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On Beurling measure algebras

Ro0SS STOKKE

Abstract. We show how the measure theory of regular compacted-Borel measures
defined on the d-ring of compacted-Borel subsets of a weighted locally compact
group (G,w) provides a compatible framework for defining the corresponding
Beurling measure algebra M(G,w), thus filling a gap in the literature.

Keywords: weighted locally compact group; group algebra; measure algebra;
Beurling algebra

Classification: 43A10, 22D15, 43A05, 43A20, 43A60, 28C10

Throughout this article, G denotes a locally compact group and w: G — (0, 00)
is a continuous weight function satisfying

w(st) <w(s)w(t), s,teq, and  w(eg) =1;

the pair (G,w) is called a weighted locally compact group. Let A denote a fixed
Haar measure on G, with respect to which the group algebra L!(G) and L>(G) =
LY(G)* are defined in the usual way. The Beurling group algebra, L'(G,w), is
composed of all functions f such that wf belongs to L*(G), with || f||1.. := [lwf]l1
and convolution product. If S(G) is a closed subspace of L*(G), ¢ € S(G,w™!)
exactly when ¢ /w € §(G); putting [|¢||ocw-1 = [[¥/w]|s0, S(G,w™!) is a Banach
space and S: S(G,w™!) — S(G): ¥ + 1/w is an isometric linear isomorphism.
The Beurling group algebra L!(G,w) has become a classical object of study that
has received significant research attention over the years, see the monographs [3],
[11], [15] and the references therein; a sample of relevant articles include [6], [5],
[7], 8], [17], [18], [20]. When w is the trivial weight w = 1 — the “non-weighted
case” — L1(G,w) = LY(G), the study of which is intimately linked with the
measure algebra M (G) of complex, regular, Borel measures on G, which contains
L'(G) as a closed ideal.

The above definition of L'(G,w) is valid for any weight w. As in the non-
weighted case, it is desirable to have a Beurling measure algebra M (G,w) that
shares the same relationship with L'(G,w) that M(G) shares with L'(G). In
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the literature, M(G,w) is usually defined as the collection of all complex reg-
ular measures v defined on B(G), the o-algebra of Borel subsets of G, such
that [w(t)d|v|(t) < oo, and the identification M(G,w) = Co(G,w™1)* through
(v,¢) = [t dv is required. This implies that the dual map, S*, of the isometric
isomorphism S: Co(G,w™t) — Co(G) is itself a linear isometric isomorphism of
M(G) onto M(G,w). Validity of this definition of M(G,w) thus requires that
for each p € M(G), v = S*p € M(G,w) is a complex Borel measure defined on
all of B(G) — the near-universal requirement of “Borel measures” in abstract
harmonic analysis — satisfying

W [edr==(n )= [T veaGe).

However, when w is not bounded away from zero, it can happen that no such
complex measure on B(G) exists.

To see this, consider (G,w) where G = (Z,+) and w(n) = 27", n € Z, and
assume the above definition of M (G,w) is sound. Since p1, po € IN(Z)* = M(Z)™
and g = py — ug € M(Z), where

(n) = 27" n e 2N, and (n) = 27" n e N\2N,
f 1o, otherwise, He o, otherwise,

v1 = S*(p1), va = S*(u2), and v = S*(u) = 11 — v are then required to be
complex measures on B(G) = p(Z) satistying (1). Hence, for each n € Z,

X{n} 1, ne2N,
vi({n}) /X{n} V1 <M17 o > { , otherwise, o

1, n e N\2N,
0, otherwise;

(o)) = {

hence, v1(2N) = >, cyv1({2k}) = oo and va(N\2N) = >, 12 ({2k — 1}) = oo,
Thus, v1,v2 do not map into C. Moreover, (although 14,5 can be viewed as
positive measures), if v =11 — 15 were a measure, additivity would give

v(N) = v(2N) + v(N\2N) = 14 (2N) — 15 (N\2N) = 00 — 0.

We conclude that functionals in Co(G,w™1)* cannot necessarily be identified
with complex Borel measures in the standard sense. It is perhaps for this reason
that many authors assume the additional condition w > 1, since this guarantees
containment of M (G,w) in M (G) and, thus, the essential properties of M (G) also
hold for M(G,w), e.g., see [3]. Letting &(G) denote the é-ring of “compacted-
Borel sets” — i.e., the é-ring of all Borel subsets of G with compact closure —
a compacted-Borel measure on G is a countably additive complex-valued function



On Beurling measure algebras

on G(G) in the sense of [4, Definitions II.1.2 and 11.8.2]'. For non-compact G,
there are positive regular measures p, v on B(G) such that u(G) = v(G) = o
(e.g., Haar measures), and therefore ;1 — v is not defined on B(G); however, these
same measures are real-valued on &(G), so p — v is well-defined on &(G). This
is one benefit to studying measure theory over G(G), rather than on all of B(G).

The purpose of this article is to show that the theory of complex regular
compacted-Borel measures, as developed in [4] (also see paragraph two of the
“Notes and Remarks” section of Chapter II of [4] for additional references), can
be used to provide a rigorous definition of M (G, w), thus providing a solid founda-
tion for all the papers in which M (G, w) is employed without the requirement that
w > 1; moreover, we hope this reduces the number of instances in which the w > 1
assumption is required going forward. To stress that we are using the theory of
complex regular compacted-Borel measures, we will use the notation M(G,w) —
inspired by [4] — rather than M(G,w). Beyond identifying the correct collec-
tion of measures to employ, work is required to establish the needed theory. As
measure theory can be quite finicky in general; because the study of compacted-
Borel measures introduces different technicalities than those encountered in the
Borel measure situation; and because a lot of research already depends on the
results found herein, we have included a careful treatment of our development of
M(G,w). There are numerous detailed classical expositions of the basic theory
M(@), and we believe the same is required for M(G,w).

