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Abstract. We study generalized commutative Jacobsthal quaternions and generalized
commutative Jacobsthal-Lucas quaternions. We present some properties of these quater-
nions and the relations between the generalized commutative Jacobsthal quaternions and
generalized commutative Jacobsthal-Lucas quaternions.
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1. INTRODUCTION

The Jacobsthal sequence {J,} and Jacobsthal-Lucas sequence {j,} were intro-
duced by Horadam, see [4] and [5]. These sequences are defined by the recurrence

relations

Jo=0, Ji=1, Jo=Jn1+2Jn_2 for
jO = 2; jl = ]-; ]n = jnfl + 2jn72 for
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Many interesting properties of the Jacobsthal numbers and Jacobsthal-Lucas num-
bers are presented in [5]. We give some of them.

J? — Jpi1dn_1— = (=2)""1 (Cassini identity),
92 — jn1dns1 = 9(=1)"2""!  (Cassini identity),

Jntr + dnr = 3(Jngr + Jnr) +4(=1)"7" = 277727 + 1) + 2(=1)" 7,

Gnir = Gner = 3(Jnar — Jn_r) = 277727 4+ 1),

o+ Jn = 2Jns1, SR 202 = Jontts Jmdno1 — Jme1dn = (=1)"2" 0y,

Jn+m = Jn']m-i-l + 2Jn—1Jm; Jm.]n + Jn]m = 2Jm+n7

n

. . J, -1

Imin — Injm = (_1)n2n+1Jm—n7 g Jy = %
=0

In this paper, we will use the identities

Jnt1 + Jn = 3(Jns1 + Jn) =327,

Jnt1 = gn = 3(Jns1 — Jn) + 4(=1)" T =27 4 2(—1)"H,
Jn + Jn = 2Jn 41,

Int2 + 2Jn = Jny1,

1
2
3
4
5 3Jn + jn =2,

P N e N e N e N
e e e T
- Iz =

n

. ‘n -1
(1.6) }:ﬂzi%rf

=0

The Jacobsthal numbers and Jacobsthal-Lucas numbers are special cases of Ho-
radam numbers W,, defined by the recurrence

(1.7) W, =pWpn_1—qW,_o forn>2

with p, ¢ € 7 and fixed real numbers Wy and W;. The sequence of Horadam numbers
is a certain generalization of other famous sequences such as the Fibonacci sequence
F, = W,(0,1;1,—1), Lucas sequence L, = W,(2,1;1,—1), Pell sequence P, =
W, (0,152, —1), Pell-Lucas sequence @,, = W,,(2,2;2, —1). In the literature, the se-
quences defined by (1.7) are called sequences of the Fibonacci type. These numbers
have many applications in distinct areas of mathematics, also in quaternion theory. In
1963 Horadam in [3] introduced the nth Fibonacci and Lucas quaternions. Many in-
teresting properties of Fibonacci and Lucas quaternions can be found in [2], [6]. Inter-
esting results for Pell quaternions and Pell-Lucas quaternions obtained recently can
be found in [1], [8]. In [7], the authors investigated Jacobsthal quaternions. In [10],
some generalizations of Jacobsthal and Jacobsthal-Lucas quaternions were studied.
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In [9], the generalized commutative quaternions were introduced. Let [H]% be the
set of generalized commutative quaternions x of the form

X =x0 +x1€1 + T2e2 + T3€3,

where the quaternionic units e, ez, e3 satisfy the equalities

(1.8) e% =a, e;=7, e% = apf,

(1.9) e1ea = ege1 = €3, €93 = e3zea = ey, eze; = e1e3 = aes

and xg,x1, T2, T3, , 0 € R.

The generalized commutative quaternions generalize elliptic quaternions (o < 0,
B = 1), parabolic quaternions (o = 0, § = 1), hyperbolic quaternions (a > 0, 5 = 1),
bicomplex numbers (e = —1, § = —1), complex hyperbolic numbers (« = =1, 5 = 1)
and hyperbolic complex numbers (o =1, § = —1).

In [9], the authors introduced the generalized commutative Horadam quaternions

gCHn = Wn + WnJrlel + Wn+262 + Wn+3€3,

where W,, is the nth Horadam number and ey, es, e3 are quaternionic units which
satisfy the rules (1.8) and (1.9). The following result has been proved.

