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Abstract. We consider an inverse problem for the determination of a purely time-
dependent source in a semilinear parabolic equation with a nonlocal boundary condition.
An approximation scheme for the solution together with the well-posedness of the problem
with the initial value ug € H'(Q) is presented by means of the Rothe time-discretization
method. Further approximation scheme via Rothe’s method is constructed for the problem
when ug € L? (©) and the integral kernel in the nonlocal boundary condition is symmetric.
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inverse source problem

MSC 2020: 65M20, 35K58, 35R30

1. INTRODUCTION

Let Q ¢ R?% d € N, be a bounded domain with the boundary I' of class C%!
and T > 0. We consider a problem of finding functions u: Q x [0,7] — R and

p: [0,7T] — R obeying the semilinear parabolic equation

(1.1) Oru — Au = p(t)h(z,t) + f(x,t,u, Vu) in Q x (0,7T)
with the initial condition

(1.2) u(z,0) = up(x) in Q

and the nonlocal boundary condition

(1.3) u(z,t) = /Q k(z,y,t)u(y,t)dy on I x (0,7),
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subject to the additional measurement

(1.4) /Q u(e, w(x) dz = g(t), te (0,T),

where h, ug, k,w, q, f are given.

The parabolic equations with nonlocal integral conditions arise in thermoelasticity,
ion-diffusion in channels, the technology of integral circuits, etc. (see [8], [22], [3]
and the references therein). The problem (1.1)—(1.4) describes, for example, the
quasi-static flexure of a thermoelastic rod, where u is entropy and the integral over-
determination condition (1.4) means the average entropy over the domain €2, see [8],
p.469-471, and [16], p. 378.

A number of methods for solving such nonlocal direct and inverse problems (IPs)
are known, see, e.g., [4], [6], [13] and [7], [1].

The Rothe time-discretization method (or method of lines) as an approximate
approach gives a simple numerical scheme together with the existence of solution
for a wide range of evolution problems, see, e.g., the monographs by Kacur [12] and
Rektorys [17]. Recently, this method was applied to parabolic IPs with classical
boundary conditions, e.g., in [9], [10], [11], [19], [21] and to parabolic direct problems
with nonlocal integral conditions, e.g., in [20], [5], [14].

Slodic¢ka [20] considered the unique solvability of the direct problem (1.1)—(1.3)
with f = f(Vu) using Rothe’s method; more precisely, a solution v in the func-
tion space

V ={v: veC(0,T); L*(Q)) N L>(0,T; H(Q)), o € L*(0,T; L*(Q))}

was obtained under the assumption ug € H?()); the assumption was regarded im-
portant for solvability of the considered problem. One can take notice that the reg-
ularity assumption ug € H?({2) for obtaining such a solution in [20] is stronger than
required for the second order parabolic problems with classical boundary conditions
(this appears also in [9], [21]).

On the other hand, Kozhanov [13], employing the parameter continuation method,
showed the existence of a solution u € W3 (2 x (0,T)) N L>(0,T; H'(2)) to the
direct problem (1.1)—(1.3) under the condition ug € H*(2) but with an additional
strong assumption k(z,y,t) =0, y € T

The aim of this paper is to establish the Rothe time-discretization method for the
parabolic IP (1.1)—(1.4) under weaker regularity than H? for the initial value wuo.

First, we find the solution u € V to the IP (1.1)—(1.4) under the assumption
up € H'(Q) without further assumptions on the other data than [20]. The H'-
regularity of ug requires test functions different from [20]. We construct a time-
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discretization scheme to find an approximate solution. We choose suitable test func-
tions taking account of the compatibility condition on the initial value, which to-
gether with the obvious and efficient inequality (2.20) yields estimates for solutions
of the discrete scheme. For the proof of uniqueness of a solution, we use Rothe’s
method as well, which also distinguishes the paper from the above-mentioned refer-
ences, where the uniqueness of the solution was proved just using the energy method,
irrespective of the Rothe method. We use a priori the Rothe method to obtain the
estimate of [0y (u) — u®)||2(0,7.22(q)) for two solutions u(V),u(® to (1.1)-(1.4).
Thus we can use a suitable test function to prove the uniqueness by the energy
method, which is also crucial for weakening the regularity of ug. See Remark 2.2 for
more details.

Next, in this paper, we further address the Rothe method for (1.1)—(1.4) under
the assumption ug € L?(Q2). To this end, we modify the above discrete scheme and
apply the symmetry condition k(z,y,t) = k(y, z,t) for the integral kernel (see [8],
p.471) to get the required estimates for its solutions.

