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Abstract. This article deals with the solvability of the boundary-value problem for the
Navier-Stokes equations with a direction-dependent Navier type slip boundary condition in
a bounded domain. Such problems arise when steady flows of fluids in domains with rough
boundaries are approximated as flows in domains with smooth boundaries. It is proved
by means of the Galerkin method that the boundary-value problem has a unique weak
solution when the body force and the variability of the surface friction are sufficiently small
compared to the viscosity and the surface friction.
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1. INTRODUCTION

Several studies (see [5] for references, see also [4], [8]), which employ a variety of
assumptions and techniques, have shown that when the flow of a liquid in a domain
with a rough surface is approximated as a flow in a domain with a smooth surface,
the resulting “effective boundary condition” on the smooth surface is a generalization
of the Navier slip condition. We consider a boundary-value problem for the Navier-
Stokes equations with the anisotropic (direction-dependent) slip boundary condition
formulated in [5]:

(1.1) (Tn), = —F(-,|v| 'v)v+g on dQ,

where 0f) is the impermeable boundary of the flow domain  C R3, T is the Cauchy
stress tensor, n is the outward unit normal, (Tn), = Tn—(n-Tn)n is the tangential
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component of the traction, g is an applied surface traction, v is the velocity, and the
“friction coefficient” F is a given function defined on

S(00Q) = {(z,u) € 90 x R*: n(x) -u =0, |u| =1}.

We derive sufficient conditions for the existence and uniqueness of a weak solu-
tion of the resulting boundary-value problem (in Sections 5-6) and the existence of
an associated pressure field (in Section 7). The existence proof uses the Galerkin
method. For the boundary-value problem with the Stokes equations this approach
yields a stronger result (in Section 8) than that of [5] (wherein the Stokes equations
with a regularized version of slip condition (1.1) is considered).

2. NOTATION

The notation is the same as in [5]. The flow domain (2 is a bounded domain in R?
with a boundary 9 of class C*!. The outward unit normal to 9 is denoted by n.

For 1 < ¢ < oo, L1(Q) and L1(0N) are the standard Lebesgue spaces with the
norms ||-||4 and ||-||4,60, respectively. When ¢ = 2, the inner products of these spaces
are denoted by (-,-) and (-, -)aq, respectively, and the norms are denoted by ||-|| and
||I-lloc, respectively. The norms (and inner products, when ¢ = 2) in L9(Q)® and
L9(99Q)3 are denoted by the same symbols as in the scalar case.

For m € N, H™(Q) = W™2(Q) is the standard Sobolev space, with the inner
product (-,-)m.2 and norm ||-||,m.2, and H™1/2(9Q) is the corresponding space of
traces with the norm |[|-|[;,—1/2,2.90 (see [1]). The inner products and norms in
H™(Q)? and H™'/2(99)* are denoted by the same symbols as in the scalar case.
Furthermore,

U:={ve H(Q)*: v-n=0o0n 0N},
Vi={veU: divv=0in Q},

where the boundary condition in the definition of U is understood in the sense of
traces. The linear spaces U and V are closed subspaces of H!(2)? and thus Hilbert
spaces with the inner product (-,-)1.2. Similarly, LZ(Q) := {p € L?(Q): (p,1) = 0}
is a Hilbert space with the inner product (-, ).



3. PROBLEM FORMULATION

Let F: S(092) — R be a function with the following properties:
(a) For all (z,u) € S(0Q), F(-,u) is continuous at z in the sense that there is an
open ball B(z,7(z)) = {y € R®: |y — z| < r(z)} such that the function E(-,u)
defined by

(3.1) E(y,u) = F(y,|(n(y) x u) x n(y)| " (n(y) x u) x n(y))

is continuous on 9 N B(z, r(z)).
(b) F(z,-) is uniformly Lipschitz continuous, i.e., there exists My > 0 such that for
all (z,u), (z,v) € S(09),

(3.2) |F(z,u) — F(z,v)| < Mp|lu — v]|.
(c) There exist constants 0 < Fr, < Fy such that for all (z,u) € S(09),

(33) FL gF(x,u) <FU-

Remark 3.1. Properties (a) and (c) ensure that H(v) € L>(99) for all v € V,
where H(v) is the function defined below in (3.6). The continuity of F'(-,u) is not
necessary for this (it is sufficient that F'(-, u) is measurable; see [2], Theorem 3.17) but
is a natural property, because the effective slip boundary condition (1.1) is assumed
to be the result of an averaging procedure (see [5]).

