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Abstract. In this paper we are concerned with the steady Boussinesq system with mixed
boundary conditions. The boundary conditions for fluid may include Tresca slip, leak, one-
sided leak, velocity, vorticity, pressure and stress conditions together and the conditions
for temperature may include Dirichlet, Neumann and Robin conditions together. For the
problem involving the static pressure and stress boundary conditions, it is proved that if
the data of the problem are small enough, then there exists a solution and the solution
with small norm is unique. For the problem involving the total pressure and total stress
boundary conditions, the existence of a solution is proved without smallness of the data.

Keywords: heat-convection; variational inequality; mixed boundary conditions; Tresca
slip; leak boundary conditions; one-sided leak; pressure boundary condition; existence and
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1. INTRODUCTION

In this paper we are concerned with the steady Boussinesq system

SV (UOEW)) + (v V) + Tp = (1 - agh),
(1.1) V-v=0,

=V - (k(O)VO) +v-V(v(0)0) =g
under mixed boundary conditions. Here v, p and 6 are, respectively, velocity, pressure
and temperature, and ag is a parameter for buoyancy effect, f is a body force, g
is a heat source. The strain tensor £(v) is the one with the components ¢;;(v) =
3(02,vj + Oz,v;). Viscosity p(f), thermal conductivity x(6) and specific heat ()
of fluid depend on the temperature. The boundary conditions for fluid may include
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Tresca slip, leak, one-sided leaks, velocity, vorticity, pressure and stress conditions
together and the conditions for temperature may include Dirichlet, Neumann and
Robin conditions together.

Several papers are concerned with (1.1). In [11], [12] under homogeneous Dirich-
let boundary condition for velocity and mixture of nonhomogeneous Dirichlet and
Neumann conditions for temperature, the existence of a solution to (1.1) was stud-
ied. In [2] under mixture of nonhomogeneous Dirichlet, total pressure and vorticity
boundary conditions for velocity and mixture of nonhomogeneous Dirichlet, Neu-
mann and Robin boundary conditions for temperature, the existence of a solution
was studied. In [4] variational inequalities for Navier-Stokes type operators were
studied, which can describe (1.1) with one-sided flow boundary conditions for fluid
and heat on a portion of boundary. In [15] under nonhomogeneous Dirichlet bound-
ary condition for velocity and mixture of nonhomogeneous Dirichlet and Neumann
conditions for temperature, where smoothness of boundary data is weaker than [11]
and [12], the existence of a solution to (1.1) was studied. In [10] under homogeneous
Dirichlet boundary condition for velocity and mixture of nonhomogeneous Dirich-
let and homogeneous Neumann boundary conditions for temperature, the existence,
uniqueness and smoothness of a weak solution were studied. In [13] when the bound-
ary consists of several connected components, boundary value problem of (1.1) with
nonhomogeneous Dirichlet boundary condition was studied. In [6] Dirichlet problem
of (1.1) for arbitrarily large and very weak boundary data was studied. In [1] when
the boundary consists of several connected components, Dirichlet problem of (1.1)
under a weaker condition than [13] was studied.

In [14] a more general equation for heat conducting fluid with dissipative heat-
ing was studied under homogeneous Dirichlet condition for velocity and mixture of
nonhomogeneous Dirichlet and homogeneous Neumann boundary conditions for tem-
perature. In [9] the equation as in [14] was studied under more complicated mixed
boundary conditions including friction conditions. From the result of [9] one can get
the existence of solutions to (1.1) with the boundary conditions as in [9]. However,
the result for the case of boundary conditions including the total pressure demands
that the parameter for buoyancy effect aq is small enough in accordance with the
data of the problem as in [14] (see (5.13) of [9]), and the result for the case of bound-
ary conditions including the static pressure demands that the data of the problem
satisfy two smallness conditions together (see (4.37) and (4.84) of [9]).

In this paper we get the existence of a solution to (1.1) under one smallness
condition on the data of the problem for the case of static pressure, and without
restriction on «q for the case of total pressure.

This paper consists of 5 sections. In Section 2, the problems and assumptions
are stated. According to the boundary conditions for the fluid, Problem 1 and
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Problem 2 are distinguished. Problem 1 includes the static pressure (correspondingly,
the stress) in the boundary conditions, whereas Problem 2 includes the total pressure
(correspondingly, the total stress).

In Section 3, we get the variational formulations, which consist of one variational
inequality for velocity and a variational equation for temperature (Problems 1-VI
and 2-VI). In the end of Section 3, the main results of this paper are stated (The-
orems 3.1, 3.2). Theorem 3.1 for Problem 1 involving the static pressure and stress
boundary conditions asserts that if the data of the problem are small enough, then
there exists a solution and the solution with small norm is unique. However, Theo-
rem 3.2 for Problem 2 involving the total pressure and total stress boundary condi-
tions asserts the existence of a solution without smallness of the data.

Section 4 is devoted to the proof of Theorem 3.1. First in Subsection 4.1 we
consider an auxiliary problem involving two parameters §, ¢ concerned with the norm
of velocity (which is useful when there is fluid flux across a portion of boundary),
one parameter A concerned with the norm of temperature (which is useful to deal
with buoyancy effect) and a parameter e for approximation. We prove the existence
of a solution to the auxiliary problem with parameters 6, ¢, A, ¢ (Theorem 4.2).
In Subsection 4.2 when the data of the problem are small enough, we determine
the parameters d, ¢, A, and we get estimates independent of € of solutions to an
approximate problem. In Subsection 4.3 passing to the limits as € goes to zero, we
get the existence, uniqueness and estimates of a solution to the problem. Section 5 is
devoted to the proof of Theorem 3.2 for Problem 2. To this end, we consider another
auxiliary problem involving parameters ¢, A, €. Then, without smallness of the data,
we determine parameters (, A, and we get estimates independent of ¢ of solutions to
an auxiliary problem. In this way we get the existence of a solution to the problem.