We restrict ourselves to developing only the most standard properties of
M(G,w): we provide a careful definition of its elements and show that with
convolution product it is a dual Banach algebra containing a copy of the Beurling
group algebra L1(G,w) as a closed ideal. Beyond this, we only show that M(G,w)
embeds via a strict-to-weak® continuous isometric isomorphism as a subalgebra
of the universal enveloping dual Banach algebra of £!(G,w), WAP(L>®(G,w))*,
a result needed in [12]. The inspiration for this paper was our need to work with

M(G,w) in [12].

1. M(G,w): definition and basic properties

Unless explicitly indicated otherwise, all references are to statements in Sec-
tions 1, 2, 5, 7-10 of Chapter IT and Sections 10 of Chapter IIT of [4]. We
will mostly adhere to the notation found therein. In particular, M(G) is the
linear space composed of all regular complex compacted-Borel measures on G
(Sections I1.8 and II1.10) and M,.(G) is the Banach space of bounded measures

n [4], for the sake of brevity, the authors refer to compacted-Borel measures simply as Borel
measures. To our knowledge, with the exception of [4], Borel measures in abstract harmonic
analysis are always defined on B(G).
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in M(G) (Sections II.1 and II.8). Let €(G) denote the directed set of compact
subsets of G, and denote the space of continuous functions on G with compact
support by Cpo(G), the space of continuous functions on G vanishing at infinity
by Co(G), and the space of continuous functions on G supported on K € €(G)
by Ck(G); unless the context requires otherwise, these spaces are taken with the
uniform norm |[|-||sc.

Remark 1.1. (a) Let o € M(G). A Borel subset A of G belongs to £, if A is
contained in some open set U such that

sup{|u|(A"): A" € &(G) and A’ CU} < oc;
&, is a d-ring containing &(G) and for A € &, putting

(2) te(A) == liénu(C), where C € €(G), C C A,

we obtain a complex measure on &£, extending p, called the maximal regular
extension of p (IL.8.15). Observe that any Borel subset of a set in &, is also
in &, from which it readily follows that hxg is locally j.-measurable whenever
E € &, and h is a Borel-measurable function on G.

(b) When p € M,(G), &, = B(G) and p. € M(G), where M (G) denotes the
usual measure algebra of regular complex Borel measures p: B(G) — C, e.g.,
see [2], [9], [14]. Thus, the measures in M,.(G) are in one-to-one correspondence
with measures in M(G) via g — p.; moreover, it is clear from the results in
Section II1.10 (or Theorem 1.5, below, in the non-weighted case) that p — . is
a weak*-continuous isometric algebra isomorphism of M, (G) onto M (G). Thus,
for the purposes of abstract harmonic analysis on (non-weighted) G, M,.(G) can
be used in place of the usual M(G), and, as shown in [4], provides some advan-
tages.

For p € M(G), let I,, denote the linear functional I,,(f) = [ f du defined on
L (), or any subspace of £!(x). Then

(3) I M(G) =3

is a linear bijection where J is the set of all linear functionals I on Cyo(G) such
that I € Cx(G)* for each K € €(G); (3) maps M(G)* onto I+ and M,.(G) onto
Coo(G)* = Co(G)* (11.8.12).

Remark 1.2. It should be noted that when p is a complex measure on a J-
ring &, f € L£(u) requires that f vanishes off a countable union of sets in &
(I1.2.5, paragraph 2). Thus, when f € L1(u) for p € M(G), f must vanish
off a o-compact set, a technical issue requiring careful attention throughout this
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note. Consider the case when p € M, (G). Then any ¢ € Co(G) vanishes off
a o-compact set and since ¢ is continuous and bounded, it is easy to see that
¢ € LY(u). Assuming further that g > 0 and ¢ > 0 and taking an increasing
sequence (¢,) in Coo(G)* such that ||¢n, — @l — 0, im I, (¢,) = lim [ ¢y, dp =
Jodp = I,(¢) (e.g., by MCT IL7), so I, is the unique continuous extension
of I, on Cyo(G) to Co(G). Thus, Co(G)* = {I,: p € M,(G)}, so — in this
theory and as usual — we can identify M,.(G) and Cy(G)* through the pairing
(n, ) = [ & dp.

