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LARGE TIME BEHAVIOR IN A QUASILINEAR
PARABOLIC-PARABOLIC-ELLIPTIC
ATTRACTION-REPULSION CHEMOTAXIS SYSTEM

YuTARO CHIYO

ABSTRACT. This paper deals with a quasilinear parabolic-parabolic-elliptic
attraction-repulsion chemotaxis system. Boundedness, stabilization and blow-up
in this system of the fully parabolic and parabolic-elliptic-elliptic versions
have already been proved. The purpose of this paper is to derive boundedness
and stabilization in the parabolic-parabolic-elliptic version.

1. INTRODUCTION AND MAIN RESULT

In this paper we consider the quasilinear attraction-repulsion chemotaxis system

uy =V - ((u+1)""'Vu — xu(u+ 1)P2Vo + u(u + 1)1 2Vuw)

=Av+au— v,
(1.1) 0=Aw+vyu—dw,
(Vu-v)|aa = (Vo -v)|aa = (Vw - v)|sq =0,

u(,0) = uo(z), v(z,0) = vo(x)

in a bounded domain @ C R™ (n € N) with smooth boundary 9. Here m, p, ¢ > 1,
X, &, a, B, v, 6 > 0 are constants, v is the outward normal vector to 9%,

(1.2) up € C°(Q), u>01in Q and wuy #0,
(1.3) vo € WH(Q) for some @ >n, vy >0 inQ and wvy #0.

The model was proposed by [12] to describe the aggregation of microglial cells
in Alzheimer’s disease. Also, u, v and w represent the cell density, concentrations
of attractive and repulsive chemical substances; o and -y idealize the rates at which
the cell produces substances; 3 and ¢ represent the rates at which substances are
transformed into another ones which do not involve in the movement of the cell.
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Let us overview previous results on the attraction-repulsion chemotaxis system

uy =V - (Vu— xuVo + &uVw) ,
(1.4) TUs = Av + au — fu,
Twy = Aw + yu — dw

where x, & «a, 8, 7, 6 > 0 are constants and 7 € {0,1}. This system has been
investigated in several studies. For instance, in the case that 7 = 1 boundedness
(including global existence) was studied in [5], finite-time blow-up (blow-up for
short) was analyzed in [9] and stabilization was studied in [11]. Also, in the simplified
case that 7 = 0 there are more precise studies. Indeed, blow-up with logistic source
was discussed in [2] and stabilization was investigated in [10,[13]. On the other
hand, as to the quasilinear version, such as , of the above system with
7 = 0, there are several studies. Indeed, boundedness and blow-up were classified
by the size of p, ¢ in [4] and stabilization was obtained in [1}3].

In summary, boundedness, stabilization and blow-up in the attraction-repulsion
system have been well studied in the fully parabolic case (7 = 1) and in the
parabolic-elliptic-elliptic case (7 = 0). However, the quasilinear parabolic-parabolic-
-elliptic attraction-repulsion chemotaxis system has not been analyzed. The purpose
of this paper is to derive boundedness and stabilization in .

The main result of this paper reads as follows.

Theorem 1.1. Let n € N. Let m, p > 1 fulfill p — m € [0,1] when n = 1,
p—m € [0,2] when n > 2 and let ¢ > 1. Assume that ug,vo satisfy (L.2)), (1.3).
Then there exists a unique triplet (u,v,w) which solves (1.1)) in the classical sense
and is bounded, that is,

lu(-, t)l o) < C

for all t > 0 with some C > 0 in the cases that p —m € [0,1) for n =1 and that
p—m €0, %) for n > 2. Also, there exists A\g > 0 such that if

(1.5) luollz1(0) < Ao

only in the cases that p —m =1 for n =1 and that p —m = % for n > 2, then the

same conclusion on boundedness holds. Moreover, assume further that ug satisfies
m 1

(1.6) XHUOHil(Q) < m7

where C,_yy > 0 is a constant appearing in the Poincaré-Sobolev inequality (see
(2.14]). Then the bounded solution (u,v,w) has the property that

(1.7) (U(»t),v<-7t),w(~,t))—>(%%%%%) in [L=(Q) ast— oo,

where Uy 1= ﬁ Jo uo-

Remark 1.2. We need the condition (|1.5)) only to assert boundedness.