Theorem 1.1 ([9], Binet formula for generalized commutative Horadam quater-
nions). Let n > 0 be an integer. Then

gcH,, = At + Bi}i,,

where
1 1 Wy — Wots Wot1 — W1
t1:§(p—vp2—4q), t2:§(P+VP2—4Q)7 A:ﬁ; B:ﬁ,

t/I =14+te +t%62 —|—t:f63, 12 =1+t +t§eg —|—t363.

In this paper, we study generalized commutative Jacobsthal quaternions and gen-
eralized commutative Jacobsthal-Lucas quaternions.

2. GENERALIZED COMMUTATIVE JACOBSTHAL QUATERNIONS AND GENERALIZED
COMMUTATIVE JACOBSTHAL-LUCAS QUATERNIONS

For n > 0, the nth generalized commutative Jacobsthal quaternion is defined by
the relation

(21) gCJn = Jn + Jn+1€1 + Jn+262 + Jn+3€3,
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where J,, is the nth Jacobsthal number and eq, es, e3 are quaternionic units which
satisfy the rules (1.8) and (1.9).

Analogously, for n > 0 we introduce the nth generalized commutative Jacobsthal-
Lucas quaternion

(2.2) geJL,, = jn + jnt1€1 + Jny2e2 + Jnises,

where j,, is the nth Jacobsthal-Lucas number.
By (2.1) and (2.2), we obtain

(2.3) geJ, = e1 + e + 3es, geJ; =14 e1 + 3ea + bes,
gcly =14 3e1 + beg + 1les, gcls = 34 bep + 1leg + 2les;
(2.4) geJLy =2+ e; + Seg + Tes, geJL; =1+ 5ep + Tea + 17eg3,

gcJL, =5+ Tey + 17eg + 3les, gcJLg =7+ 17e; 4 3lez 4 65es.

By definition of generalized commutative Jacobsthal quaternion, we obtain the
following recurrence relations.

Proposition 2.1. Let n > 2 be an integer. Then
geJ,, = gcd,,_1 +2gct,_,,
where gclg, gcJ, are given by (2.3).
Proposition 2.2. Let n > 2 be an integer. Then
gcJL, = gcJL, _; + 2gcJL,,_,,
where gcJL, gcJL, are given by (2.4).
Proposition 2.3. Let n > 1 be an integer. Then

ged g +2gcd, | = gclL,.

Proof. By the formulas (2.1) and (1.4) we get

gCJn+1 + 2gan,1 = Jn+1 + Jn+261 =+ Jn+3€2 -+ Jn+4€3
4+ 2Jp—1 + 2Jner + 2Jp 4162 + 25403
= Jn + Jny1€1 + Jny2e2 + jnyzes = gell,,

which ends the proof. O
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By the formulas (1.3) and (1.5) we get the next result.

Proposition 2.4. Let n > 0 be an integer. Then
(i) ged,, +gclL, =2gc, 41,
(ii) 3ged, + geJL,, = 2" (1 + 2e1 + des + 8es).
By Theorem 1.1, we get the Binet formula for the generalized commutative Jacobs-
thal quaternions and for the generalized commutative Jacobsthal-Lucas quaternions.

Corollary 2.1. Let n > 0 be in anteger. Then

1
§(2n(1 + 2eq + 4es + 863) — (—1)”(1 —e1 +e2 — 63)),

geJL, = 2"(1 + 2e; +4ea + 8e3) + (—1)"(1 — e1 + ez — e3).

geJ,,

For simplicity of notation let

C=1+4+2e +4es+8e3, D=1—e1+ey—e3.

Then we get

1
(2.5) geJ, = 5(2"0 —(=1)"D),
(2.6) geJL,, =2"C + (-1)"D.

3. PROPERTIES OF THE GENERALIZED COMMUTATIVE JACOBSTHAL QUATERNIONS
AND GENERALIZED COMMUTATIVE JACOBSTHAL-LUCAS QUATERNIONS

In this section, we give some properties of the generalized commutative Jacobsthal
quaternions and generalized commutative Jacobsthal-Lucas quaternions.

Theorem 3.1. Let n > 0 be an integer. Then
(i) ged, g +gcd, =2"C,
(ii) ged, 1y —ged, = £[2"C +2(-1)"D],
(ili) geJ? 1 +ged2 = L(5-4"C? +2(-2)"CD + 2D?),
where C =1+ 2¢1 +4ea +8e3, D =1—¢1 + e3 — e3.

