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Abstract. In connection to a conjecture of W.Lii, Q.Li and C. Yang (2014), we prove a
result on small function sharing by a power of a meromorphic function with few poles with
a derivative of the power. Our results improve a number of known results.
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1. INTRODUCTION DEFINITIONS AND RESULTS

In this paper a meromorphic function means a function that is meromorphic in
the open complex plane C. We use the standard notations of Nevanlinna theory;

e.g., N(r, f), m(r, f), T(r, f), N(r,a; f), N(r,a; f), m(r,a; f) etc., see [7]. We denote
by S(r, f) a quantity, not necessarily the same at each of its occurrences, that satisfies
the condition S(r, f) = o{T(r, f)} as r — oo except possibly a set of finite linear
measure.

A meromorphic function @ = a(z) is called a small function of a meromorphic
function f if T'(r,a) = S(r, f). Let us denote by S(f) the class of all small functions
of f. Clearly C C S(f) and if f is a transcendental function then every polynomial
is a member of S(f).

Let f and g be two non-constant meromorphic functions and a € S(f) N S(g).
If f —a and g — a have the same zeros with the same multiplicities, then we say
that f and g share the small function a CM (counting multiplicities) and if we do
not consider the multiplicities, then we say that f and g share the small function
a IM (ignoring multiplicities).
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Let k be a positive integer and a € S(f). We use Ny, (r, a; f) to denote the counting
function of zeros of f —a with multiplicity not greater than &, N1 (r, a; f) to denote
the counting function of zeros of f — a with multiplicity greater than k. Similarly we
use Nk) (r,a; f) and N(k+1(r, a; f) to denote their respective reduced functions.

In 1996, Briick studied the relation between f and f’ if an entire function f
shares only one finite value CM with its derivative f’ (see [1]). In this direction an
interesting conjecture was proposed by Briick (see [1]), which is still open in its full
generality.

Conjecture A. Let f be a non-constant entire function. Suppose
. loglog T'(r, f
01(f) := limsup —omr (r, /)
r—o00 ogr
the hyper-order of f, is not a positive integer or infinity. If f and f' share a finite
value a CM, then

(1.1) flza_,

f—a

for some nonzero constant c.

The conjecture for the special cases
(1) a=0,
(2) N(r,0; f') = S(r, f)
had been established by Briick, see [1]. From the differential equations

ff—a  » f’—a_ o

=e e
f—a " f-a ’

we see that when p1(f) is a positive integer or infinity the conjecture does not hold.

(1.2)

The conjecture for the case where f is of finite order had been proved by Gundersen
and Yang (see [6]), and the case where f is of infinite order with o1 (f) < 4 had been
proved by Chen and Shon (see [3]). Recently Cao in [2] proved that the Briick
conjecture is also true when f is of infinite order with o1(f) = % But the case
o1(f) > % is still open. However, the corresponding conjecture for meromorphic

functions fails in general (see [6]). For example, if
2¢* +2z+1

f&) = =57
then f and f’ share 1 CM, but (1.1) does not hold.
It is interesting to ask what happens if f is replaced by a power of itself, say, f™

)

in Briick’s conjecture. From (1.2) we see that the conjecture does not hold without
any restriction on the hyper-order when n = 1. So we only need to focus on the
problem when n > 2.
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Perhaps Yang and Zhang (see [15]) were the first to consider the uniqueness of a
power of an entire function F' = f™ and its derivative F’ when they share a certain
value and that leads to a specific form of the function f.

Yang and Zhang in [15] proved that the Briick conjecture holds for the function f"
and the order restriction on f is not needed if n is relatively large. In fact, they proved
the following result.

Theorem A ([15]). Let f be a non-constant entire function, n (> 7) be an integer
and let F = f™. If F and F' share 1 CM, then F = F’, and f assumes the form
f(2) = ce®/™, where c is a nonzero constant.

Improving all the results obtained in [15], Zhang in [16] proved the following
theorem.

Theorem B ([16]). Let f be a non-constant entire function, and let n, k be
positive integers and a (£ 0, 00) be a meromorphic small function of f. If f™ —a and
(f*)*) — a share 0 CM and n > k + 5, then f* = (f*)¥), and f assumes the form
f(2) = ce®™, where c is a nonzero constant and \* = 1.

In 2009, Zhang and Yang (see [17]) further improved the above result in the

following manner.

Theorem C ([17]). Let f be a non-constant entire function, and let n, k be
positive integers and a (£ 0,00) be a meromorphic small function of f. Suppose
" —a and (f")*) — a share 0 CM and n > k + 2. Then conclusion of Theorem B
holds.

In 2010, Zhang and Yang (see [18]) further improved the above result in the
following manner.