Regarding the definition of E, note that if 7(y,u) denotes the second argument
of F in (3.1), then 7(y,u) is a unit tangential vector at y and thus (y,7(y,u)) €
S(0). Moreover, T(z,u) = u since (z,u) € S(09Q), and 7(-,u) is continuous at x
since n € C%1(9Q)3.

For every x € 9, let 7(x) be a unit tangential vector at « and define the average
of F at x by
1 2n

F.(zx) = 2, F(z,7(x)cos + n(zx) x 7(x)sin 6) d.

Let T(992) = {(x,v) € 92 x R3: n(x)-v =0} and define G: T(9) — R by

(3.4) G(z,0) = F,(x), = € 0%
(3.5) G(x,v) = F(xz, [v|'v), (z,v) € T(0Q), v #0.

Remark 3.2. In the case of isotropic slip, the friction coefficient F'is a function
of only z. Then definition (3.4)—(3.5) reduces to G(z,v) = Fy(x) = F(x) for all

(x,v) € T(0R). Moreover, if F is a constant function, we obtain Navier’s slip
condition. This special case will be considered in Section 9.



Next, for every v € V, define H(v) on 992 by
(3.6) H(v)(z) = G(z, (yv)(x)), « €,

where v denotes the trace operator. The slip boundary condition (1.1) will be for-
mulated in terms of H.

Now consider the steady flow of an incompressible Newtonian fluid subject to
slip boundary condition (1.1). The Cauchy stress tensor is T = —pl 4+ 2uD(v),
where p is the viscosity (a positive constant), v is the velocity, p is the pressure and
D(v) = 4(Vv 4 (Vo) ). Let f be the external body force per unit volume and let
g be an applied tangential surface traction such that

(3.7) feL*Q)? geHY*00)° g-n=0ondQ.

Then we have the following boundary-value problem.

Problem 3.1. Find (v,p) € H3(Q)? x H(Q2) such that

(3.8) v-Vo—pAv+Vp=§Ff in(,
(3.9) divo=0 in{,
(3.10) v-n=0 onod,
(3.11) (Tn); + Hv)v =g on 5.

We derive and study a weak form of Problem 3.1. Suppose that (v, p) is a solution
of Problem 3.1. Then, by (3.8)-(3.9), v-Vv —divT = f in Q. Thus (v-Vv —
div T,4) = (f, ) for all ¢ € V. By applying Green’s formula, the properties of 1),
the symmetry of D(v), and boundary conditions (3.10)—(3.11), one deduces that for
allyp €V,

(312) Cl(’l), '(/)) + b(’U, v, '(/)) + (H(’U)'U, '(/))OQ = (.f7 '(/)) + (ga w)aﬂa
where a(-,-) is the bilinear form on (H!(2)?)? defined by

a(v, w) = 2p(D(v), D(w)),
and b(-, -, ) is the trilinear form on (H'(2)*)? defined by

b(u,v,w) = (u-Vo,w).

The right-hand side of (3.12) defines a bounded linear functional on V. Thus, by
the Riesz representation theorem, there exists a unique h € V such that (f,w) +
(g, w)an = (h,w)1 2 for all w € V. Moreover, by the Schwarz inequality and the
trace theorem, ||h|l1,2 < ||f]l + C(Q)|lgllon. Hence, for a given h € V, we consider
the following weak form of Problem 3.1.
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Problem 3.2. Find v € V such that for all ¢ € V,

(3.13) a(v,) + b(v,v,7) + (H(v)v,¥)aq = (h, )12

We call a solution v € V' of Problem 3.2 a weak solution of Problem 3.1.