Let v € M(G), h a continuous function on G. Then h is locally v-measurable
(I1.8.2) and for each A € &(G), hxa € L!(v) since |h| is bounded on A; i.e., h is
locally v-summable. Therefore,

hv(A) = /hXA dv, A e 6(G),

defines a complex measure on &(G) (see I1.7.2, where the notation hdv rather

than hv is used); as hv < v (I1.7.8), hv € M(G) (11.8.3). If h > 0, then

(1/h)(hv) € M(G) and a simple application of I1.7.5 gives (1/h)(hv) = v.
Hence, wv ~ v for each v € M(G), and

M(G) = M(G): v— wr
defines a linear isomorphism with inverse v — (1/w)v. We can thus define
MG w) :={v e M(G): wv € M.(G)}; letting V|, = ||wv|, v € M(G,w),

it follows that M(G,w) is a Banach space and v — wv is an isometric linear iso-
morphism of M(G,w) onto M,(G) with inverse map p — (1/w)u. (As shown in
the introduction, this definition cannot, in general, be made with M (G) replacing
M.,.(G).) Observe that by I1.7.3, v € M(G,w) exactly when |v| € M(G,w), and

[l = V]l

Proposition 1.3. For each v € M(G,w), I, € Co(G,w™1)* and ||L,|| = ||v|w;
moreover,

(4) Co(G,w™)* = {L: v € M(G,w)}.
We can thus make the identification M(G,w) = Co(G,w™1)* through the pairing
<1/,1/1>w:/1/)d1/, v e M(G,w), ¥ € Co(G,w™).
With respect to this identification, the inverse isometric isomorphisms
M(G,w) =5 M, (G): v — wr and M, (G) > M(G,w): p+— %u

are weak*-homeomorphisms.
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PROOF: As noted above, S: Co(G,w™) = Co(Q): ¥ — (¢/w) is an isometric
isomorphism, so S*: M,.(G) = Co(G)* — Co(G,w™1)* is also an isometric iso-
morphism. Let v € M(G,w). Then wr € M,(G) and for v € Co(G,w™1),
(Y/w) € Co(G) C LY (wr), see Remark 1.2; therefore by 11.7.5, 1 = (¢/w)w €
L'(v) and

() = / Py = / Y d(wr) = {wr, S(8)) = (5" (wi), ).

w

Hence, Co(G,w™t) C LY (v), I, = S*(wv) € Co(G,w™1)*, and therefore ||I,| =

[|5*(wv)|| = |lwv|| = ||[v||w; since S*(u) = I,-1,, and S* maps onto Co(G,w ™),
we have (4). Making the identification of v and I, p — (1/w)p = S*(u) is
weak*-continuous, with (weak*-continuous) inverse map v — wv. O

In Lemma 1.4, X is a locally compact Hausdorff space, h: X — (0,00) is
a continuous function, and p € M(X)™" is such that hu € M,.(X). Observe that
&, CB(X) = &y; see Remark 1.1.

Lemma 1.4. The function h is locally ji.-summable and for any set A € &,
h(pe)(A) = (hp)e(A).

PRrOOF: Let A € &,. Take (Cy), to be an increasing sequence of compact sub-
sets of A such that p.(A) = lim, p(C,) and let D = |J,, C,. Observe that D,
A\D € &, and pe(D) = lim pe(Cp) = lim p(Cy) = pe(A); hence

(5) fe(A\D) = 0.

It follows that for any compact subset C of A\D, u(C) = 0 and therefore, since
h is locally p-summable and bounded on C, hu(C) = 0. Hence,

(6) lim(hy)e(A\D) = lim{(hy)(C): C € €(X), C C A\D} = 0.

As noted in Remark 1.1, hxa\p is locally pi.-measurable and it follows from (5)
and I1.2.7 that

(7) /th\D dpe = li;Ln/(h An)Xa\p dpte = 0.

Also, since hy is bounded, lim [ hyxc, dpe = lim [ hxe, du = sup(hp)(C,) < 0o
(using I1.8.15 Remark 3), and therefore by I1.2.7,

(8) /hXD dpe = Hm/hXCn dpe = hm(hu)(cn) = hm(hﬂ)e(cn) = (hﬂ)e(D)

From (7) and (8), hxa\p,hxp € L'(pe), whence hxa € L'(pe). Hence, h is
locally pi. summable. Moreover, (8), (7) and (6) yield h(u.)(A) = (hu)c(A). O
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Let p: G x G — G: (s,t) — st. Following I11.10.2, we say that p,v € M(G)
are convolvable, or that u * v exists, if p is p X v-proper in the sense of 11.10.3,
ie., if p71(A) € £,x, whenever A € &(G). In this case, u*v € M(G), where for
A€ 6(G),

poav(A) = pa(u X v)e)(A) = (1 x v)e(p™ (4))
=lim{(u x v)(C): C Cp~'(A), C € &G x G)};

see I111.10.2, 11.10.3, I1.10.5, I1.10.1. Equivalently, one can check that p * v exists
if and only if

sup{(|u| x [v[)(C): C Cp (D), C € &G x G)} <

for every compact subset D of G. (In our context, the definition of pu x v €
M(G x G) and its properties are found in Section II.9.)

Theorem 1.5. With respect to convolution product, M(G,w) = Co(G,w™1)*
is a Banach algebra, i.e., (u,v) — p* v is a well-defined associative operation
on M(G,w) satisfying ||p * v||, < ||pllw||V]|w- Moreover, for p,v € M(G,w) and
1/} € CO(G7W71)7

(% v, ) /@st (1 X V)e(5.1)

(9)
/wstdu )du(t /wstdu ) dp(s).

Proor: Let p,v € M(G,w), with p,v > 0. Let D be a compact subset
of G, C' a compact subset of p~!(D). The functions 1¢(z,y) and g(x,y) =
(1/(w(z)w(y)))1c(z, y) are Borel measurable functions, and are therefore locally
(o x g)-measurable for any pair of measures o, 90 € M(G); moreover, since they
are nonnegative, bounded and vanish off C, 1¢,g € L(0 x 0). Applying the
Fubini theorem (I1.9.8) to these functions, and using I1.7.5 twice — which also
applies by 11.9.8 — we obtain

pxv(C //1cfcydu ) dv(y // 9(@,y)w(z) du(z)w(y) dv(y)
— [/ sty donte) diny

1
- /ch w(@)w(y) lo(z,y) d(wp x wr)(z,y)

175
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1
< |ty dlonx wn)(w.)