Theorem D ([18]). Let f be a non-constant entire function, and let n, k be
positive integers. Suppose f™ and (f™)*) share 1 CM andn > k+1. Then conclusion
of Theorem B holds.

In 2011, Lii and Yi (see [11]) proved the following extension of Theorem D.
Theorem E ([11]). Let f be a transcendental entire function, and let n, k be two
integers with n > k + 1, and let F' = f™ and Q # 0 be polynomials. If F' — @) and

F®*) — Q share 0 CM, then F = F**) and f(z) = ce”*/™, where ¢ and w are nonzero
constants such that w* = 1.

Remark 1.1. It is easy to see that the condition n > k + 1 in Theorem E is
sharp by the following example.
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Example 1.1. Let f(z) =€ [e~ ‘(1—et)tdt and n =1, k = 1. Then

f'z) -z _
[OEEI
and f'(z) — z and f(z) — z share 0 CM, but f' # f.

In [12], Lii, Li and Yang asked the question of considering two shared polynomials
in Theorem E instead of a single shared polynomial. They answered the question
for the first derivative of the power of a transcendental entire function and further
proposed the following conjecture:

Conjecture B. Let f be a transcendental entire function, and let n be a positive
integer. If f* — Qy and (f™)*®) — Qy share 0 CM and n > k + 1, then (f™)*) =
f"Q2/Q1, where Q1 and Q4 are polynomials with Q1Q2 # 0. If, further, Q1 = Qo,
then f = ce¥*/™, where ¢ and w are nonzero constants such that w* = 1.

Recently the second author (see [13]) fully resolved Conjecture B; thus giving rise
to a further investigation of the possibility of replacing in Conjecture B the shared
polynomials by shared small functions. Here we on one hand solve this problem
and also on the other hand we try to relax the nature of sharing of small functions,
thereby improving a number of known results including that in [13].

Extending the idea of weighted sharing (see [8], [9]), Lin and Lin in [10] introduced
the notion of weakly weighted sharing which is defined as follows.

Definition 1.1 ([10]). Let f and g be two non-constant meromorphic functions
sharing a “IM”, for a € S(f) N S(g), and let k be a positive integer or oco.

(1) NkE) (r,a) denotes the counting function of those zeros of f — a whose mul-
tiplicities are equal to the corresponding zeros of g — a, where both of their
multiplicities are not greater than k, and where each zero is counted only once.

(ii) N(()k (r,a) denotes the counting function of those zeros of f — a which are zeros
of g — a, where both of their multiplicities are not less than k£, and where each

zero is counted only once.

Definition 1.2 ([10]). For a € S(f) N S(g), if k is a positive integer or co and
—E

Nk)(rv a; f) - Nk) (’I“, Cl) = S(ra f)7 Nk) (’I“, Cl,g) - NkE) (T, Cl) = S(Tv 9)7
N (ryai ) = Npr (r,a) = S(r, f)y - Negya (r,ai9) = Nygyr (r,a) = S(r, 9);

or if K =0 and
N(r,a; f) - NO(ra a) = S(T, f)v N(r,a;g) - NO(ra a’) = S(?", g)v

then we say f and g weakly share a with weight k. Here we write f, g share “(a, k)”
to mean that f, g weakly share a with weight k.
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Obviously, if f and g share “(a,k)”, then f and g share “(a,p)” for any p,
0 < p < k. Also we note that f and g share a “IM” or “CM” if and only if f
and g share “(a,0)” or “(a,00)”, respectively (for the definitions of “IM” and “CM”
see pages 225-226 in [14]).

We note that a rational function f with N (r, oo; f) = S(r, f) must be a polynomial.
Also a small function of a polynomial must be a constant. Since k& > 1, clearly if f is a
polynomial, then the relation (f)*) = c¢f™ does not hold for any nonzero constant ¢
and n > k. Therefore in the following theorems we assume f to be transcendental.

Theorem 1.1. Let f be a transcendental meromorphic function such that
N(r,o0; f) = S(r, f) and let a; = a;(z) (£ 0,00) be small functions of f, where
i =1,2. Let n and k be two positive integers such that n > k+ 1. If f™ — a; and
(f™)*®) — ay share 0,1)”, then (f™)*) = f"aga;*. Furthermore, if a1 = ag, then

f(2) = ce®™, where ¢ and \ are nonzero constants such that \F = 1.

Theorem 1.2. Let f be a transcendental meromorphic function such that

N(r,o0; f) = S(r, f) and let a; = ai(z) (£ 0,00) be small functions of f, where
i = 1,2. Let n and k be two positive integers such that n > k. If f® — a; and
(f")(k) — ag share “0,0)” and NQ)(T,O;f) = S(r,f), then (f")(k) = agaflf".
Furthermore, if a; = ag, then f* = (f*)*) and f assumes the form f(z) = ce*/",
where c is a nonzero constant and \* = 1.