We will use the following notation. Let Q2 be a connected bounded open subset of
R, 1=2,3, 00 € C%1,

11
o0l = Ufz ZTDUTR,

i=1
I'pNTg=0,T,NT; =0 for i # j, I'; = JTI'i;, where I';; are connected open

subsets of 9Q and I';; € C? for i = 2,3,7 arid I';; € C! for others. When X is
a Banach space, X = X!. Let W*P(Q) be Sobolev spaces, H'(Q2) = W12(Q), and
so HY(Q) = {H'(2)}'. An inner product in the space L2(£2) or L?(f2) is denoted by
(-,+), and (-, -)r, is an inner product in L2(T';) or L?(I';). The duality pairing between
a Sobolev space X and its dual one is denoted by (-, ), and (-, -)r, means the duality
pairing between H'/?(T;) and H~/2(T';) or between H'/?(T;) and H~/?(T;). The
inner product and norms in R, respectively, are denoted by (-,-)g: and |-|.
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Let n(x) and 7(x) be, respectively, outward normal and tangent unit vectors at z
in 9Q. When f € H-Y2(Iy), if (f, w)p, = 0 (< 0) for all w € C5°(I;) with w > 0,
then we denote it by f > 0 (< 0) on I';. For convergence in spaces, — and — mean
strong and weak convergence, respectively.

2. PROBLEMS AND ASSUMPTIONS

For temperature we consider the boundary conditions
(bey) O, =0,

(bez) (k(0)2L + B(2)0)|r, = gr(x), B(z), gr(z)-given functions on T'g.

Stress tensor S(6,v,p) and total stress tensor S*(6, v, p) are, respectively, the ones
with components s;; = —pd;; + 2u(0)eij(v) and sj; = —(p + L10]?)8i5 + 2u(0)i;(v).
Stress vector and total stress vector on the boundary surface, respectively, are
a(0,v,p) = S -n and ¢'(0,v,p) = S* - n. The values of normal stress vector and
total normal stress vector on the boundary surface are respectively o,,(0,v,p) = o -n
and o! (0,v,p) = o' - n. And o,(0,v,p) = o(0,v,p) — on(0,v,p)n, cL(0,v,p) =
o' (0,v,p) — ot (6,v,p)n.

Problem 1 is the one with the boundary conditions including the static pressure

and stress

(besy) vlp, =0,

(bes2) vrlr, =0, —plr, = ¢2,

(bess) vnlrs =0, rotv X njp, = ¢3/u(0),

(besa) vrlr, =0, (=p + 20(0)enn (v))Ir, = ¢4,

(bess) vnlrs =0, 2(p(0)ens (v) + avr )|y = ¢5, @ a matrix,
(bess) (—pn -+ 2(8)en(0)lr, = 6,

(besr) vrlr, =0, (—=p+ p(0) % - n)|r, = ¢7,

(besg) v, =0, |07(0,v)] < gr, 0+(0,0) - vr + gr|v-| = 0 on T,
(besg) vr =0, |00 (0,v,0)| < gny 0n(0,v,p)vy, + gnlvn| = 0 only,
(besio) vr =0, v, 20, 0,(0,v,p) + g4n =2 0, (01(60,v,0) + g4n)vn =0 on IT'yp,

(bes11) vr =0, v, <0, 00 (0,0,p) — g—n <0, (61 (0,v,p) — g—pn)v, =0 on Iyy.
Problem 2 is the one with the conditions including the total pressure and total
stress
(bety
bcto

) vlr, =0,

(beta) vrlr, = 0, =(p + 3[vI*)|r, = ¢2,

(bets) vp|r, =0, rotv X n|r, = ¢3/p(6),

(bets) vrlr, =0, (=p = 3[v]> + 2(0)nn (v))[r, = ¢4,
(bets) vplrs =0, 2(u(0)en- (v) + avr)|r; = ¢5, @ a matrix,
(bets) (—pn — 5[v[*n + 2u(0)en (v))Irs = ¢6,
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(betr) vrlr, =0, (=p = 3[v* + u(0) G2 - n)|r, = ¢r,

(betg) vy, =0, |0L(6,v)| < g7y 04(0,0) - v + g-|v-| =0 on T,

(betg) vy =0, |0t (0,v,p)| < gn, 0(0,v,p)vn + gn|vn| = 0 on Ty,

(betig) vr =0, v, =0, o (6,v,p) + g+n = 0, (¢,(8,v,p) + g4n)vn = 0 onl'yg,
(bety1) vr =0, v, <0, 0L (0,v,p) —g_n <0, (64(0,v,p) — g_n)vy, =0 on Ty,
where €,(v) = £(V)n, epn(v) = (E(V)N, Mgty Enr(v) = EW)N — Enn(V)n, v, = v - N,
vy = v—(v-n)n and h;, ¢;, a;; (components of matrix «) are given functions or vectors
of functions. Finally, g, € L?(Ts), gn € L*(T9), g+n € L?*(T10), g—n € L*(T11),
gr >0, 9, >0, gy, >0, g_,, >0, at a.e. x of the portions of the boundary.

