2)
= 2?22 D3 + 4E + 4]2* 7 f(z) + 4(2®E + 22%)2* 7 f () + 42 2 f(x).

By iterating this computation, we get

D3a® f(x)] = D3 (z) + s 2Ef () + dsa® 2 f(z)
+8(s—1)+... + 8z 2f(x)
= 2 D2 f(x) + 452> 2(F + 5)f(z).

Let now f € C?(Q,Cly,41) be such that D2 f(x) = 0. Then we let the operator D2
act on the right side of the equation (3.4): for s > 1, it follows by Lemma 3.1 that

DYFy() = D} [ﬁ / (1 - a)™ f(aa) dal

3328

= ng/{) (1 —a)* ' flaz)da

xQ(S_l)(E + 8) ! s—1
+ (s 1) (s~ 1)1 /0 (1—-a) " flazr)da
x2(571)
45=1(s =1l (s = 1)!
X [E/O (1—a)* ' flaz)da + S/O (1 — )" f(ax) da]
332(3_1)
45— (s =Dl (s = 1)!
1 1
X [/0 (1—a)tadf(az) + S/o (1—a)* 'f(ax) da]
x2(571)

S 4sml(s— 1) (s —1)!

« /O —(1—a) ! + (s — 1)a(l — a)*2 + s(1 — a)* '] (az) da

1'2(3_1)

- 45=1(s = 1)! (s — 2)! /0 (1 =) f(az)da = Fir /().
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For s =1, it follows by Lemma 3.1 that

DR[Fi(2)] = (E +1) / floz)da = f(z) = Fo(2),

which completes the proof. (I

Remark 3.3. The sequence of functions { Fs, s = 0,1, ...} defined in the previous
lemma is the normalized system of functions with respect to the operator D3, that is

D3Fy(x) =0, DiFu(x) = Fur(a).

From Lemma 3.2, it is easy to obtain

ok k-1 3328 1 )
Dy [fo($)+;m/o (1—-a)* " fo(ax)da| =0,

where D3 fs(z) =0,5=0,1,...,k— 1.

Theorem 3.4. Let G € C?*(Q, Cly,41). If D3*G(x) = 0, then

1'28

k—1 1
(3.6) Gla) = ole) + 3 oy | (1= @) ile)do.

458! (s — 1)!
where fs(z), s =0,1,2,...,k — 1, satisfy the equation D3 f(z) = 0 and

k—s—1  q\i.,.2 1
B L@ =DFCW) + 3 g [ 088 D G as.

=1
Proof. We first prove that D2 f,(x) = 0. Applying Lemma 3.1, we see that
2(s+1
Difula) = Dy G(w)

SN (_1)l 2|, .21 ' 1—1 pl—1 2(s+1)
+ Z mDo{x /(1—6) B Dy G(Bx)dﬂ}

> a2,
ZE)
k—s—2 1\l 1
£ | 0 e 6 ) as)
=1

k—s—1

(—1)'z?-2 1 (e
" T IR U A I CELE

= DG ()
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k—s—2

1
Z 41“ l—1 [ 21/0 (1 —/3)l_1/3l+1D§(SHH)G(6x) da

B / Dy G (pa) dp

1)1 20-2

1 .
- Z = 1 -2 / (1= 4) 26 D3 VG (Br) B

- DS“*”G( )

k—s—2 1
3 AT [Ql/ (1= 8)~ 8D G (Br) 4
0
3‘””6‘(@
k—s—2 , \iy1.21 1
+ % / (1= B) g P2 G(B2) dB = 0.
=1 : *J0

Let us now prove the formula (3.6), where f,(x) are given as in (3.7). To do this, we
substitute the expression for f,(x) into (3.6). Then we find

2s

k—1 " 1
)+ Z m/o (1= )" fi(az)da

5 128 1 (1 _ a)sflasfl 0
+ Z 4€5| /0 (S — 1)' DO G(Oéi[,’) do

s=1

s 1
T s R
T Z m/ (1-a)* ' D§*G(az) da

k— 1 B
1 5 1 a)® 1,20

29+2l
+Z495' s—1)! / 410

=1

1( _/B)l 1/8l 1 s
X/o = D8 Glasa) 4B da.