4. PRELIMINARIES

Let v: H'(Q) — H'Y2(0Q) be the trace operator. Then v: H(Q) — L(99) is
continuous for all ¢ € [1,4] and compact for all ¢ € [1,4). In particular, there is
a constant C; = Cy() such that

(4.1) [vlloe < VCillvlia Yve HY(Q)

The bilinear form a(-,-) is continuous on (H*(£2)3)2, since
(4.2) la(v, w)| < 2p|Vol|-|Vew]].
The imbedding H!(Q) — L9(f) is continuous for all ¢ € [1,6] and compact for all

q € [1,6). The trilinear form b(-,-,-) is continuous on (H'()3)3, since it follows
from the generalized Holder inequality and the imbedding H'(Q2) — L*(Q) that

Voll-|w]

(4.3) [b(u, v, w)| < lulla][Vol|-[wlla < Collull,z] 1,2

for some constant C, = Cp,(£2). Furthermore, it follows from Green’s formula that if
u €V, then b(u, v, w) = —b(u,w,v) for all v,w € H(Q)?. Thus

(4.4) b(u,v,v) =0 YucV, ve H(Q)>.

The following Korn type inequality (see [5], Lemma 1) is fundamental to the analysis
of Problem 3.2.

Lemma 4.1. Let Q be a bounded domain in R3 with Lipschitz continuous bound-
ary 002 and let T' C 02 with |T'| > 0. Then there exist positive constants K1 and K,

which depend at most on Q and T, such that for all A, B > 0 and all v € H*(Q)3,

(4.5) AD@)[I* + B|jv[f > K1 min{K>A, B} |[v]] .



The next lemma shows that although G(z,-) is discontinuous at 0, the mapping
v — G(x,v)v is uniformly Lipschitz continuous.

Lemma 4.2. For all (z,v) and (z,w) in T(09),

(4.6) |G(z,v)v — Gz, w)w

: (Fu + 2Mo)|v — w|,
(4.7) I(G(x,v) = G(z,w))v

| <
| < max{Fy — F,,2My}|v — w|.

Proof. Let (z,v), (z,w) € T(0Q).
(a) If v =0 or w =0, then
|G(z,v)v — G(z,w)w| < Fylv — w|
by (3.3)2. Assume that v # 0 and w # 0. Then, by (3.2),

(4.8) | F(x,[v["'v) = F(a, [w| ™ w)| < Mo|[v|™"v — [w| ]|
= Molv| ™ w| ™ ||wl(v — w) + (Jw| - |v])w]

< 2Mo|v| " Ho — w.
Therefore,

|Gz, v)v = G(z, w)w| = |F(z,|v| " v)v - Fz, |[w|™ w)w]
<|(F(x, [v] 7o) = F(z, [w| ™ w))o| + [F (2, [w|™ w)(v - w)|
< 2Mplv — w| + Fylv — w|

by (3.3) and (4.8). This proves (4.6).
(b) If v = 0, (4.7) holds trivially. If v # 0 and w = 0, then

(G(z,v) = Gz, w))o| = [(F(z, [v|]'v) = Fa(2))v] < (Fy — F1)lv — w|
by (3.3). If v 0 and w # 0, then
(G, ) = Gz, w))v| = |(F(z, |v| ") — F(a, |w| ™ w))v| < 2Mo|v — w|
by (4.8). This proves (4.7). O