Remark 2.1. On the wall of a domain of fluid the stick boundary condition
v = 0 is common, but on the inlets and outlets the pressure boundary condition is
more common, because it is difficult to know the velocity profile except special cases
and it is natural to prescribe the value of the pressure. According to measurement
instruments, we can know the static pressure p or total pressure %|v|2 +p (Bernoulli’s
pressure). Boundary conditions (bcti)—(bcty1) are obtained from (besy)—(besii) by
replacing p with %|v|2 + p. For the meanings and physical background of the bound-
ary conditions of friction types (bcsg)—(bcsii) and (betg)—(bcti1), we refer to Intro-
duction of [8] and the references therein. For the other boundary conditions we refer
the reader to Fig. 1 and the explanation on page 92 of [9].

For convenience in what follows, the problems with boundary conditions (bcsy)—
(besy1) and (betq)—(betyy) are called, respectively, the case of static pressure and the
case of total pressure.

We use the following assumption.

Assumption 2.1. We assume the following:

(1) Ty # 0 and T'p # 0.

(2) If Ty, where ¢ is 10 or 11, is nonempty, then at least one of {I';: j €
{{2,4,7,9,10,11} \ {i}} is nonempty and there exists a diffeomorphism in C*
between I'; and I';.

Also, I'yj, I's;, I'7; are convex and

(2.1) ch( U ri).

i=1,3,5,8
(3) For the functions of (1.1) f € L3(2), g € L%/%(Q) and
weC(R), 0< g <
k€ C(R), 0 < ko <
7€ CR), (&<

)< <oo VEER,
(€) <ri<oo VEER,
V¢
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(4) For the functions of (bcy)—(bcg), (besy)—(besiy), (bety)—(betir), gr € LY3(Tr),
Bo > B(x) > 0, Bo-a constant, B(z)-measurable, ¢; € H~Y/%(T;), i = 2,4,7, and
i € H™V2(T,), i = 3,5, 6, the matrix « is positive, a;; € L*(Ts).

Remark 2.2. For the necessity of (2) in Assumption 2.1 we refer the reader to
Remark 2.1 of [9]. Applying Theorems 2.1, 2.2 of [7] on I';;,7 = 2, 3,7, we will embed
the boundary conditions for pressure, vorticity and an artificial condition into the
variational formulations of the problem, and for the theorems the condition I';; € Cc?,
i1 = 2,3,7, is necessary. The condition for v(£) of (3) in Assumption 2.1 admits
negative specific heat of the fluid.

3. VARIATIONAL FORMULATIONS AND MAIN RESULTS
Let

V={ueH'(Q): divu=0, ulr, =0, ur|r,ur,ur;ursur,ury,) =0,

un|(F3UF5UF3) = O}a
K(Q) = {u €EV: u’ﬂ|F10 20, u’ﬂ|F11 < 0}7 WI};_—)Q(Q) = {y € WLQ(Q): y|FD = 0}

By (2.1), v, =0 on T'g, and so for v € V, € W2(Q) and ¢ € WI}DQ(Q) we have
(3.1) (v-V((0)0), ) = (tn¥(0)8, L)rs — (7(0)0v, V) = —(7(0)0v, Vip).

3.1. Variational formulations: the case of static pressure. Applying The-
orems 2.1, 2.2 of [7] and (3.1), we can see that smooth solutions (v, p, ) of problem
(1.1), (bey)—(beg), (besy)—(besyy) satisfy the following (see (3.1)—(3.5) of [9]).

2(u(0)E(v), E(w)) + (v - V)v,u) + 2(u(0)k(z)v, u)r,

+2((0) S8, @)r, + 2((x)v, w)r, + ((O)k(2)v, w)r,
—2(u(0)ens (v), wry + (p = 20(0)enn (v), Un)rourieurs:

= (1= fru)+ > (biun)r, + Y (di,u)r, YueV,

i=2,4,7 i=3,5,6
(3.2) (K(O)VO, V) — (7(0)0v, Vo) + (8O, )Ty

= (gr, @)rs + (g, 0) Vo € WEZ(Q),
lor(0,v)| < gr, 07(0,v) - vr + grlv-| =0 on s,

p(®
(8

|0n(9,v,p)| < In; O'n(G,’U,p)’Un +gn|v’ﬂ| = 0 on F97
O'n(gvvvp) +94n 20, (Un(gvvvp) + ngn)vn =0 on Iy,

=
Un(97v7p) —0g—n g 0) (Un(eavap) - g—n)vn =0 on Flla

998



where S is the shape operator of boundary surface, ¥ and % are expressions of the
vectors v and u in a local orthogonal curvilinear coordinates on I's and k(x) =
divn(x) (see Theorems 2.1 and 2.2 of [7]).

Define aO(e; K ')aal('a * ')7 fl evr bO(e; " ')7 and g1 € (WIEDQ(Q))* by
(3.3) ao(fw,u) = 2<u<9>8<w>, E()) + 2u(B)k(x)w, wr, + 2(u(0)SF, D)r,
(2w, w)r, + (GO0, W), Yw,ueV, 0 W),
a1 (v,w,u) = {(v-Vw,u) VYov,w,u€V,
(

<flau> Z (bz;unl“ + Z (bz, w)r; Vu eV,

i=2,4,7 i=3,5,6
= (5(0)V0, V) + (B(2)0, p)r, V0,0 € WH(Q), 0 € WR2(Q),
= (gr, P)rs + (9.0) Y € WEA(Q).