Finally, we refer to [2] and [10], where the Rothe methods were proposed weak-
ening the Lipschitz continuity of nonlinear term and the regularity of integral over-
determination value, respectively, as compared with the previous papers which also
had applied the method.

Notations: We use the standard notation L*(Q2),L%*(0,T), H'(Q), H}(Q) for
Lebesgue and Sobolev spaces. By H~!'(Q) we denote the dual space of Hj(S2).
Moreover, LP(0,7; X) for 1 < p < oo and a Banach space X denotes the standard
Bochner spaces. The symbol ||-||x denotes the norm of the normed space X. More-
over, [ = Iz Il = Il IFle = 1lz2(r). Throughout the paper, (4, v)
denotes the usual scalar product in L*(Q2), that is, (u,v) = [, p(z)v(x)dz, and
li2ll = \/(i, 11). Letter C' with subscript denotes different positive constants which
are dependent upon the domain 2 or the length T of the time interval, or given
functions. In particular, the positive constants C., Cg,, i € N, depend also on the
positive constants €, €;, respectively.

The paper is organized as follows. In Section 2, we prove the convergence of
Rothe’s method and the uniqueness of the solution for ug € H'(Q2). Section 3 is
devoted to the case of ug € L*(Q).
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2. ROTHE’S METHOD I (CASE OF uy € H(f))

We make the following assumptions on the known functions:

(AL) wp € HYQ);  uo(z) = / k(e 0)uo(y)dy, z €T.

(A2) we Hy(Q), q601[0 T];  h(t) € L*(9),

‘/h . w(z

|h(t) — ()| < Ch2lt = t'|, t,t' €10,T).
(A3) f(t,v,Vv) € L*(Q) fort € [0,T], v e H(Q);
1f (&0, Vo) = f(t', w, Vo) | < Crlllv = wily + [t = |1+ [[o]lx + [lw][1)]

for t,t' € [0,T], v,w € H(Q).
(A4) \///kQ(xvy,t)dydeCm <1,
aJo

\// /(atk)Q(xvyat) dydx < Ck27

aJo

\/ [ [ 19eb 2 ay e < G,
aJo

\///|Vmatk(x,y,t)|2dydx<0k2, te0,T)].
aJo

Here we remark that the restriction on smallness of the integral kernel & like (A4)

>Ch >0, tel0,T);

is common in the treatment of parabolic equations with the nonlocal boundary con-
dition (1.3), see [6], [7], [13], [20].
We use the formal notation
Kov(z,t) := / k(z,y,t)v(y,t)dy, (x,t) € Qx[0,T),
Q
Fo(z,t) .= f(x,t,0(z, 1), Vo(z,t)), (2,t) € 2 x[0,T],

for a function v(z,t). Multiplying formally the equation (1.1) by a test function
o € L*(0,T; H}(2)) and integrating the result over 2 x (0,7, we have

T

(2.1) /O (8tu(t),go(t))dt+/0 (Vu(t), Vo(t)) dt
T T
_ / p()(h(1), (1)) dt + / (Fu(t), (1)) dt Ve € L*(0,T; H(Q).

This yields the following definition of the solution.
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Definition 2.1. A pair of functions (u, p) is called a solution to the IP (1.1)—(1.4)
if (u,p) € V x L?(0,T) satisfies the following assumptions:

(i) for a.e. t € (0,T) and all ¢ € HE(Q),

(2.2) (Qru(t), d) + (Vu(t), Vo) = p(t)(h(t), 8) + (Fu(t), 8),
(ii) for ae. t € (0,T),

(2.3) p(t)(h(t),w) = ¢'(t) + (Vu(t), Vw) — (Fu(t),w),
(iii) u satisfies (1.2) and (1.3) in the trace sense.

Remark 2.1. (i) Choosing the test function ¢ = w in (2.2) and using the
additional condition (1.4) lead to (2.3).

(ii) Obviously, the solution (u,p) € V x L?(0,T) by Definition 2.1 satisfies (2.1)
pointwise. In particular, one has Aue L%(0,T; L?(f2)). However, u€ L?(0,T; H*())
is not guaranteed in general since we do not know whether the right-hand side of (1.3)
could belong to L?(0,T; H*/?(£2)) under the assumption (A4).