Lemma 4.3. Let m > 2. Then there exists an orthonormal sequence (v,,) in V
such that {t,: n € N} is a basis for V and 1, € H™(Q)? for alln € N.
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Proof. Let w € V. Then (u,-);,2 defines a bounded linear functional on V;;, :=
H™(Q)3 NV, which is a closed subspace of H™(Q)? and thus a Hilbert space.
Thus, by the Riesz representation theorem, there exists a unique v € V;, such that
(u,w)12 = (V,W)y2 for all w € V,,, and ||v||;m2 < ||u||1,2- Define T: V — V
by T(u) = v. Then T is linear, self-adjoint, injective (since V;, is dense in V') and
bounded. Moreover, T is compact since H™(Q) <~ H'(Q2). Hence, by a classical
result (see, e.g., [7], Theorem 1.7.C), T has an orthonormal sequence (t,,) of eigen-
vectors, which is a basis for V', and the corresponding sequence of eigenvalues (\,)
converges to zero. For each n, (¢, w)12 = A(Yn, w)m 2 for all w € V,,. Thus
An # 0 (since V;, is dense in V) and 1, = A\, 1T, € V.. O

The following lemma, due to Miranda [6] (see also [3], Lemma IX.3.1), is equivalent
to Brouwer’s fixed point theorem.

Lemma 4.4. Let n € N and let P: R™ — R" be a continuous function such that
for some R > 0,

(4.9) P(¢)-£>0 VE&eR" with ¢ = R.

Then there exists £ € R™ such that P(£*) =0 and |€*| < R.

5. UNIQUENESS OF A SOLUTION
For brevity, let
(5.1) K = Kymin{2Kou, Fr}, D :=Cimax{Fy — Fr,2My}.

In essence, K represents the viscosity (internal friction) and surface friction of the
liquid and D represents the extent to which the surface friction varies with position
and direction.

Lemma 5.1. If v is a solution of Problem 3.2, then

(5.2) [vl1,2 < R:= K "||h|12.

Proof. If v is a solution of Problem 3.2, set ) = v in (3.13). Then

Ky min{2Kop, F}||v]ff 5 < a(v,v) + Fi||v|3q
< a(v,v)+ (H(v)v,v)oa = (h,v)1,2
< [[Rl[1.2llvfl.2
by (4.5) and (3.3); and (4.4). O



Theorem 5.1. Let K and D be as in (5.1) and suppose that D < K.

(a) If v is a solution of Problem 3.2 and
(5.3) Vol < Gy (K — D),

then v is the only solution of Problem 3.2.
(b) If

(5.4) IR|l2 < Cy 'K (K — D),
then Problem 3.2 has at most one solution.

Proof. If h = 0, then v = 0 is a solution of Problem 3.2. Moreover, by esti-
mate (5.2), it is the only solution. If h is not identically zero, suppose that v € V'
and v € V are solutions of Problem 3.2. Thus

(55) a('v, w) + b(vv v, w) + (H(v)v, "/))09 = (h7 "/))1,27
(5.6) a(v, ¥) +b(v, v, 9) + (H(v)v,¥)oa = (h, )12

for all ¢ € V. Let ¢ = v — v and subtract (5.6) from (5.5). This yields
(5.7) alv-—v,v—v)+1+J=0,
where I = (v- Vv —v-Vv,v—v) and J = (H(v)v — H(v)v,v — v)sq. Now,
I=((v—v)-Vo,v—0v)+(v-V(v—v),v—v)=((v—-v) Vv,v—0)
by (4.4) and thus
(5:5) 1] < Gy Volla o — vll2,
by (4.3). Furthermore,
J=((H(v) — H(v))v,v —v)sa + (H(v)(v —v),v — v)an
and by (4.7) and (4.1),

max{Fy — Fr,2Mo}||v — v|%q

(5.9) [(H(v) = H(v))v,v = v)aa| <
< Cymax{Fy — Fr,2Mp}||v — vHiQ.



By applying (4.5) and (3.3)1, (5.7) and estimates (5.8)—(5.9) we obtain

Ky min{2Kop, Fi }|o — o], < a(o - v,0 - v) + Fy [l - v]20

<
<a(v—v,v—v)+ (Hw)(v—"0),v—1)s0
—I— ((H(v) — H(v))v,v —v)sq

(Cp||VV|2 + Crmax{Fy — Fr,2Mp})||v — v|\i2.

