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Abstract. In order to distinguish the connected graded Frobenius algebras determined
by different twisted superpotentials, we introduce the nondegeneracy of twisted superpo-
tentials. We give the sufficient and necessary condition for connected graded Frobenius
algebras determined by two nondegenerate twisted superpotentials to be isomorphic. As
an application, we classify the connected Z-graded Frobenius algebra of length 3, whose
dimension of the degree 1 is 2.
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1. INTRODUCTION

Frobenius algebras, as a class of algebras with some symmetric properties, have
been applied to many branches of mathematics, cf. [5], [6]. Consequently, it is sig-
nificant to explore the way of constructing Frobenius algebras. It is proved in [8]
that we can derive a graded Frobenius algebra with two specifical properties from an
admissible system. Conversely, the authors declared that the basic graded Frobenius
algebra, possessing the two properties, is isomorphic to an algebra grew out from an
admissible system. The structure of graded Frobenius algebras stemmed from differ-
ent admissible systems over K has been studied in the paper as well. In the previous
paper (see [2]), the authors showed that for any connected Z-graded Frobenius alge-
braA=K®A &...4 A, over afield K, that is, when A is isomorphic as a graded
right A-module to the shift A*(n) of the dual A* of the left A-graded module A, if A
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is generated by Ajp, there exists a twisted superpotential w in (A3)®" with respect

*

to a linear automorphism of (A;)* induced by the Nakayama automorphism of A
such that A is isomorphic to the dual algebra of the subcoalgebra generated by w
inside T'((A1)*). Conversely, they proved that if V is a finite dimensional vector
space and w is a twisted superpotential in (V*)®" corresponding to a linear auto-
morphism v of V*, one can construct a graded algebra A as above, whose Nakayama
automorphism is induced by v. However, the authors did not investigate when the
Frobenius algebras established by different twisted superpotentials are isomorphic.

In this note, we focus on the isomorphisms between the connected graded Frobe-
nius algebras corresponding to different twisted superpotentials. Let V' be a finite-
dimensional K-vector space, which has a basis {z1,...,zm,}. Let U = V*, y; = z7,
1 < i< m,then {y1,...,ym} is the dual basis of U. We know that there is a bijection
from the group of all K-linear bijective transformations of U to the group of all invert-
ible m x m matrices, where m is the dimension of U. For each linear automorphism v
of U, M is the matrix of v under the basis {y1,. .., ¥m }. Assume that w; € (U)®" is
a nondegenerate v1- twisted superpotential of degree n, wy € (U)®" is a nondegener-
ate vo-twisted superpotential of degree n. Let M, M> be the matrix corresponding
to v1, Ve, respectively. Let C' = (w;), D = (ws) be the subcoalgebra of T(U) gener-
ated by wy, ws, respectively. The relevant definition can be viewed in Preliminaries.

In Section 3, we prove that C' and D are isomorphic as graded K-coalgebras if and
only if we = wy 0 s®™ and hence vy = s*v1(s*) ™! for some s € GL(V'), where GL(V)
is the group of all K-linear bijective transformations of V. Naturally, we can obtain
that C' and D are isomorphic as graded K-coalgebras if and only if M; and Ms are
similar matrices. Specifically, if wy and wy are the different v-twisted superpotential
of degree n, we can deduce when the corresponding Frobenius algebras of wy and wso
are isomorphic.

In Section 4, we focus on the nondegenerate twisted superpotentials of degree 3
and calculate all the corresponding connected graded Frobenius algebras of length 3,
whose dimension of the degree 1 is two.

2. PRELIMINARIES

Throughout this paper, K is a field. Let A be a finite dimensional algebra over K.
Then K-dual space A* = Hom(A, K) has a natural coalgebra structure. Let C' be
a finite dimensional coalgebra over K. Then the K-dual space C* = Hom(C, K)
has a natural algebra structure. Recall that an algebra A is called Z-graded if there
exists subspace (4;);ecz such that

A= @Az and Ai . AJ‘ Q AiJrj
I<yA
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for all 4,7 € Z. The elements in A; are said to be homogeneous of degree i. Dually,
a coalgebra C' is called Z-graded if there exists subspace (C;);ez such that

C=@Ci and A(C.)C @ CivCy
1€EL i+j=n

for all n € Z. We say that two Z-graded algebras A and B are isomorphic if there
is an algebra isomorphism f: A — B which preserves the degrees of homogeneous
elements. Similarly, we may define two isomorphic Z-graded coalgebras. In this
paper, by a graded algebra (coalgebra) we always mean a Z-graded algebra (coalge-
bra). If A = €p A; is a nonnegatively graded algebra with Ag = K, then A is called
a connected gz%ded algebra.