Note 1.1. Ifk > 2, then in Theorem 1.2 instead Ofﬁg)(?", 0; f) = S(r, f) we can
assume Ny)(r,0; f) = S(r, f).

Remark 1.2. It is easy to see that the condition n > k + 1 in Theorem 1.1 is
sharp by the following examples.

Example 1.2. Let f(2) = e®* + 2. Then f —a; and f’ — ay share 0 CM and
N(r,00; f) =0, but f’ # asa; ' f, where a;(z) = z + 1 and as(2) = 3.

Example 1.3. Let f(2) = e** + 22 + 2. Then f — a; and f’ — ay share 0 CM
and N (r,00; f) = 0, but f’ # asa; ' f, where a;(2) = 2% + 2z + 1 and az(z) = 22 + 3.

Example 1.4. Let

flz)= eez2 +1, ai(z) 1 as(z) = 22

T 1te 2 Cl4e
We note that 1 )
2 z
f(z)—ai1(z) = P ((ez +1)e® + 1)
and 5 )
/ _ z 22 e®

Then f — a; and f’ — ay share “(0,00)” and N(r,00; f) = 0, but f # aga;*f’.
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Example 1.5. Let
f(z)=1-5(z+4+1) + z¢?

and a;(z) = az(z) = —(4 + 4z + 52%). We note that
f(z) —a1(z) = z(e* + 5z — 1)
and
f(z) —az(z) = (2 + 1)(e* + 52 — 1).
Then f — a; and f/ — ag share “(0,00)” and N(r,o00; f) =0, but f £ f'.

Remark 1.3. It is easy to see that the conditions NQ) (r,0; f) = S(r, f) and

N(r,o00; f) = S(r, f) in Theorem 1.2 are essential by the following examples.

Example 1.6. Let

and
Fi(z) = (32 —1) = (z = D" —1).
Obviously f — a; and f' — ay share 0 IM, and Ng)(r,o;f) # S(r,f) and
N(r,00; f) =0, but f’ # aza; " f.

Example 1.7. Let
2
f@) ===

Clearly f'(z) = —4e72*(1 — e~2*)72. We note that

1+ 9, ) 1+ —22z\2
f(z)—lzﬁ and f(Z)—1=—ﬁ'

Obviously f and f’ share 1 IM, N (r, o0; f) # S(r, f) and Ng)(r,o; f)=0,but f' # f.

Example 1.8. Let f(z) = 14tan z. Since tan z does not assume the values =i,
it follows that f(z) does not assume the values 1 +i. So by the second fundamental
theorem, N(r,0; f) = NQ)(T,O;f) =T(r,f)+ S(r,f) and N(r,00; f) = T(r, f) +
S(r, f). Also we see that f'(z) — 1 = (f(z) — 1) and so f and f’ share the value
1IM, but f # f’.
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2. LEMMAS
In this section we present the lemmas which will be needed in the sequel.

Lemma 2.1 ([4]). Suppose that f is a transcendental meromorphic function and
that

[ (2)P(f(2)) = Q(f(2));

where P(f(z)) and Q(f(z)) are differential polynomials in f with functions of small
proximity related to f as the coefficients and suppose that the degree of Q(f(z)) is
at most n. Then m(r, P) = S(r, f).

Lemma 2.2 ([7]). Let f be a non-constant meromorphic function and let a;(z),
az(z) be two meromorphic functions such that T'(r,a;) = S(r, f), i = 1,2. Then

T(r, f) < N(r,00; f) + N(r,a1; f) + N(r,az; ) + S(r, f).

Lemma 2.3 ([5]). Let f(z) be a non-constant entire function and k (> 2) be an
integer. If f(2)f*)(2) # 0, then f(z) = e****, where a (# 0), b are constants.

Lemma 2.4. Let f be a non-constant meromorphic function such that

(2.1) (fmW =

where k,n € N. If n > k, then f assumes the form f(z) = ce*/", where c € C\ {0}
and \F = 1.

Proof. First we suppose (2.1) holds. We claim that f does not have any
pole. In fact, if zp is a pole of f with multiplicity p, then zy is a pole of f™ with
multiplicity np and a pole of (f™)*) with multiplicity np + k, which is impossible
by (2.1). Hence f is a non-constant entire function. From (2.1), it is clear that f
cannot be a polynomial. Therefore f is a transcendental entire function. We now
consider the following two cases.