N

Hence, if D < K and (5.3) holds, then v = v. By Lemma 5.1, a sufficient condition
for (5.3) is K~ Y||h|1,2 < C, '(K — D). O

6. EXISTENCE OF A SOLUTION

Theorem 6.1. Problem 3.2 has a solution v € V, which satisfies estimate (5.2).

Proof. By Lemma 4.3 there exists a sequence (1,,) in V N H3(Q)? that is an
orthonormal basis for V. For each n € N, let S,, := span {11,49,...,,} and
consider the following problem:

n
Find v, = Y &,:¢; € Sy, such that for k =1,2,...,n,

i=1
(6.1) a(Vn, Yi) + 0(Vn, Vn, Yi) + (H (0n)vn, Yr)oa = (b, Yr)1,2.
This is an algebraic system in the unknown &, = (£,1,&n2, .-+, &) € R™.

Define P: R — R™ by P(¢) = (P,(£), Py(£), ..., Pa(£)) with
P(§) = a(v,¥r) + b(v,v,9x) + (H(v)v, ¥r)oa — (b, Pr)12

n

for k=1,2,...,n, where v := > &b, if € = (&1,&2,...,&,). Then, by the linearity
i=1

of Py(&) in ¢y, (4.4) and (3.3); and (4.5),

P(g)- €= Zpk(g)gk = a(v,v) + b(v,v,v) + (H(v)v,v)s0 — (h,v)1,2
h=t > 2ul| D()[|* + Fr|[v|[3q — [1Rll1.2]v]l1.2
> K|lv|

12— [IRl12llvlle

with K as in (5.1). Moreover, |[v||1,2 = |£| because (v,,) is orthonormal in H'(Q)3.
Thus

(6.2) P(g)-& > (K[¢| - Al

12)[€] =0

for all £ € R" with [¢| = R = K~||hl|1.».



Next, let n,& € R", let u := mei and let v := Efzwz Then, for k& =
1,2,....n, =1 =t
Pr(n) — Pr(§) = a(u — v, ) + b(u, u, ) — b(v, v, Px)
+ (H(u)u — H(v)v, ¥i)oq.
By (4.2), [a(u — v,9)| < 2pllu — ol 2llell = 2uln — €. By (43),

|b(uvuv¢k) - b(va ’U,’l/)k)| |b(u - vvuv":bk” + |b(v,u -, ¢k)|
va(llulli2 + [lv][1,2) 14|

= Co(|Inl + €)1 — &l

By the Schwarz inequality, (4.6) and (4.1),

<
<

Collu - o

1,2

(6.3) |(H(uw)u — H(v)v,¥r)oal < [|H(uw)u — H(v)v|lsal|Yklon
< (Fu + 2Mo) |lu — vl|aal|Yr] on
< Ci(Fu +2Mo)|lu — vl|12l|9kll1,2

= Cy(Fy + 2My)|n — €|

These estimates imply that Py, is (locally Lipschitz) continuous. Thus by Lemma 4.4,
n

there exists &, € R™ such that P(§,) = 0 and |£,| < R. Therefore v, := > &1 is

1,2 = |€n| < R. =l

Now, since (v,,) is bounded in the Hilbert space V, there exists v € V and a sub-

a solution of problem (6.1) and ||v,,|

sequence of (v,,), again denoted by (v,,), that converges weakly to v in V. Let k € N.
Then, by (4.2), a(-, %) is a bounded linear functional on V' and thus a(v,,¥x) —
a(v, ) as n — oco. Furthermore, b(v,, v, ¥r) = b(v, — v, Uy, 1) + b(v, vy, Yi).
It follows from (4.3) and the imbedding H'(Q) << L*(Q) that

|b(vy, — v, V, Yr)| < R||Yk||4]|vn — ]| — 0 as n — oo.
Moreover, by (4.3), b(v, -, 1) is a bounded linear functional on V. Hence,
nlggo b(Vn, Vn, Y1) = nhHHéO b(v, vy, i) = b(v, v, Py).
Lastly, as in (6.3),
|(H (v3)vn, Yr)oo — (H(v)v, Yr)oal < (Fu + 2Mo)||vn — vl[ocll¥ | oc-