By making the change of variables a8 — ¢ and by changing the integration order,
the last sum in the above equality becomes

k=2 k—s—1
ST 1)lx2s+21

>y S

s=1 [=1
1 a2(1 _ a)sfl 1 (a _ aﬂ)lil(aﬂ)lfl o(1+s)
X /0 o1 /0 (=1 Dy G(afz)dpda
k—2k—s— 1 l p2s+2l a(l — a)s—l * (a _t)l—ltl—l .
2 lz; 4l+85m /0 1) /0 oD Gt dtda
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k—2k—s—1 l 2‘?-’1—21 1 _ a (a _ t)l_l
— 1—1 2(l+s)
- Z Z 4l+58|l| / / G- —1) ' Dy G(tx)dtda

’“—2’“—3—1 1)l 242! a(l = a)* =1 (a — )1
— 1—1 2(i+s)
-y Yy B / / o o G deca

k—2k—s-1 (—1)lg2st2!

4l+s

- t1 =)™ 1 2
X/o kB 0D+ ) +s!l!(l+s—1)]tl Dy G (tw) dt

Let s + 1 = ¢. Then we can continue as follows

: z—i . /01[(Z t—ll;((ll_t);'z' " (z’t—l(ll)!;!t()z'i—ll)!]DgiG(m) dt
_Ijz_;l%/ol Z)(Zl V= piGa)a 241/ Z'z—l DlG(tm)dt
- ]jz;lj_%/ol il )(; i 3’C(tm) dt + %/O DG (tx)dt

) 13?4z /1 il z—1 (tx)dt—xjj/ongiG(tx)dt

_ _5_1( 14):3:29 /01 (18—!(758)115 1 DG de

55 [ Sty

and the theorem is proved.

We now consider the equation

(3-8) Dgu(z) = f(x),

where Dy is the slice Dirac operator and f € C*°(, Cl,,+1) is a real analytic func-

tion. In the sequel, we always assume that infinite series converge absolutely and

uniformly in the unit ball Q.

Theorem 3.5. The solution of the equation (3.8) can be represented as

( 1 s 2(5+1

(3.9) = Z PG / (1 —t)*t° D3 f(tz) dt
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Proof. We let the operator D2 act on the right side of the equation (3.9). Then
from the formula (3.5) it follows that

Aagk

_]_ S 1
W_ﬁl)lleg |:x2(8+1) A (1 _ t)StSDgsf(tiL') dt:|

1
G + 1 |:(E2(S+1) / (1— t)5t8+2D(2)(s+1)f(t(E) dt:|
0

"
e

1
4 1 QSE 1 1— SSDQS
S+1.s. (s + 1)z (E + s+ )/0< £)*t° D2 f () dt

-1 s ! S48 s
= ZW [m2(k+1)/0 (1 — )5t +2D§( H)f(ta:) dt}
s=0 rer

1 o0 s 1
+(E+1)/0 f(tx)dt+zA(;slllleS(E—i—s—i—l)/o (1= £)°+° D2* f(tz) dt.
2 st

By means of Lemma 3.1, we have

= (_1)S 2 2(s+1) /1 515 128
2 Gy oo ) (- 0e D) d
z) + > _ ) x2(s+1)/1(1 _t)5t5+2D2(S+1)f(tx) at
Zgzo 45t (s + 1) s! o 0

— (=12 ! R
+;m/o (1 =) " DG f (tz) dt

— (—-1)° s ! 525402 2(s+1
x) +Zm 22 +1>/0 (1= t)*tst2 D2 £ (g dt

)5+1 2(s+1)

T Z T / (1= 02D (1) dt = f ().