Since A is a finite dimensional algebra, A* has a natural left and right A-module
structure. Then A is a Frobenius algebra if A = A* as left A-modules. This is
equivalent to A = A* as right A-modules. Therefore, recall from [7] that A is
a Frobenius algebra if and only if there is a K-bilinear form o: Ax A — K satisfying
the following conditions. For all x,y,z € A,

(i) oy, 2) = ole,y2),
(ii) the map o is nondegenerate, that is, o(x,y) = 0 for all z only if y = 0.

The map o is called the Frobenius form of the algebra. For each Frobenius algebra,
the K-algebra automorphism pu: A — A given by

(2.1) o(u(a),b) = o(b,a)

for all a,b € A, is usually called Nakayama automorphism, cf. [4].

If C* is a Frobenius algebra, then C is called coFrobenius coalgebra. Assume that
A=A)B A &...H A, is a finite dimensional graded algebra. Then A is a graded
Frobenius algebra of length n if A is a Frobenius algebra and the Frobenius form o
satisfies that o(a,b) = 0 for all a € A;, b € A; such that ¢ + j # n. The graded
Frobenius algebra considered in this paper is indeed the n-graded Frobenius algebra
introduced in [1].

Let V be a finite-dimensional K-vector space. Let T(V) = K eV ae VeV a...
be the tensor algebra, which is typically an N-graded algebra. Let W, V be finite
dimensional K-vector spaces. Then the map A\: W* @ V* — (W ® V)* defined by

A @ g)(w@v) = f(w)-g(v)

forall fe W* geV* we W, v €V, is an isomorphism. Then we can obtain that
there is an isomorphism

Ap: (V)8 — (V&)
for each n € N. We identify (V*)®" with (V®")* through the isomorphism \,,. For
details about the above, the reader can refer to [3].
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Assume that {z1,...,2,} is the basisof V. Let U = V*, and y; = 2: V — K,
n

1 < i < n defined by x;“(Z k'jxj) = k;. Then {y1,...,ym} form the basis of U,
j=1

which is usually called the dual basis of U. The tensor space T'(U) can be seen as the
locally finite dual space of T'(V'), hence, it has the coalgebra structure induced by
the algebra structure of T'(V'). The coproduct and counit of T'(U) are determined by

(2.2) Ay, QUi, @ ... QY ) =1 (Yi; @Yi, @ ... QYs,)
n—1
+ Z(yu ... ®sz) ® (yi]+1 @ ... ®yin)
j=1

+ Wi, @Y, ® ... Qyi,) @1,
e, RYi, ®...Qy;, ) =0 forn>0.

For each w € T(U), the minimal subcoalgebra of T(U) containing w is de-
noted by (w).

For a homogeneous element w € U®™ (n > 1), recall the partial derivations of @
as follows, see [2]:
(2.3) %i (@) = (yf ® 19" H)(w) for each 1 < i
(2.4) Oy (@) = (1" ®@y;)(w) for each 1

<
<

Let v be a linear automorphism of U. An element w € U®" is called a v-twisted
superpotential of degree n if ¢,(w) = (v ® 1977 1)(w), where ¢,: U®" — U®",
Yin @ . @ Yi, = Yip, @Yi, @ ... @Y, 4, cf. [2].

Let A* be the dual graded space of A. It means that A* is a graded vector
space concentrated in degrees —n,...,0 with —ith component A} for each 0 <7 < n.
Let A*(n) be the nth shift of A*, that is, the ith component of A*(n) is equal to A% _,
fori=0,...,n.

The next lemma was proved in [7], Lemma 3.2, or more generally in [1], Theo-
rem 4.1.