Case 1. Let n > k. If z is a zero of f with multiplicity ¢, then z; is a zero
of f with multiplicity ng and a zero of (f)*) with multiplicity nqg — k , which is
impossible by (2.1). Therefore from (2.1), we conclude that f(z)(f"(z))*) # 0. If
k > 2, then by Lemma 2.3 we have f(z) = ce**/™, where ¢ € C\ {0} and \* = 1.

Next we suppose k = 1. Since f(z) # 0,00, it follows that f(z) = e*(*), where

1

a(z) is a non-constant entire function. Now from (2.1) we have o/(z) = n~', ie.,

az) = zn~' + ¢o, where ¢y € C. Consequently f(z) = ce*/™, where ¢ = e.
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Case 2. Let n = k. First we suppose n = k = 1. Then from (2.1) we have
f(z) = f'(z) and so f(z) = ce®, where c € C\ {0}.
Next we suppose n = k > 2. Let F = f". Then we have

22) PO = Lty o Lty =k L g o)
: dzF dz A k—1 d Jk—2
dk dk—2
:k(k_ )d T Q(fk Q(f) )+kdzk,2(fk_1f”)
ds? k—3/ ¢1\3 d- k=2 g1 g1
= k(b = 1) 75 (k= 2)F77(f)°) + k(b — )dk3(2f 1)
dk_g k—2 g1 p11 dk_g k—1 p1
+kW((k—1)f I'r )+kdzk,3(f )
dk- dk-
= (k= (k= 2 (P 2k~ D (P21
dk 3 dk 3
th(k—1) 5= (" 2ff")+k — ("
= = KM+ RGP,

where R(f) is a differential polynomial in f such that each term of R(f) contains f™
for some m (1 < m < n—1) as a factor.

From (2.1), we observe that f cannot have any multiple zero. Let z2 be a simple
zero of f. Clearly z3 is a zero of F' of multiplicity k. From (2.1), it is clear that 2o
is also a zero of F(*). On the other hand 2 is a zero of R(f). Now from (2.2),
we observe that z is a zero of f’, which is impossible. Therefore f cannot have
any simple zero. Hence f does not have any zero. Since from (2.1) we see that
(f™(2))*) f7(2) # 0, by Lemma 2.3 we have f(z) = ce**/™, where ¢ € C\ {0} and
A¥ = 1. This completes the proof. O

3. PROOFS OF THE THEOREMS
Proof of Theorem 1.1. Let
(3.1) F=fm
Since S(r, f™*) = S(r, f), from Lemma 2.2 we see that

nT(r,f) < N(r,0; F) + N(r,a1; F) + S(r, f*) = N(r,0; f) + N(r,a1; F) + S(r, f).

Since n > k+ 1, it follows that N(r ay; F) # S(r, f). As F —a; and F*) — gy share
“(0,1)”, it follows that N(r,aq; F®)) £ S(r, f).
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Let zo be a common zero of F—aq and F*) —q, such that ai(z0) # 0,00 (otherwise
the reduced counting functions of those zeros of F — a; and F*) — a5 which are the
zeros or poles of a1 (z) and az(z), respectively, are equal to S(r, f)), where i = 1, 2.
Clearly F(z0), F*)(z) # 0. Suppose 2 is a zero of F — a; of multiplicity po. Since
F —ay and F® — g, share “(0,1)”, it follows that zo must be a zero of F®) — qq of

multiplicity gop. Then in some neighbourhood of zy, we get by Taylor’s expansion

F(z) = a0 + a1 (2 — 20)™ + a1rg+1(2 — o)t 4. ay #0,

al(z) = bio + blso (Z — Zo)so + b150+1(z — Zo)SOJrl + ..., b1o 75 0.

Since zg is a zero of F' — ap of multiplicity pg, it follows that ajg = b1gp and pg >
min{rg, so}, when py = ro = sp. Let us assume that

F(z) = a1(2) = c1po (2 = 20)7 + c1po41(z = 20)P° T ., crp, #0.
Therefore
F(2)=a1(2) _ 5.0y andso EF 1 O6(s — oo
A =0 - ) mdso H - 1= 0(( 20",
Similarly
(F®) (2) — as(2)) = O((z — 2)®) and F®(2) —1=0((z — 2)™)
az(z) az(z) .

Finally we conclude that F—a; and F*) —as share “(0, 1)” if and only if Faf1 and
F® a5t share “(1,1)” except for the zeros and poles of a;(z) and as(2), respectively.

Let Fy = f"a;* and Gy = (f")®a,!. Clearly F; and Gy share “(1,1)” except for
the zeros and poles of a; (z) and as(z), respectively, and so N (r, 1; F}) = N(r,1;Gy)+
S(r, f). Let

F{(Fy — Gy F G1 F ap F®
(32) o= }f(Fl—l)) :Flil( _ﬁ) - F111(1_a_2'T>'
We now consider the following two cases.