+ 2(«

Then, taking into account (3.2) and

o (0,v) =2u(0)enr(v), on(f,v,p) = —p+2p(0)enn(v),

we introduce the following variational formulation for problem (1.1), (bci)—(bcs),
(besy)—(besiy).

Problem 1-VE. Find (v,0,0+,05,014,0-,) € K(Q) x W}*(Q) x L2(T's) x
L%(T'g) x H=Y/?(T'y9) x H~Y/2(I"11) such that

ap(b;v,u) + a1 (v,v,u) — (07, Ur)rs — (On, Un)ry — <U+n,un>rw
—(o—nun)p,, —(f —@lf,u) = (fi,u) VueV,

bo(0:0,0) = (1(0)0v, Vo) = (g1,0) Yo € Wp (D),

lor| < gr, 07 -V +gr|vs] =0 on Ty,

|on] < gny Ontn + gnlon| =0 on Ty,

O4n+Ggin 20, <U+n + Gin, 'Un>p10 =0 on I'y,

—g-n <0, <U—n - g—mvn>p11 =0 onTy,

where L2 (I's) is the subspace of L?(I's) consisting of functions so that (u,n)yz2r,) =0.

We will find another variational formulation consisting of a variational inequality
and a variational equation, which is equivalent to Problem 1-VE.
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Define the functionals ¢, ¢,, ¢4, p—, respectively, by
ort) = [ grlnldr < LA(Ty)
oum) = [ gublde ¥ne L2(ry),
¢+ (1) = /rm gnndz Vn € L*(1o),
¢—(n) = —/F g-nnda ¥y e L*(T1).

Since if u € K(Q), then ulr, € L2(Ts), unlr, € L*(T9), un|r,, € L*(T10),
Un|r,, € L?(T'11), in what follows we use the notation

¢r(u) = &7 (ulrg), ¢n(u) = Gn(unlry), d1(u) = ¢4 (unlry,), ¢—(u) = ¢—(unlr,,)

for u € K(Q).
Define a functional ®: V — R = RU {co} by

B(u) G- (u) + Gn(u) + b4 (u) + ¢ (u) Vue K(Q),
RS Vu ¢ K(Q).

Then @ is proper, convex lower weak semi-continuous. Note ® > 0, since u,|r,, = 0,
Un|r,, <O for all u € K(Q).

In the same way as for Problem I-VI of [8], we get the following variational
formulation for Problem 1 (the case of static pressure) equivalent to Problem 1-VE
which consists of a variational inequality and a variational equation (cf. Problem I-VI

of [9]).
Problem 1-VI. Find (v,0) € V x WEDQ(Q) such that

ap(0;v,u —v) + a1 (v,v,u —v) + P(u) — P(v) — (f — apldf,u—v)
(3.4) > (fi,u—v) Yu€evV,
bo(6:0.¢) — (1(0)0v, V) = (g1, 0) Vo € W ().

Remark 3.1. When (v,0,0,,04,04n,0-5) is a smooth solution to Prob-
lem 1-VE, for the existence of p such that (v,6,p) satisfies (1.1) and boundary
condition (bcsy)—(bcsy1), we refer the reader to Theorem 3.1 of [8] (cf. Theorem 3.1
of [9]).

When (v, 6) is a solution to Problem 1-VI, for the existence of o,,0p,01n,0_n
such that (v, 0,0, 0n, 04n,0_y) satisfies Problem 1-VE, we refer the reader to The-

orem 3.3 of [8].
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3.2. Variational formulations: the case of total pressure. Taking (v-V)v =

rot v X v—i—%grad|v|2 into account, we can see that smooth solutions (v, p, 8) of problem
(1.1), (bey)—(bea), (bety)—(betqy) satisty the following:

2(n(0)€(v), E(u)) + (rotv x v, u) + 2(pu(O)k(x)v, u)r,
+2(u(0) S5, @)r, + 2(a(@)v, u)r, + (uO)k(@)v, u)r,
(

1 2
=2 0)enr () w)rs + (p+ 510 = 2uO)nn(0)wn)

= <(1 - Oéoe)f, u> + Z <¢7,7U'n>1“1 + Z <¢i7u>1—‘i VueV,

i=2,4,7 i=3,5,6
(3:5) 4 (5(0)V0, Vi) — (1(0)6v. Vo) + (80, 0)rs
= (gr, P)ra + (9, 9) Vo € WE2(Q),

lot(0,v)] < gr, 0L(0,v) vr + grlv-|=0 on g,
07,6, v, p)| < gn, oy,

0,(0,v,P) + gin = 0, (03,(0,v,p) + g4n)vy =0 on Iy,
ol (0,v,p) —g—n <0, (¢} (8,v,p) — g—n)vy, =0 on ;.
Define as(,-,-) by

(0,v,p)vn + gn|vn| =0 on Ty,

az(v,u,w) = (rotv X u,w) Vov,u,we V.

Then taking into account (3.5) and

o1 (0,0) = 20(0)enr (), oh(00.0) = ~(p+ 51 ) + 20(B)enn (o),

we introduce the following variational formulation for problem (1.1), (bcy)—(bcz),
(thl)*(thll).

