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Abstract. Suppose that G is a finite group and H is a subgroup of G. The subgroup H

is said to be weakly-supplemented in G if there exists a proper subgroup K of G such that
G = HK. In this note, by using the weakly-supplemented subgroups, we point out several
mistakes in the proof of Theorem 1.2 of Q. Zhou (2019) and give a counterexample.
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1. Introduction

All groups considered in this paper are finite groups. Our notation and terminol-

ogy are standard. The reader may refer to [2]. It is well known that a subgroup H

of a finite group G is complemented in G if there exists a subgroup K of G such that

G = HK and H ∩K = 1. Also, we call a subgroup H of a finite group G weakly-

supplemented in G if there exists a proper subgroup K of G such that G = HK. It

is easy to prove that being weakly-supplemented is a generalization of being comple-

mented. In [1], Hall proved that a finite group G is solvable if and only if every Sylow

subgroup of G is complemented. New criteria for the solvability of finite groups was

obtained by Zhou in [3]. He proved that a finite groupG is solvable if and only if every

Sylow subgroup of G of odd order is weakly-supplemented. However, this claim does

not hold in general. In this note, we provide a counterexample to Theorem 1.2 in [3].

2. A counterexample

In this section, we point out the mistakes in the proof of Theorem 1.2 of [3] and

give a counterexample. At first, we shall need the following two lemmas.
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Lemma 2.1. Let G be a finite group and p ∈ π(G). If there exists a subgroup H

of G whose index in G is a natural power of p, then every Sylow p-subgroup of G is

weakly-supplemented in G.

P r o o f. Suppose that there exists a subgroup H of G such that |G : H | = pn,

where n is a natural number. Let P be an arbitrary Sylow p-subgroup of G, then

there exists an element x ∈ G such that P x ∩H is a Sylow p-subgroup of H . This

implies that |P x : P x ∩ H | = pn. Thus, we can get |P xH | = |P x||H |/|P x ∩H | =

pn|H | = |G|. Hence, G = P xH which implies G = PHx
−1

. Thus, P is weakly

supplemented in G.

Lemma 2.2. Let G be a finite group such that G = A × B, where A is a non-

solvable group and B a solvable group. If π(A) ⊆ π(B), then all Sylow subgroups

of G are weakly-supplemented in G.

P r o o f. Let p be an arbitrary prime in π(G). By Lemma 2.1, it is only to prove

that there exists a subgroup of G whose index is a power of p. Since B is solvable and

π(A) ⊆ π(B), B must contain a Hall p′-subgroup K. Thus, again by the condition

π(A) ⊆ π(B), it is easy to prove that K×A is the subgroup of G which we need. �

Example 2.1. Let A ∼= PSL(3, 2), B ∼= Z3 and G = A×B. Then |G| = 504. It

is well known that PSL(3, 2) has a subgroup of order 24, and thus G has a subgroup

of order 72. Hence, every Sylow 7-subgroup of G is complemented in G, and thus

weakly-supplemented in G. For any P ∈ Syl
3
(G), since A < G and G = AB, by the

two lemmas above it follows that P is weakly-supplemented in G. Hence, every Sylow

subgroup of G of odd order is weakly-supplemented in G. However, G is not solvable.
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