< MDlC(-rvy)d(w,U/ wa)e(‘rvy)a
GXxG
where Mp = sup,cpw(z)~!, since C C p~ (D), and we have used 11.8.15 Re-
mark 3. Observe that p~(D) € B(GXG) = Eupxwr, since wuxwr € M, (GxG)
— see [1.9.14 — so

pxv(C) < ; GMDlp—l(D) d(wp X wr)e < Mpllwp X wy||
X

= Mp|lwp|llovl = Mpl|plle|[v]e-

Hence, p* v exists. We now show p* v € M(G,w) and ||p * v|w < ||pllw|¥]w-
Let A € &(G). Since w is continuous on G and p * v € M(G), w is locally
px v-summable and w(p*v) € M(G). Hence, wya € LY (u*xv) = LY (pe(p x V)e).

Therefore, 11.10.2 gives (wya)op € L} ((u X v).) and
s )(A) = [wxadpu(ox0)) = [@xa)op dlo x ).

= /w opXp-1(a)d(p x v)e < /(w X W)Xp-1(a) d(p X v)e,

where (w x w)(s,t) = w(s)w(t). By 11.9.9 and 11.9.3, (w X w)(u X v) = wp X wv,
which belongs to M, (G x G) by 11.9.14. Observe that w x w is locally (1 X v/),-
summable, by Lemma 1.4, and p~1(A) € Euxv, since p x v exists. Hence, the
above inequality and Lemma 1.4 yield

w(pxv)(A) < (W x w)(px v)e(p~H(A) = (W x w)(1 x v))e(p™' (4))
= (wp x w)e(p™'(A) < llwp x wrll = Jwulllwvll =[]Vl

Hence, w(p * v) is bounded, i.e., p*xv € M(G,w), and ||p* v = |lw(pxv)| <
il

Assume now that p, v are any two measures in M(G,w). As we have noted,
o € M(G,w) exactly when |o| € M(G,w) and ||o||, = |||o]||w, so it follows from
I11.10.3 and the positive case that p * v exists and |p * v| < |u| * |v|. Hence,
wlp v <wlp|*|v|, so p*xv e M(G,w) and

e x vl = llwlpx vl < flwlpl = [l = el lllo < lafllolmlllo = Tlolv]lo-

Associativity of convolution in M(G,w) is now an immediate consequence of
I11.10.10. Since any ¢ € Co(G,w™!) vanishes off a o-compact subset of G and
any p,v € M(G,w) are o-bounded — since wp and wv are so, and wyp ~ p,
wv ~ v — Remark II1.10.8 applies to give (9). (I
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Let A = Ag be a fixed left Haar measure on G, £1(G) = £'(\). Then X €
M(G) (Section IIL.7), so wh € M(G) as well and, since w > 0, wA ~ A, from
which it follows that g is locally wA-measurable and vanishes off a o-compact set
if and only if gw is locally A-measurable and vanishes off a o-compact set. Hence,
if we define £1(G,w) := L} (w]), g € L}(G,w) exactly when gw € £L1(G), and in
this case [ gd(wA) = [ gwdA, by IL.7.5. Thus,

LYG,w)={g:gwe LY(G)} and  |gllu = llgllcrwrn = lgwlh

defines a Banach space norm on L£'(G,w). Moreover, T: L' (G,w) — LY(G):
g — gw is an isometric linear isomorphism, with inverse f — (1/w)f, so
T*: L%(G) = LYG)* — LY (G,w)* is a weak*-continuous isometric isomorphism
given by (T*¢, g)., = (¢,wg) = [(¢w)gdA. Letting

Y

L2(C,wY) = {w: ¢ € L2(G)} = {w: te LOO(G)},

(0
where ||[9)]| 0 w-1 = H—H ,
W oo

we can hence identify £1(G,w)* with £%°(G,w™!) via the pairing (¥, g)w =
[ g dA. Observethat S = (T*)~!: L>(G,w™!) = L®(G): ¢ — ¢/w is a weak*-
homeomorphic isometric isomorphism. We note that £°°(G,w™!) is not usually
the same space as L®(wA) (= L>°(\) because wA ~ A), which can also be iden-
tified with £'(wA)* = £1(G,w)* in the usual way by I1.7.11. Note that because
T~ maps Coo(G) onto itself, Coo(G) is dense in L£!(G,w).

Let g € £Y(G,w) = LY (w)), A € &(G). Then wg € L(\) and 1/w is bounded
on A, so xag = ((1/w)xa)wg € L1(N\); hence, g\ € M(G) is well-defined (I1.7.2).
Also, w(g\) = (wg)A € M(G) by 11.7.5 and, by I1.7.9/II1.11.3, || f|lx = ||fA| for
f € LY(G) and

Mo(G) = {p € My (G): p< A} = {fX: f € LYG)} = {(wg)A: g € LY(G,w)}.

Since wv ~ v for any v € M(Q), it readily follows that g — g\: L1(G,w) —
M, (G,w) is a surjective linear isometry, where M,(G,w) = {v € M(G,w):
v < \}. We can thus identify £1(G,w) with M,(G,w) via g+ gA.