LARGE TIME BEHAVIOR IN AN ATTRACTION-REPULSION SYSTEM 165

2. Proor or THEOREM [I]]
We first give a result on local existence in ([1.1)).

Lemma 2.1. Let m,p,q>1, x,&, a,8,7,8 > 0. Then for all ug, vy satisfying the
conditions (1.2)), (1.3) there exists Tmax € (0,00] such that (1.1) admits a unique

classical solution (u,v,w) such that u € COQ x [0, Trax)) N C%HQ x (0, Tinax))»
v, w € CO[0, Tmax); WH2(2)) N C21(Q x (0, Tinax)). Moreover, if Tmax < o0, then
limt/Tmax ||u(7t)||L°°(Q) = Q.
Proof. Let T € (0,1], M := |lug| p=(q) + 1 and N := |lvg|lw1.6(q). We introduce
theset S:={p € X |0< p < M in Q x [0,T]}, where X := C°(Q x [0,T]). Also,
we define ®(u) := u for u € S, where u is the solution of
u =V ((@+1)™ 'Vu— xa(u+ 1)’ 2Vo + &u(u + 1) V) in Q x (0,7)

with (Vu - v)|asq = 0, u(z,0) = ug(x), where v and w are the solutions of

vy =Av+ au— fvin Q x (0,7)
with (Vv - v)|aq =0, v(z,0) = vo(z) and

0=Aw+~u—dwin Q x (0,T)
with (Vw - v)|aq = 0, respectively. Then, by an argument similar to that in [8}/15],
we can verify that ® is a continuous and compact map of S into S. Therefore, from

the Schauder fixed point theorem and standard regularity theory for parabolic and
elliptic equations, we obtain local existence in (|1.1)). O

The first purpose of this section is to derive global existence and boundedness.
To achieve this, we obtain an L"-estimate for u with sufficiently large r.

Lemma 2.2. Let s € (0, Tiax). Let myp > 1 fulfillp — m € [0,1] when n = 1,
p—m € [0, %} when n > 2 and let ¢ > 1. Let ug, vy satisfy , . Then there
exist ro > 1 and Ao > 0 such that if ug satisfies ||ug||z1(q) < Ao only in the cases
thatp —m =1 for n =1 and that p — m = 2 forn > 2, then for all r > 1o,

n

(2.1) sup  [Ju(-,?)[|pr o) < K
t€(s,Tmax)

with some K, > 0.

Proof. Let s € (0, Timax) and 7 > 1. By the first equation of (1.1]) and integration
by parts, we have

1d

2.2 —— |, ) = — D™ V- Va' !
(22) IOl == [ (w11 V T

+ X/ u(u+1)P~2Vo - Vu' !
Q

75/ w(u + 1)12Vw - Vo !
Q
=: I1(-,t) + Lz, t) + Is(-, 1)
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for all ¢ € (8, Tyax). This corresponds to [6), (28) with D(s) = s™~1, S(s) = sP~ 1,
e = 1] with additional term I5, but we use [4, (3.13) and (3.16)] to derive

(2.3) I3(-1) < m<25/ﬂu”q2w+5cl/ﬂw —7/9u’”+q*1>

e
_ =1
r+q—

for all t € (s, Tmax) with some ¢, c2, ¢3 > 0. Thus, combining (2.3)) with ( ., we
can observe from [6, p. 223, lines 12 and 13] that there exist 7’1,7’2 > 1 such that

(250 +e3)=icy

249 Lol

L7 (@)

r+m—1

T ceT 1
< —[lul )10y + (esr) " = AL m,p o) [V 27 (5 8)[72(0

+p—1
+ C7||Av('7 t)Hzrfzﬂfl(Q) + Cg”AU(', t)”?il(g) T

for all t € (s, Tiax) and all 7 > max{%(p —m) —p+ 1, 5(2 —m) — 1,71,72} with
some cs, Cg, €7, Cs, Cg > 0, where A(r,m,p,ug) > 0 is a constant defined as

% if p—mel0,1) (n=1),
p—mel0,2) (n>2),
A(r,m,p, uO) = r(r— c11(r . "
% — c1o7||uoll (Q;_p 2 ifp—m=1(n=1)