2.1. Time-discretization scheme and existence of a solution. Rothe’s
method is based on a semi-discretization with respect to the time variable. We

divide the time interval [0,7] into n € N subintervals [t;_1,%;], ¢ = 1,...,n, where
t; =47 and 7 =T/n.
Put

K’UZ‘((E) = / k(xvyatz)vz(y) dyv T e ﬁa
Q

Fvi(z) = f(z,t;,vi(x), Vv (), x€Q,
ovi(x) == —vz(x) — vi*l(x), €,
T
for a function v;(x).
On the basis of (1.2), (1.3), (2.2) and (2.3) we construct the following recurrent
system of time-discretized problems to find u;(x): Q — R and p; € R from u;_1(x):
Q- Rfori=1,...,n:

(2.4) (Oui, @) + (Vui, Vo) = pi(hi, ¢) + (Fui—1,¢) V¢ € Hy(5),
(2.5) pi(hi,w) = ¢, + (Vui_1, Vw) — (Fu;_1,w),
(2.6) ui(z) = Ku;—1(x), x €T,

where ug(x) is given by (1.2), and h;(z) = h(x, ;) and ¢} = ¢'(¢;).
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The following lemma shows the well-posedness of the scheme (2.4)—(2.6).
Lemma 2.1. Let (A1)—(A4) be satisfied. Then, for alln € N andi =1,...,n,
there exists the unique pair (u;,p;) € H'(Q) x R, satisfying (2.4)—(2.6).

Proof. Let u;—1 € H'(Q) be given. Then (2.5) determines the unique p;. We
can rewrite the equation (2.4) as

(2.7)  (ui, @) + 7(Vui, Vo) = (ui1,8) + 7pi(hi, §) + 7(Fui-1,6) Vo € Hy(Q).
Substituting u;(z) = v;(z) + Ku;_1(z) into the left-hand side (LHS) of (2.7) yields
(28) (U'L'; ¢) + T(V’U’h v¢) = (ui—la ¢) + Tpi(hi7 (b) + T(Fui—la ¢)

= (Kui1,0) = 7(VKui 1, Vo) V¢ € Hy(Q).

From the Lax-Milgram lemma, we immediately obtain the existence and unique-
ness of a solution v; € HI(Q) of (2.8). Thus there exists the unique solution
u; € HY(Q) of (2.4), (2.6). O

We derive estimates for u;(x), p;,it = 1,...,n, satisfying (2.4)—(2.6).

Lemma 2.2. Let (A1)—(A4) be satisfied. Then there exist 7o > 0 and C' > 0 such
that for all n > T/ the solutions (uj,p;), j =1,...,n, to (2.4)—(2.6) satisfy

(2.9) lusll} < C,

(2.10) 72]:||5ui||2 <G,
j i=1

(2.11) zj: ui —uia ||} < C,

(2.12) - p; <C.

Proof. Let §Kug(z) = 0. Then it follows from assumption (Al) and (2.6) that
(bu; — 6Kui—1)T € HJ (), i =1,...,n. If we set ¢ = (du; — 6Ku;—1)7 in (2.4) and

sum it up for i = 1,..., 7 keeping 1 < j < n, we obtain
J J
(2.13) TZ(éui,éui) —I—TZ(Vui,V(Sui)
i=1 i=1

J J
= szi(hi, ou; — 5K’U,i_1) + TZ(FU"L'—I; ou; — 5Kui_1)
=1 i=1
J J
—l—TZ((Sui,(SKui_l) —l—TZ(Vui,VéKui_l).

i=1 i=1
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On the other hand, from (A3) we get
(2.14) [Fuiall < Cpllluiall + IVuiall) + My,
here My = t,0,0)|.
where M; := max |[£(£,0,0)]
Applying the Cauchy inequality and (2.14) to (2.5) yields
|gi] + [(Vui—1, Vo)| + [(Fui—1,w)|

. il < < i : i—11ls
(2.15) |p] o] Cy + Co||lui—1]| + Cs||Vui—1||
where

1 Crllwl| Cyllw|l + HVoJH

Ci=— m CHy = d C —Jr—r v 7

1 Cm( Myl|lwl| + e, [d'(®)]), C2 c d Gi= o

Moreover, it follows from (A4) that

(216)  7l[0Kuia| = [[Kuiy — Kuial| < 7(Cha[|6ui-1|| + Crzflui-zl]),
217)  7VoKui1| = VK1 — VEuso|| < 7Cr(|[5utsr]| + [[ui_s])-

The application of the identity
J
(2.18) ZZai(az—azl = a; —ao—l—z azlz Va; €R, i =0,...,7,

i=1
to the second term in the LHS of (2.13) says that
J 1 1 1<
_ a2 L 2, 1 T 2
TZ;(V%V&M) = 51V |7 = 5 IVuoll” + 5 levuz V|
Using (2.16) and Young’s inequality, the third term in the right-hand side (RHS)
of (2.13) can be estimated as