Proposition 1.6. The Banach space L!(G,w) = M,(G,w) is a closed ideal in
M(G,w) and has a contractive approximate identity. Moreover, if g € L} (G, w)
and v € M(G,w), then v g, g* v € LY(G,w) are given by the formulas, which
hold for locally M\-almost all t € G,

(10) vxg(t) :/g(sflt) dv(s) and gxv(t) = /A(sfl)g(tsfl)dl/(s);
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thus, £L'(G,w) is a Banach algebra with respect to the convolution product

(11) fHglt) = / F(5)g(s™ 1) dA(s).

PRrROOF: We have already noted that g is locally A-summable and vanishes off
a o-compact set, and (g\) v, v* (gA) exist in M(G,w) by Theorem 1.5. Letting
h(t) and k(t) be defined by the respective integral formulas on the left and right
of (10), v x (gA) = hX and (g\) * v = kX by IIL.11.5. Thus, h), kX € M, (G,w) =
{fA\: f € LY(G,w)}, so the uniqueness part of the Radon—Nikodym theorem —
see Remark 1 of I11.7.8 — implies that h,k € £L}(G,w). The formula (11) now
follows quickly (or directly from II1.11.6). Let Z be the neighbourhood system
at eg and for each o € Z, let f, € Coo(G) be chosen with fo > 0, || fall1 =1 and
support contained in a. Then (f,)a is a bounded approximate identity for £*(G).
Letting e = w™ ! fa, |l€allw = 1 and |leq||1 — 1, from which it easily follows that
(€a)a is also a bounded approximate identity for £(G); the proof of Lemma 2.1
in [6] now shows that (e, ). is a contractive approximate identity for £1(G,w). O

Remark 1.7. Every Borel measurable function is locally A-measurable and every
f € LY(G,w) — where L'(G,w) is defined in the usual sense (as in the introduc-
tion) — vanishes off a o-compact set. It follows that the Banach algebra £(G, w),
as we have defined it, exactly coincides with the usual definition of the Beurling
group algebra L'(G,w), which, as noted in the introduction, is always valid. Go-
ing forward, we can therefore use any known result about L'(G,w) = L}(G,w)
that was proved independently of M (G, w).

2. The dual Banach algebra M(G,w) and the embedding map

The support of p in M(G) is the set s(u) = G\ |J{U € &(G): U is open and
|@|(U) = 0}, see I1.8.9. Let M¢.(G) = {n € M(G): s(u) is compact}.

Remark 2.1. 1. Observe that s(u) = s(ue) = G\U{V € &,: V is open and
|pe| (V) = 0}

2. Since w and 1/w are bounded on any set A in &(G), s(pu) = s(wp) =
s((1/w)p) for any p € M(G).

3. By II1.10.16, M_,-(G) is a dense subalgebra of M, (G). From 2 above, the
inverse linear isometries v — wr and p+— (1/w)u between M(G,w) and M,.(G)
map M., (G) onto itself, so M,(G) is also a dense subalgebra of M(G,w).

A measure ¢ on a é-ring & is concentrated on a set F' if for each A € &,
AN F,A\F € 6 and o(4) = d(AN F) or, equivalently, c(A\F) = 0. For
w € M(G) and a Borel set F, ANF, A\F € &6(G) (ANF,A\F € &, respectively)
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is automatic for any A € 6(G) (A € &,), and it is clear from (2) that p is
concentrated on F' if and only if p. is concentrated on F. A function ¢ €
LUC(G,w™') may fail to vanish off a o-compact set and therefore, as noted in
Remark 1.2, in this theory we cannot integrate ¢ with respect to any u in M(G).
Lemma 2.2 allows us to move past this issue.

Lemma 2.2. (a) Every u in M(G) is concentrated on its support, s(i).
(b) Let p € M, (G). Then p (and therefore p.) is concentrated on a o-
compact subset F' of G and, for any such F' and any Borel measurable function

€L (pe), fxr € L) N L (pe) and

/fdue z/fodue z/fodu-

(¢) Any v € M(G,w) is concentrated on a o-compact set.

PRrROOF: (a) Let A € &(G). Any compact subset of A\s(u) is covered by the
collection of open sets U € &(G) with |u|(U) = 0, and is therefore |pu|-null; by
regularity of g (I1.8.2(I1)), |u|(A\s()) = 0.

(b) Take (Cy,), to be an increasing sequence of compact subsets of s(u) such
that |u|(Cr) > |lpll — 1/n and let F = |JC,,, where we have used (b). Then p is
concentrated on F' because for A € &(G),

[u[(A\NF) = [u|((A\F) Ns(u)) < |ple(s(u)\F) = |ple(s(p)) — el (F)
= [|pll = lim |u[(Cy) = 0.

Suppose p > 0, F is any o-compact set on which p is concentrated, and f €
L(j1e) is a nonnegative Borel-measurable function. It is then clear (from I1.2.2
and 11.2.5) that fxpr € L£'(pe) and [ fdpe = [ fxrdpe. Also, fxp is locally
p-measurable (I1.8.2), vanishes off the o-compact set F' and, taking any sequence
of nonnegative &(G)-simple functions such that h, 1 fxr, 11.2.2 gives

/ fxp dpte = lim / i dpte = lim / i dpt = / frdp.