This implies that the desired result holds. O

Applying Theorem 3.5, we study the iterated slice Dirac equation
(3.10) Diu(z) = f(x),
where f € C*(Q, Cl,,11) is a real analytic function.

Theorem 3.6. The solution of the equation (3.10) is given by

1)5 2(s+2)

1
Zm/ (]. —t)s+1tSD88f(tCL') dt
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Proof. From Theorem 3.5, we find that
e} 1
(—1)8$2(S+1) / )
= —_— 1 —t)°t°Dg° f(tx) dt
g((E) gz::o 4S+1(S+ 1)'8' 0 ( ) 0 f( (E)

is the solution of the equation D3g(z) = f(z).
Similarly, the solution of the equation D3u(z) = g(z) can be written as

0 ( 1 s p2(s+1) 1 )
Z pETPTI / (1 —t)*t*D2%g(tz) dt.
Since D3g(x) = f(x), we have
CL’2 ! ) (tx)Q(SJrl) sps 2(s—1)
(3.11) wu(z) = IA g(tx)dt + Z m/{) (1—1¢)%t Dy fltz)de

We compute the first term on the right side of (3.11):

2 1 2 1 % 1)s..2(s+1) 1
%/0 g(tm)dtz%/o Z%/ (1— B)*B*D2 f(tBx)dBdt

oo 9 2(e+2) t2(q+1)
= 4s+2 s + 1 / / 6 Dggf(tﬁx) dgdt
B > ( 5 2s+2) v
_ Z:O 4S+2 S / / A EOSE pos 4 60y ap a
B & ( s 2s+2) .
_ zz:o 4€+2 ] / / L OVUBNT pas 1182y d(15) dt

By making the change of variables t3 — E and by changing the integration order,
the first term on the right side of (3.11) becomes

o ( s 2(5+2 )
—/ (tr)d :Z4s+2s+1 // = PP pas () dp dt
s=0
( 1)8 2(s+2)

E'qg

[
Il
o

) ' 28725 £( 3, ! A\ s ~
m/ B Dy f(ﬁx)/g(t—ﬁ) tdtdp

)z

(

( 1)52(s+2) 1~8 (1 N B)erl (1 _ E)5+2 e _
m/ﬂ { s+ 1 _(5+2)(S+1>}D8 f(Bx)dp
( )s 2(s+2)

45t2(s +2) (s + 1)!

M8 f M8

0
/ (1= B)(s +2) — (1 — B)**| D3 f(Br) dP.
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We now return to formula (3.11),

> ( G 2(9+2) ~ e .
“(””)_5248“(8” sy /5 B)s +2) — (1 - 5|3 (Br) 47

tl‘ 2(s+1)

s4s2(s—1)
+Z48+18+1'8'/0(1—t)tD0 ftz)dt

s 2(5+2) 1
:Zwi e [ e D0 =0 (= 0 DR ) e

s 2(s+2) 1
+ Z 4q+2( 51_?_ 2) (s+1)! / [—(1— t)8+1t8+1]D88f(t$) dt

_ )sx2(3+2)

00 1
= Z 4(s+2(s + 2)! S! A ts(l - t)s—‘rlD(Q)sf(tx) dt

s=0

which completes the proof. O

4. BOUNDARY VALUE PROBLEMS FOR ITERATED SLICE DIRAC EQUATIONS

In [22], the author examined Dirichlet type problems for the iterated slice Dirac
equation by integral operators. In this section, we construct generalized Dirichlet
problems for inhomogeneous iterated slice Dirac equations by means of a new ap-
proach.

4.1. Homogeneous boundary value problems for inhomogeneous iterated
slice Dirac equations. In this section, we first consider the following homogeneous
boundary value problem for the inhomogeneous iterated slice Dirac equation.

Let f be a Clifford-valued polynomial and let n denote the outward normal to 9.
We look for a function u € C*((2, Cl,,,+1) such that

Dju(z) = f(z), z€Q,

(4.1) ou
ulon = 0, —| =
on loq

In order to obtain the solution of the problem (4.1), we need the following lemma.