J J J
TZ 5’(1,1,5K’U,z 1 CleZ H5’U,1||||5’U,1_1H + Ck»QTZ H(SquHuz_gH
i=1

=2 1=2
j i i
< Cey + Car > I0wil® + Ce, 7Y uil® + &7 Y [|oui>.
=1 i=1 =1

Estimating, similarly to above, the other terms in the RHS of (2.13) by (2.14)—(2.17)
and applying the obtained relations to (2.13), we get

J J
1 1
2 : 2 2 2 : 2
(2.19) (1 — Ckl — EQ)T ||5’U,1H + §||VU']H + 5 2 HVuz — VU"L'—IH

i=1

j j
<Gy +Ceym )y Nuill® + Cey7 Y Vil

i=1 i=1
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On the other hand, applying (2.18) to the LHS and Young’s inequality to the RHS

of the inequality
J

T Z(éui, uz) y

i=1

J
T Z(éuz, uz) <

i=1

we have

1 1 1< 1 < J
(2.20) 5”“7”2 - 5Hu0|\2 +t5 Z llus — ui—1]? < €_3TZ [Jug|® + €3TZ [[6us|.
=1 =1 =1

Putting (2.19) and (2.20) together, we arrive at

j j j
(221) (1=Cia—)r Y [l Slhuslt+5 D fus—us < Ot Cor 3 a3
i=1 i=1 i=1
If we select ¢ such that 0 < £ < 1—C%; and choose 79 so as to satisfy 0 < 79 < 1/(2C%)
n (2.21), we obtain (2.9)—(2.11) by Gronwall’s lemma (cf. [14]).
Squaring both sides of (2.15) and taking into account (2.9) yield (2.12).
It is obvious that the constant C' in (2.9)—(2.12) depends also on |lug||1, that is,
C = C(T,Cy,My,Ch1, My, My, Ci1, Cra, ||w||1, [Juoll1), where M}, = ,nax I (t )H,

te[0,7]
M. — m
q: te[gw;]Iq()l

Now we introduce the following piecewise linear in time function ,: [0,7] —
H'(Q) and piecewise constant in time functions @,: [0,7] — H'(Q) and p,:
[0,7T] — R:

uo, t= 0,
(2.22) G (t) = {

i1 + (t—ti—1)0u;, te€ (ti—1,t;], 1<i<n,

uo, t= O7
(2.23) U, (t) = {

ui, te€ (ti—1,t], 1<i<n,

(220) pn<t>={p1’ =

Di, te(ti,hti], 1<Z<7’L

In the same way we can define the functions h,,, q/, which are piecewise constant
in time. Then we can rewrite (2.4)—(2.6) at ¢t € (0,7 as

(2.25)  (Butin(t), §) + (Vn(t), V) = Pu(t) (hn(t), 8) + (Fun(t™), ¢),
(2.26) P () (B (1), )=qZL(t)+( n(t), Vw) = (Fitn (™), w),
(2.27) n(,t) = Kiin (2, t™), zeT,

<

where 0y, (t) = ou; and tm) =, fort e (tic1,ti], 1 <1< n.
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Now we show that the convergent subsequences of {,}, {tn}, {pn}, n € N, tend
to the solution of the IP (1.1)—(1.4).

Theorem 2.1. Let (A1)—(A4) be satisfied. Then there exists a solution (u,p) €
V x L?(0,T) to the problem (1.1)—(1.4).

Proof. By Lemma 2.2, see (2.9)—(2.12), there exist constants 7y > 0 and C' =
C(T,C¢, My, Chi, Mp, My, Cr1, Cra, w1, ||uoll1) > 0 such that, for all n > T'/7,

lun(®)]1 <C Vte[0,T], |[Otnllr20,m;r20) <O, |nllL20, 758 ) < C,

<
< CT,

[|tn, — ﬂnHiz(O,T;H1 ()

T
| ™) ~ a0l e < o Il < C.
0
Thus, by [12], Lemma 1.3.13 there exists a sequence {ny}ren C N such that

G, —u  in C([0,T]; L3(Q)),

Oplln, — Opu  in L2(0,T; L*(Q)),
Up, —u  in L0, T; HY()),
Pn, —p  in L20,7T).