Lemma 2.1. Let A=Ay D A1 Ay D ... D A, be a graded Frobenius algebra of
length n. Then A; = A% _,

; as a K-vector space for each i. Moreover, A~ A*(n) as

graded right A-modules.
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3. TWISTED SUPERPOTENTIALS

Throughout this section, let V' be a finite-dimensional K-vector space, which has
a basis {z1,...,zn}. Let U =V* y;, =2F, 1 <i < m. Then {y1,...,ym} is the
dual basis of U. Let T(U) be the tensor coalgebra with the same coproduct defined
as in (2.2). We assume that the degree of elements in U is —1. So, T'(U) is a graded
coalgebra concentrated in nonpositive degrees. Let GL(V') denote the group of all
invertible K-linear transformations of V.

Assume that w is a v-twisted superpotential of degree n, let C' be the subcoalgebra
of T(U) generated by w. Since w is a homogeneous element, C' is a graded subcoal-
gebra. If C_; = U, we call w nondegenerate. The result of the following lemma is
evident.

Lemma 3.1. Let w be a v-twisted superpotential of degree n. Then for each
0# k € K, kw is v-twisted superpotential, and (w) = (kw).

Lemma 3.2. Let w be a v-twisted superpotential of degree n. Then for s €

GL(V), wos®" is s*v(s*) ~L-twisted superpotential. Moreover, if w is nondegenerate,

then so is w o s®™.

Proof. Foreacha; ®az ®...®a, € V", since ¢, (w) = (v ®@ 19"~ 1)(w), it can
be obtained that

Gwos®) (a1 ®ar®...®a,) = (wos®) (aa®a3®...®a)
= w(s(az) ® s(ag) @ ...® s(a1))
=cp(w)(s(ar1) ® s(az) ... @ s(ay))
=w¥s(a1) ® s(az2) ® ... s(an)),
(s v(s) '@ 12" H(wo s ) (a1 ® ... ®an) = (wos®) (s Wwrs(a) ®...®ay)
=w(r's(a1) ® ... s(ay)).
Then we have ¢, (w o s®") = (v ® 1977 1) (w o s%™), and w o s¥" is s*v/(s*) " L-twisted
superpotential.

Let C = (w) and D = (w o s®™) be the graded subcoalgebras of T'(U) generated
by w and w o s®™, respectively. According to [2], Lemma 4.8

C_1= span{&?“in_1 0y (w): 1< 41,0 0p-1 <M},
D_, = span{dy, L ..5‘;1_1 (wos®™): 1< ig,..., 5,1 <m}.
For any 1 < i1,...,i,—1 < m we have
8;”71 . .8;1 (wos®") = 8;”71 . .8;1 ((s*)®™(w)).

1033



Assume that M is the matrix of the linear automorphism (s*)®" of U®™ on the
basis {y;, ® ... ® y;,—1: 1 < i1,...,9, < m} with lexicographic order. Then

I
Yip 1

ficients are those of 41...4,_1th row of M in the lexicographic order. We have

-0y, ((s*)®™(w)) is a linear combination of 9y, ---0y, (w), whose coef-

C_1 = D_; since M is invertible. Then we can obtain that if w is nondegenerate,
then so is w o s®7. O

Lemma 3.3. Assume that w is a v-twisted superpotential of degree n and
a V' -twisted superpotential of degree n. If w is nondegenerate, then v = v/'.

Proof. Let wi: V — (V®"~1)* be the k-linear map defined by w1 (y)(z) =
w(z®y) for each y € V, 2 € V"1, Similarly, the k-linear map w;: V — (VEnr~1)*
is defined by wi(y)(2) = w(y ® z). The fact that w is a v-twisted superpotential and
V/-twisted superpotential implies the following commutative diagram

w1 s (V®n—1)*

\%
V*L lid
\%

w1 s (V®n71)*.

We have wj o v* = w;. By the same reason, we have wj o (¢/)* = wj, and hence
wy ov* = wy o (V')*. For w being nondegenerate, w; is injective and it follows that

*

v* = (V')*. As aresult, we have v = /. O

Theorem 3.4. Assume that wy is a nondegenerate vi-twisted superpotential of
degree n, wsy is a nondegenerate vo-twisted superpotential of degree n. Let C' = (wy)
and D = (wy). Then C and D are isomorphic as graded K -coalgebras if and only if
we = wy 0 %™ and hence vy = s*v1(s*)~! for some s € GL(V).