(¢) Since wv € M,(G) and v ~ wv, this follows from (b). O

Since £1(G,w) is a closed ideal in M(G,w), through the operations

<¢'Vag>:<’¢)71/*g> and <I/"L/),g>:<’ll),g*l/>
for o € L2(G,w™h), v e M(G,w), g € LYG,w),
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L2(G,w™h) = L1(G,w)* is a dual M(G,w)-module. Observe that for ¢ €
L°(G,w™!) and s € G,

P 0s(t) = -s(t) :=1(st) and ds-Y(t) = s-P(t) := P(ts), tedG.

Recall that ¢ belongs to LUC(G,w™!) [RUC(G,w™!)] when 9/w belongs to
LUC(G) [RUC(G)]. For LUC(G,w™1'), the following is [8, Proposition 1.3] and
[3, Propositions 7.15 and 7.17], (where no restrictions are needed on the weight w);
symmetric arguments establish the RUC(G,w™!) case.

Lemma 2.3. The following statements are equivalent:

(a) ¥ € LUC(G,w™Y) [RUC(G,w™h)];

(b) ¢ €1°°(G,w™ ) and the map G — (I°°(G,w ™), [|"[|ccw-1): § = V-5 [s-1)]
is continuous;

(¢) ¥ € L®(G,w™!) and the map G — (L®(G,w™),||"[lcow-1): 8 +— ¥ - s
[s - ] is continuous;

(d) (RS Eoo(Gawil) ’ EI(G,w) [1/} € El(Gaw) 'Eoo(Gﬂwil)]'

Remark 2.4. 1. Observe that condition (b) implies ¢ is continuous on G, whence
P e LG, w™).

2. In the proof of [3, Proposition 7.15], the authors establish continuity of
a function v satisfying (c) via Ascoli’s theorem. An alternative approach is to
establish (i) and (ii) as follows:

(i) If ¢ € L2(G,w™t) and g € L}(G,w), then ¢ - g can be identified with the
continuous function

(12) (- g)(t) = (@, g * ) for every t € G.

[Note that H € [°°(G,w™!) where H(t) := (¢, g * &;) and, since t — g * 6;: G —
(LY(G,w),]|||l) is continuous — e.g., see [19, Lemma 3.1.5], which holds for any
weight w — H is continuous on G (and satisfies Lemma 2.3 (c)); in a standard
way, one can check that for f € LY(G,w), (¢ -9, f) = (H, f).]

(ii) If 1 satisfies (c) and (e;) is a bounded approximate identity for £1(G,w),
then [|¢) - ¢; — ¢||oow-1 — 0; since CB(G,w™!) is closed in L®(G,w™t), ¢ €
CB(G,w™).

Proposition 2.5. The spaces LUC(G,w™!) and RUC(G,w™?) are M(G,w)-
submodules of L>(G,w™!). Moreover, for v € M(G,w), ¥ € LUC(G,w™!)
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[ € RUC(G,w™ )] and for every s € G,

where Fs is any o-compact set on which v is concentrated; Fs can be chosen to
vary with s € G.

PROOF: Letting v € M(G,w), ¢ € LUC(G,w™1'), it is clear from Lemma 2.3 (d)
that ¢ - v, v-¢ € LUC(G,w™!). Since ¢ - s/w € LUC(G) and wv € M,(G),

H(S) = Hus(9)i= [ 2 den). = [ 22 e dler)

is well-defined, where we have used Lemma 2.2. The function (¢ - s)xp, €
1°°(G,w™1) is Borel measurable — and therefore locally v-measurable — and
vanishes off the o-compact set Fy, so (- s/w)xr, € L} (wv). Therefore, by 11.7.5,
(¥ $)xr, € L1(v) and

/( XFdV—/—XFde—/—XFdwy):H(s).

Since |H(s)| < [|¢ - s/wlloollov|| < w(8)[[¢]loow-1lIV]lw, H = Hyy € 1°(G,w™1)
with || Hypllcow-1 < [|[¥]lcow-1|V]|w- Hence, if s; = s in G,

[(Hyp)-si=(Hup)8llocw—1r = [[Hypsi—gslloow1 < M|9-8i=98]loo,01 IVl = 0;

by Lemma 2.3, H,, € LUC(G,w™!). To show that H,, = v -1, we can
assume v > 0, ¥ > 0 and take FF = Fy for each s € G. Let ¢ > 0 be
a function in the dense subspace Coo(G) of L£}(G,w). Since the maps (s,t) —
PY()A(s™Hg(ts™)xr(s), ¥(ts)g(t)xr(s) are Borel measurable — hence locally
(vx \)-measurable — and vanish off a o-compact subset of G'x @G, our applications
of the Fubini theorem (I1.9.8) are valid in the following calculation. Using (10):

bg) = (hgv) = / (1) / Alsg(ts™) du(s) dA(D)

- / / P(HAGsV)g(ts™ ) xr(s) du(s) dA(H)
- / / PHAGs V) g(ts~ ) xr(s) A(E) du(s)
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— [[ wtshatonets) dre) vt

— [[ vt avs) o)) rD) = (Hon o)
since both functions are continuous, v - A = H,, . O
Corollary 2.6. The space Cy(G,w™1) is a M(G,w)-submodule of L>®(G,w™1),
and for v € M(G,w), ¢ € Co(G,w™!) and s € G,

(13) v-y(s) = /¢~s dv = (v, 9-8)w and Yv(s) = /s~wdz/ = (v, 810)y.