Obviously, @, — w in L?(0,T;L?(2)) and u € V.
On the other hand, similarly to [20], Lemma 4.1, from (2.25) we can get

T

/OT [Vt (t) = Vit (£)|* dt < Cy (% + % +/O (| (t) — gm(t)”zdt),

Due to the fact that {@y,, } is a Cauchy sequence in L?(0,T; L*(Q)), it follows from
the above inequality that {Viy,, } is a Cauchy sequence in L?(0,7T; L?(Q2)). Hence,

Up, — U, Un, —u in L2(0,T; HY(Q)).

k

From now on, ny is written as n for simplicity.
First let us see that u satisfies (1.3) in L°(0,7T; L?(T")). Using (2.27), the trace
theorem and the inequality ([15])

]2 < || Vo||2 + Ceflol|? Yo e HY(Q), Ve>0, C.>0,
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we obtain

(2:28) lu(t) — Ku(t)||?

e1||Van(t) = Vu®)|? + Ce, an(t) — u(t)|®
+ Cey @ (t™) = @n()|* + Cey 72 u (1)
< e1]| Van(t) = Vu(t)]?
+2C¢, lan(t) = an ()1 + 2Ce, [|in (t) — u(t)]|?
+ ey [an(t™) = an(®)|* + Cey 7 |lu(t) .
On the other hand, by (2.10) we have
[in(8) = an (O] = 1t = t:)ousl| < flui = wia || = V7V 7l|0us]|* < Cav/7,
1 (") = @n ()| = lus — wia|| < C5v/7

for all t € (t;—1,t;], 1 <i < n, thus, from (2.28) we derive

esssup ||u(t) — Ku(t)||E < eg 4 Coy (72 + 7) 4 C., esssup || (t) — u(t)||*.
te[0,T te[0,T

Passing to the limit n — oo in the inequality above and taking into account that
€2 > 0 is an arbitrary constant, we get

esssup ||u(t) — Ku(t)||2 = 0.
t€[0,7)

Next we see that u,p satisfy (2.2) and (2.3). Multiplying (2.25) by an arbitrary
¥ € L?(0,T) and integrating it over (0,7'), we obtain

(2.29) A wmdﬂ@WﬁﬁM+A(Vmﬁ%V@Mﬂﬁ
— [ pu 000 e+ [ (P, oyt de
0 0
Passing to the limit n — oo in (2.29), it follows that
‘/<@ww¢wwnu+/<vwmvww@dt
0 0

T T
=/pmmw¢wwa+/<mwwwmw
0 0

(here the Lipschitz continuity of h(t) is used).
Since ¢ € L?(0,T) is arbitrary, we can see that u and p satisfy (2.2). In the same
way, starting from (2.26), we can show that u and p satisfy (2.3). O
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2.2. Uniqueness of the solution. Let (™), p()) and (u(?,p®) be two solu-
tions to the IP (1.1)—(1.4). Let @ := u(") —u® and p := p(H) — p(),

Before we verify the uniqueness of the solution, we consider the following direct
problem with regard to an unknown function w:

(atw(t)a ¢) + (Vw(t), V¢) = _P(t)(h(t)7 ¢) + (}7’(15)7 ¢)7
(2.30) ae. t €(0,§) Vo€ Hy(Q),
’UJ(J),O):Q 33697

w(x,t) = Kz, t) in L2(0,& H3(T)) N L®(0,& L*()),
where ¢ € (0,T], F(z,t) = FuV(2,t) — Fu® (x,t) and

(Vi(t), Vw) — (F(t),w)
(h(1),w) '

We show the existence and estimate for the solution to the problem (2.30) by using

P(t) =

Rothe’s method as in Section 3.

Divide the time interval [0, &] into n € N subintervals [t;—1,t], 4 = 1,...,n, where
t; = it and 7 = &/n. We construct the following recurrent system of the time-
discretized problem to get w;(x) from w;—1(x) (wo(z) =0) foralli=1,...,n

2.31) {<6wi,¢> (Vwi, Vo) = Pi(hi, ¢) + (Fi,¢) V¢ € H(Q),
wi(x) = Ku;(x), x€T,

where z; = z(t;) for the function z # w.
We can prove the existence and uniqueness of the solution w; € H(Q), i =
1,...,n, to the problem (2.31) as in Lemma 2.1 when (A2)—(A4) are satisfied.
Now, let us derive the estimates for w;(z).

Lemma 2.3. Let (A2)—(A4) be satisfied. Then there exist constants ¢, C¢, T,
C > 0 such that, for alln > &/1g and all j = 1,... n,

J J
(2.32) Jwyll < C, TZ owil*> <€, Y flwi —wiallf < C,
. .
Ckl Ckl - ~
(2.33) (1 TR ) Z l[6w; | < ( 5)72 EAE
i=1
+Cer Y laalf + Cer Y w3,
=1 =1

where ¢, C, are independent of the choice of £ and 0 < € < (1 — Cy1)/2.