Proof. Suppose

m
s(xz;) = Zaijmj, 1<i<m.
j=1
Then s* acts on U as follows
m
s™(yi) = Zajiyja l<e<m.
j=1
Assume that

W= Z Sivig..inYii @ Yis @ ... @ Y, .

1<i1,82,..,in <M
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If wy = wy 0 s®7, then,

wm= Y

841g9eeiinFing1 - - - Gipgn |Yiz @ Yiy @ ... O Yi,, -

110250000 KMV 1ISG1,025000 0 ST

Foreach 1 <t < m,

m= Y

181,82, in <M

- ¥

1<, e Sm

o %

Silig...inyil ® yiQ ® e

Yi, @Yip @ ... Yy,

Sivig..inYirg1 ® Yiryo ® ...y,

1<t 41,8842, ,in <M

According to [2], Theorems 4.4 and 4.5, we have

Ci_p = span{ Z

1<t 41,88 42,50 ,in <M

Similarly,

m m

w- > (X

11,12,.0n =1 “j1,J2,..,Jn=1

m
=Y me..on

01,000t =1

m

®(Z

Sivin..inYiri1 ®yit+2 X...QYi,:

1<i1,...,it<m}.

Sj1jz...gn Firgy - - 'a‘injn>yi1 Q...8Yi,

m

Z Sj1g2.-5n Firgy - - 'a’injn>yit+1 ®...® ym)

U4 1,8t42,sin =1 “J1,..,Jn=1
m m
= E y“®®y“® E ailjl...aitjt
01 ,..0e=1 Ty Jt=1
m m
E E Sjrja-gn @irgrgiqs -+ VingnYiver O - QYi,
Gt lyeerin=L1Jt41,...,Jn=1
Let
m
Qg0 — § A5y + -+ Qiygy
J1seeJt=1
m m
§ : E : Sj1G2eeinVigr1jorr » v - QingnYigpr @ -+ O Yiys

Ttt1seestn=1Jt41,..,0n=1
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then
Dy, = span{ai,iy. iy 1 < d1,...,0 <M}

m m
= Span{ E E Sj1ge.dn Vieg1jegr + o Vingn Yizga Q... O Yi,,

Tt 1sesin=1 jt41,..,Jn=1
1<2,...,0 gm}

Then for each 1 < ji1,...,J: < m,

(S*)®n7t ( Z Sj1j2..dn Yt ® Yjiso ®...Q yjn)

1<Gt41,dt 42,50, dn <M

= § : ( § : Sj1ga-.gn Vigy1jesr - - - ainjn>y’it+1 ®...0 Yi,, -

1<0t41,0t42, 0 in KM LKFt41,0t42,- 1 Jn <M
So (s*)®"~* is the bijection from C;_,, to D;_,. So

(5% 0

(5*)®n—1

0 1
is the graded K-coalgebra morphism from C to D.

Conversely, suppose that we are given a graded K-coalgebra isomorphism f:
C — D, where f_; is from C_; to D_;. We obtain the commutative diagrams

o i D_;

l (f=1)®* l

U®t —— [y®i

for all 7, where the vertical maps are the natural injection.
Naturally, we have K = C_,, D_,, &£ K, then we can obtain an isomorphism
from K to K, denoted by ¢. Let ¢ = (1), then we have ¢ = c¢(idx). We have the

commutative diagram
c(idk)
- K

c_.,——=D_,

l (F-)®" l

Uen —— yen,
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Let us put s’ =t 1f 1 € GL(U), t € K, t" = c. After that, composing vertical
maps in the above diagram, we have the commutative diagram

K—9 ok

* x
wy wa
®n

U®n S_> U®n.

Let s = (s')*. Then (wy)* = (s*)®"o(w1)*. As aresult, we have wy = wyo(s)®". [

Remark 3.5. For two given twisted superpotentials wq, we, if (w1) and (ws)
are isomorphic as graded K-coalgebras, we say w; and ws are equivalent and denote
it by w1 ~ ws.

Corollary 3.6. Retain the notation as above. Let A = C*, B = D*, which are
the corresponding Frobenius algebras of wi, ws, respectively. Then A and B are
isomorphic as graded K-algebras if and only if wy = wy o s¥™ for some s € GL(V).