Problem 2-VE. Find (v,0,0%,0},0% 0" ) € K(Q) x WIEDQ(Q) x L2(T's) x

y Y1y Uno

L%(T'g) x H=Y%(Ty9) x H=Y/2(I'11) such that

ao(0;v,u) + az(v,v,u) — (6L, ur)ry — (k) un)ry — <03_n,un>rlo
—(o —”’u”>Fu —(f —abf,u) = (fi,u) YueV,

bo(6;0, ) = (1(0)80, V) = (g1,9) Yo € Wp(Q),

0] < gr, 0% v+ grlur] =0 on T,

|0n| 9n, Utvn+gn|vn| =0 on Fg,

J+n + g+n = O; <Uin + G4n, vn>1—\10 =0 on PIO;

—g_n <0, <at_n — g,n,vn>r11 =0 only;.

Then we get Problem 2-VI equivalent to Problem 2—-VE, which consists of a vari-
ational inequality and a variational equation (cf. Problem II-VI of [9]).
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Problem 2-VI. Find (v,0) € V x W*(Q) such that
ap(0;v,u —v) + az(v,v,u —v) + P(u) — P(v) — (f — apldf,u—v)
(3.6) > (fi,u—v) Yu€eV,
bo(0;0,0) = (1(0)0v, Vo) = (g1,9) Vo € Wp2(Q).

3.3. Main results. Main results of this paper are the following theorems.

Theorem 3.1. Under Assumption 2.1 assume that f, ¢;, i = 2,...,7, g,gr are
small enough (depending on o) in the spaces in (3), (4) of Assumption 2.1 (see
(4.5)).

Then there exists a solution (v, ) to Problem I-VI such that

Ho
(3.7) lvllv <52, 10wz < elllgrllzaswa) + 19llers@):

where K is the one in (4.3) below.
If 1(9), k(0) and () are independent of 6 and || f||1s is small enough, then the
solution satisfying ||v||v < ¢, ||]|w1.2(q) < ¢ for a constant ¢ small enough is unique.

Theorem 3.2. Under Assumption 2.1 there exists a solution (v,6) to Prob-
lem 2-VI such that

(3.8) ||v|v<c(||f||Ls+ S e

i=2-7

e+ lgrll s + ||g|m<m),

0llwr2) < cllgrllLas@g) + 19llLs/s))-

4. PROOF OF THEOREM 3.2
To prove Theorems 3.1 and 3.2, we use the following proposition.

Proposition 4.1. Let A: X — X™ be an operator on the real reflexive Banach
space X. Let A be coercive and bounded. If for every sequence {x,} such that
T, —x inX,

limsup (Azp, 2, — ) <0
n—oo

there exists a subsequence {x}} such that
liminf (Azy, zp —v) > (Az,x —v) VveX,
k—o0

then for any f € X* there exists a solution to

Au = f.

602



(See Proposition 4.4 and Remark 4.1 of [8].)
For every € > 0, . (the Moreau regularization of ®) is defined by

2
@E(y)zinf{%—l-@(u); uev}, yeVv.

When 9®: V — 2V is the sub-differential of ®, let J. = (I +0®)~! and (9®). :=
e~ 1(I — J.) (the Yosida approximation of d¢) for all € > 0. Then the functional ®.
is convex, continuous, Fréchet differentiable and V&, = (0®). = e (I — J.) for all
€ > 0. Moreover,

— Jul?
(4.1) P.(y) = w +®(Jy) Vyev,

(4'2) lim (I)E(y) =d(y), P(Jy) < Pe(y) < (b(y) Vyev

e—0

(cf. Theorem2.9 of [3]). The operator V®. is Lipschitz continuous with the
constant ¢! (see Theorem 2.9 and Proposition 2.3 of [3]) and monotone (see
Lemma 4.10, Chapter III of [5]).

4.1. Existence of a solution to an auxiliary problem. Taking into account
(4.3) las(v,0,0)] = |((v- V)v,w)| < Klol3llullv Vo,u eV,
define @, (v) € V* by
(a1 (v),u) = a1(v,v,u) Vo,u€V.
Also, define ~.(t) by

()t
L+ely(ON(L +elt])’

'yg(t)::( teR, e>0.

Let us first consider an auxiliary problem for Problem 1-VI:

Problem 1-VIA. Let § > 0,( >0, A > 0and e > 0. Find (v,0) € V xW(Q)
such that

)
ao(0;v,u) + —3 ”al(v)”w}m(v,v,u) + (V. (v),u)
(44) —<<1 - ma09)f,u> = <f1,u> YVue \/7
bo(0:6,9) — — S (100, V) = (g1.6) V€ W),

max{(, [[v]v}

Theorem 4.1. There exists a solution (ve,0:) € V x W;DQ (Q) to Problem 1-VIA.
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Proof. Let # =V X WFIDQ(Q) and define an operator & : J¢ — J* by
5

max{0, ||[a1(v)||v+}

g
(I Y
- T O V) V(w0).(0) €

which is well-defined (cf. (4.10)—(4.14) of [9]). Then the existence of a solution to
Problem 1-VIA is equivalent to the existence of a solution to

<”<Z{(U7 6)7 (’U,, ¢)> = ao(e;’U,’U,) +

a1 (v,v,u) + (VO (v), u)

A (,0) =F, F= (f1>.
g1

In the same way as in the proof of Theorem 4.5 of [9] we can prove that the op-
erator o satisfies the conditions of Proposition 4.1. Therefore, by virtue of Propo-
sition 4.1 we come to the conclusion. O

Remark 4.1. Introducing the parameters §, A and {, we made a truncated
problem, Problem 1-VIA. Owing to this truncation, we can define the operator < :
A — H* satisfying the conditions of Proposition 4.1 (cf. the proof of Theorem 4.5
of [9]).