Thus ILm (H(v)0n, ¥r)o0 = (H(v)v,11)a0 since H(Q) —— L2(0Q). Tt follows
from these limits and (6.1) that for every k € N,

a(’U, 111]]9) + b(’l], v, 111}19) + (H(’U)’U, "7[)16)69 = (h, ¢k)1,2~
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Each term in this equation is a bounded linear functional on V' in ;. Thus, since
span{¢,: n € N} is dense in V, v satisfies (3.13) for all ¢ € V. Estimate (5.2)
holds because

[olh2 < liminf o,z < R
n—oo
or by virtue of Lemma 5.1. O

Remark 6.1. (a) Theorem 6.1 does not require a restriction on D or || h||1,2. It
is sufficient that K > 0.

(b) Some of the estimates in the proof of Theorem 6.1 can be derived differently,
for example by using the fact that 1, € H3(Q)3 — C1(Q)3.

(c) Theorems 5.1 and 6.1 hold for h € H*(Q)? as well. Then ||h|;2 in esti-
mate (5.2) can be replaced by ||hyv /1,2, where hy is the projection of h onto V.

The following corollary follows from Theorems 5.1 and 6.1.

Corollary 6.1. Let K and D be as in (5.1). If D < K and (5.4) holds, then
Problem 3.2 has a unique solution v € V and the solution satisfies estimate (5.2).

7. PRESSURE

In the derivation of (3.13) from (3.8)—(3.11), the pressure gradient Vp is eliminated
by the application of Green’s formula:

(Vp,¥) = (p,% - n)oq — (p,divep) =0 VepeV.

The next theorem shows that each solution v of Problem 3.2 determines a corre-
sponding pressure field p. The proof is adapted from [3], Theorem II1.5.3 and [3],
Lemma IX.1.2, which deal with the Navier-Stokes equations with the no-slip bound-
ary condition (v = 0 on 0f2).

Theorem 7.1. Suppose that v € V is a solution of Problem 3.2. Then there
exists p € L2(2), uniquely determined by v, such that for all ¢ € U,

(71) a(’v, ¢) + b(’U,’U, ¢) + (H(’U)’U, 111})89 - (pv le ¢) = (h7¢)1,2~

Moreover,

(7.2) Ipll < CEO(Collvll1,2 + 2m)l[v]l12 + [[R]1,2)-
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Proof. By Green’s formula, div w € L3(f2) for all u € U. Thus we can define an
operator A: U — L2(Q) by Au = div u. Then A is linear and bounded, hence closed,
and ker A = V. Moreover, for every f € L2(Q) there exists u € H'(Q)3 such that

1,2 < Callfl

for some constant Cq = Cy4(2) (see [3], Theorem IIL.3.1; 2 is bounded and has the
cone property). Thus R(A) = L3(Q) is closed in L2(Q).

Let A*: L3(Q2) — U’ be the adjoint of A, where the prime means dual space.
Then, by the Banach closed range theorem, V+ = [ker A]* = R(A*), where | means
annihilator. Thus, if 7 € U’ and F1p = 0 for all 1 € V, there exists £ € LZ(Q2)’ such
that F = L o A. Thus, by the Riesz representation theorem, there exists p € L2(Q)
such that

(7.4) Fp = L(AY) = (p, AP) = (p,div p) Vo elU.

Now, if v € V is a solution of Problem 3.2, consider the linear functional F on U
defined by

]:"/) = Cl(’v,’(/)) + b(’U, '07"/)) + (H(’U)’U, w)aﬂ - (hv"/j)l,% w el

Here F is bounded on U (by (3.3)2 and (4.1)—(4.3)) and F vanishes on V' (by (3.13)).
Hence, there exists p € L2(Q) that satisfies (7.4), which gives (7.1). If p € L3(Q) also
satisfies (7.4), then (p—p,div ) = 0 for all ¢ € U. Since A is surjective, there exists
1Y € U with div ¥ = p — p. Thus p — p = 0. Hence, p is uniquely determined by v.