583



Proof. Setting ¢ = (dw; — K ;)7 in the equation of (2.31) and summing it up
fori=1,...,j yield
J J
(2.34) TZ((Swi,éwi) + TZ(Vwi,V(Swi)
i=1 i=1
J
P;(h;, dw; — 5Kﬂz) + TZ(Fi, ow; — 5K’&1)

i=1

Swi, 0K ii;) + 7 (Vw;, VOK ;).

i=1

:TZ (
+ Z(

Estimating (2.34) in a similar way as in Lemma 2.2 and adding it to the inequal-
ity (2.20) for w;, we are led to

Cia 1 i
(235) (1- 5+ —<)r Zuawzuz —||wj||%+52|\wi—wi_1n%

< (s )Znéuzu%cTZnqulwrZsznl

If we select € such that 0 < € < (1 — Ck1)/2 and choose 79 satisfying 0 < 7 < 1/(2C%)
n (2.35), we get (2.32) by Gronwall’s lemma.
The estimate (2.33) is obtained from (2.35) directly. O

Lemma 2.4. Let (A2)—(A4) be satisfied. Then the problem (2.30) has the unique
solution w € V. Furthermore,

(2.36) (1—%— /||8tw ()] dt < %—i—s / [EXIGIRE

el / la(t)||? dt + C- / lw(t)]12 dt
0 0

holds, where the constants ¢, C. are the same as in Lemma 2.3.

Proof. In the same way as in (2.22) and (2.23), we introduce a piecewise lin-
ear in time function @,: [0,£] — H'(Q2) and piecewise constant in time function
Wy: [0,€] — HY(Q). Using (2.32) and [12], Lemma 1.3.13, we see the existence of
a function w € V and subsequences of {w,} and {w, } such that

Wy, w0 C([0,€]; L*(Q)),
atﬁ)\n;c - atw in LQ(O,f, LQ(Q))a
W,, —w  in L>(0,& HY(Q)).
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We can easily find that w € V satisfies (2.30). The uniqueness of the solution
0 (2.30) is obvious.
Finally, passing to the limit & — oo in (2.33) for n = ny, we get (2.36). O

Now, we are in a position to prove the uniqueness of solution to the IP (1.1)—(1.4).

Theorem 2.2. Let (A2)—(A4) be satisfied. Then the solution (u,p) € V x L(0,T)
to the IP (1.1)—(1.4) is unique.

Proof. Subtracting the corresponding (2.2), (2.3) for (u™),p™M)) and (u(?,p?)
from each other, for a.e. t € (0,T) we have

(2.37)  (9eu(t), ¢) + (Va(t), Vo) = p(t)(h(t), ¢) + (F(t),¢) Vo € Hy(Q),
(2.38) pA)(h(t),w) = (Vu(t), Vw) = (F(t),w).

Due to (A3) and (2.38) the following inequalities hold:

(2.39) @) < Cr(la@®ll + [Va@)l),
(2.40) P@)|Cr1 < [p()(R(2), w)| < Cr((la(®)]] + [IVa()])-

Now, setting ¢ = a(t) — Ka(t) in (2.37) and integrating it over (0,&),¢ € (0,T], we
obtain

(2.41) © + / IVa(t)|? at
13
_ / Bt (h(t), a(t) — Ka(t))dt + / (F(t). a(t) — Ka(t)) dt
0 0
£ 13
+/O (V&(t),VKﬂ(t))dt+/O (Ovu(t), Ku(t)) dt.

Estimating the RHS of (2.41) by (2.39), (2.40) and (A4) in a standard way, we have

L. 2 _ ¢ a2 ¢ a2 ¢ a2
42 GO+ -9 [ Ivawita<e [aanFa+c. [jao)P .

On the other hand, it follows from (2.37) and (2.38) that % is a solution to (2.30) for
all £ € (0,7]. By (2.36) and the uniqueness of the solution to the problem (2.30),
there exists a constant C' > 0 such that

13 13 £
(2.43) / ldva(t)|? dt < / ()2 dt + C / V()| dt,
0 0 0

where C' is independent of . Substituting (2.43) into (2.42) and using Grénwall’s
lemma (cf. [14]) leads to u(*) = u(?) and, finally, it follows from (2.40) that p(*) = p(2).
(]
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Remark 2.2. In [20], the direct problem (1.1)—(1.3) has been studied under the
assumption uy € H?(Q) and (A3), (A4). For the convergence of Rothe’s method,
up € H*(Q) was required due to the argument setting dug = f(Vug) + Aug. On the
other hand, uniqueness of the solution was proved by the energy method assuming
oyu(t) — O Ku(t) € HE(Q), which tacitly requires ug € H?(f2) according to the well-
known theory of parabolic equations. Our result for the IP can be an extension
of [20] from ug € H?() to ug € H(Q).