In the proof of Theorem 4.3 below, when the data of the problem are small enough,
we will get estimates of the solutions to the truncated problem, which are independent
of the parameters. Then, taking the parameters J, A and ( in accordance with the
estimates, we will show that the solutions to the truncated problem are solutions to
an approximate problem (4.6) below.

4.2. Existence and estimates of solutions to an approximate problem.

Theorem 4.2. If

2
Ho
Kca,’

(4.5) lsllargzy- I lles + 15 + il <

where K is the one in (4.3) and c,, is the one in (4.19) below, then there exists
a solution (ve,0:) € V x WEDQ(Q) to the problem
ap(0c;ve, u) + a1(ve, ve,u) + (VO (v:),u) — (1 — apbe) f, u)
(4.6) =(fi,u) YueV,
bo(0e; 0=, ) — (1e(0c)ve, Vo) = (g1, 0) Vo € Wi (D),
and the solution satisfies:

Ho
(4.7) leellv < 520 18llwpz ) < clarllawa)--
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Proof. Let (v.,0:) be a solution to (4.4). Putting ¢ = 6. in the second equation
of (4.4), we have

¢

(48) (5(0:)V6e, V6o) + (B@)e. be)rn — oy

(V2 (0=)ve, VO:) = (g1, 0c).
Let us prove
(4.9) (7 (0c)ve, V) = 0.
To this end, define
() = /t v(s)ds, teR.
Then ¥ € C*'(R) and O

(4.10) VT (0) = 1:(0)V0, ¥(0) € WH(Q) Vo e WH(Q),
()|, =0 VOeWr2(Q).

Taking into account v - n|r, = 0, by (4.10) we have
<7€(9)U67v‘96> = / '75(95)715 -Vl dzr = / Ve - VW(@E) =0,
Q Q
which means (4.9). Also,
ko 2 2
(4.11) (g1, 0)| < = [10cllzn + cllgrllyprzy.,  (B(2)e,0c)ry, > 0.
4 (WE2)

By (4.8), (4.9) and (4.11), we have

2c

2 2

(4.12) 1Belliy.2 < R_()”ng(Wl}g)*a

which implies

(4.13) 16-e < cxllgrll s
D

Putting
A= cillgall w2y
and taking into account (4.13), we have

A

4.14 ——— 7 =1
(414 max (A 0]}
and
a())\
. — 3 < 1,2 3 .
@1s) (oo )| < ool -1 s v
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Putting u = v, in the first equation of (4.4), we have

)
a
max{d, [[a (ve) v}

A )

~ max{\, [0

(4.16) aop(0e; v, ve) + (Ve, Ve, Ve ) + (VO (ve), ve)

Since I'y;, I's;, I'7; are convex and the matrix « is positive, by Korn’s inequality
and Lemma A.3 of [7] we have from (3.3)

(4.17) ao(6;v,v) = 2u0lv||3%-
Since the operator V@, is monotone and V®.(0y) = 0, we have
(4.18) (VO (v),v) = (VP (v) = VP, (0v),v — 0v) > 0.
Thus, taking into account (4.3), (4.17), (4.18) and (4.15), we have from (4.16)

(419) 2/./10”'()5”%/ < aO(GE;’UEaUE)
o
max{0, [[@i(ve)[|v-}

< KH’UEH% + Cay (”gl ||(W1}g)*

N

|a1(U€;U5;U5)| + |0é0<95f, U€>| + |<f + f17U5>|

fllws +1If + frllv-)

|vellv-
Note that the estimate above is independent of §. This implies

fllws +I1f + fillve).

(4.20) 0 < Kol = 2pollvelv + Cao(Hng(WFlg)*
Let us consider a quadratic equation for x > 0 concerned with the inequality above:
Ka? — 2uox +a = 0.

If 0 < Ka < pd, then there exists a nonnegative minimum root z; (< po/K) and
a maximum root xo. Thus, we can see from (4.20) that if

2
Ho
(421) v w1 s+ 15 + ol < 2
then
Ho
(4.22) loellv < 77 or leellv > .

On the other hand, from (4.19) we have another estimation under consideration of §
21100l < ao(Be; e, ve) < dllvellv + cao (lgallw2y- [ fllus +11f + frllv)llvellv,

which implies
1
(4.23) [vellv < 5—=(0 + cao (g1l w2 2y« 1 fllLa + I[F + fillv-))-
210 Tp
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In view of (4.22), let us take § = K (uo/K)? = u2/K.
Thus, in view of (4.5), we have from (4.23)

4 1 pd  po

4.24 v < -2+ L Ho Mo

(4.24) lellv s g+ 50k ~ &

By (4.24) under condition (4.5) we have that [@i(v.)|v- < Kljvell3 < pd/K

(cf. (4.3)), and so we get

1)
4.25 =1.
(4.25) max (5, Jar () v

Taking ¢ = po/K, by (4.24) we get

¢

max{C, [o-]lv}

By (4.14), (4.25) and (4.26), we see that under condition (4.21), (v., 6.) satisfies (4.6).
By virtue of (4.22) and (4.12), we get (4.7). O

(4.26) 1.