Lemma 4.1. Let P, be a a Clifford-valued homogeneous polynomial of degree I.
Then

(4.2) P(z) = Ri(z) + xQRl,g(x) +...+ ijRl,gj (z),
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where R;_s;(x) are homogeneous polynomials of degree [ — 2j and

l—2j i 5 QSDQ(‘?‘H)P( )

(4.3) Ri—zj(z) = 488' (I =2 —s)s

Here (a)s = a(a+1)...(a+s—1) and D3R;_5;(z) = 0.
Proof. Using the formulas (3.6) and (3.7), we have

/2] 2)

A = R+ X g | a=ay e o,

[l/27j] (_1)31;23

fj(x) — DSJPl(JT) + Z m/o (1-— B)s—l/@s—lD(Q)(erj)Pl(/@m) dg.

s=1

Then the formula (4.2) can be written as

fi(x) ! o1 1-25 . B, l=2j+1)
(4.4) Rl_gj(l‘) = m/{) (1 - 04) ot da = Wf](%)a

where B(m, n) is the Euler beta function. It follows that fo(x) = R;(z). Using the
formula (3.6), we have

[1/2] S .25 1
49) ol = A+ X gy [ 088 DA as
l/2] 1
)9 2€D29PZ( ) . e
@)+ e (s s

Applying the relation between the Euler beta function and beta functions, we can
continue as follows

A (~1)'2 D Pi(x)

Pl(‘””; PERTp s L
)+ %2] 4;'2;1)—%11)31( e )ﬁ((ll)_ ”
z g;fz%i? )3 Gl
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Therefore,

[t/2—4) s 20547
=y U D" Pi(x)
! 4551 (1 — 25 — 5)s

Thus, it follows from (4.4) that

. . 1/2—j s+7

Ruoaye) = B =2+ D IS (12D Pa)
RN T NG = 1) 4551 (1 —2j — s),

This means that the desired result holds. O

Theorem 4.2. Let f(x) be an arbitrary Clifford-valued polynomial. Then the
solution of the problem (4.1) can be written as

(1+ax?)*(1 —a)stt .
(4.6) u(z) = (2?2 +1) / Z (s 4 2)'83 D? f(ax) da.

Proof. Firstly, we consider the following boundary value problem: For the inho-
mogeneous iterated slice Dirac equation in the domain 2, find a function u(z) such
that

Du(z) = 2% R)_9(z),

(4.7) ou

ulon " Onlaa ’

where the homogenous polynomials R;_o; () satisfy the equation D3R;_2;(x) = 0.
Using the formula (3.5), we have

Dy[a*F? Py(x)] = D D5 > Py(x))]
= Dila® 2 DEPy(x) + 4(1 + 2)2° 72 (E + 1 4 2) P ()]
=41+ 2)(s + 1 + 2) D3[z* T2 Ps(2)]
=4(1+2)(s + 1+ 2)[a" 2 D Py () + 4(1 + )2 (B + 1 + 1) Py(x)]
= 4(1+2)(s + 1+ 2)[@* 2 D Py () + 4(1 + 12 (s + 1 + 1) Ps(2))]
=421+ 2)(1+ D) (s +1+2)(s + 1+ )a? Py(x).

+4
+4

~— —~ o~

This implies that the solution of the equation Dju(z) = x?! P;(x) is given by

x2(l+2)P5(x)
21+ +D)(s+1+2)(s+1+1)

u(zx) =
with the homogenous polynomial Ps(z) of degree s.
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Thus, we can see that

x2i+4Rl72i ({E)
Li+2G+)(I—i+2)(—it1)

gi(r) =

is the solution of the equation D3u(z) = 22 R;_o;(z).
Hence, the solution of the problem (4.7) is

[+ (=1 +1) + (=)' (i + 2)2°|R124(2)
PA++ 00— i+ —i+1)