Corollary 3.7. Assume that wy, wo are nondegenerate v-twisted superpotentials

of degree n. Then w; ~ wy if and only if wy = wy o s®" -1

for some s € GL(V).

and hence v = s*v(s*)

4. CONNECTED GRADED FROBENIUS ALGEBRA OF LENGTH 3

According to Theorem 3.4, we can classify the connected graded Frobenius algebras
through computing the twisted superpotentials under different matrices which are
not similar. For a given matrix, it is possible that the corresponding superpotential
is not the only one, so it is necessary to discuss the graded Frobenius algebras
corresponding to different twisted superpotentials under the circumstances. In this
section, we focus on the connected graded Frobenius algebra of length 3, whose
dimension of degree 1 is 2. It can be easily obtained that the dimension of the
graded Frobenius algebra in this case is 6 by Lemma 2.1.

Assume that U is a vector space over K with a basis {y1,y2}, and let v be a lin-
ear automorphism of U. Let V = U*, x1 = (y1)*, 2 = (y2)*. Then {z1, x5} is
the dual basis of V. To simplify notation, we omit the symbol “®” in the tensor
coalgebra T'(U) and simply write y;y2 for an element y; ® yo € U®2. The field K
considered in this section is the complex number field C. Let K{x1,x2} denote the
binary free algebra. And by a v-twisted superpotential, we always mean a v-twisted
superpotentials of degree 3.
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Let
w = Z ki1i2i3yi1yi2yi3 cUU®U.

1< ,12,i3K2

Then w is a v-twisted superpotential if and only if
(4.1) r®1®1l)(w) =cz(w).

Let M be the matrix of v associated to the basis {y1, y2}. We may assume that M
is a Jordan-type matrix (by choosing a suitable basis if necessary). Moreover, we
can discuss the twisted superpotential when M has the form ()‘1 0 ) or (’\ v )

0 Ao 1A
Case 1: M is a diagonal matrix. Set

A O
M = .
< 0 )\2>
/\02 ) is similar to (/\02 )?1 )
(4.1), we obtain that if M satisfies the following situation,

Naturally, the matrix ()61
By calculating equation
w is equal to 0:
(1) My =1, Ag # £1,
(2) Ao =1, Ay # 1,
(3) A, Ao # 1, A2hg # 1, A3\ # 1.
Then we conclude that the nondegenerate v-twisted superpotential exists in four
situations as follows.

Subcase 1.1: M = ((1) (1)) In this case, for each s € GL(V') the equation v =

s*v(s*) ! holds. According to equation (4.1), we have
(4.2) w = cz(w).

Assuming that
w = Z kiliZi3y’i1yi2y’i3 eURU® U7

1< ,i2,i3K2

we can obtain that

(4'3) Z ki1i2’i3yi1 YixYiz = Z kizigil Yir1Yiz Yis -

1<iy,i2,13<2 1<i1,i2,i3<2

Then the nondegenerate v-twisted superpotential has the form

W = a1y1y1y1 +a2y2y2y2 +as(y1y2y1 +Y1y1Y2 +Y2y1y1) +aa(Y1y2y2 + Yoy Y2 + Yoy u1 ),

where a3 and a4 are not simultaneously zero. If azaq # 0, at least two of the following
equations are not valid:

asaz = (a4)?, aras = (a3)?, ajaz = azay.
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Otherwise, w is not nondegenerate. We want to discuss the corresponding algebra
in the following four situations.

Subcase 1.1.1: Assume that at least two of a1, as, as, as are 0. There are three
kinds of nondegenerate v-twisted superpotentials which are not equivalent for each
0 7é ki € K,

w1 = Y1Y2y1 + Y1y1y2 + Y29191,
wo = k1y2y2y2 + Y1¥2y1 + Y1v1Y2 + Y2y,
w3 = Y1y2y1 + Y11y + y2y1y1 + k1(yiyeye + Yoyrye + yay2y1)-

Let C' = (w1) be the graded subcoalgebras of T'(U) generated by w;. According
to [2], Lemma 4.8, we can obtain that

C=C386C ,dC_1Cy,

where C_5 = span{w; }, C_a = span{y1y2 + y2y1, 1191}, C—1 = U, Cy = K. Conse-
quentially, the corresponding Frobenius algebra

A=C"=KoV ® Ay @ A3,
Ar = (C_2)* =V®? / Ry, Ry = L(z122 — 7271, 1272),

where L(z1x2 — 221, Z222) is the subspace generated by {z122 — zox1, 2222},
A3 =(C5)"=V® /Rs, Ry=Ry®@V +V®Ry+ L(x1z131).