4.3. Existence and uniqueness of a solution. First, by passing to the limit of
solutions in Theorem 4.3, we will prove the existence of a solution to Problem 1-VI.
Since estimate (4.7) is independent of the parameter €, we can extract subsequences,
which are denoted as before, such that

Ve = v in 'V,
ve—v InLY 1<qg<6,
0. — 6 in WH%(Q),
0. — 0 in LYQ), 1< q<6,
as e — 0.
Subtracting the first formula of (4.6) with « = v. from the first formula of (4.6),
we have
(4.27) ag(0e;ve,u — ve) + a1 (ve, ve,u — v:) + (VO (ve), u — ve)
—((1 —aobe) fyu—ve) = (f1,u—ve) Yu€eV.

By Corollaries 4.2 and 4.3 of [8]

ag(0:;ve,u) = ag(B;v,u) ase — 0,

liminf ag(0e; ve, ve) = ap(0;v,v),
e—0

which imply that

(4.28) lim sup ag(8e; ve, u — ve) < ag(0;v,u — v).
e—0
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It is easy to prove
(4.29) a1(Ve, Ve, u — ve) = a1(v,v,u —v) ase— 0.
Since ®. is convex, continuous and Fréchet differentiable, we have
(4.30) D (u) — D (ve) = (VO (v:),u —ve) Vu€eV,
which owing to (4.2) implies
(4.31) O (u) — D(Jeve) = (VO (ve),u —ve) YueV.
Since ®(0v) = 0, by (4.2) ®.(0v) =0, and so from (4.30) we have
(4.32) D (v:) < (VP (v:),ve) .
On the other hand, putting v = v, in the first formula of (4.6), we have
(4.33)  ag(0c;ve,ve) + a1(ve, ve,ve) + (VP (ve),ve) = (1 — apbe) f,ve) + (f1,ve).
From (4.32) and (4.33) we have
ao (0= Ve, ve) + a1 (v, Ve, ve) + Pe(ve) < (1 — aobe) f,ve) + (f1,ve),

from which we get

(434) e (ve)l < elllgallwe)- I flles + [ flle + [ fallv)llvellv + lax (ve, ve, ve)l.

By virtue of (4.1), (4.3), (4.23) and (4.34), we have
3
Ho + Ho

K k2%

fllws + (1 Flles + [ f1llv+)

ve = Jeve e < [ellgnlwp - [oellv)
which shows that since v. — v in V,
Jove —=v iIn'V ase— 0.
Then, by virtue of lower weak semi-continuity of ®(v)
(4.35) ligggf@(ngg) > ®(v).
By (4.2) we have
(4.36) O (u) —» P(u) ase—0.
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Taking into account (4.35) and (4.36), we have from (4.31)

(4.37) O(u) —2(v) > 1imj(1)1p (VP (ve),u—ve.) YueV.
Using

(0= f,ve) = (0, 0)| < [Ocf,ve) — (0, ve)| + [0, 0e) — (6, 0)]

< 10 = Ol pall fllz2lvellLe + 10l Lo ll.fllez lve = vllLs,

we can prove
(4.38) (1 — b)) fyu—ve) = (1 —apl)fyu—v) ase— 0.
It is easy to prove
(4.39) (fi,u—ve) = (fr,u—v) ase—0.

By virtue of (4.28), (4.29), (4.37), (4.38) and (4.39), from (4.27) we get
ap(0;v,u —v) + a1(v,v,u —v) + P(u) — D(v)
— (1= af)f,u—v) = (fi,u—v) YueV,

which is the first formula in (3.4).
We will get the second equation of (3.4). By Corollary 4.2 of [8], we have

(4.40) bo(0z; 0=, ) — bo(050,0) Ve € WhZ(Q) ase— 0.
Let us prove
(4.41) (1 (0)ve, V@) — (7(0)00, V) Ve Wr2(Q) ase — 0.
By Hoélder’s inequality, we have
(4.42)  [{(7e(0:)ve, Vo) — (1(0)0v, V)|

|

|

< (e(0e)vs, Vo) = (7(0)0ve, Vo) | + [(v(0)0ve, Vo) — (7(0)6v, Vo)
< e(0) =7 (0)0| s lvellLe [ VepllLz + 1v(0)0]| La[ve — vllwa[VeollLe-
By the definition of ~.(t), we have
(4.43)
v(6:)0-
(0:) —v(0)0] s < —~(0)8

Ie(®) =18l < | e zmiaonazen @

< [7(0e)0= —Y(0)0]] L3 + llv(0)0(|v(0:)[ + 162 + el (6)110c ) s
Then we see that () converges to v() in space LP(Q2) for any p € (1,00) as € goes
to zero (see Lemma 4.1 of [8]). Thus, from (4.42), (4.43) we get (4.41).
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By virtue of (4.40) and (4.41), from the second formula of (4.6) we get the second
formula of (3.4). Estimates (3.7) follow from (4.7).