(4.8) ui(x) =

Then we consider the homogeneous boundary value problem

Dju(z) = P(z), =€,
(4.9) ou

ulon ’ onlaa ’

where P;(x) is a Clifford-valued polynomial of degree I.
Let w;(z) be the solution of the problem (4.9). Then

2+ (<1 1) + (1) +2)2% R i)
2>i+2)i+ 1)1 —i+2)(1—i+1)

uy(x) =
i=0

Using the formula (4.3), we have

[1/2] 2s s 2k
D§P(x s—l—l)'x
4.10 =(z*+1 9
(410)  wlw) (x+)z4s+25+2' B (s — R0 — 25+ kit Daya
Since
1 B 1 _ (I=2s+k)!
(1—25+k+1)sp2 (—2s+k+1)...(l—s+k+2) (I—s+k+2)
1
_Bls+2l+k-2s+1) 1 (1= £+ gth=2s gy,
T(s+2) G+ J
then

[1/2] 2 1
D§*Py(x) _
4.11 = (22 +1)2 07/ 1 — 4)sHlpltk=2s .2k g4
[1/2] 2 1 s
Dg* P (x) _ s!
= (g2 2 _ oSt \st+1,0-2s k 2k
- (.13 + 1) Z 4S+2(8+2)!S! / (1 t) t 27]{:' (S _ If)'t % dt
5=0 0 k=0

[1/2] 1
1 S
=0 .S

We now turn to the boundary value problem (4.1).
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Since P(x) is an arbitrary Clifford-valued polynomial, then
=Y P~
1

where P;(x) is a Clifford-valued polynomial of degree I. Let u(x) denote the solution
of the problem (4.1). From the formula (4.11) it follows that

— 1+t$ (1_t)S1 2s
Zul (22 +1) / o SH),S, D2 zl:Pl(tx)dt
(1 + tz?) (1 — )t
(22 +1) / Tty D Pl .
which completes the proof. ([

4.2. Inhomogeneous boundary value problems for inhomogeneous iter-
ated slice Dirac equations. In this section, we turn to the problem (1.1).

Theorem 4.3. The solution of the problem (1.1) is given by
(22 +1)

(4.12)  u(z) =Q(x) + [R(z) — EQ(x)]

9

2
ey [ S D i - R )
)

(1+ta?)5(1 =)t .
J) +1 / 4s+2 S 2)[5! D(% [P_D(Q)Q](tm)dt

where E is the Euler operator.

Proof. We first consider the boundary value problem for the iterated slice Dirac

equation
Dju(z) =0, z€Q,
(4.13) Ou
= _— fr— O
ulog = Q(x), on loa

with the Clifford-valued polynomial boundary value Q(z).
From Theorem 4.2 it follows that

@1 ) = Q- T

EQ(x)
1 ©© 2\s
(1 + t{E 1 — t) 2(s+1)
(@ + 1) / ZO S S+1)'S'D (BQ(tz)] dt

2 (1 4 ta?) 1—t) D2s+2)
—(2*+1) /Z FEETA I DI Q(tx) dt
=0
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is the solution of the problem (4.13). In fact, since 22 4+ 1 = 0, we can prove that the
function u(x) in (4.14) satisfies the equation u|pq = Q(x). Since Ou/In = Eu(x), we
can prove that the function u(z) in (4.14) satisfies Ou/0n|sn = 0.

Next, we consider the boundary value problem for the iterated slice Dirac equation

Diu(z) =0, z€Q,
(4.15) ou

uloa =0, Inloq (@)
with the Clifford-valued polynomial boundary value R(z). Combining relations (4.6)
and (4.16), we have that

2?41 s o [T (T4 t22)(1 — 1) _o(st1
(4.16) u(x):%R(x)—(x +1) /O 2(248“(811)!; D2 R(tz) dt

is the solution of the problem (4.15).

It is easy to see that the solution of the problem (1.1) can be represented as the
sum of solutions of the three problems (4.1), (4.13), and (4.15). Combining (4.14)
and (4.16), we finally obtain the desired solution (4.12). O
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