And we have A = K{x1,22} / (£102 — X221, ToX2, T12121).
Let s; € GL(V) be defined by

1
81($1) =1, 81(562) = 5552,

where a? = k;. Then
)®3

1
wg ~ ws o (81 = a(y2y2y2 + Y1Y2y1 + Y1y1y2 + Yoy v )-

Naturally,

1
E(y2y2y2 +y1y2y1 + y1yiye + Y2yiy1) ~ Yay2ye + Yiyeyr + yiviye + yayiyi-

It shows that the corresponding Frobenius algebras of ws are independent of the
coefficient k.

1039



The corresponding Frobenius algebra of ws is
A K{x1,22} / (2122 — Ta1, Loy — X121, T12127).

Let so € GL(V) be defined by

b

so(x1) = bra,  s2(x2) = k_lxl’

where b3 = k;. Then

w3 ~ w3 © (82)®3 = Y1Y2Y1 T Y1y1y2 + Y2u1y1 + y1y2y2 + Y2y1y2 + Y2y2y1-

It shows that the corresponding Frobenius algebras of ws are independent of the
coefficient k; as well.

The corresponding Frobenius algebra of ws is
A K{x1,22} / (2122 — T2X1, T2Zo + X121 — T1T2, TaT2Ts).
Subcase 1.1.2: Assume that ajas # 0, agas = 0. In the sense of equivalence,
there is only one kind of nondegenerate v-twisted superpotentials as follows: for
each 0 # ko, k3 € K,

wy = koy1y1y1 + k3yay2y2 + y1y2y1 + Y1y1y2 + y2y191-

The corresponding Frobenius algebra of wy is
- 1
A= K{ﬂvl, 372} /A xixe — vom1, 171 — kox1 2 — k—$2$2, 1222 |-
3

Subcase 1.1.8: Assume that asaqy # 0, ajag = 0, a3 + az # 0. In the sense of
equivalence, there is only one kind of nondegenerate v-twisted superpotentials as
follows: for each 0 # k4, k5 € K,

ws = Y1y1y1 + ka(Y1y291 + Yiyiye + yayiy1) + ks (Y1y2y2 + y2y1y2 + yay2u1).
The corresponding Frobenius algebra of ws is
1 ( k4

A= K{xy, a2t / ($1$2 — T2, T1T1 — <k:_5 “\&

2
4
) )1‘2%2 - —(Elxg,il,'gxgxg).
ks
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Subcase 1.1.4: Assume that ajas # 0, asas # 0, there are three kinds of nonde-
generate v-twisted superpotentials as follows: for each 0 # kr, ks, ko, k10, k11 € K,
k7(ks)? # 1, kroki1 # 1, kg # (k11)?,

1
We = k:(k7y1y1y1 + ksyoy2y2 + k—(y1y2y1 + y1y1y2 + y2y191)
8

+ (y19292 + yoy1y2 + yzyzy1)) :

wr = k((k8)2y1y1y1 + krksyay2ye + ks(y1y2y1 + y1y1y2 + yey1y1)
+ (y19292 + y2y1y2 + Y2y201),

wg = k(koy1y1y1 + kioy2y2y2 + ki1 (v1y2y1 + viyiyz + Y2y191)
+ (y19292 + y2y1y2 + Y2y291)).

Let s7 € GL(V) be defined by
s3(w1) = axy, s3(x2) = awy,

where a® = kg. Then we can obtain that wy = wg o (s3)3, wr ~ we.
The corresponding Frobenius algebra of wg is

A= K{whﬂ?z} / (3313?2 — T2T1,X2X2 — k8$1$2, T121T1 — k7$1$2$2)-

The corresponding Frobenius algebra of wg is

1 — kiokn

A=K - oL
{z1, 22}/ <$1$2 TR T3y — T
k11 — kokio
ko — (k11)?