PROOF: Let ¢ € Co(G,w™1) and let F be a o-compact set on which v is con-
centrated. Taking A to be a o-compact set off which v - s and s - ¥ vanish, and
putting Fy = F U Ay, Proposition 2.5 gives v -1, ¢ -v € (LUC N RUC)(G,w™1)
and

veils) = [(ronm dv= fosay and vo(s) = [is-v)ee v = [svan

Observe that v - 1) is supported on s(¢)s(v) !, which is compact when v belongs
to the dense subspace M.,.(G) of M(G,w) and ¥ belongs to the dense subspace
Coo(G) of Co(G,w™1). Tt follows that Co(G,w™!) is a left (and similarly, right)
M(G, w)-submodule of L>(G,w™1). O

It follows that M(G,w) = Co(G,w™1)* is a dual M(G,w)-module with respect
to the operations

<N r V7w>w = <NﬂV : "Z)>w and <,LL v, 1/}>w = <V7'¢) : ,LL>wa JOR S M(Gaw);
b € Co(Gyw™).

However, from (9) and (13),
(14) [or V= pxV =V,
50 (u,v) — p* v is separately weak*-continuous on M(G,w). Hence:

Corollary 2.7. The Beurling measure algebra M(G,w) is a dual Banach algebra.

Let A be a Banach algebra. Recall that a closed submodule S(A*) of the dual
A-bimodule A* is left [right] introverted if for each p € S(A*)* and ¢ € S(A*),
pog € S(A*) [¢ o u € S(A*)] where po@d, ¢ © u € A* are defined by

(o ¢,a)ax—a = (U, ¢ - a)s«—s and (¢ o pa)ar—a = (1, a-P)s+—s;
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in this case, S(A*)* is a Banach algebra with respect to its left [right] Arens
product

(nov,¢) = (uwvoe)  [pov,é)=(ooul,  wveSA), ¢eSA).

The map ns: A — S(A*)* defined by (ns(a),¢) = (¢,a) is a bounded homo-
morphism with weak*-dense range and, when A is left introverted, ns maps
into the topological centre of (S(A*)*,0), Z,(S(A*)*) = {pn € S(A")*: v —
pov is wk* — wk™ continuous on S(A*)*}. For this see, e.g., [3].

Proposition 2.8. The subspace Co(G,w™!) of L2(G,w™) = LG, w)* is left
and right introverted and pxv = pov = pov for p,v € M(G,w) = Co(G,w™1)*.

PRrOOF: By Corollary 2.6, Co(G,w™1) is a £1(G,w)-submodule of £L>(G,w™1).
Let p,v € M(G,w), ¥ € Co(G,w™1). For g € LY(G,w), equation (14) gives

(vou,g)pe_rr = (Y- g)w = (g * V) = (9, V- P)0 = (V- 1),g) poo—r1-

Hence, Cy(G,w) is left introverted and (nov,v) = (u,voy) = (v -P) =
{uxv, 1), where we have again used (14). Similarly, Co(G,w™!) is right introverted
and p*xv=porv. (I

Let S(w™!) be a left introverted subspace of £%(G,w™!) such that

Co(G,w™) =2 S(w™) =X LUC(G,w™)
and define

(15) ©: M(G,w) = S(w™)" by (0(v),¥)s+—s = (v¥)(ec) = /wau dv,

where v € M(G,w), ¥ € S(w™!) and F, is any o-compact set on which v is con-
centrated. By Proposition 2.5, © is well-defined and [(©(v), ¥)| < ||V 9| 00 w1 <
Ilelléllocwts 50 [0 < [l by cquation (1), OW)loyGw-t) = #, 0
1I9W)|| = |V||w- Thus, © is a linear isometry.

Let so; and so, denote the left and right strict topologies on M(G,w) taken
with respect to the ideal £!(G,w), i.e., the locally convex topologies respec-
tively generated by the semi-norms p,(v) = ||g x v|| and q4(v) = |jv * g for
g € LG, w), v € M(G,w). Since L}(G,w) has a contractive approximate iden-
tity, (the unit ball of) £ (G, w) is so0;/so,-dense in (the unit ball of) M(G,w). Ob-
serve that when S(w™!) < LUC(G,w™1) is a L}(G, w)-submodule of £L(G,w™1),
by Lemma 2.3 (d) and the Cohen factorization theorem [1, Theorem 11.10],
Sw™) = S(w™) - LYG,w). Also note that LUC(G,w™1!) is always left intro-
verted in £°(G,w™!) by Lemma 2.3 and [3, Proposition 5.9]. In the non-weighted
case and when w > 1, the final statement in Proposition 2.9, which simplifies Arens
product calculations, is [13, Lemma 3] and [3, Proposition 7.21], respectively.
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Proposition 2.9. Suppose that S(w™?) is a left [right] introverted subspace of
L2(G,w™h) = LY(G,w)* and

Co(G,w™) = S(w™) K LUC(G,w™) [RUC(G,w™)].

Then ©: M(G,w) — S(w™1)* is a so;-weak* [so,-weak*] continuous isometric ho-
momorphic embedding into Z;(S(w™1)*) that extends ns: LY(G,w) — S(w™1)*.
Moreover, (no)(s) = (n,v - s) for any n € S(w™1)*, ¢ € S(w™!) and s € G;
hence, S(w™1) is introverted as a subspace of 1*°(G,w™!) = I1(G,w)*, the Arens
product on S(w™1)* agrees under either interpretation, and © also extends 7s:

MG, w) = S(w™h)*.