Case 1. Let ® # 0. Then clearly Gy # Fy, i.e., (f*)*) # aza;' ™. Now from (3.2)
we get m(r, c0; ®) = S(r, f).

Let z; be a zero of f of multiplicity p such that a;(z1) # 0,00, where i = 1,2.
Then z; will be a zero of F} and G of multiplicities np and np — k, respectively, and
so from (3.2) we get

(3.3) B(z) = O((z — z1)"PF 1),
Since n > k + 1, it follows that ® is holomorphic at z;.
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Let 22 be a common zero of F; — 1 and G; — 1 such that a;(z2) # 0,00, where
i = 1,2. Suppose 2o is a zero of F; — 1 of multiplicity ¢q. Since F} and G; share
“(1,1)” except for the zeros and poles of a1(z) and ag(z), respectively, it follows
that zo must be a zero of G; — 1 of multiplicity . Then in some neighbourhood
of z9, we get by Taylor’s expansion

Fi(2) = 1=by(z — 22) + bgr1(z — 22)T + ..., by #0,
Gi(2) —1=cr(z—2)" +crp1(z —22)" TP+ ..., ¢ #0.
Clearly
F{(2) = qby(z — 22) T  + (¢ + Dbgr1(z — 22)7 + ...
Note that
by(z — 22)7+ ... if g <,
Fi(z) —Gi(z) = ¢ —cr(z—22)" — ... if g >,

(bg —cq)(z—2z2)+... ifg=mr
Clearly from (3.2) we get

(3-4) ®(2) = O((z — 22)'™),

where ¢ > min{q,r}. Now from (3.4), it follows that ® is holomorphic at zs.

We note from (3.2) that if z,. is a zero of F; — 1 that is also a zero of ay with
multiplicity p;, then z, is a possible pole of ® with multiplicity at most 1 + p;.
Again if z* is a zero of f that is also a zero of as with multiplicity po, then z*
is a possible pole of ® with multiplicity at most k + ps. So from (3.2), the above
discussion and the hypothesis of Theorem 1.1 we note that

N(r,00;®) < (k + 1)N(7~, Z—;) 4 (k+ 1)N(r,0;a1) + (k + 1)N(r, 0; az)

+ (k+1)N(r, F1) + (k+ 1)N(r, f)
= (k+1)N(r, F1) + S(r, f) = S(r, f).
Consequently T'(r, ®) = S(r, f).
Let ¢ > 2. Since F; and Gy share “(1,1)” except for the zeros and poles of a;(z)
and ag(z), it follows that r > 2. Therefore from (3.4) we see that

N@(r,1;F1) < N(r,0;®) + S(r, f) < T(r,®) + S(r, f) = S(r, f).

Since F} and G; share “(1,1)” except for the zeros and poles of a1(z) and as(z), it
follows that N ((r,1;G1) = S(r, f). Again from (3.2) we get

1 1(L1’_£1’)<1_2<f">““>)

F_ O\F-1 R az  fm
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and so m(r,1/Fy) = S(r, f). Hence
1
(3.5) m(r,0; f) = m(r, ?> =S(r, f).

We consider the following two sub-cases.

Sub-case 1.1. Let n > k + 1. From (3.3) we see that N(r,0; f) < N(r,0;®P) <
T(r,®) + O(1) = S(r,f). Then from (3.5) we get T'(r, f) = S(r, f), which is a
contradiction.

Sub-case 1.2. Let n = k+1. Since for p > 2, we have np—k—1 = (k+1)p—k—1 > p,
from (3.3) we see that

Nia(r,0; f) < N(r,0;@) <T(r,®) + O(1) = S(r, f).
Then (3.5) gives

(36) T(r,f):Nl)(r,O;f)+S(r,f).

Note that N(g(r,al;F) = N(Q(T,].;Fl) + S(r,f) = S(r, f), N(Q(T,GQ;F(k)) =
N(Q(r, 1;G1) + S(r, f) = S(r, f) and N(r,00; F) = S(r, f). Let

F(k) — ag

Fa e, F® —ay = B(F — a).

(3.7)
We claim that 8 # 0. If not, suppose 8 = 0. Then from (3.7) we have (f*)*) = a,.
Since n = k + 1, we immediately have Ny(r,0, f) = S(r, f) and so from (3.6) we
arrive at a contradiction. Hence 8 # 0. We now consider following two sub-cases.