Next, let us prove the uniqueness of the solution. Suppose that there are two
solutions (v1,61) and (ve,62). Since p is independent of 6, denoting ag(-;v,u) by
aop(v,u) we have

agp(v1,v2 —v1) + a1(v1,v1,v2 —v1) + P(va) — P(v1) — {f — apbrf,v2 — v1)
> (f1,v2 — v1),
ap(va,v1 — v2) + a1(ve, v2,v1 — v2) + D(v1) — P(v2) — (f — apbaf,v1 — v2)
> (f1,v1 — v2),
which imply
(4.44) ao(v1 = vz, v1 — v2) < |agl[(61 — 02) f, v1 — v2)|
+ |a1(v1, v1,v1 — v2) — a1(ve, v2, V1 — V2)|.
By virtue of (4.44), we have
1
2ul|v1 = va[|3, < 5 v = a3 + €[l FEs /161 — b2
+ a1 (vy — va,v1,v1 — v2) + a1(ve, v1 — V2, V1 — V2)|
< o = vald + el F125100 — 02> + cr(llorllv + foallv) s — w2l

and so
3p
(445)  —rllvi - vl < ell FlIEall6r — bal® + cr(lloallv + [loallv) Il — va 3
Since k(#),~v(0) are independent of 8, put () = k,vy(0) = ¢,. Then from

(Kvalv VSO) + (B(x)glv SO)FR - C’U<Ulglﬂ V<p1> = <g1a 50>7
(kV02, Vo) + (B(2)02, p)r, — cu(v202, Vo) = (g1, 0)
we have
(446) /<;(V91 — V@Q, Vo, — Vgg) + (B(x)(é)l — 92), 01 — 02)FR
— Cv<’l)1 (91 — 92), V(91 — 92)> — Cv<(’l)1 — 1)2)92, V(91 — 92)> = 0

Taking into account ¢, (v1 (61 — 62), V(61 — 62)) = 0 (see (3.1) with v(f)=const), we
have from (4.46)

CyC K
KIVO = Vbs|f2 < ==lo1 — 02|/ [102]1%1.2 + 51V — VB2,
K rp 2
and so

K CyC
(4.47) 5101 O2(F12 < == Jlvr — w23 [162]13,1.2-
K T'p
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Therefore, summing (4.45) and (4.47), we get

. (3 K
(4.48) min{ = Z (o = vally + 101 = O Fy1.2)

< llflEs 101 = O201Tz + ex(llvrllv + [lvzllv) ot — w23,

Gl 2 2
+ ﬁ||v1 UQHVHQQHWFI;JZ'

Thus, if ||v;]v, ||92||Wr1'2 and || f||rs are small, then we have from (4.48) that v; = va,
D
61 = 0,.

5. PROOF OF THEOREM 3.2
First, we look for solutions to the auxiliary problem:

Problem 2—VIA. Let ¢ > 0, A > 0 and ¢ > 0. Find (v,0) € V x W%DQ(Q) such
that

aop(0;v,u) + az(v,v,u) + (VO (v),u) — <(1 - ﬁiﬂhﬂ}ﬂfﬂ&

(5.1) = {(f1,u) Yu€eV,

) ¢ _ 1,2
bo(0;0,¢) — m<7€(9)vvv¢> =(91,) Y €W (Q).

Theorem 5.1. There exists a solution (ve,0.) € V x W12(Q) to Problem 2-VIA.
Proof. Let # =V X WI}DQ(Q) Define an operator & : J — #* by

<.£Z{(’U, 77)7 (ua ¢)> = a0(775 v, u) + a’2(v7 v, u) + <V(I)5(U), u>

~((1- ﬁﬁem}a)m} + (656, 9)

o .
e ol e V) Y (@), (s 6) € .

Using
az(v,0,0) =0, |az(v,v,u)| < K|ol3ullv,

|laz(ve, ve, ve — u)| < cf| VvelLe||ve lnallve — ullLs,

we can verify that the proof of Theorem 4.2 for Problem 1-VIA is valid for Prob-
lem 2-VIA. Thus, we come to the asserted conclusion (cf. Proof of Theorem 5.1
of [9]). O
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Theorem 5.2. There exists a solution (ve,0:) € V x WEDQ(Q) to the approximate
problem

ag(0c;ve, u) + a2(ve, ve,u) + (VO (v:),u) — (1 — apbe) f, )
(5.2) = (f1,u) YueV,
bo (03 0c, ) — (7=(8)v, Vo) = (91,9) Vo € Wi 2(Q)

and the solution satisfies:

C
(5-3) [vellv < 5—=(llgll w2y flls + [f v + L fallve),
2[LLO T'p

||06||W11’;(Q) < CHQIH(W@ﬁ)*'

Proof. Let (v, 6.) be a solution to (5.1). In the same way as in (4.8)—(4.12) we
have

2c
(5.4) Hgf”iv;;j < ﬁ_ngl”?erg)*

which implies
[|0=(x)]|L2 < Cl||91|\(WF1,2)*.
D

Then putting A = Cngl”(WFlg)*? we have from the first equation of (5.1)

(5.5) ag(fc;ve, u)+a2(ve, ve, u) + (VP (ve), u)— ((1—gbe) f,ve) = (f1,u) Yu€eV.
Putting u = v, in (5.5), we have

(5.6)  ao(be;ve,ve) + az(ve, Ve, ve) + (VO (ve), ve) — (1 — awobe) f, ve) = (f1, ve).

Taking into account ag(ve, ve,ve) = 0, (4.17), (4.18) and (5.4), we have from (5.6)

fllws + 1 f v + 1 f1llv)

2u0][v:11 < ao(65v,v) < c(aoer g1 ]|y 2)- fvellv
D

which implies

c
(5.7) [vellv < 5—(wcallgall w2yl fllLs + 1 fllve + L fallve)-
2410 'p

Taking the right-hand side of (5.7) as ¢ in (5.1), we get the second equation of (5.2).
By (5.4) and (5.7), we get (5.3). O

Now repeating the arguments in Subsection 4.3 with the solutions of Theorem 5.2,
we complete the proof of Theorem 3.2. 0
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