Proof. (i) By the formulas (2.1) and (1.1), we get

gedp1 +gedy, = Jng1 + Jng2er + Jngzez + Jnqaes
+ Jn + Jngre1r + Jpgoea + Juyzes
= 2" + 2" ley 4272y 4 2736y = 27 (1 + 2¢; + deg + 8e3),

which ends the proof of (i).
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(ii) By the formulas (2.1) and (1.2), we have
ged,p1 —gedy, = Jng1 + Jnyeer + Jniszes + Jniaes
= Jn — Jnt161 — Jni2e2 — Jnyses
1
= g[2” +2(=1)" + (2" 4 2(=1)" ey
+ (2n+2 + 2(_1)n+2)62 + (2n+3 4 2(_1)n+3)e3]

1
= —[2"(1 + 2e1 +4e2 + 8e3) +2(—1)"(1 — €1 + e2 — e3)]-

3
(iii) We use the Binet formula (2.5) to get
1
ged? +gedl = 5(22"“’02 — 22"t )" TOD + (—1)?"F2D?

+22"C? —2.2"(—1)"CD + (—1)*"D?)
1
= §(5 4"C? 4-2(=2)"CD + 2D?).

Theorem 3.2. Let n > 1, r > 1 be integers such that n > r. Then
(i) ged,y, +8cd, . =527 (27" +1)C - 2(-1)"""D],
(i) gedyy —ged,_, =3 - 2777 (2% - 1)C,
where C =14 2¢1 +4ea +8e3, D =1—¢e1 + e3 — e3.

Proof. (i) We use the Binet formula (2.5) to get
3(ged ey +803,_,) = 2°77C — (—1)"TD 4 277°C — (~1)" 7D
=2""" (2" +1)C — (=)™ "(1 + (—=1)*")D
=2"""(2 +1)C - 2(-1)"" D,

which completes the proof of (i).
(ii) In the same way we prove the formula (ii),

3(ged,sy —ged,_,) = 2"°C — (=)D = 2""C + (-1)"""D

_ 2n—r(22r _ 1)0 4 (_Un—r(l _ (_1)27")D _ 2n—r(22r _

which ends the proof.

In the same manner we can prove next results.
Theorem 3.3. Let n > 0 be an integer. Then
geJL, ,y +gcJL, =3-2"C, gcJL, ; —gcJL, =2"C —2(-1)"D,
where C =1+ 2e; +4es +8e3, D =1—e1 + e3 — e3.
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Theorem 3.4. Let n > 1, r > 1 be integers such that n > r. Then

geJL, ., +geJL,_, =2"""(2* + 1)C +2(-1)"""D,

geJL, ., —geJL,_, = 2" (2* — 1)C,

where C =1+ 2e; +4es +8e3, D =1—e1 + e3 — e3.
Theorem 3.5. Let n > 1, m > 1 be integers. Then
1 n m—n m—n
gCJm : gCJn—l - gCJm—l : gCJn = 6(_2) CD(2 - (_1) )7
where C =1+ 2e1 +4es +8e3, D =1—e1 + e3 — e3.

Proof. By simple calculations we get

8¢J - 8¢J, 1 — g6l 1 - gel, = SOD(5-27(=1)" = 5 - 2"(-1)")
1 —-n m—n
= S(=2"CDE™ T — (~1) ),

Theorem 3.6. Let n > 1, m > 1 be integers. Then
(i) geJ,, -geJL,, —gcd, - gcJL,, = £(—=2)"CD2™ " — (=1)™™ ™),
(i) ged,, - gcJL, +gcJ, - gcJL,, = 2(2m+nC? — (—1)m+nD?),
(i) ged, - geJL, = 1(4nC? — D?),
(iv) gedL, - ged,, 41 +2gcJL,_y - geJ,, = 2"TmC? 4 (—1)"t™D?,
where C =1+ 2e; +4es +8e3, D =1—e1 + e3 — e3.