Sub-case 1.2.1. Suppose T'(r,3) # S(r, f). Let z11 be a zero of F' — a; such that
F&) (z11) — aa(z11) # 0. Then obviously § has a pole at z11. Let z12 be a zero of
F®) — g4 such that F(z12) —a1(z12) # 0. In that case § has a zero at z12. Let z13 be
a common zero of F —a; and F®) — 5. Since F — a; and F(®) — g5 share “(0,1)”,
it follows that 8 has a zero at z3 if z13 is a zero of F — a; and F® — gy with
multiplicities p13 (= 2) and ¢13 (= 2), respectively, such that p;s < ¢13 and § has a
pole at z13 if q13 < p13. Therefore

N(r,0;8) < No(r,az; F®) + S(r, f) = S(r, )
and

N(r,00; 8) < No(r,a1; F) + S(r, f) = S(r, f).
Let ¢ = 8'/B. Clearly

T(r,&) = N(r, 00; %/) + m(r, %/)

= N(r,0;8) + N(r,00; 8) + S(r, 8) = S(r, f) + S(r, B).
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Note that

T(r,B) <T(r,F® —ay) + T(r,F —a;) < T(r, F) + T(r, F) + S(r, F) + S(r, G)
< (k+0)T(r, f") +nT(r, f)+ S(r, f) = nk +2)T(r, f) + S(r, f),

which implies that S(r, 8) can be replaced by S(r, f). Consequently T'(r,&) = S(r, f).
By logarithmic differentiation we get from (3.7)

(3.8) FUHURp _¢pWp _ R — g, FE+D _ (¢ay 4 a))F®) — agF
+ (ah, — €a2)F + Eayag + aza) — ayay.

We deduce from (3.1) that

(3.9) M . o
FO = — () = (R + D) = (b Dy R+ 157)
dh2 k-1 k2 k g
:(k+1)dk2(f (f))+(k+1)m(ff)
dkf?) d
= (b + Db (k= D72 () + (b Db @)
dk-3 dk—3
(k) g RS ) + (B+ ) g (F5 )
dhs k=2 d*s k—1 "
= (b + Dtk — D357 (F)°) + 20k + D=5 (711 F7)
bk DR (P ) 4 ) ()
= =) D e e,
Therefore
o) Lo e B e oy
+ (kDO
and
(3.11) FOHD — (k4 1)) + Lk; Dk oyt

oo (k1) fRfOED,
Substituting (3.1), (3.9), (3.10) and (3.11) into (3.8), we have

(3.12) ["(2)P(z) = Q(2),
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where Q(z) is a differential polynomial in f of degree n and
!
(3.13)  P(z) = F*+t) _ep() _ nfTF(k)

= —k(k+ DU = (b + 1))
n k(k+1)@3 ; k)(k + 1)!f(f/)k71f//
o (kD) fEFEFD (e D)EfE R — (k4 1)2 Rt )

= —k(k+ DI + Ri(f)

is a differential polynomial in f of degree k + 1, where R;(f) is a differential poly-
nomial in f such that each term of R;(f) contains f™ for some m (1 < m < n—1)
as a factor.

We suppose that P = 0. Then from (3.13) we get F*+1) —¢p®) _np(®) ¢/ f =
and so FHD /p(k) — ¢ 4 nf’/f = B'/B + F'/F. By integration we have F(¥) =
DBF, where D € C\ {0}. Since n = k + 1 and N(r,00;3) = S(r, f), it follows
that N(r,0; f) = S(r, f). Then from (3.6) we have T(r, f) = S(r, f), which is a
contradiction. So P # 0. Then by Lemma 2.1 we get m(r,P) = S(r, f). Since
N(r, f) = S(r, f) we have

(3.14) T(r,P)=S(r,f) and T(r,P")=S(r,f).
Note that from (3.13) we get
(3.15) P'(z) = Au(f)* f" + Ba(f)* + Su(f),

which is a differential polynomial in f, where A; = —ik‘(k‘ + 12k + 1), By =
—(k + 1)!¢ and Sy(f) is a differential polynomial in f such that each term of S (f)
contains f™ for some m (1 < m < n—1) as a factor.

Let z3 be a simple zero of f such that £(z3) # 0, 00. Then from (3.13) and (3.15)

we have
P(z3) = —k(k+ D!(f'(23))"",  P'(23) = A1(f'(23))" f" (23) + Bu(zs)(f'(23))* .

This shows that z3 is a zero of Pf" — (K1 P' — K2 P)f', where Ky = —k(k +1)!/A;
and Ko = By/A;. Also T'(r, K1) = S(r, f) and T'(r, K2) = S(r, f). Let

_ Pf" = (K©P' = K3P)f

= 7 )

Then clearly m(r,®1) = S(r, f) and since N(5(r,0; f) + N(r, f) = S(r, f), we have
T(r,®1) = S(r, f). From (3.16) we obtain

(3.17) f'(2) = e (2)f(2) + Br(2)f(2),

(3.16) @,
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where
(0] P
(3.18) o = ?1 and 1 = Ki— — Ko.
Differentiating (3.17) and using it repeatedly we have
(3.19) FO() = aim1(2) f(2) + Bica (2)f'(2),

where ¢ > 2 and T'(r,a;—1) = S(r, f), T(r, Bi=1) = S(r, f).
Also (3.18) yields

pr | Ko P’ ~k(k+ 1P B
(3.20) (K1+K1) and  f = Ko = K> 4, P A
so that
P/
(3.21) A1+ By + k(k + 1)1 =0.