Lastly, let @ be a solution of problem (7.3) with f = p. Then, by (7.1) and the
fact that ¢¥» = 0 on 012,

IplI* = a(v, %) + b(v, v,9) = (h,¥)12.
Thus it follows from (3.3)2 and (4.1)—(4.3) and estimate (7.3)3 that

(7.3) divu=finQ, w=00nddQ, |u

Ipll* < Ca2pl| V|| + Collv]]1.2]

Vol +[[R][1.2) 2l

which implies estimate (7.2). O

8. STOKES PROBLEM

If (3.8) is replaced by the Stokes equations, the weak form of the boundary-value
problem is as follows:

Problem 8.1. Find v € V such that for all ¢ € V,

(8.1) a(v, ) + (H(v)v,¥)aa = (h,)12.

12



The arguments in Sections 5—7 then yield the following theorems.

Theorem 8.1. Let K and D be as in (5.1).

(a) Every solution v of Problem 8.1 satisfies estimate (5.2).
(b) If D < K, Problem 8.1 has at most one solution v.

Theorem 8.2. Problem 8.1 has a solution v € V. Moreover, there exists p €
L3(2), uniquely determined by v, such that for all ¢ € U,

(8.2) a(v,¥) + (H(w)v,v¥)an — (p,div ) = (h, 1)1 2.
In addition,

(8.3) Ipll < CQ)Cpllvlli2 + [[R]12)-

Remark 8.1. Problem 8.1 was considered in [5] by a different approach. In [5]
the function G is approximated by a smooth function to ensure that the mapping H
is Lipschitz continuous. The existence and uniqueness of solution is then proved by
the contraction mapping theorem. The present approach improves on this in two
respects. Lemma 4.2 shows that it is not necessary to regularize G and that H
does not have to be Lipschitz continuous. Furthermore, the existence proof by the
Galerkin method avoids the smallness condition on h required by the contraction
mapping theorem.

9. NAVIER SLIP
Consider the case of Navier slip, where F' is a positive constant. Here
My=0, Fr=Fy=F, K=K mn{2Ku,F}, D=0.
Hence, Theorems 5.1-7.1 for the Navier-Stokes problem can be stated as follows.
Theorem 9.1. Problem 3.2 has at least one solution v € V. If
(9.1) |Voll12<Cy 'K or k|2 < Cy K2,

the solution is unique. Every solution satisfies estimate (5.2) and for every so-
lution there exists a unique p € L3(Y) that satisfies (7.1). Moreover, p satisfies
estimate (7.2).
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Theorems 8.1-8.2 for the Stokes problem reduce to the following result.

Theorem 9.2. Problem 8.1 has a unique solution v € V and there exists a unique
p € L3(Y) that satisfies (8.2). Moreover, v satisfies estimate (5.2) and p satisfies
estimate (8.3).

Remark 9.1. The slip boundary condition (1.1) can be written as

v:# on 0f2.

Formally, this becomes the no-slip condition in the limit F' — oco. Since K = 2K Kou
for all F > 2Kspu, estimate (5.2) and inequalities (9.1) are independent of F if
F > 2K,u. Moreover, the constants in estimate (7.2) are independent of F. These
four inequalities are the same as those for the Navier-Stokes no-slip problem; see,
e.g., (IX.2.4), estimates (IX.3.5)—(IX.3.6) and (IX.3.22) in [3]. (There are slight
differences because the weak form of the no-slip problem is formulated in terms of
the bilinear form (Vv, Vw) instead of b(v, w) and analyzed by means of Poincaré’s
inequality instead of Korn’s inequality.) Hence, the Navier slip problem has the same
solvability properties as the corresponding no-slip problem if F' > 2K5u. This also
applies to the corresponding Stokes problems.
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