2
3
2
3

Proof. By the formulas (2.5) and (2.6) we get

(i) ged,, - gcJL,, —gcld, - gcJL,,
_ %(2“10 —(=1)"D)2"C + (=1)"D) — %(2%0 — (—1)"D)(2™C + (=1)"D)
= SCDEM (1) = 2 (- 1)) = ZCD(=2)" (@ (-1 ),

(ii) ged,, - gcJL,, +gcd,, - gcJL,,
_ %(2“10 —(~1)"D)(2"C + (~1)"D) + %(2%0 —(~1)"D)(2"C + (~1)™D
= SO - (-1 D?),

(ifi) geJ, - gelL, — %(2"0 —(-1)"D)@2"C + (~1)"D)

_ %( 2n02 _ (_1)2nD2) _ %(47102 _ 1)2)7
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(iv) geJL,, - ged,, 41 + 2gcJL, ;- gcd,,

— %(2n+m+lc2 _ zn(_l)erlCD + 2m+1( ) CD — ( )n+m+1D2)
+ %(2n+m7102 _ 2n71(_1)mCD 4 2m( )n ICD ( )ner 1D2))
%(2”“”302 —2"[(=1)™* + (=1)"™CD

+2"H(=1)" + (=1)"CD — (=1)"T3D?)
_ 2n+m02 ( )n+mD2

which completes the proof. ([

4. SOME IDENTITIES FOR THE GENERALIZED COMMUTATIVE
JACOBSTHAL-LUCAS QUATERNIONS

Now, we give some identities for the generalized commutative Jacobsthal-Lucas
quaternions.

Theorem 4.1 (General bilinear index-reduction formula for the generalized com-
mutative Jacobsthal-Lucas quaternions). Let a > 0,b > 0, ¢ > 0, d > 0 be integers
such that a +b = c+ d. Then

geJL, - geJLy — geJL, - gcJLy, = CD(2%(—1) 4 2°(—1)* — 2¢(—1)% — 24(—1)°),

where C =14 2¢1 +4ea +8e3, D =1—¢e1 +e3 — e3.
Proof. By the formula (2.6), we get

gcJL, - geJL, — geJL, - geJL,
= (2°C + (-1)*D)(2°C + (=1)’D) — (2°C' + (=1)°D)(24C + (-1)*D)
= C2(20+ — 9e+d) 4 D2((—1)att _ (_1)etd)
+CD2%(—1)" — 2°(=1)? + 2°(—1)* — 24(~1)").
Using the fact that a + b = ¢+ d, we get the result. O
It is easily seen that for special values of a, b, ¢, d, by Theorem 4.1, we get new

identities for generalized commutative Jacobsthal-Lucas quaternions:

> Catalan identity (for a=b=mn,c=n—m and d =n+m),

> Cassini identity (fora=b=n,c=n—1andd=n+1),

> d’Ocagne identity (fora =n,b=m+1,c=n+1 and d = m),
> Vajda identity (for a =m+k, b=n—k, c=m and d = n).

1246



Corollary 4.1 (Catalan identity for generalized commutative Jacobsthal-Lucas
quaternions). Let n > 0, m > 0 be integers such that n > m. Then

geIL2 = geIL,,_, - ge)Lp, = (—2)"CD (2 - (—%)m ~(=2)m).

Corollary 4.2 (Cassini identity for generalized commutative Jacobsthal-Lucas
quaternions). Let n > 1 be an integer. Then

geJL2 —gcJL,_; - geJL, 4 = g(—Q)”CD.

Corollary 4.3 (d’Ocagne identity for the generalized commutative Jacobsthal-
Lucas quaternions). Let n > 0, m > 0 be integers. Then

geJL,, - geJL,,  —gcJL, - gcJL,, = 3CD(=2)"((—=1)" "™ = 2""™).
Corollary 4.4 (Vajda identity for the generalized commutative Jacobsthal-Lucas
quaternions). Let n > 0, m > 0, k > 0 be integers such that n > k. Then
geJL,, - geJL,, _p — geJL,, - geJL,
1\k
= (~2)"CD (znfm[(_g) 1] + ()" [(=2)f - 1))

The next theorem presents a summation formula for the generalized commutative
Jacobsthal-Lucas quaternions.

Theorem 4.2. Let n > 0 be an integer. Then

zn: ecIL, — geJL,, o — geJLy
L= .
2
1=0

Proof. Using formula (1.6), we get

n

n
> gedLy=> (ji + jir1e1 + jir2e2 + jirzes)
=0 =0

n n n n
=Y G+ > diier+ Y jiraea+ Y jiyaes
=0 =0 =0 =0

1., . ) .
=§[Jn+2 1+ (s —1—4)er + (Jnra — 1 =4 —2)ea + (juis — 1 =4 — 2 — 10)es]

1

= 5[jn+2 + jn+3€1 + Jnyaez + jnises — (1 + Her + Tea + 17e3)]

1
=3 (gcJL; 1o — geJLy).
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