3. ROTHE’S METHOD II (CASE OF ug € L?(f2))

Now, our study continues to establishing Rothe’s method for the IP (1.1)—(1.4)
under the weaker assumption ug € L?((2). We show that the method will succeed for
a symmetric integral kernel k, i.e., k(z,y,t) = k(y,z,t), and for the nonlinear term

f(z t,u(z,t)) in (1.1)—(1.4).
Let us replace (A1) and (A4) by (A1) and (A4)’, respectively. That is:

(A1) up € L3(9).

(A4)" In addition to (A4), k(x,y,t) = k(y,z,t) holds for (z,y,t) € Q x Q x [0,T].
Define the function space W by

W = {w: we C([0,T]; L*(Q)) N L*(0,T; H(Q)), dyw € L*(0,T; H*(Q))}.

Under (A1)’, (A2), (A3) and (A4)’, we find the solution (u,p) € W x L?(0,T) to the
problem
(Gru(t), ¢) + (Vu(t), Vo) = p(t)(h(t), ¢) + (f (¢, u(t)), 9),

ae. t€(0,T) Vo€ HI ),
(3.1) p@)(h(t),w) = ¢'(t) + (Vu(t), Vw) = (f(t,u(t)),w), ae.te(0,T),
u(z,0) =uo(z), x=€qQ,
u(z,t) = Ku(z,t) in L2(0,T; L*(T)).

We construct the discrete scheme (2.4)-(2.6), where (2.5) is changed into the
relation
¢ + (Vu;, Vw) — (Fu;_1,w)

25) pis ()

in view of (A1) and where Fu;_1(z) = f(x,t;—1,ui—1(x)).

Lemma 3.1. Let (Al), (A2), (A3), and (A4)" be satisfied. Then there exists
a constant 19 > 0 such that for alln > T /1y and all i =1,...,n, the problem (2.4),
(2.5"), (2.6) has the unique solution (u;,p;) € H*(Q) x R.
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Proof. Let u;—1 € HY(Q)(ug € L?(2)) be given. Substituting (2.5) into (2.4)
and setting u;(z) = v;(x) + Ku;—1(x) in a similar way as in the proof of Lemma 2.1,
then

A,En) (Ui7 (b) = (’Ui, ¢) + T(V'Ui, V¢) - (hT—(JJ) (V’Ui, VW) (h’ia ¢)
= (us-1,6) + B ) (P, 0) = (Kuia,0)
— 7(VEui_1, V) + (hfw) (VKui 1, Vw)(hi, @) Vo € HH(Q)

holds. The following estimates for Agn)(vi, ¢) are obtained:

A7 (03, )] < llwillloll + T Vo [IIV 8] + rCall Vol ]l < Cullosll s 18] e

AP (Wi, 0) 2 osl]? + 7| Vil = 7Cl| Vo i
7C
> (1= T2 lill® + 71 = Cae) Vil
where C), = ||Vw||M},/Chi. Selecting ¢ such that 0 < ¢ < 1/C}, and choosing
7o = €/Ch, our proof is closed by the Lax-Milgram lemma. O

Next, we derive estimates for u;(x), p;, i = 1,...,n. We remark that the assump-
tion (Al)" does not allow the relation (2.13) to hold since the second term in its
LHS makes no sense. Thus, choosing ¢ = (u; — Ku;—1)7 in (2.4), we must obtain
estimates for u;(z), pi, i = 1,...,n. The following lemma shows that a symmetric
integral kernel makes the possibility.

Lemma 3.2. Let (Al), (A2), (A3) and (A4) be satisfied. Then there exist
constants 7o > 0 and C = C(T,Cy, My, Ch1, My, My, Cia, Cra, |w]|1, [|uol]) > 0 such
that, for allm > T/1g and all j = 1,...,n,

i i
(3.2) lus | < €, Y IVwl* < C, Y llui —wia|* < G,
i=1 i=1
j
(3.3) 7Y lduillF-1 () < C,
i=1
j
(3.4) Ty p;<C.
i=1
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Proof. Weset ¢ = (u; — Ku;—1)7 in (2.4) and sum it up for i = 1,...,j to get

J J J J

(35) TZ((Sui,ui) + TZ(VU@,VU@) — TZ(éui;Kui—l) — TZ(Vui,VKui_l)
=1 =1 =1 i=1
J J
=7 pilhiyui — Kui 1) + 7 (Fui1,u; — Kui_y).
=1 =1