1 -, . .
with c¢19, c11 > 0, where the value —010T||U0||2111 (Sg;_p ) in the critical case is derived

from [6, p. 222, line 4]. Then, from an argument parallel to that in the derivation
of [6, (38)], the differential inequality ([2.4) implies that

lu(, Ol zr) < llul, )@
+ [(057’)6” +co + (0127'01@{{’_1)61” + (0147"01’\"/['*;{1)61”}
r+p—1 r+p—1 T T
+C7TCM-§) ||AU('75)||L-ZP—1(Q + csrC +1||AU( )”Ltil(g)

for all ¢ € (s, Tmax) and all 7 > max{%(p —m) —p+1,5(2 —m) — 1,71,72} with

o)t

. . t _o=t
some CuRr, €12, €13, C14, C15 > 0 via estimates for fs |Aem2=Tv(-, o)} 40" 1(9)

and fst ||Ae%v(~, o)| Eﬂl(ﬂ) do by the maximal Sobolev regularity ([6, Lemma 2.1])

and the Young inequality. More precisely, we estimate these two terms as

t —t
/ 1A 0, 0)I|%, gy do < c16rCoRlIAV(, )%,

r4+m—1

t
B 1 C18T
+/ ¢ t[zA(r,myp,uo)IIVu T (D)Ea o) + (1 Cri) ™ }da
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with 6, € {r+p— 1,7 + 1} and ci4,c17,c18 > 0. Therefore, by following an
argument similar to that in [6] and taking ||uo| 1 (o) sufficiently small such that
A(r,m,p,up) > 0 only in the cases that p —m =1 for n = 1 and that p —m = 2

n

for n > 2, we arrive at (2.1]). O

Proof of Theorem (Boundedness). Taking r = r* > 1 in Lemma suf-
ficiently large such that r* fulfills the assumption of [14, Lemma A.1], we have
SUDye (0, Tynay) 180 D) Lo () < 00, Which means that Tiax = 0o by the extensibility
criterion, and boundedness holds. ([

The second purpose of this section is to prove stabilization. To this end, we
introduce the function

S [ea 1
P(s ::/ / ————dndo, s2>0,
(s) 1 J1 o+ 1)p=2

where p > 1 is a constant appearing in the attraction term in (|1.1)). In order to
obtain an energy inequality we first calculate and estimate % fQ D(u).

Lemma 2.3. The first component u satisfies that

d 1)m—p+l
(2.5) — | ®(u) +/ %‘VUP < X/ Vu - Vo
dt Jo Q u Q
for allt > 0.
Proof. We see from the first equation in (1.1)) and the identity " (u) = W
as well as straightforward calculations that
d 1)m-ptl
(2.6) — [ ®(u) = —/ MWUP +X/ Vu - Vo
dt Ie) Q u Q

—f/ﬁ(u—i— 1)77PVu - Vw

for all ¢t > 0. Here we can estimate the third term on the right-hand side by zero.
Indeed, we rewrite the third equation in (1.1)) as

(2.7) OzA(w—i—%)—i—w(u—&-l)—é(w—&-%)7

and thereby we invoke integration by parts to obtain

(2.8) I:= —§/Q(u +1)47PVu - Vw

¢ /Q(u + l)quJrlA(w + l)

Tg-p+1 d
§o / o1 Y &y / —p+2
-5 1)4—P A I 1)4—P+2.
p— Q(u—l—) (w+5) p—— Q(u-i—)

Moreover, applying the Holder inequality to (2.8) and noticing that (2.7) yields

[t + 3] < ust) + Ulzaraqey

Lq*p+2(Q)
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for all ¢ > 0, we obtain

€0 +1
I'< m”“( t) + LT 2 )

(Jue+

<0,

which along with (2.6]) implies that (2.5) holds. (|
In order to state the next lemma we define the function

Vix,t) = v(z,t)

= D) U
La-p+2(0) AECURE RERT

~ Y forzeQ, t>0.

B
Lemma 2.4. The first component u satisfies that for all t > 0,

d X 2 XE/ 2
(2.9) dt[/g@(u)+2a/ﬂ|v1/\ + X Qv}
1m—p+1 2
+/7(“+) |VU|2+X—5/|VV|2+ﬁ/VMK/Vt2
Q u a Jo a Jo @ Jo
Sx/(u—%)2-
Q

Proof. Noting from the second equation in (1.1)) that V; = AV + a(u — ug) — BV
and testing this equation by V; and V', we can see that

(2.10) jt[ /|VV|2 5/V2 /Vt2
——a [ Vu-vora |- -ap [ w-m)V
211) 2dt/v2 /|VV|2+/3/V2—Q/ (u— )V

for all t > 0, respectively. Thus, multiplying and (2.11) by X and %,
respectively, and adding them to (2.5)), we obtain 1) O

We finally derive an energy inequality.