Now we consider following two sub-cases.
Sub-case 1.2.1.1. Let k = 1. Now from (3.13) and (3.17) we have

P==2(f)?=2ff +2ff" = =2(f)? + (261 = 26) f f' + 201 f?
and so
P’ = (=201 = 26)(f)* + (261 — 26" + 281 = 2B:) f ' + (201 81 — 201 + 207) f2.
Note that K; = 1 and Ko = ¢ and so from (3.20) we have
(3:22) (B1 =€ = BiE+E) [ + (—2a1€ + ) f = 0.
If —20,& + o) = 0, then from (3.22) we get, because ff’ # 0,
(3.23) Bi—¢ —pe+& =0

Let 3, = £. Then a simple calculation gives 24’3~! = P’P~! and so on integration
we get 32 = do P, where dy € C\{0}. This contradicts the fact that T'(r, 8) # S(r, f).
So B1 # & Now from (3.23) we get (8] — &) (B1 — &)t = & = BB7L. So on
integration we get 5 = d1 (51 — &), where d; € C\ {0}. This contradicts the fact that
T(r,B) # S(r, f). So we conclude that —2a1€ + o # 0. Then from (3.22) we see
that if z4 is a simple zero of f, then z4 is either a pole of —2a1€ + ) or a zero of

Bl — & — A€ + €2, Hence
Niy(r, 05 f) < N(r,00; =201 +04) + N(r,0: 81 — &' = 1§ + %) = S(r, ).
So we arrive at a contradiction by (3.6).
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Sub-case 1.2.1.2. Let k > 2. From (3.9) and (3.11) we have F(®) = Ty(f),
FUHD = (e DI+ To(f) and FOH2) = (k1) (b+2)(h+ DI 7+ To (),
where T (f), To(f) and T5(f) are differential polynomials in f such that each term
of T1(f), To(f) and T5(f) contain f as a factor.

Comparing (3.8) and (3.12) and noting that F' = f* = f**! we have

(3.24) Q=aF*Y — (cay 4 a))F® — agF' + (aby — €an)F + v
= a1 ((k + DI+ Ta(f)) - (Gar + a))Ta(f)
— (k+ Dasf*f' + (ay — Eaz) f*H + 7,
where v = £ajaz + aza) — a1d).

Now suppose v(z) = 0. Then by integration we obtain § = dgagal_l, where
dy € C\ {0} and so T'(r,8) = S(r, f), which is a contradiction. Consequently
~v(z) # 0. Similarly we can verify that a1 + a}j #Z 0 and af — £as # 0. We further
note that T'(r,y) = S(r, f). Differentiating (3.24) we have
(3.25) Q' =a\F*Y) 40 FOHD _ (cay + o)) FFTY — (cay + a)' FP

—ayF' — asF" + (aby — €ao)' F + (ay — Eag) F' ++'
= ay((k+ D)+ Ta(f)) — (Ear +ay)((k+ D) + Ta(f))

ran(EEEED iy 4 1) - (€ o) Ti)

— (k+ Dy f*f = ag(k(k + D) f* () + (k+ 1) f* f")
+ (ay — Eaz)' fFH + (k+ 1) (ah — Ean) f5 f + .

Let z5 be a simple zero of f(z) such that z5 is not a zero or a pole of a1, a2 and &.
Then from (3.12), (3.24) and (3.25) we have

Y(z5) = Alzs)(f'(25)"1, 7' (25) = Az(25) (' (25))" " (25) + Ba(zs)(f' (25))" ",

where A(z) = —(k + 1)la1(2), A2(2) = —3(k + 1)(k +2)(k + 1)la1(2) and Ba(z) =
(k + 1)I¢(2)a1(z). This shows that z5 is a zero of vf"” — (K3v' — Kyv)f', where
K3 = AA;" and Ky = By Ayt Also T(r, K3) = S(r, f) and T(r, K4) = S(r, f).

Let

_ " = (K — Ky f

(3.26) Oy 7

Then clearly T'(r, ®2) = S(r, f). From (3.26) we obtain
(3.27) f"=of +iuf,

where

(3.28) p1 = % and Yy = K3%, — K.
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Now we show that 11 # 81. If ¢1 = 1 then from (3.18) and (3.28) we have
2 ’y_’ + 2 ¢ 4 5’ _ 4
(k+1)(k+2)y (k+1)(k+2) (k+1)2 P  E(k+1)?