Taking into account the symmetry of k and the identity

Zazlb—bzl)fa] aobo—Zb i—ai—1) Ya,beR, i=1,...,7]

we can rewrite the third term in the LHS of (3.5) as

J

TZ(5U1,KW—1)
%/Q/QZk(way7ﬁi—1)ui—1(y)[ui(x)—ui_l(a;)] dy dz

1 J
# g DDkt s D) — i)y
= 1/ /[k‘(%y,tj)uj(y)uj(x) — k(x,y, to)uo(y)uo(z)] dy da
- _/ / Z z,y,ti) — k(@ y, tio1)|ui(y)ui(z) dy da

_ %/Q/sz(-ﬁ’y; ti—l)[ui(y) — ’U,i_l(y)] [Uz(.ﬁ) _ ui—l(x)] dydx

From this relation, we obtain

1 2 1 2 1 ! 2
< 30k l[wgl” + 5 Cka [[uoll” + §Ck272 s

i=1

J
TZ(éui,Kui_l)
i=1

1 J
+ §Ck1 Z HU"L — ’U,7;_1||2.

i=1
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We estimate the other terms of (3.5) in a similar way as in the proof of Lemma 2.2
to obtain

(1= Ce)lll* + (1 = e)7 X:HVMH2 1—Ck1 ZHW—W 1

DN =

<G+ CETZ HuiH27

i=1

yielding (3.2) by Gronwall’s lemma. The estimate (3.4) is obtained from (2.5')
and (3.2). On the other hand, it follows from (2.4) that

|[(6ui, @) < [pihis @) + [(Fui—1, 9) + [(Vui, Vo)
< C1(1+ |pi| + lwi—a |l + IVus DI @l 2 (-

Hence,
l6uill -1y = sup [(6us, @) < Co(1 + [pil + [Juia || + | Vi)
||H(1)(Q)<1
holds and we get (3.3) by using (3.2) and (3.4). O

Theorem 3.1. Let (A1), (A2), (A3), and (A4)" be satisfied. Then there exists
a solution (u,p) € W x L?(0,T) to the problem (3.1).

Proof. Defining functions @y, @, pn as in (2.22)—(2.24), we get the following
estimates from (3.2)—(3.4):
lnll L2001 2)) < C5 0imlL20,750-1(0)) < C,

[ = @nllZ2(0,7:12(0)) < CT
[ ) @l @t < 0x, Il <€
0

where C = C(T,Cy, My, Chi, My, Mg, Cr1, Cra, ||w||1, ||uol|). Due to Aubin’s lemma
[18], there exists a sequence {ny}ren C N such that

G, —u  in L?(0,T; H'(Q)),
Oy, — Opu  in L2(0,T; H (),
Qny — Uy Up, —uw  in L2(0,T5L3()),
(0, 7).

Hence, u € W, p € L?(0,T). Similarly to Theorem 2.1, we can establish that (u,p)
satisfies (3.1). O

Dn, — D in L2(0
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Under the assumptions (A2), (A3) and (A4), the uniqueness of a solution to (3.1)
can be proved as in the proof of Theorem 2.2. However, using the symmetry of the
integral kernel, we present a shorter proof of the uniqueness.

Theorem 3.2. Let (A2), (A3), and (A4)" be satisfied. Then, the solution (u,p) €
W x L2(0,T) to the problem (3.1) is unique.

Proof. Suppose that (u™, p(M) and (u(®,p®)) are two solutions. Then they
satisfy (2.37), (2.38), where F(x,t) = f(z,t,uV(z,t)) — f(z,t,u® (z,1)).
Setting ¢ = a(t) — Ku(t) in (2.37) and integrating it over (0,£),& € (0,7, we have
1 ¢ ¢ ¢
(30) slal*+ [ Iva@ta- [ (vae. VKa0)a- [ @, Kaw) d
0 0 0
£ ¢
= [ aeee.ae - Kaw)de+ [(F, a0 - Kaw)a
0

0

Due to the symmetry of &, the fourth term in the LHS of (3.6) leads to

13 ~ ~ 1 ¢ ~ ~
/O (@ilt), Ka(t)) dt = 5 /O at /Q /Q k(2 y, )0 (i, £)ii(y, 1)) dy do
=5 [ ] ke 9ite.0n(0.€) dyda

€
. / at / / k(. . i, £y, ) dy da.
2 0 QJQ

From the above, we obtain

¢ N 1 . 1 ¢
/ <atu<t>,f<u<t>>dt} < 3Culli©I? + 30 [ law]?dr

Estimating the other terms of (3.6) directly by the Cauchy and Young inequalities
and using the Grénwall lemma, we have u") = 4(?) and finally p(!) = p(?) from (2.40).
O

Remark 3.1. Obviously, our result for the IP (1.1)-(1.4) suggests Rothe’s
method for the direct problem (1.1)—(1.3) as well.
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