Proor: If g € LY(G,w) = L'(w]), g vanishes off a o-compact set F,, and
therefore g = g\ € M(G,w) is concentrated on Fy; hence, for ¢ € S(w™1),

(©(9),)s -5 = /wag d(gA) = /z/fgd/\ =, 9) c—r1 = (ns(9), ¥)s—s-
For f € LY(G,w), v € M(G,w) and ¢ € S(w™1),

)
(©(f)oO(V),1)s ns(f), W) o)s—s = (OW) 0, f)re_p
OW), v )5* s=v- (¥ fllec) = (v -v¥) f(ec)
Vb, f ¥ beg) oo —pr = (U, f * V) poo g1
ns(f*l/ VY)s—s = (O(f *v),¥)s—s,

where we have used (12). Suppose that v; — v with respect to so;. Writing
€ S(wt) as P = ¢- g for some ¢ € S(w™t) and g € L}(G,w),

(OW:) =0(V), P)s-—s = (B(9) 0O =), )5+ —s = (BO(g* (Vi = V), P)s-—5 = 0.

Hence, O is soj-weak® continuous. Let p,v € M(G,w) and let (h;) be a net in
LY(G,w) such that so; — limh; = . Then so; — limh; x v = p * v, 0

= {
=
= {
= {

O(p)oB(v) =wk® —1limO(h;)0O(v) = wk* —lim O(h; * v) = O(u * v).

Identify the Banach algebra M (G, w) with its copy O(M (G, w)) in S(w=1)*. Since
S(w™) = S(w™) - LYG,w) is a right M(G,w)-module, S(w™1)* is a left dual
M(G,w)-module, and the proof of [7, Lemma 1.4] shows that pon = p-n for u €
M(G,w) and n € S(w™!)*; hence, © maps into Z;(S(w™1)*). For n € S(w™1)*,
Y € S(w™t) and s € G, (noY)(s) = (§s,noY) = (6son,Y) = (Js - n, ) =
(n, - d5) = (n, - s). The final line is now easily verified. O

For a Banach algebra A, the space WAP(A*) of weakly almost periodic func-
tionals on A is a left and right introverted subspace of A* such that for every
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m,n € WAP(A*)*, mon = m on [3, Proposition 3.11]. Thus, WAP(A*)* is
a dual Banach algebra. Moreover, WAP(A*)* satisfies the following universal
property [16, Theorem 4.10].

Theorem 2.10 (Runde). If B is a dual Banach algebra and ¢: A — B is a con-
tinuous algebra homomorphism, then there is a unique weak*-weak* continuous
algebra homomorphism pw ap: WAP(A*)* — 9B such that pwap o nwap = ¢.

Taking A, = £L1(G,w), it follows that the embedding id: £}(G,w) — M(G,
determines a unique weak*-weak* continuous homomorphism P: WAP(A%)*
M(G,w) such that Ponyap = id. Letting P.: Co(G,w™t) — WAP(A})
L°(G,w™) be the predual mapping of P, (P, g)re_r1 = (Ponwap(g),)
(0, g) poo_ 1 for 1 € Co(G,w™1), g € LY(G,w). Hence, Co(G,w™t) < WAP(A}
Moreover, by [3, Proposition 3.12] and Lemma 2.3,

L&

~ 11X

WAP(A:) < (LUCNRUC) x (G,w™").
Hence, we have the following immediate corollary to Proposition 2.9.

Corollary 2.11. The map ©: M(G,w) — WAP(AL)*, as defined in (15), is
a soj-weak® and so.-weak® continuous isometric homomorphic embedding that
extends nwap: LY(G,w) — WAP(A:)*.

As shown in [3], WAP(A}) may fail to equal WAP(G,w™!) = {f: f/w €
WAP(G)}. Our final two results are needed in [12]. Corollary 2.12 improves [10,
Theorem 5.6] in the case of £L1(G,w):

Corollary 2.12. Let B be a dual Banach algebra, ¢: L}(G,w) — B a bounded
homomorphism. Then there is a unique so;-weak™ and so.-weak® continuous
homomorphic extension ¢: M(G,w) — B of .

PROOF: Letting owap: WAP(AX)* — B be the weak*-weak* continuous ex-
tension of ¢ from Theorem 2.10 and ©: M(G,w) — WAP(AY)* the so;/so,-
weak* continuous embedding from Corollary 2.11, ¢ := ¢w ap o © is the desired
extension; uniqueness follows from the so;-density of £}(G,w) in M(G,w). O

Corollary 2.13. Let 8 be a dual Banach algebra, ¢: M(G,w) — B a bounded
homomorphism that is so;-weak® continuous on the unit ball of M(G,w). Then
¢ Is soj-weak™ and so.-weak® continuous on all of M(G,w).

PROOF: By Corollary 2.12, the restriction, o1, of ¢ to £L}(G,w) has a so;/so,-
weak* continuous extension ¢1: M(G,w) — B. As noted before, LG, w)|. <1
is soj-dense in M(G,w)|.|<1, 50 ¢ = p1 on M(G,w)|. <1 and therefore on

M(G,w). O
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Remark 2.14. Suppose that (H,wy) is another weighted locally compact group
and p: M(G,w) = M(H,wp) is a bounded algebra isomorphism. By [7, Lem-
ma 3.3] — which applies, as written, to M(G,w) — ¢ is so;-weak* continuous on
bounded subsets of M(G,w). By Corollary 2.13, ¢ is so;/so,-weak* continuous
on all of M(G,w).
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