Remark 4.1. Assume that

T122,T1X1T2 — k11$1$2$2>-

w = a1y1y1y1 + a2y2y2y2 + az(Y1y2y1 + y1y1y2 + Y2y1y1)
+ as(y1y2y2 + Y2y192 + Y2Y2u1),

w' = dyyiyiyr + agyeyayz + as(yiyeyr + yiyiye + y2y1y1)
+ ay(y1y2y2 + Y2y1Y2 + Y2y2v1)

are different v-twisted superpotentials. Then w ~ w’ if and only if the following
system of equations has a solution:

(4.4) a1a® 4 asc® + 3aza’c + 3asc’a = a,
a1b® + azd® + 3azb*d + 3a4d®b = af,
a1a®b + asc®d + az(2abe + ad) + ay(2acd + *b) = aj,
a1b’a + agd?c + az(2abd + b*c) + ay(2bed + d*a) = d).
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The system of equations is obtained by the equation w’ = w o s®3, where s € GL(V)
is defined by

S(xl) = ary + cxa, S(CCQ) = bxy + dxa.

As we can see, this system of equations is difficult to solve, so we can not con-
clude whether any two nondegenerate v-twisted superpotentials in subcases 1.1.2,
1.1.3, 1.1.4 are equivalent or not.

Subcase 1.2: M = (1) _01). In this case, the equation v = s*v(s*)~! holds if and

only if s is defined by

s(z1) = ax1, s(x2) = bxa,

where a,b, € K, ab # 0.
There are two kinds of nondegenerate v-twisted superpotentials which are not
equivalent as follows: for each 0 # ki, ks € K,

w1 = kiyiyiyr + k2 (Y2y1y2 — y1y2y2 — Yol2u1),
W2 = Y2Y1Y2 — Y1Y2Y2 — Y2Yy2Y1.

Let s € GL(V) be defined by

1 1
s(x1) = Exl’ s(za) = —xa,

b
where a, b are the solution of the following system of equations:
(4.5) Cl3 = kl, ab2 = kg.

Then
wy ~ W1 O (8)®3 = NY1Y1 + Y291Y2 — Y1Y292 — Y2Y291.

It turns out that the corresponding Frobenius algebras of w; are independent of the
coefficients k; and ks.
The corresponding Frobenius algebra of w; is
A K{x1,22} / (x122 + Tox1, X121 + To2Za, ToToXa).

The corresponding Frobenius algebra of ws is

A K{xi, 22} / (x122 + 221, X121, TaT2X2).
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Subcase 1.8: M =c¢ (1/0)‘2 2), where A\? # 1, A # —1. In the sense of equivalence,
there is only one kind of nondegenerate v-twisted superpotential as follows:

1
W = Yoy1Y2 + AY1y2y2 + V2v2y1-

The corresponding Frobenius algebra of w is

1
A~ K{xy,22} / (332371 - X$1$27$1$17$2$2$2)-

Subcase 1.4: M = gg , where £ # 1, €3 = 1. In the sense of equivalence, there
is only one kind of nondegenerate v-twisted superpotentials as follows:

w = Y1y1y2 + EY1yeyr + E Yoy
The corresponding Frobenius algebra of w is
A= K{xy, a0} / (w122 — Exoxy, 121, TaX2T2).

Case 2: M is not a diagonal matrix. Set

(4.6) M= (i g)

By calculating equation (4.1), we obtain that if M satisfies the following situations,
w is either equal to 0 or is not nondegenerate.
(1) A =1, the v-twisted superpotential w = kysy2y2 is not nondegenerate.
(2) A% # 1, the v-twisted superpotential w = 0.
Accordingly, the v-twisted superpotential w is nondegenerate only in the following

(&€ 0
M<1 £>’

where €3 = 1, ¢ # 1. In the sense of equivalence, there is only one kind of nondegen-

case:

erate v-twisted superpotential as follows:

1
w = y1yays + EY2y2y1 + E Y2112 + T gl

The corresponding Frobenius algebra of w is
1
1-¢

A = K{J?l, J)Q} / (J)lJ)Q — §$2$1, T1T1,XT2X2X2 — $1$2$2).
On the whole, we can obtain the following theorem.

Theorem 4.2. Let A be a connected graded Frobenius algebra of length 3 over
the complex number field C, whose dimension of degree 1 is 2. Then A is isomorphic

to one of the Frobenius algebras in Case 1 and Case 2.
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