£,

ie.,
Pl ,_YI 9
2k(k+2)$ —k(k+ 1); = (k" +3k+4)

B/
ik
On integration we have

Bk2+3k+4 =

where d3 € C\ {0} and so from (3.14) we have T'(r, 8) = S(r, f), a contradiction.
Now from (3.27) we have

(3.29) FD =i 1 f + i f

where ¢ > 2 and T'(r, p;—1) = S(r, f), T(r,vi—1) = S(r, f).
Also from (3.13), (3.15) and (3.29) we have, respectively,

k+1

(3:30) P = —k(k+ DI+ DT (),
j=1
’ k+1
(3.31) P = (Avn + By)(F)F T+ SS9 (1),
j=1

where T'(r,T;) = S(r, f) and T'(r, S;) = S(r, f).
Multiplying (3.30) by P’ and (3.31) by P and then subtracting we get

(3.32) Ho(f")"*' + Hif(f)* + ...+ Hea [ =0,
where
(3.33)
P/

Hy = P(Alwl + By + k(k + 1)!5) and H; = PS; — P'Tj for j = 1,2, ...,k + 1.
Since 1 # 1 and P # 0, it follows from (3.21) and (3.33) that Hy # 0. Again
since Ho(f')**! # 0, from (3.32) we conclude that H; # 0 for at least one i €
{1,2,...,k+1}. Let S ={1,2,...,k+ 1} and S; = {i € S: H; # 0}. Note that
T(r,Hy) = S(r, f) and T'(r, H;) = S(r, f) for j € Si.

Now from (3.32) we see that a simple zero of f must be either a zero of Hy or a
pole of at least one H;’s, where i € S;. Therefore

Nyy(r,0; f) < N(r,0; Ho) + > N(r,00; Hy) + S(r, f) = S(r, f).
J,J€S1

So we arrive at a contradiction by (3.6).
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Sub-case 1.2.2. Suppose T'(r,8) = S(r, f). Then from (3.7) we have
(3.34) F®) — BF = ay — Bay.

If ay — Ba; = 0, then from (3.34) we get (f*)*) = aga; ' f™, which contadicts the
fact that ® # 0. So we suppose that as — Ba; # 0. Let zg be a simple zero of f. If z¢
is not a pole of 8, then from (3.34) we see that zs is a zero of az — a; 8. Therefore

Nl)(rao;f) <N(T7O;a2_a16)+N(T7OO;/8):S(T7f)'

So by (3.6) we arrive at a contradiction.
Case 2. Let ® = 0. Now from (3.2) we get F}; = G, i.e., (f*)* = aga; ' f".
Furthermore if a; = ag, then f* = (f*)*), and by Lemma 2.4, f assumes the
form f(z) = ce**/", where c € C\ {0} and \* = 1. O

Proof of Theorem 1.2. Let F; = f"a;' and G, = (f”)(k)agl. Clearly Fy
and G; share “(1,0)” except for the zeros and poles of ai(z) and az(z) and so
N(r,1; F1) = N(r,1;G1) + S(r, f). We now consider following two cases.

Case 1. Let Fy # G1. Then

(3.35) N(r,1;F1) < N(r,0;Gy — F1 | Fy #0)+ S(r, f)
<N (ro: D) s < (n P 150 )

1

ZI

T(r,ﬁ)—l—S(r,f)SN(r,oo;i—ll)—i—m(r i1>+3( f)
=N (ot (f?fk)) +m(r, 00 —(ffﬁ +5(r,f)

< EN(r,00; f) + kN(r, 05 f") + S(r, f) = EN(r, 0; f) + S(r, /).

Now using (3.35) and NQ) (r,0; f) = S(r, f), we get from the second fundamental
theorem that

(3.36) nT(r, f) =T, f*) + S0 f) < T(r, F1) + S(r, )
N(r,00; Fy) 4+ N(r,0; F1) + N(r,1; F1) + S(r, F)
N(r,00; f) + N(r,0; f) + N(r, 1; F1) + S(r, f)

(k + )( 2 f)+ S0 f)
k+ kE+1

T N(r,0; f) + S(r, )<TT(7”7f)+5(7“af)-

Since n > k, (3.36) leads to a contradiction.

Case 2. F; = G1. Then (f)*) = aga;' ™. Furthermore if a; = ag, then f* =
(f™)*) and, by Lemma 2.4, f assumes the form f(z) = ce**/", where ¢ € C\ {0}
and \F = 1. 0
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