Lemma 2.5. Let m,p fulfillp—m € [0,1] whenn =1, p—m € [0, %] when n > 2
and let Ci,_my > 0 be a constant appearing in the Poincaré-Sobolev inequality (see
(2.14). Then the first component u satisfies that

! —X}/Q(U—TO)QSO

(2.12) F(u,v) + |
Q

4
dt C(p—m) ”uO ”117;(?7;2)

for allt > 0, where

Flu, v) ::/Qq>(u)+%/ﬂ\vu|2+% Q(Df%)%

In particular, if ug meets (1.6), then

(2.13) /Ooo/ﬂ(u—uo)2<oo.
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Proof. We first see from the fact (u+ 1)™~P+! > 4™~P*+1 the mass conservation
lu(-, )| 1) = lluollL1 () (t > 0) and the Poincaré-Sobolev inequality that

1ym-pl 1 2 \pomil
W > ()
Q u l[woll7

(2.14) > 1 - /Q(u—tTo)2

~ ClpmmylluollLi(o

for all t > 0, which along with (2.9) implies that
d 1 __\2 —\2
pn F(u,v) + = (u—Tup)" < x [ (u—Tup)
Q C(p—m) ||u0||L1(Q) Q Q

for all ¢ > 0, which entails (2.12). Also, integrating (2.12]) over (0,t), using the
positivity of F' and (1.6), and taking the limit t — oo, we derive (2.13]). O

We are now in a position to complete the proof of Theorem [I.1}

Proof of Theorem (Stabilization). We first derive L°-convergence of u. Since
the first component u is bounded in time, we see from parabolic regularity theory
(I7]) that there exist o € (0,1) and ¢; > 0 such that

(215) ||u||C2+U’1+%(ﬁX[1,OO)) g C1 )

which implies that the function ¢ — ||u(-,t) — o] () is uniformly continuous in
[0, 00). Hence, in light of time integrability of ||u(-,t) —1To||2LQ(Q) (see (2.13))), we infer
that |lu(-,t) — ol £2(0) — 0 as t — oco. Also, employing the Gagliardo-Nirenberg
inequality, we can find ¢ > 0 such that

(2.16) [u(t) = Wl () < e2llult) = Tl w g llul- £) - uOHEz*fQ

Noting from the estimate (2.15) that ||u(-,t) — Uo|lw1.~) < ¢3 1= c1 + Up, we
derive from L?-convergence of u and the estimate ([2.16]) that

|u(-,t) =Wl poe() — 0 ast— oo.

We next show L>°-convergences of v and w. We put U(z, t) := u(z,t)—7g, V(z,t) :=
v(z,t) — Fuo and W(z, 1) := w(gmt) — 7u0 for z € , t > 0. Then the second
equation and boundary condition in (1.1]) yield

Vi=AV+aU - BV, (VV-v)|sq=0.

Recalling that (e'®);s¢ acts as a contraction on L>(£), we have that for all ¢ > 0,

t
V(o) < eftﬂ”emv('ao)ﬂmo(m + 01/0 ef(tfs)BH@(tfs)AU(',S)HLOC(Q) ds

t t
2
< e IV 0)r(0 +Oé(/0 +/,, )e_(t_S)BHU('vs)”L"O(Q) ds.
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Also, using boundedness of U i.e. [|U(:, s)||L~(q) < c3 (= c1 +Tg) and the estimate
e (t=5)8 < =36 for s € [0, L], and for all € > 0, ||U(-, s)||p=(q) < € for s € [5,1]
with sufficiently large ¢ by L*-convergence of U, we see that

||V(,t)||Loo(Q) —0 ast— 0.

On the other hand, since 0 = AW +~U — W and (VW - v)|sq = 0, in view of the

maximum principle we see from L°°-convergence of U that
gl
W) < 5IUCDl=(@) — 0 ast — 0.

Therefore we arrive at ((1.7)). O
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